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Abstract

We consider minimizers of the Ginzburg-Landau energy with pinning term and zero degree
Dirichlet boundary condition. Without any assumptions on the pinning term, we prove that these
minimizers do not develop vortices in the limit ¢ — 0. We next consider the specific case of a
periodic discontinuous pinning term taking two values. In this setting, we determine the asymptotic
behavior of the minimizers as € — 0.

1 Introduction

Let Q C R? be a simply connected domain and let a. : 2 — R be a measurable function such that
0 < b<a. <1. We associate with a. a generalized Ginzburg-Landau (GL, in short) type energy

B = [ IV + (a2 - )P | an )
Q 3
Here, u € H'(,C) and & > 0 is the GL parameter.
This variant of the standard GL type energy (which corresponds to a. = 1) is called GL functional
with pinning term a. or pinned GL functional. We quote here few relevant papers among the vast
literature concerning this energy functional.

e In [2], the authors consider the case where a. = a € C?(Q) is independent of ¢.



e [18] and [3] treat the case where a. = a is independent of € and takes the value b in w and
1 outside w, with w smooth subset of ). The latter article considers the case of an applied
magnetic field.

e In [1], a. depends on ¢ and is smooth. The oscillation rate of a. depends on e.

The goal of this article is to study the pinned GL functional with a fast oscillating discontinuous
pinning term a.. This may be viewed as a simplification of more realistic models which describe
superconductivity phenomena for composite superconductors. The experimental pictures suggest
nearly 2D structure of parallel vortex tubes ([21], Fig I.4). Therefore, the domain  can be viewed
as a cross-section of a multifilamentary wire with a number of thin superconducting filaments. Such
multifilamentary wires are widely used in industry, including magnetic energy-storing devices, trans-
formers and power generators [17], [15].

Another important practical issue in modeling superconductivity is to decrease the energy dissi-
pation in superconductors. Here, the dissipation occurs due to currents associated with the motion of
vortices ([19], [4]). This dissipation as well the thermomagnetic stability can be improved by pinning
(" fixing the positions”) of vortices. This, in turn, can be done by introducing impurities or inclusions
in the superconductor.

Our pinning term is periodic with respect to a § x ¢ grid where § = §(¢) — 0. As in [1], due to
the fast oscillations, this problem is related to a periodic homogenization problem (depending on the
relation between ¢ and J).

The boundary condition we consider is the Dirichlet one. More specifically, we fix some g €
HY2(09,SY). Our class of test functions is

H; = {u € H(Q,C) |u = g on 9Q}. (2)
We consider solutions u. of the minimization problem

uienhf@ E.(u). (3)

In this article we will consider only the case where the boundary data g has zero degree. The case
where the degree is not zero requires additional techniques and will be investigated in a forthcoming

paper.
Recall that the degree (winding number) of ¢ is defined as

1
degya(g) = p /(mg X Orgdr =0,

where:
e For z € C, Rz denotes the real part of z and Sz denotes the imaginary part of z.
e " x” stands for the ”vectorial product” in C, 21 X 29 = $(2122), 21, 22 € C.

e 7 is the unit and direct tangent vector at 0, i.e., denoting v to be the unit outward normal to

09, one has 7 = v+,



e 0, is the tangential derivative.

This degree is an integer. For a proof of this assertion and for more properties of the topological
degree of g, see e.g. [10] or [5].
If u. is a minimizer of the problem (3), then it satisfies the Euler-Lagrange equation

1
“Au. = —=

€2u€(a§ — |uc?) inQ

: (4)
Us =g on 0f)

Following [18], one may prove that in the special case g = 1 there is a unique minimizer U..
Moreover, this minimizer satisfies b < U, < 1. This U, plays an important role in the study of GL

functional with pinning term. Indeed, define, for u € Hgl, a new map v = UEE € H;. Then E.
decouples as follows [18]
Ee(u) = E-(Uzv) = f(e) + Fe(v), (5)
where
10 =B, o) =g [ {uzmer+ vt - opp )

Therefore, v minimizes E, in H, ;(Q) if and only if v minimizes F, in H gl. In what follows, we denote
by ve a minimizer of F. in H;.

Following again [18], we have |v:| <1 and |us| <1 in €.

From (5) and (6) we see that the study of the pinned GL is reduced to the study of the weighted
GL functional F. and to the study of the asymptotics of U..

The plan of our work is the following: in Section 2 we prove a ”clearing out” result (Theorem
1). More specifically, we prove that v. is ”vortexless” for small ¢, i. e., that |v:| — 1 uniformly in
as € — 0. (Recall that degyn(g) = 0; this assumption is essential for our conclusion.) This result is
true for any weighted GL functionals. Such general functionals are defined by formula (7) and do not
require any assumption except uniform bounds on the weights. In particular, clearing out does not
rely on any periodicity assumption. We believe that this result has its own interest.
The clearing out result reduces the study of the behavior of v, to the one of S'-valued maps. In other
words, we will reduce the problem of minimizing F; in the class of all test functions to the one of
minimizing F. in the class of S!'-valued maps. The latter problem will be studied in detail in Section
3. There, the asymptotic analysis of minimizers of the F, among S'-valued maps, combined with an
asymptotic analysis of U, (analysis performed at the beginning of Section 3), will allow us to conclude
Section 3 by describing the behavior of u. as € — 0.
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2 Clearing out for general weighted Ginzburg-Landau type func-
tionals
Let b € (0,1) and let a. € WH°(Q), 3. € L*() be such that b < a., 3. < 1. We associate to a.
and (. the weighted GL type functional defined through the formula
F.: HY(Q,C) — RT

1 Be : (7)
v e 2/9{aavuy2+262(1—|u\2)2}

Let g € H'/?(99,S!) be such that degy(g9) = 0. For € > 0, we denote by v, a minimizer of F. in
H 91. One may easily prove that v, satisfies

—div(a:Vv,) = %05(1 — |ve]?) in Q ' (8)
Ve =g on 02

Since degyn(g) = 0, we have [7] H,(2,S") = {v € H, |[v| =1 in Q} # 0.
If we take any fixed map v € H gl (£2,S1) as a test function for F., we find that there is Cy depending
only on g such that

min F.(v) = F:(ve) < Co. 9)

vEHL(Q)
2.1 Uniform convergence of |v.| to 1
This part is devoted to the proof of the following theorem.

Theorem 1. When ¢ — 0, we have |v:| — 1 uniformly in Q.

For the convenience of the reader, we split the rather long proof of Theorem 1 into two parts.

2.1.1 Theorem 1 holds far away the boundary

We prove that, for sufficiently small €, |v.| is arbitrarly close to 1 outside an 2,/e-neighborhood of
09.

Proposition 1. Let ¢, | 0 and {x,}, C Q be such that dist(zy, 0) > 24/e,. Then |ve, (zn)| — 1.
Proof. We write ¢ instead of &,,. Let n be sufficiently large such that /¢ > ¢ and consider the circular

annulus B z(zn) \ Be(wn).
From (9), we have, with C, := {|x — z,,| =1},

b 2 1 2\2 b/\/gl / 2 1 2\2
> 7 (11— A (- (1
R T A (L2 e S R R (LR e S

By mean value argument, there are C; (depending only on ¢, and b) and r € (e, \/¢) such that

g T{w%;(l—\vﬁ?} < G (11)

~ |Ing|’

NG




Lemma 1. Let § > 0. Then, for large n and for r as in (11), we have

1. Var (v, C,) <6, where Var (v, C / |0-ve|;

2. |vel > 1 =28 onC,.

