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Abstract

In this paper, we consider a mixed diffusion version of the stochastic target problem
introduced in [3]. This consists in finding the minimum initial value of a controlled process
which guarantees to reach a controlled stochastic target with a given level of expected loss.
It can be converted into a standard stochastic target problem, by increasing both the state
space and the dimension of the control. In our mixed-diffusion setting, the main difficulty
comes from the presence of jumps, which leads to the introduction of a new kind of controls
that take values in an unbounded set of measurable maps. This has non trivial technical
impacts on the formulation and derivation of the associated partial differential equations.

Key words: Stochastic target problem, mixed diffusion process, discontinuous viscosity solu-
tions, quantile hedging.

1 Introduction

A general stochastic target problem with controlled loss can be formulated as follows. For 0 <
t < T, we are given two controlled diffusion processes { X7, (s),t <s <T} and {Y}, ,(s),t <
s < T'} with values respectively in R? and R, satisfying the initial condition (X/,(t),Y?, ,(t)) =
(x,y). The aim of the controller is to find the minimal initial condition y for which it is possible
to find a control v satisfying E [¥ (X}, (T), Yt”my(T))} > p for some given measurable map ¥,
non-decreasing in the y-variable, and for a level p. Namely, he wants to compute:

o(t,2,p) ==inf {y > —k : E [¥ (X7, (T), Yt”zy(T))] > p for some control v}, (1.1)

where x € Ry. When p = 1 and ¥(z,y) = l{y(4,4)>0; for some map V, then

o(t,z) == 0(t,z,1) = inf {y > —k : P[V (X} (T), Y}, ,(T)) > 0] > 1 for some control v} (1.2)

coincides with the stochastic target problem studied in Bouchard [2], and in Soner and Touzi [9]
and [10] for Brownian controlled SDEs. In the above mentioned papers, the authors restricted
to the setting of controls with values in a compact subset of R%. Their proofs are heavily relying
on this assumption.

Ouly recently, Bouchard, Elie and Touzi [3] considered the case of controls taking values in a
possibly unbounded subset of R?. Their main motivation was to study problems of the form
(1.1) for W(x,y) = Ly (z,y)>0}, as above, but with 0 < p < 1, i.e.

*The author expresses his gratitude to Bruno Bouchard for leading advices, careful reading and presentation
suggestions.



O(t,z,p) =inf{y > —k:P[V (Xt”I(T),Y;”my(T)) > 0] > p for some control v} . (1.3)

Such problems have already been discussed by Follmer and Leukert [6] in the context of financial
mathematics. In this paper, the process X represents the prices of some given securities. The
process Y models the wealth of an investor, based on some portfolio strategy v. Importantly,
the coefficients of the diffusion Y are linear in the control variable and the process X is not
affected by the control v. In this context, Féllmer and Leukert [6] used a duality argument
to convert this problem into a classical test problem in mathematical statistics. They then
obtained a solution by an application of the Neyman Pearson lemma. But the use of the duality
argument heavily relies on the linearity of the coefficients of Y in the control variable and on
the fact that X is not affected by it. In particular, the duality approach of [6] does not extend
to general non linear controlled diffusion cases. This was the initial motivation of Bouchard,
Elie and Touzi [3] for proposing a more general treatment of the above problem, at least for
Markovian settings.

In order to deal with the problem (1.3), Bouchard, Elie and Touzi [3] introduced an additional
controlled diffusion process Py, which appears to (essentially) correspond to the conditional
probability of reaching the target V (X, (T),Y}, ,(T)) > 0. This allowed them to rewrite the
problem (1.3) in the form

o(t, x,p) = inf {y > —kK: ]l{V(Xf,”,w(T),Yt”,x,y(T))ZO} > Py, (T) for some (v, a)} )

where « is a predictable square integrable process coming from the martingale representation
PV (X{.(T),Y} (1)) >0 | F] =P, :=po+ [, a - dW, for some pg > p. The key point
is that this reformulation reduces the original problem (1.3) into a classical stochastic target
problem of the form (1.2), as studied in [9] and [10], for an augmented system (X,Y, P) and
an augmented control (v, ). The major difference being that the new control « can no longer
be assumed to take values in a compact set, as it is given by the martingale representation
theorem.

By introducing new arguments, Bouchard, Elie and Touzi [3] were able to provide a PDE
characterization for the value function v in the sense of discontinuous viscosity solutions, for
a discontinuous operator which corresponds to the one used in [9] and [10] up to a non-trivial
relaxation.

The first aim of the present paper is to extend the work of Bouchard, Elie and Touzi [3] to the
setting of jump diffusions, as [2] extended [9] and [10] to processes with jumps. We also want
to discuss more general problems of the form (1.1).

We follow the key idea of [3] so as to convert the problem ¥ into a singular stochastic target
problem by diffusing the conditional expectation E [¥ (X{,(T),Y, ,(T)) | Fs] for s € [t, T,
and considering it as an additional controlled state variable P;)X, where the additional control
x comes from the jump part of the martingale representation.

The main new technical difficulty is due to the presence of jumps and of the new control x.
First, it leads to an additional (non-local) term in the PDE characterization, as in [2]. However,
part of the control now takes values in an unbounded set of measurable maps, as opposed to a
compact subset of R? in [2]. This leads to a new (non-trivial) relaxation of the non-local part
of the associated operator, in comparison to [2] and [3]. Second, because of the presence of this
non-local operator, due to the presence of jumps, the discussion of the boundary conditions at
p =0 and p =1 in the context of (1.2) is significantly more difficult than in [3]. Moreover, [3]
discussed only problems of the from (1.2), while we shall consider more general problems of the
form (1.1), which are only mentioned in [3]. In particular, we shall see that the convex face-
lifting phenomenon in the p-variable observed in [3] for (1.2) extends to a much more general
context.

The rest of the paper is organized as follows. Section 2 presents the general formulation of
stochastic target problem with unbounded measurable map controls. It contains the statement
of the corresponding dynamic programming equation. Section 3 contains the arguments allowing



us to translate the problem of expected controlled loss into the case of singular stochastic target
problem of the previous section. The boundary conditions for the stochastic target problem
with controlled expected loss, and the special case of controlled success ratio, are discussed in
this section.

In all this paper, elements of R, n > 1, are identified to column vectors, the superscript 7 stands
for transposition, - denotes the scalar product on R™, | - | the Euclidean norm, and M™ denotes
the set of n-dimensional square matrices. We denote by S™ the subset of elements of M"™ which
are symmetric. For a subset O of R”, n > 1, we denote by O its closure, by Int(Q) its interior
and by dist(z,O) the Euclidean distance from z to O with the convention dist(z,() = oo
Finally, we denote by B,.(z) the open ball of radius r > 0 centered at x € R™. Given a locally
bounded map v on a subset B of R", we define the lower and upper semicontinuous envelopes

v, (D) := liminf v(b") v*(b) := limsupv(b'),b € B.
Bob'—b B3b —b
The convex hull of a function f will be denoted ®(f), and we recall that it is the greatest convex
function lower or equal to f. We will use the same notation for the convex hull of a subset,
i.e. ®(A) is the convex hull of the subset A, and we recall that it is the smallest convex subset
containing A, in the sense of inclusion.

In this paper, inequalities between random variable have to be understood in the a.s. sense.

2 Singular stochastic target problems

2.1 Problem formulation

Let T > 0 be a fixed time, E a borel subset of R, equipped with its Borel field &, J(de,dt) =
Z?:l J(de, dt) be a E-marked right-continuous point process defined on a complete probability
space (2, F,P). Let W be a R%Brownian motion defined on (2, F,P), such that W and J
are independent. We denote by F := {F;,0 <t < T} the P-completed filtration generated
by (W.,J(de,-)). We assume that Fy is trivial. The random measure J(de,dt) is assumed
to have a predictable (P, F)—intensity kernel A(de)dt such that A(E) < oo, and we denote by
J(de, dt) := J(de, dt)— A(de)dt the associated compensated random measure. By H3, we denote
the set of maps x : Q x [0,7] x E — R which are P ) £ measurable! and such that

1
2
||><H§:=< / [ wite dedt> < oo.

As will be clear below, we can always assume that P[J (E \ supp(\),[0,7]) > 0] = 0, and
therefore that E = supp(A).