Proof. Assertion 1. is a direct consequence of the bound (11), which yields

2 2rC
</ |anugy> g(/ wg) / /|Vv5|2—27rr/ Vo2 < 274
Cr . Jen Cr |Inel”

It follows that, for large n, we have |Var (ve,Cy)| < 9.

In order to prove 2., we argue by contradiction. Assume that there are § > 0, a subsequence
{ni}r and points x,, € C, such that |v.(zy,)] <1 —20 (here € =¢,,).

From the estimate 1. on Var (v, C,), one has, for large k, |vs| <1 — 6 on C,.

Consequently, r | (1 — |ve,, )2 > 271262, Since r > ¢, this inequality contradicts the estimate

r

(11) for small €. O

So far, we proved the existence of a circle around z,, such that, on that circle, |v| is close to 1 and
ve varies little. More specifically: if 0 < v < 1 then, for large n, there exists S. C B;(0) such that

o dist(S.,0) >1—1,
e S, is the smallest of the two regions delimited by a chord in the closed unit disc,
e v.(C,) C S..

The following lemma implies that, under the above assumptions on S; and on r, we have, for large
n, |ve(x,)| > 1 — ~. This inequality completes the proof of Proposition 1, which is the first step in
the proof of Theorem 1. O

Lemma 2. Let C' be a chord in the closed unit disc, C different from a diameter. Let S be the
smallest of the two regions enclosed by the chord and the boundary of the disc.

Let O be a Lipchitz bounded open set and let g € H1/2(6O S).

Let &, 3 € L>°(0,R) satisfy essinf & > 0, essinf § > 0.

If v minimizes GL type energy

Fo) = [ {a@Ivof + f) - o2}

in Hy(O), then v(0) C S.

Remark 1. This statement generalizes Lemma 8 in [6] (there & = 1,3 = 1/(2¢2)). However, the
proof in [6] does not apply directly to our situation.



Proof. Clearly, one may assume that O is connected.
We start by noting that v has the following properties:

e v is continuous in O (this relies on the equation satisfied by v, on Theorem 2 in [20] and on Sobolev
embeddings).

v, if |y <1

e |v] < 1. Indeed, consider the test function v = Since v" has more energy than v,

2> 1
[l
we find that |v| <1 a. e. and thus |v| < 1.

Without loss of generality, we may assume that, for some p € (0,1), we have C = {z € B1(0) : Rz = pu}
and S = {z € B1(0); Rz > pu}.

The map w := |Rv| 4+ iSv equals g on A0 and has the same energy as v. Thus w minimizes F.
In particular, w is continuous. Therefore, if we prove that w(O) C S, we will have v(O) C S. In
conclusion, we reduced the problem to the case where Rv > 0.

Let P be the orthogonal projection on S. When z € B;(0) N {Rz > 0}, we have

Z, it Rz > p
P(z) = p+1iz, if |3z < \/1—p2 and Rz < p . (12)

p+i(sign S2)y/1 —p?, if [Sz| > /1 —p? and Rz < p

One may check easily that
|z| < |P(2)| <1for z € B1(0) N {Rz > 0}. (13)

Set 1(z) := P(w(z)), which equals g on 0O. Since P is 1-Lipschitz, we have |V¢| < |[Vw|. On the
other hand, (13) implies |w| < || < 1. Consequently, F(¢)) < F(w).

Since w is a minimizer, 1 is also a minimizer. Using the previous pointwise estimates and the
equality of the energies, one may conclude that |¢)(z)| = |w(z)| for each z (by continuity of w and )
and |Vy| = |Vw| a.e.

By solving the equation |z| = |P(z)|, we see that |¢)| = |w| implies that w takes values in SUV,
where V := {2/ € S1|0 < Rz < u}.

We have to prove that U := w= (V) = (). We argue by contradiction and assume U # (). Then U
is open, since U = O \ w™!(S) with S a closed set.

We first prove that w is locally constant in U. Indeed, in U, w satisfies div(aVw) = 0. Since
w € HY(U,S'), we may write, in U, w = ¥, where p € H' [8]. Let ¢ € C°(U). If we multiply the
equation div(aV(cosp)) = 0 by (cos ¢ and the equation div(aV(siny)) = 0 by (sin¢ and add the

two results, we obtain /aCV<p|2 =0, so that ¢ (and thus w) is locally constant in U.

Let W # () be a connected component of U, so that w = s € V in W. Consider the non empty
set Y := w~({s}). Then Y is open in O (since w is locally constant in U), and clearly Y is closed in
O. Therefore, Y = O, i. e., w = s in O. This contradicts the facts that g : 00 — S, trgow = g and
s¢S. O



2.1.2 Theorem 1 holds close to the boundary

We prove that, inside an o.(1)-strip along 02 and for sufficiently small ¢, |v.| is arbitrarily close to 1.
The key argument will be provided by the following lemma.

Lemma 3. Let (z:)e>0 C Q be such that r. := dist(zs,0Q) — 0. Then we have, for all C > 2,
F.(ve, Bor,(z:)) — 0.

Proof. Note that it suffices to prove the result for C' = 2. (For larger values of C, it suffices to replace

C+1 C+3
ze by the point at distance + re from z. and at distance T+r€ from 09.)

Let 6 > 0. We will prove that there is 5 > 0 such that for ¢ < &5, we have F.(ve, Bay_ (2:)) < 0.
For the convenience of the reader, the proof is divided into four steps.

Step 1: Flattening of ) and choice of a good triangle
Without loss of generality, we may assume that OS2 is flat near .. The general case is obtained by
flattening the boundary. This will affect the equation satisfied by v. and the energy associated with
it, but not the conclusion of the proof below (which relies only on energy bounds and qualitative
conclusions derived form the equation of v.). From now on, we assume that Q@ C R% and 92 C R in
a neighborhood of fixed size of z.. We also assume, without loss of generality, that z. = (0,r.).

For ¢ > 0, we set

To:={(s,t) [t =5+, s€[-L0}U{(s,t) [t =—s+1 s€(0,{} CRY

(thus Ty is the union of two segments).
Denote by wy the (solid) triangle enclosed by Ty and R. Then we have B(zc,2r:) N C ws,_.
Our goal is to construct, for an appropriate small ¢ (depending on z. and such that ¢ > 5r.) a test
function h : wy — C such that trg,, h = tra,,ve and F;(h,we) — 0. Since v. is a global minimizer of
F. in Hgl(Q, C), it follows that v is also a minimizer of F; in Htlrawv(we’ C).
Our goal is to prove that Fy(ve,wy) — 0. Since Ba,_(xe) C wy, the lemma will follow.

Let €1 > 0 be such that for ¢ < &1, 5r < /r. Let w be the harmonic extension of g to 2. We

claim that

1. 3Cy > 0 (independent of €) and 3 ¢ € (5r,+/r) such that

; (14)

~ |lnr|

1 C
¢/ {|w5|2+2<1—|v5|2>2+|w12} < G
Ty €

2 @) o

3. |ve| > 1/2 on Ty (for sufficiently small ¢).

The claim 1. comes directly from (9) and a mean value argument.
Claim 2. is proved in Lemma 4 below, using an argument essentially due to Boutet de Monvel and
Gabber [14].



In order to prove Claim 3., we start by noting that

2 !
(/ |aTvay|> gcz/ \8T|vg|\2§05/ ot < < (15)
7 7 T, | In7|

Consequently, there exists 0 < e < £; such that, for € < g9, the variation of |v.| on T} is smaller than
1/2. Since, by Lemma 4, we have |v;| = 1 at the endpoints of Ty, we obtain that Claim 3. holds.

Lemma 4. Let a« € Wh™(Q), B € L®(;R,) be such that inf > 0. Let v be a critical point of
U /oz]Vu|2 + /5(1 — [u®)? in the class H, (), where g € HY2(9€;SY). Then |v| € C(Q).

Proof. We first note that |v| < 1 a. e. (by the maximum principle. This is obtained, e. g., by
—div(aVU) + 48|v|?U = 2a|Vv|?> in Q
U=0 on 09
U >0in Q.) We next split v = v1 + vg, where vy is the harmonic extension of g. It follows that v,
) {—Avg =a 'Va-Vv+2a18v(1 — p?) inQ
satisfies
vo =10 on
vy € H?(Q) N HE C Cp(Q). On the other hand, we have v; € C(Q) and |v;| € C(2) (the last point
is essentially due to Boutet de Monvel and Gabber [14]; see also [11], Theorem A.3.2). Therefore, we

have |v| € C(Q). O

noting that U := 1 — |v|? satisfies , and consequently

. Since |v| < 1 and o € W*° we obtain

Now that ¢ was properly chosen, we construct our test function h. This function will coincide
with v, outside wy. Therefore, we will only explain how to construct h inside wy. In order to obtain a
globally H'-map, we will set h equal v, on T;. Let h be of the form h = pe*¥; in order to have h = v,

v
on Ty, we will make sure that p = |v| and e = —= on T,. In Step 2, we construct p. In Step 3, we
Ve

construct 1. Finally, in Step 4 we estimate the energy of h and conclude.

Step 2 : Choice of the modulus p of the test function h
Let p : Wy — [0,1] be defined by

(lve(s,s+£€)] — 1)+ 1, if s<0
- 14
p(s,t)— S+t

—s5+ /L
Clearly, p € H'(wy, [0,1]), p = |v:| on Ty and p = 1 on Qw, N O,

1
{]Vp!Q + 8—2(1 - p2)2}. We denote w, = {z = (s,t) € w|s <0}

{ivor+ S22},

(l0e(s,—s +0)[—1)+1, ifs>0

For further use, we estimate /

We

(this is the left half of the triangle w;). We will estimate the quantity /

W

By symmetry, a similar estimate will hold in w; = wyp \E, and thus in wy.



1 4 C 0 l+s t2

= 1—“</ 2</ / —1)?

s aersg [ aewrsg [ [ s ol - P
cr (o ) ol ) c
<— —1 < — -1 < .
<G [, (s 01125 < 5 [ = 12s <

(The last inequality comes from Claim 1.)

In order to estimate / |Vp|?, we start from the identity

Wy
0 l+s
/ |Vp|2:/ ds/ dt {|0.pl? + 10upl2).
w, —L 0
On the one hand,

/ds/Hsdt\@pQ / (Joe(s, Zi‘?—l) ds :/_st:z (/_1(3{[|v5|(k,k+£)]>2

<vae [ vop<-2.
Ty ‘lnT’

On the other hand, we have

t2 t2
|0sp|? < 2 (WGUE(S’S +0)| -1+ G110 (V]ve|(s, 8+ £) - (1, 1))2> =2(A; + Ay).

Since
l+s ] 0 1 ) C
A ~1 —1)2<
[ [T [ [T s o= = [ s ot < S
and
l+s
/ Ay <20 | |Vu|? <
—2Jo T, [nr|’

In conclusion, the following estimate holds:

1 C
2 2\2
;70 _f_i — D < .
/u)[ {’ ’ 62(1 ) } ’hl’l"|

Step 3 : Construction of an auxiliary phase v

we find that / Vp? <

Wy

C
[Tnr|

(16)

Recall that |w(z)| — 1 uniformly as z — 9 [11]. Thus, there is some 0 < 3 < &9 such that for
£ < e3 we have |w| > 1/2 in wy. For ¢ < e3, we may write, in wy, w = |w|e*’ with ¢ € H!(w,, R). Note
that, by choice of ¢, we have |v.| > 1/2 on T} and v. € H'(T}). Therefore, we may write v, = |v.|e*®

on Ty, with 1/2 < |v.| < 1 and ¢ € HY(T}).



Since v.—w € C(Q) (cf the proof of Lemma 4) and v = w on 9%, it follows that lim (v.—w)(z) =

zZ—

0. Therefore, we have

lim eX¢()—9(2) — i  eH0()—e(2) — 1.
2—080 z—00
2€TyNow, zETgﬂawZ’

Consequently, there are k4, k_ € Z such that

i 2B =9 o) —e@) _

lim ————==
z—00Q 2w z—002 2
2€TyNdw, 2€TNOw;

1
By (14) and the fact that |vc|, |w| > 5 on Ty, we obtain E/ {|V¢|2 + |V(’0‘2} <
T

|Inr|’
Thus, for small e, the variations of ¢ and ¢ are small on dwy\ 92 and consequently, there is 0 < g4 < €3
such that for € < g4, we have k_ = k. Without loss of generality, we may assume k_ = k; = 0.

Let ¥ : @y — R be defined by

1. traw?ﬁ = tr@we (¢ - @)a

t
— [p(s,s+ L) —p(s,s+0)], if s <0
2. Y(s,t) = é—%-s .
7= [(s,—s+0) —¢'(s,—s+0)], ifs>0
—s
For further use, we estimate the Dirichlet energy of v. It suffices to estimate the energy in w,’; a
similar estimate holds in wy.

We have o o
[ o= [ as [ at{i0.0p + 1007} = By + B
wy —/ 0

First, we obtain, denoting £ = ¢ — ¢,

B — //HS|881/;\2 - 2/ /”3{'5554—6
dﬂma+@ba

d
'dsf(s,s +7)

2
} = 2(B11 + Bi2).

2

Now
B —/01 &( +f)2</0 : /S
= _g£+3 58 - _g€+s ) do

0 C
SC/i/I%FSE/!MPS .
—¢J1, T [In7|

0 l+s C
Bu:/’/ |®F@s+@§f/IMP§ .
—¢Jo T |In7|

|Inr|’

Next, we have

Similarly, we have Bs <

Finally, we find that

/’wwz_ < a7)

|Inr|

10



Step 4: Conclusion (proof of Lemma 3 completed)
Consider the following test function

b {v inQ\wg‘

pel(<ﬂ+¢) in Wy

Clearly h € H, !} and
c 2
F.(ve, Bar_(x)) <F(ve,wp) < Fe(hywp) < W +4 |[Vw|*. (18)
wp

The last estimate follows by combining (16) with (17) and the fact that |Vh|? = |Vp|?+ p?|V (p+v)|?.
Since / |Vw|? = 0 as ¢ — 0, we find that F.(v, By, (z)) < & for small e. O
wp

The next result completes the proof of Theorem 1.