Let Uy = U} x U3 be the collection of predictable processes v = (v*,v?) with v' € L?([0,T7]) P-
a.s., v? ¢ Hi, and with values in a given closed subset U = U x Li of R% x Li, where IL?\ denotes
the set of measurable functions 7 : E — R such that HWHE\ < 00, with ||7r||i = [y [w(e)]? A(de).

For t € [0,T], z = (z,y) € R x R and v := (v, 1?) € Uy, we define Z7, := (X} ,,Y}, ) as the
R? x R-valued solution of the stochastic differential equation
dX(s) = px (X(s),vs)ds +ox (X(s),vs) dW; Jr/ﬂx s—), v, v2(e), e) J(de, ds)
(2.1)
AV (5) = py (Z(s),v5) ds + oy (Z(s), vs) W, +/ By (Z(s—),v1,v2(e), ¢) J(de, ds)

satisfying the initial condition Z(t) = (x,y). Here,

1P denotes the o-algebra of F-predictable subsets of  x [0, T7.



(px,0x) : R x U — R? x M¢
(py,oy) :REXR XU — R x R?

are locally Lipschitz, and are assumed to satisfy, for u := (u!,u?) € U = U' x L3,

‘:U'Y(xvy,u” + ‘:U‘X(xau” + |0y(z,y,u)| + |Cfx(:C,’LL)| < K(I7y) (1 + |u1| + ||U2H,\)

where K is a locally bounded map. Moreover

Bx :RIx U x E— R?
By :RIxRxUxE—R

are continuous and are assumed to satisfy, for some M > 0,
/ (18x (@, ule), ) + By (z,u(e), €) ) Alde) < M (1+ ]2+ [u'[* + 2]}
E
[ 185w ute).) = (', ute). ) Ade) < M fo -
E

/E 1By (z,u(e),e) — By (7, u(e),e)|2 Ade) < M|z — z’|2 ,

where we use the notation u(e) = (u',u?(e)). We denote by U = U' x U? a subset of elements
of Uy for which (2.1) admits an unique strong solution for all given initial data. We assume
furthermore that any constant controls with values in U belongs to U. We also allow for state
constraints and we denote by X the interior of the support of the controlled process X.

Let V be a measurable map from R%*! to R such that, for every fixed z, the function

y — V(z,y) is non-decreasing and right continuous.

We then define the stochastic target problem as follows

o(t,z) ==inf {y > —k : V (X} (T),Y/

t,x,y

(T)) > 0 for some v € U}, (2.2)

with k € Ry U {+400}. At this point, the set U may not be bounded, and we will see later that
dealing with unbounded controls will be required in the analysis of Section 3.

In order to be consistent and avoid the process Y to cross the level —k, we shall assume all over
this paper that
/Ly(il’,—/@ﬂ) > Oa O'Y((E,—I{,’LL) =0 and By(xvyvuve) > _(y+/$) (2 3)
for all (z,y,u,e) e X xR xU X E. .
As in [2], our analysis requires that

y >yandy € T(t,z) =y €T(t,z) forall (t,z,y,y)€[0,T] xRIxR xR
where

Lt,z):={y>—r:V (X}, (T),Y)

t,z,y(T>) > 0 for some v € ],{} )

This allows to characterize the closure of I'(¢, z) as [v(t, z), +00), which will be of important use
in the following.

Remark 2.1. Let us observe that this problem can be formulated equivalently as

v(t,z) :=inf {y > —k: Y}

Vey(T) > g (XY, (T)) for some v elU},

where ¢ is the generalized inverse of V' at 0:

g(x) :=1inf{y > —k : V(z,y) > 0}, (2.4)
recall (2.3).



Example 2.1. Consider the case where X = (0,00)% and X is defined by the stochastic differ-
ential equation

dX10(s) = p(Xi2(s)) ds + 0 (Xi2(s)) dWs + /E B (Xia(s—),e) J(de, ds)

Xia(t) =€ (O7oo)d7
with Y},

x

.y given by

v

(s):y—&—/‘ vy - dXy(r), for s>t and v=(v'1?)elU.
t

This corresponds to the situation where the process X is not affected by the control:

px(z,u) = p(x), ox(r,u)=oc(x) and Px(z,u(e),e)=pF(x,e) areindependent of u

and

py (g, u) = ut - p(x), oy(xy,u)=ol(x)ut, PBy(z,y,ule)e) :=ut-B(z,e).