Proposition 2. Let ¢, | 0 and {xp}n C Q be such that dist(z,, Q) — 0. Then |v., (z,)| — 1.

Proof of Proposition 2. Let § € (0,1). Denote d,, := dist(zy,d?) and v, := v,,,. Since there is Cp > 0
such that F; (v,) < Cp, we may choose C; > 1 and r, € (d,,/C1,d,) such that

27‘(‘00 )
— 1
mc; 104 (19)
and
rn/ Vo2 + = (1= )2V < S0 Gith €, = {2 € Q|2 — 2n| = ). (20)
Con 8% ~ InCy’
As in the proof of 7. in Lemma 1, we have
2
[Var(vy,, Cp)]? < mCo (21)

- 11101'

Using (21) and the bound (19), we find that one of the two cases occurs:

)
1. |vp| > 1_E on Cp,

0
1703 on C’I’L
In the first case, using (21) and Lemma 2, we obtain |v,(x,)| > 1 — 4.
Assume that for infinitely many n the second case occurs. Up to subsequence, we may assume
that it is true for each n.
For large n, let y,, := [l () be the orthogonal projection of z;, on 99 and let x], be the intersec-

2. opl < 1—

tion point of the segment [z, y,] with C,. For large n and for all z € T, := {z €Cy||z), — 2| < g}

we have
|z —w,| < 3d,. (22)

11



Here, w, is the first intersection point with 02 of the ray starting from x and passing through z.
Note that

2€T, & z2=u1a, + (2, — x,)e? with 6 € [-7/6,7/6]. (23)
For § € [—m/6,7/6] we denote Iy := [z, w,], where z = 2() is given by (23). Since |v,(2)| < 1—%3
and |v,(w,)| = 1 we have
52 ? )
— < Or|vn ) < 3d, Orvp|”. 24
i < ([ ort [ 1o, (21)
Denote A := U Iy and write each x € A as x = ,, + se¥ (s > 7). By (22), (23) and (24) we

0e[—m/6,7/6]
have
w62

/6 -
Vun|? > o [ 1o 2d>'fd/8 2>
/A‘ Un‘ _/W/G 10|7-'Un’5 3_30121élTn n 10|TUTL’ _910601
Since C is independent of n and A C Bsg, (x,,), the above estimate contradicts Lemma 3.

Hence, for sufficiently large n, we have |v,| > 1 — 0 °° Cy. This estimate together with Lemma
2 implies |v,(zy)] > 1 —9. O

2.2 A corollary of Theorem 1

From Theorem 1 one may easily prove that the contribution of the modulus is negligible. Indeed we
have

Corollary 1. The following hold.

1
1. We have/ {|V\v5\|2 + (1 - |v5|2)2} —0ase— 0.
Q S

In particular, we have |vs| — 1 in HY(Q).

2. Assume that (possibly along some subsequence) we have ae —  in L?(2). Write g = €70 (see
[7]), where o € HY?(OQ,R). Write, for small ¢, v. = |v:|e"¥=, where p. € H (Q,R). Then
—div(kVg*) =0 in Q

. — ¢* in HY(Q), where ¢* is the solution of .
" = o on 0}

The above statement implicitly uses two results on lifting, for which we refer to [8, 9]. The first one
is that each zero degree map g € H'/2(99Q;S') may be lifted as g = €'#0 for some ¢y € HY2(9Q; R).
The second is that each map in u € Hgl(Q;Sl) may be written as u = €, with ¢ € H&O(Q;R).
Consequently, each map u € H ;(Q;R2) such that 0 <essinf |u| <esssup |u| < oo may be written as
u = pe'?, where p = |u| € H{ (Q;Ry) and ¢ € H] (4 R).

Proof. We start by noting that b < k < 1.
Let v, be a minimizer of F; in H gl. By Theorem 1, we may write, for small ¢ , v. = p.e*f=, with
1/2 < p: :=|ve| <1 and ¢, € H&,O(Q,R).

12



Recall that F.(v.) < Cy (with Cy depending only on g, and b). Thus, for small €, we have
2 800
|V(p5] < T
Q

If we set w, := e"Pc € Hgl, then we have

1 3 1
Fio) =5 [ {acl2Vel 1902 + J50- 22} < Rl = 5 [ vl
9) € Q
Consequently,
1 2 16CYy
[{wer s Sa-mrh<? [ a-@iwer < 500 - 2l =0

We now prove 2. We start by noting that . — @* satisfies

—div[aep?V (pe — ¢*)] = div[(aep? — K)Vp*] in Q

e —* =0 on 90
By the Lax-Milgram theorem, we find that

IV (e = ¢")llz < Cll(aep? — &) V™| 2. (25)

We will next use the following simple fact: if |f,| < C and f, — f in L? and if g, — g in L?, then
fngn — fg in L% This implies that a.p? — k — 0 1in L? as ¢ — 0. Finally, (25) implies that ¢, — ¢*
in H'.

O

2.3 More on the convergence of v,

This part provides a more quantitative version of Theorem 1. Specifically, under some additional
hypotheses on the boundary data ¢ or on the behavior of the weight ., we derive estimates on the
rate of convergence of |v| to 1 or derive better convergence of the phase . of v. respectively.

In what follows, we assume that g € W1=1/99(9Q,S!) for some ¢ > 2. Let pg € W~1/94(9Q, R)
be such that €' = ¢ (for the existence of ¢g, see, e. g., [8]). For a fixed measurable function

—div(kVe*) =0 in Q

Kk Q — [b1], let ©* € WH4(2, R) be the solution of .
©* = o on 0f)

Proposition 3. There isp € (2,q],a € (0,1),C > 0 (depending only on q, b, Q and g) such that, for
0 <e <1 and v a minimizer of F. in Hgl, we have

1. {v.} is bounded in WP by a constant C which depends only on g,b and 2.

2. {v.} is relatively compact in C*(Q).

2a
24 a’

1
3.1 —|v.| < Ce” and/ {|V\v5|2 + ?2(1 — |v€|2)2} < Ce with v =
Q

13



4. Furthermore, if (possibly after passing to a subsequence) we have . — r in L?, then we have
e — ©* in WP,
Here, we write, for small € and in virtue of Theorem 1, ve = p.€'¥¢, with @, € Héo, pe = |ve| €
[1/2,1].

Proof. Let ¢ be any fixed W '4-extension of g. Then . — ¢ satisfies

—div [aepgv(% - ‘70)] = diV(OzE,OgVQO) in O (26)
e —p=0 on 0Q)

Since
loep2VeollLaq) < C,
it follows from Theorem 1 in [20] that there are p; € (2,¢] and C' > 0 (depending only on b and )

such that ||V (e — ¢)llrri () < C. Thus {¢.} is bounded in WP (€).
We next prove that |1 — pe||;»,/2 < Ce?. For this purpose, we start with the equation satisfied by

Pe:
div(a:Vp:) + %pe(l — %) = acp:| Vo> inQ . (27)
1—p-=0 on 0f)

Let n. :== 1 — p- and p; > 2 be as in the conclusion of Theorem 1 in [20]. Set r := p;/2 and consider
a sequence {¢r} C C*°([0,1],[0,1]) such that

¢r is nondecreasing, ¢5(0) = 0 and ¢y (s) — |s|""! as k — oo, Vs € [0, 1].

Let A, := B.p-(1 + p.), which satisfies, for small ¢, 3b/4 < A. < 2. Set B := a.p.|Vy.|?, which is
bounded in LP1/2. If we multiply (27) by ¢x(1.), we find that

, 1
/Qaa|v"75|2¢k;(775)+62/9145775(;%(7]5) :/QBEQSIC(WE)'

Consequently, we have

/776¢k(776) < 052/ Ba¢k(na)- (28)
Q Q

Note that, in (28), the constant C' depends only on b. By letting k — oo, we obtain, with s being the
conjugate exponent of r, that

1
/772 < 052/ B~ < Ce? (/ 772) [ Bellzr-
Q Q Q

This implies that ||1 — pz||»,2 < Ce? which we wanted to prove.

Going back to (27), we observe that 7. satisfies div(a:Vn.) = he, where h. is bounded in Lpl/Q(Q).
Using again [20], we find that there is some pa > 2 such that V7. is bounded in LP2(Q).

It follows that v, is bounded in W1P(Q), with p := min(py, p2) > 2.

1 _
We next prove that |1 — p.| < Ce” and / {|Vv€|2 + (1 - |v5|2)2} < Ce7, where ~ := pil
Q € p—

14



2 _
Indeed, let @ := 1 — —, so that v, is bounded in C*(2) and /(1 —pe) < Ce2. Let 29 = z0(e) be a
p Q
minimum point of p. in . Since (2 is smooth, for r > 0 sufficiently small we have | B, (zo) N Q| > Cr?.
It follows that

Cce? > / (1= pe) > C(1 = pe(g) — Cr)r®.
B,-(J:())

With r := 50%2, we find that 1 — p.(z9) = sup{l — p:} < Ce".
Q

The above estimate together with the inequality F.(v.) < F.(e'¥<) yield the bound on Vp.:

[ {aiot+ -2} < [aci-@ivep<ce
Q € Q

Finally, 4. follows from the equation

—div [aep2V (pe — ¢*)] = div [(aep? — K)Ve*] in Q
e —p" =0 on 99

Indeed, since (aep? — K)Vp* — 0 in LP3(Q) for a suitable p3 such that Ve* € LP3, we obtain,
using again [20], that ¢. — ¢* in WHP4, for a suitable py > 2. We conclude by choosing p :=
min{pi,...,ps}. O

3 The Ginzburg-Landau functional with a periodic pinning term

In this part, we apply the results obtained in the previous section to the study of a GL energy with a
discontinuous periodic pinning term. Inside unit square Y = [0,1)?, consider a smooth subset w < Y,
which will play a role of inclusion (or impurity). The relative size of this inclusion (with respect to
the size of the square) will be controlled by some parameter A > 0 in the following way: for zg € w,
we set wy = Aw + (1 — N)xg. We now define the pinning term a = a(x, \) so that it takes different
constant values inside and outside of the inclusion:

b, ifxe
a(z, ) = rEEA (29)
1, ifrxeY\wy

where b € (0,1) is a fixed (material) parameter. We extend a to a periodic function in R?.
The analysis we develop here could apply to the more complicated situation where xg is allowed
to depend on A; however, we will not pursue in this direction here.

Let €2 C C be a smooth, bounded, simply connected domain. For 1 > § > 0, denote {C’fb, n>1}a
partition of R? into squares with side &; for simplicity, we suppose that the origin is an edge of one of

the squares. We may assume, with no loss of generality, that the squares that lie inside ) are labelled
Ns

C’g with 1 <n < Nj. Denote Qg := U C’,‘i.

n=1
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We define the pinning term in {2 as
a(x/o,N), iHxze
a(a) = 10N B
1, ifzxeQ\Q

the notation a. is justified by the fact that we will later let & depend on the GL parameter . The
following energy will be associated with this pinning term:

Ew = [ {Ivep+ gt - p ).

Under the Dirichlet condition trapgu = 1, one has the existence of the unique minimizer U, of E. [18].
The following lemma is straightforward.

Lemma 5. There ezists a constant C (independent of € € (0,1)) such that
) 1 A
E.(U;) < CAmin <65, €2>

and

|IVU:| <

o | Q

When € < AJ, the above lemma is obtained by considering as a test function an e-regularization
of a.. When € > A4, it suffices to estimate the energy of the test function 1.
As explained in [18], if u is of modulus 1 on 99 and we set v := u/U,, then the energy E. decouples
as follows:
E.(u) = E.(U:) + F.(v),

where

1 2 2 Ué 2\2
Fw) =5 [ QURIVRP 4 5500 o))

We next note that, by the maximum principle, we have b < U, < 1. Thus F; satisfies the assumptions
of Theorem 1, Corollary 1 and Proposition 3. Therefore, if we let u. minimize E. in Hgl7 where
g : 0 — S' is of zero degree, if U. minimizes E. in Hl1 and if we decompose u. = U.v., then the
conclusions of these results apply to v..

To be more specific, we fix g € H'/2(9Q,S") such that degyg(g) = 0. Then:
1. there is some @o € HY/2(, R) is such that g = e’

2. we decompose a minimizer u. of E. in H, gl as u. = U.v., where U, minimizes FE. in H 11 and v,
minimizes F. in H;

3. using Theorem 1 we have, for small ¢, |u;| > b/2. Thus we may decompose, for small &,
ue = |ucle'* with . € H, (2, R)

4. consequently, for small € we have v, = |v:|e?s with |u.| = Ug|vg].
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From Corollary 1, we know that |v.| — 1 uniformly and in H!. Consequently, we will obtain the
asymptotics of u. from the one of U, and of ..

The remaining part of this section is devoted to the asymptotic analysis of U, and v.; as a
byproduct, this will give the asymptotics of u.. It turns out that the analysis is governed by the
relation between € and 4, as well as by the size of A\. Possibly after passing to subsequences and
rescaling, we may assume, with no loss of generality, that we are in one of the four following cases:
Section 3.1: A — 0, the dilute case,

Section 3.2: A\ = 1,0 = ¢, the critical case,
Section 3.3: A = 1,e < ¢, the physical case,
Section 3.4: A = 1,6 < ¢, the non-physical case.
3.1 The dilute limit A — 0

3.1.1 Behavior of U,

In this case, the energy bound given by Lemma 5 immediately implies

Proposition 4. We have
U. — 1 in L*(Q). (30)

3.1.2 Limit of ¢,
Proposition 5. Let @, be the harmonic extension of g in 2. Then, as e — 0,
1. @ — @y in H
2. if, in addition, there is some q > 2 such that g € Wl_l/q’q((?Q), then we have @, — @, in WP
for some suitable p € (2,q].