In financial mathematics, the process X should be interpreted as the price of d risky securities.
Because of the jump diffusions, we are in an incomplete market, so that the uniqueness of a
P-equivalent martingale measure is not satisfied. The process Y should be interpreted as the
wealth process induced by the trading strategy v, where v! indicates the number of units of the
assets in the portfolio at time s.

Finally, for

V(z,y) :=y — g(z) for some Lipschitz continuous function g : R — R,

v(t, z) coincides with the usual superhedging price of the contingent claim g (X ,(T)).

2.2 Main results

The main result of this section is the derivation of the dynamic programming equation corre-
sponding to the stochastic target problem (2.2), in the present context of possibly unbounded
controls and jumps.

Before to state our main results, we need to introduce additional notations. Given a smooth
function ¢, u € U and e € E, we now define the operators

LYp(t,x) := Opp(t,x) + px (z,u) - Do(t,z) + %Trace (axaf((x, U)DQQD(t, x))

G o(t,x) == Py (x, (L, ), ule), e) — ¢ (82 + Bx (, ule), e)) + p(t, ),

where ;¢ stands for the partial derivative with respect to t, Dy and D?¢ denote the gradient
vector and the Hessian matrix with respect to the z variable.

We then define the following relaxed semi-limits

H*(0,¢):= limsup H.,(©',¢) and H,(0,¢):= liminf H., (0 ¢), (2.5)
e\0,0' =06 e\0,0'—=0 '
n—=0,)—p n=0.972e

where, for © = (t,7,y,k,q,A) € Ry x RI x R x R x R? x §4,¢) € C1? ([O,T] XRd), € >0 and
ne [_1’1]’

H,©0)= s A%O),
ueN: o, (t,2,y,q,9)

with



1
AY(©) :=py(z,y,u) —k — px(x,u) q— §Trace [UXU)T((x,u)A] ,

Ney(t,z,y,q,¢) ={ueU:|N"(z,y,q)| <eand A"°(t,z,y,¢)) >n for N-a.e. e € E},

N*(z,y,q) == oy (z,y,u) — ox(z,u)"q,
Au7e(ta z,Y, ’(/J) = BY<x7 Y, u(e)a 6) - ¢ <t7 x+ 5X(xa u(e), 6)) + Yy
and the convergence ¢ — ¢ in (2.5) has to be understood in the sense that 1 converges uni-

formly on compact subsets towards ®.

Remark 2.2. Note that the operator H* would not be upper-semicontinuous in ¢, for the
u.c. convergence, without the relaxation in the test function on the non-local part. This is the
counterpart of the local relaxation introduced in [3] on the derivatives of the test function.

Also notice that, given 1 € [~1,1], (Nc )., is non-decreasing in € so that
H, (0,¢):= liminf Hy, (0',1).
(©.9)i= limint o, (©',0)
s
For ease of notations, we shall often simply write Hu (¢, z) in place of H(¢, z, v(t, z), Owv(t, x),
Du(t,z), D*v(t,z), v). We shall similarly use the notations H*v and H,v.
As in [3], [9] and [10], the proof of the subsolution property requires an additional regularity

assumption on the set valued map Ny, (-, f).

Assumption 2.1. (Continuity of Ny, (t,z,y.q, f)) For f € C° ([O,T] de), n >0, let B
be a subset of [0,T) x X x R x R? such that Ny, (-, f) # O on B. Then, for every e >
0, (to, 0, Y0, 90) € Int(B), and uy € Ny, (to, o, Y0, qo, [), there exists an open neighborhood B’
of (to, xo, Yo, qo) and a locally Lipschitz map T defined on B’ such that |V (to, zo, Yo, qo) — uo| < €
and v (t,z,y,q) € Noy, (t,2,y,q, f) on B'.

We also assume that v is locally bounded, so that v, and v* are finite. Our first result character-
izes v as a discontinuous viscosity solution of the variational inequation (2.13) in the following
sense.