Proof. The first part is a direct consequence of Corollary 1 and of Proposition 4. The second part is
a direct consequence of Propositions 3 and 4. O

3.2 Thecase A\=1,0=¢
3.2.1 Limit of U,
Recall that Y := [0,1)2. Let

H!. (V,R) = {u € H(Y,R)|the extension by Y-periodicity of u in R? is in H}_(R?)}.

per

We define similarly Hrl,er(Y, C). For simplicity, we ignore the reference to R or C when irrelevant.

Note that u € H*(Y)) extends to a Y-periodic HL -map if and only if
triy,—0yu(0, ) = tryy, —1yu(l, ) and tryy,_gyu(-,0) = trey,—pu(-, 1)
< yi(1—y1) [uly, yo) — ulyr, 1 = y2)] + y2(1 = v2) [uly1, y2) — u(l = y1,92)] € Hy(Y).

17



Using these characterizations of Héer(Y), we find that Hrl,er(Y) is weakly H'-closed. (For more
properties of H} (Y), see, e. g., [13], part 3.4.)
It follows that there exists @ which is a minimizer of

1 1
E(u) = 5 /Y {|Vu\2 + §(u2 — a2)2} in the class Héer(Y, R).

Theorem 2. The following hold:

1. The functional £ has a unique (modulo multiplication by £1) minimizer i in H},, (Y, R). Among
the (exactly) two minimizers, one is positive, the other one negative

2. If i is the positive minimizer of £ in H},.(Y,R), then we have U, — / o in L*(Q)  ase — 0.
Y

Proof. We first investigate property 1. This is done via the following two lemmas.

Lemma 6. The energy functional £ admits a positive global minimizer in H;M(Y7 R). Furthermore,
all global minimizer have constant sign and satisfy

—At = a(a® - %) in Y, (31)
b<lal <1, (32)
0,1(0,y2) = —0,u(1,y2) and d,u(y1,0) = =0, u(y1, 1). (33)

Proof. (31) is clear. In order to prove (32), let u € H} (Y, R) minimize £. Let

lul, ifb<]ul <1
vi=4q1, if|ul>1
b, if ju| <b

It is clear that v € Hg;er(Y, R). On the other hand, we have

1 1 1 1
E(v) = / {]Vu\2+(a2—u2)2}+/ (a2—1)2+/ (a2 — b?)2.
2 Jpspulsny 2 4 J{Jul>1} 4 J{juj<n}

By the minimality of £(u), we find that b < |u| < 1 a. e. Noting that, if u is a minimizer, then u
is continuous, we find that either u is either positive, or negative. In addition, either b < u < 1 or
-1 <u<-b

We next prove that minimizers @ satisfy (33). Indeed, for all ¢ € ngr(Y) N C(Q) we have

_ N S Ry N N
O/YVu Vo —up(a” —0*) /(W(ﬁ&,u. (34)
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We next note that

1

o— [ o — / (@(0.8) + 0,(1,0) 9(0.0) + | (@ui2,0) + 0,(t, 1) 9(1.0)
oY 0 °
= Ti(¢1(t)) + Ta(ga(t)),

with ¢1(t) = ¢(0,t) and ¢2(t) = ¢(¢,0).
Since for each ¢ € C§°((0,1),R) there is some ¢ € H} (Y, R) such that ¢1(t) = ¢(t) and ¢2 = 0,
(34) implies that the map

Ty : C§°((0,1),R) — 1
y - /O (D0, 8) + Dyit(1,£)) (1)

is identically zero. It follows that 0,4 (0,t) + d,a(1,t) = 0. A similar argument leads to d,u(t,0) +
oyu(t,1) = 0. O

Lemma 7. The energy £ has a unique positive minimizer in H;ET(Y, R).

Proof. Let u, v be two positive minimizers and let w := v/u € H;er. By the energy decoupling
formula [18] (which adapts to the periodic case), we have

E.(u) = E-(v) = E-(u) + ;/ {uQ|Vw|2 + éu‘*(l - w2)2} .

Thus w = 1, which implies u = v. 0
As a next (and rather long) step in the proof of Theorem 2, we examine the asymptotic behavior

of the energy carried by U,.
Proposition 6. We have lime?E.(U.) = |Q|E(4).
e—

Proof. We use the unfolding operator (see [12], definition 2.1). More specifically, we define, for p €
(1, 00),
T.: LP(Q) — LPQXY)

o 7;(@(%,@_{«?(6[%%1/), iiiiiii :

b= U et 2] ((2][2)

€ €
YEcQ
YHX=e(K+Y), KeZ?

Here, for s € R, [s] is the integer part of s.
We will use the following results:

i) 7. is linear and continuous, of norm at most 1 ([12], prop. 2.5);
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i) T (uv) = To(u)T(v) and T2 (%) - I .y ([12), equation (2.2));

iii) ”Unfolding criterion for integrals” (u. c. i., [12], prop. 2.6) : If ¢. € L'(Q) is such that
/ || — 0, then we have
A

/¢>g Y A
Q QxyY

iv) eT:(Vo)(z,y) = VyTo(¢) (z,y) for ¢ € WHP(Q) ([12], equation (3.1)).

As a first step in the proof of Proposition 6, we prove that limsupe?E.(U.) < |Q/€(4). Indeed,

£

we consider the test function H, € H defined by

Ho(a) = pe(@)i ({Z}) +1-p-(a),

with

petw) = min (1, 20D g T} =2 [2] e

3

Then we have
T.(H.) — a(y) in L*(2 x V) and To(eVH.)(x,y) — Vya(y) in L*(Q x Y). (35)

Indeed, the first convergence in (35) is a consequence of the fact that 7-(H.) — u(y) is bounded in
L>*(Q x Y) and that its support is contained inside {z € Q|dist(z,9) < 3¢} x Y. This implies at
once that 7c(H.) — a(y) in L4(Q x Y).

In order to establish the second convergence in (35), we start from the identity

7y = Tt [+ (1 ({£])] + 2w o ({£}) -]

= Vi), (@) + (T(p:) = DVyi(y) T, (@) + Vy (o) T: |
= Vyu(y)ly (z) + R..

£

>
S
—
(LIRS
R,—/
N———

|

—_
| )

Since p. = 1 in {z € Q|dist(z,09Q) > €} and since £|Vp,| is bounded in L*°(Q), it is clear that the
support of R, is included in {z € Q|dist(z,0) < 3¢} x Y and that R, is bounded in L*(Q x Y).
Thus R. — 0 in L?(Q x Y). Tt then suffices to note that Vya(y)lg_(z) — Vyi(y) in LY Q2 xY) in
order to obtain the desired convergence result.

Similarly, we have 7z (a.)(z,y) — a(y) in LY(Q x Y).
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Finally,

1 1
limsupe?E.(U.) < lime’E.(H.) = lim 2/ {\6VHE\2 + §(H3 - a?)z}
£ £ Q

)

1
= [ with ¢ = [eVH.|? + 5(Hg — afﬁf)?]

1
= lim - 7.(¢) = [here, we use u. c. i.]
¢ 2 Jaxy

~ fima {|Vﬁ]2+1(ﬂ2—’];(a5)2)2}
2 Q€><Y 2

€
1 . 1 . .
= 5 [ {mar + Jaw? - aw??} - e
QxY
In order to complete the proof of Proposition 6, it suffices to establish the inequality
liminf 2 E.(U.) > |Q|&(a).
15

In order to obtain this estimate, we perform the following change of functions: for u € A := {u €
H{() such that b < u < 1}, we let v := u?. We clearly have v € B := {v € H{(Q) such that v? <
v < 1}. Both A and B are convex and closed in H{. We have the following equivalences

u minimizes F. in Hi (Q) < u minimizes E. in {u € H}(Q) such that b < u < 1}
& u = /v minimizes E. in {y/v € H}(Q) such that b* < v < 1}
& v = u? minimizes G, in {v € H{(Q) such that b* <v <1}

Go(v) = i/ﬁ{'v;z’}'z 4 é(a? —v>2}.

Let U. be the minimizer of E. in Hi. Then V. := UZ2 is the global minimizer of G. in {v €
H{(9) such that b < v < 1}. Let, forv € C:={v € Hrl)er(Y, R) such that v > b%},

6= [ {5+ -0},

It is clear that G has a unique minimizer in C, namely ¢ := 02,

With these notations, we have

with

. 2 o 2 c. 1 |€V‘/5|2 2 2 .. 1 7
liminfe“E.(U;) = liminf e“*G.(V;) = liminf — ———— + (aZ = V)* p =liminf — | ¢-(Vz),
£ [ € 4 Q 2‘/5 5 4 Q

~ eV V.2
where ¢€(‘/5) = |2‘/6
&€

This property, together with the properties i)-iv) of the unfolding operator, imply

+ (a? — V.)%. Using the bound |VU,| < S [7], we see that N 9e(Ve) = 0.

lqméwmzmméwmww, (36)

£
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where

IV, T (Vo)]? ovg . A
. Wy2e\VIP (o) = 2 0. xY
TGV) = oz TR T T ) im QXY ),
0 inA; xY
For W e L(Q, H'(Y)) such that W > b% a.e. in Q. x Y, define

2
orvy o= (Tl v = 20002 1y

Similarly, for W € L?(Q2, H'(Y,R)) satisfying W > b? a.e. in Q x Y, we denote

T 2
qu (W) — | v;x((x’v;y)) |

One may prove that ¢¥ is a convex function of its argument W.

Using the strong convergence in L*(2 x Y), as € — 0, of the family of 7;(a.) to the map (z,y) —
a(y), it is not difficult to prove that the assumptions W, € L?(Q, HY(Y,R)), W, > b? a.e. in Q x Y/
and |W,|,|V,W.| < Cin Q x Y imply

+ (W (z,y) — a(y)*)>.

(/“ {BU(W2) — GY(W2)} — 0. (37)
QxY

Since eV'V, is bounded in L>(£2) [7] and since V; is bounded in L?, Corollary 3.2 in [12] implies
that there exists some V € L?(2, H!,.(Y)) such that, up to a subsequence, we have

per
T.(V.) = Vin L2(Q x Y) and V,(Z(V2)) = V,,V in L2 (2 x Y). (38)
Let W, := T.(V.)+ 15, xy, which satisfies the assumptions leading to (37) and, in addition, satisfies
W, —T(V.) — 0 in L*(Q x Y) and V, W, = V, T.(V2).
To resume, the definition of W, combined with (38) yields
W. = Vin LXQxY), V,W. = V,Vin L2(QxY), |W.|,|V,W.| < C and W, > b? (39)

(here, weak convergence is obtained after possibly passing to a subsequence.)
We are now in position to prove that liminfe?FE.(U.) > |Q|€(@). Indeed, using the fact that
g

T-(az) — a in L*( x Y) and the convexity of ¢¥, we obtain

liminf e?E.(U.) = [from (36)] = lim inf% Te(¢:(V2)) (40)
€ € QxY

= [since W, = T(V.) in Q. x Y] = lim inf © Y (W) (41)

€ QxYy
— [using (37), (39)] = liminf = | @v(W.) (42)

e 4 Joxy

> [using (39) and the convexity of ¢Y] > i (V) (43)

QxY
— [ 0@ s = [ Ge)ds = 1) (44)

Q Q
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It follows that
lime?E.(U.) = |QIE(a).

The proof of Proposition 6 is complete. O

We are now in position to complete the proof of Theorem 2, point 2., by identifying the weak
limit of U.. From (40), it follows that, for a. e. = € Q, V(x,-) is a positive global minimizer of G. For
such z, we have V(z,-) = 9(-).

By combining the following facts:

1 -
lim [ T(6e(V2)) = |Q1E(0) = 1QI6(9), To(V2) = b, VyT(Ve) = V0 in LA(Q X Y),
€ QxY

we obtain

lim [ (T(Ve) = Te(a)®)? =lim | (6 —a?)*
¢ Jaxy ¢ Jaxy

The above equality implies

lim T.(V2)? = lim 02,
€ Jaxy € Jaxy
which in turn implies 7z(Vz) — @ in L?(Q x Y). Since ¢ = 42 and V. = U2, we obtain

1
| @mwy-irs g [ @wpr-ar—o
QxY 4b QxYy
that is, we find that 7:(U.) — @ in L?(Q x Y). This fact combined with Proposition 2.9 iii) in [12]
implies U, = My (1) = / 4(y)dy, which is the desired conclusion. O
Y

3.2.2 Limit of v, in H!

Recall that we are in the critical case A =1, § = €.
In order to state the main result of this section we recall the following standard existence result
(see, e. g., Theorem 4.27 in [13])

Proposition 7. Let f € (Héer(Y))’ have zero average. Then there exists an unique solution h €
Hy,, (Y) of
div(4*Vh) = f and My (h) = 0.

In view of this proposition, let x; € H!..(Y) be the unique solution of

per
div(4*Vy;) = 9;(4*) and My (x;) = 0. (45)
Recall that the homogenized matrix A of 4> (g) Idg2 is given by
o 1=0ix1  —Oixe )
A= [ @ 46
/yu ( —Oax1 1 —0ax2 (46)

(see, e. g., [16] chapter 1 or [13] chapter 6).
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Proposition 8. Let ¢, be the unique solution of

s = Po on Of)
Let g = e"0. Also, for small ¢, represent a minimizer us of E. in Hg1 as ue = Ugpee'P=, where

p- € H} (Q).
Then @ — ¢ in HY(Q) as e — 0.

Proof. This argument is an adaptation of the proof of Theorem 4 in [22].
First note that 7o (U2)(x,y) — 4%(y) in L*(Q x Y) and |v|* = p2 — 1 in L*(Q) imply that
T(p2U2)(w,y) — @2(y) in L*(Q X ).
Recalling that ¢, is the solution of

—div(p2U2V¢:) =0 in
e = ©o on 90’

we find, using Proposition 6. iv) and the fact that p2U2Vp. € HL (), that

0 =T (—div(p2U2Vee)) (2, y) = —divy (T(p2U2) (2, 9) T (Voe) (2, 1)) - (48)

In order to prove that p. — @, it suffices to prove that if, possibly up to a subsequence, we have
ve — ¢*, then @* solves (47).
Using Theorem 3.5 in [12], we have the existence of ¢ € L*(Q, H},(Y)) such that
T.(Ve) = Vo' + V¢ in L*(Q x Y) and My ($) = 0. (49)
By inserting (49) into (48) and passing to the weak limits in L?(Q, H~1(Y)), we obtain

—divy [@*(y) (Ve*(2) + Vyo(z,y))] =0
which is equivalent to
—div, [ﬂ2(y)vyg5(m,y)] = vyﬂg(y) Vo' (z).
This equality combined with (45) implies that
@(2,y) = —X102, 9" — X202,¢"

Consequently, we have
. 5 1—0i1x1  —0Oix2 ) .
Vo' + V0 = V©.
4 ye < —Oax1 1= 0ax2 4

On the other hand, let £ € D(€2). Then, for sufficiently small £ we have (¢f Proposition 2.5. (i) in
[12])

0=lim | p2U2Ve.-VE=1lim [ T(p2U2)T(Ve:) - To(VE)
e—0 (9] e—0 OxY

= [{[ 2w + w0} ve= [av] [ @+ v,)e
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Therefore one has

. ~D * A T ~2 1 _61X1 _81X2 *| _ q: *\
div, [/Yu (y)(Ve* + Vyap)} = div, [/Yu (v) ( “Ooxs 1 - oxo V™| =div, (AVe") =0

and consequently ¢* solves (47). O

3.3 Thecase A\=1,e6<K6
Theorem 3. Assume that A\=1, 6 — 0 and /5 — 0. Then, as ¢ — 0, we have
1. pe = |u| = My (a) in L*(Q),

2. @ — ¢. in HY(Q),

3. pPVp. — AV, in L*(9),

where . solves the homogenized problem

{div(AVgo*) =0 inQ (50)

P = ©0 on 09
Here, A is the homogenized matriz of a® (%) Idp2.

Proof. Theorem 1 combined with Lemma 5 yields p. —a. — 0 in L*(Q). On the other hand, we have
ac — My (a) weakly in L3(Q) (see, e. g.,[13] Theorem 2.6), so that 1. follows.
In order to prove 2. and 3., we start from the equation

{div(pgv%) =0 inQ

51
Pe = $0 on Jf) (51)

satisfied by .. In view of the fact that p. — a. — 0 in L?(Q), it is natural to compare ¢. to the
solution ¢. of

ciiv(a?nge) =0 inQ ' (52)
Pe = Y0 on 09
The difference 9. := ¢. — @ is solution of
div(a2Vipe) = div [(p2 — a?)Ve:| inQ (53)
e =0 on 99.

We claim 1. — 0 in H'(2). Indeed, we first note that, by (51), . is bounded in H!. Using the fact
that v < a2 < 1 and (53) we obtain, via the Lax-Milgram theorem, that, with C,C’ > 0 and p < 2
independent of €, we have

HV¢6HL2 < CH(P? - a?)V%HLz <C'<o0
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and (with r :=2/(2 —p))
IVYellze < Cll(p2 — a2)Veellzr < Clip2 — a2l Vepell 2.

Consequently, . is bounded in H} and converges strongly to 0 in W1P(Q). Tt follows that ¢. — 0
in H'(9Q).

Now, using the classic periodic homogenization result (see, e. g., [16] chapter 1 or [13] chapter
6), we know that ¢. — ¢, in HY(Q) and a?V$. — AV, in L?(Q). These facts combined with the
weak convergences 1. — 0 in H'(Q) and (a?Vp. — p?V.) — 0 in L?(Q2) complete the proof of the
theorem. O

34 Thecase \=1,0<K ¢
In this case, € need not tend to 0. Up to subsequences, we may assume that either e =1 or ¢ — 0.
Theorem 4. The following hold.

1. Assume that € = 1 and that 6 — 0, and denote the energy by Es rather then E.. If us is a
minimizer of Es, then us — @ in H'(), where @ solves

{TA = a(My(a®) — 0% inQ (54)

U
=g on O

2. Assume that ¢ — 0 and that §/e — 0. If u. = p.e¥< is a minimizer of E., then we have

(i) pe — /My (a?) strongly in L*(Q),
(ii) o — s in HY(Q).

Here, @, denotes the harmonic extension of yq.

Proof. In case 1., we start by noting that |lus||z1(q) is uniformly bounded with respect to 6. Let 4
be such that, possibly after passing to a subsequence, us weakly converges to @ in H'. In order to
identify @, we let § — 0 in the weak form of the GL equation satisfied by ug, namely:

/vu§-v¢dx = / us(a? —ud)p de, ¥ € C(Q)
Q Q

and find that (54) holds.
In order to prove 2., we consider a partition of R? by a family {C:} of § x § squares. We may

assume that
{CLICE C {x e Q|dist(x,00) > et} ={C; |k € {1,..., N:} }.

Ne
Clearly, we have N = [2]672 + O(672). Denote (L := U C.
k=1
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For Cp > 0 (independent of €) consider
Co 1 CO . / .
H; :{wGHg]|Vw|S?mQEand|w|§11nQ}.

Recall [7] that, for € < 1 and a suitable Cp, each minimizer u. of E. in H, gl belongs to HCo.
For w € HS°, we have

[l = @2 = [ (0 - My ()2 +19] [My (@) - My (@] + Haw). (59)
Q )
Here, the reminder H. satisfies |H.(w)| < o-(1), with o.(1) independent of w. Indeed, we have
[ =2y = [ Qul = mv@? = [ 2= My
Q Q Q
+My (a?) / (a2 — My (a?))
Q

— a? — a)| |w|?.
2/9[5 My (@] |u]

We next note the three following facts. First, we have

/Q [aZ2 — My (a®)] a2 = Z {/Ck [a2 — My (a®)] a?} +0(e) = 9| [My (a*) — My (a?)?] + O(e).

k

Next, it holds that
/Q(ag — My (a?) = O(e) + Zk: /Cg(ag — My (a?)) = O(e).

Finally, we have

[ a2 = My (@) uf
Q

—|—E a? — My (a®)] |w|?

< Ofe) k/cg‘s My ( )H |
€+E a2 — My (a®)] = 0.(1).

< O(e) k/cg‘a My ( )} (1)

Thus (55) holds. Consequently, for u € HE0, one has

E.(u) = B(My(f) — My (a®)?) 4+ G.(u) + 0 () , (56)

where

1 1
Gulw)i= 5 [ [VuP+ 15 [ (Mr(a®) =)
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We next claim that / (Jue|® = My (a?))*dz — 0. Indeed, we consider a test function in the spirit of

[18], more specifically we let w, = |w.|e'?*, where ¢, is the harmonic extension of ¢y and

—\/ 2
1-— 1—A/ly(a)dist(x, 00), if dist(z,00) < e

My (a?), otherwise

|we|(z) =

C
Note that, for a suitable Cy, we have w. € HE°. A straightforward computation yields G.[w.] < —.
€
Consequently, we obtain

E.(u:) < E-(w:) < lfj(/\/ly(a‘l) - /\/ly(a2)2) + 0(5_2).

|
2

This estimate combined with (56) implies that |uc| — /My (a?) strongly in L?(€).

Using the second part of Corollary 1, we obtain that ¢, — ¢, in H'(Q) where ¢, is the harmonic
extension of .

The proof of Theorem 4 is complete. O
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