Theorem 2.1. The function v. is a viscosity supersolution on [0,T) x X of

H*v, > 0. (2.6)

If in addition Assumption 2.1 holds, then the function v* is a viscosity subsolution on [0,T) x X

of
min {H,v*,v* + K} <0 (2.7)

The proof of this result is reported in Section 2.3.

Example 2.2. In the context of Example 2.1, direct computations show that v, is a viscosity
supersolution on [0,7) x (0,00)¢ of

1
0 < min {—@g@ - 502D2@,D@ “B(,e) =@ (-+8(,e) + <p} ,for l-a.e. e€ E

and that v* is a viscosity subsolution of

1
0 > min {—@gp - 502D2¢,D<p “B(ye) =@ (-+B(,e) + np} foree E' € £s.t. A(E') > 0.



We next discuss the boundary conditions on {7} x X. By the definition of the stochastic target
problem, we have

v(T,z) = g(z) for every x € RY,

where g is defined in (2.4). However, the possible discontinuities of v might imply that the
limits v, (7, -) and v*(T),-) do not agree with this boundary condition. In order to discuss this
boundary condition, we need to introduce, as in [3], the set-valued map

N(t,z,y,q,%) :={(r,s) eERIxR:3FuecUs.t. r=N"z,v,q)
and s < A“¢(t,z,y,v) for M-a.e. e € E},

together with the signed distance function from its complement N to the origin:

§ := dist(0,N¢) — dist(0, N),

where we recall that dist stands for the (unsigned) Euclidean distance. Then,

0 € int (N(t, 2, y,q,v)) iff 0(t,2,y,q,9) > 0. (2.8)

The upper and lower-semicontinuous envelopes of & are respectively denoted by 0* and d,,
and we will abuse notation by writing d.v(¢,z) = d. (¢, z,v(t, z), Dv(t,x),v) and §*v(t,z) =
0* (t,z,v(t,x), Du(t, z),v).

For ¢ € C? (R?), we similarly define d,¢(z) = 6, (T, z,¢(z), Do(x), ) and the same definition
holds for 6*¢(x).

Remark 2.3. From the convention supf) = —co and the supersolution property (2.6) in Theo-
rem 2.1, it follows that

§*v, >0o0n [0,T) x R?
in the viscosity sense. Then, if N¢ # (), this means that v is subject to a gradient constraint.

Remark 2.4. 1. Assume that for every (z,y,q) and r € RY there is an unique solution
u(x,y,q,r) to the equation N*(z,y,q) =r, i.e.

N(z,y,q) =r ff u=1u(z,y,q,7).

Assume further that @ is locally Lipschitz continuous, so that Assumption 2.1 trivially holds.
For ease of notations, we set 4o(z,vy,q) := 4(x,y,q,0). For a bounded set of controls U, it
follows that, for any smooth function ¢, H*(t,z) > 0 implies that

o (z, o(t, ), Do(t,x)) € U, A" (-, ¢, 00, Dp, D*p)(t,z) >0
and A"°(t,z,0(t,7),p) >0 for M-ae. e € E.
Similarly, H.p(t,x2) < 0 implies that
either ao (, p(t,x), Dp(t,x)) ¢ intU, or A™(-,¢,d,p, Dip, D*p)(t,x) <0
or A"t x ot x),p) <0 for eecE €& st ANE')>0.

The following result states that the constraint discussed in Remark 2.3 propagates up to the
boundary. Here, the main difficulty is due to the unboundedness of the set U and the presence
of jumps in the diffusions.

Theorem 2.2. The function x — v.(T, x) is a viscosity supersolution of

min {(v4 (T, ) = g) Lo, (1,) <00} 0 v(T,-)} >0 on X, (2.9)

and, under Assumption 2.1, v € X — v*(T, x) is a viscosity subsolution of

min {v*(T,-) — g*, 0,v"(T,-)} <0 on X. (2.10)



We conclude this section by a remark that will be of important use in the proofs of Section 3.5
below.

Remark 2.5. Assume that

ess sup {|Bx (-,u(e),e)| +|By (-;u(e),e)|} is locally bounded, and E is compact. (2.11)
ueN. ,ecE

Then, the operator H is continuous for the uniform convergence on compact sets in its 1 € C*2
parameter.
In this case, the test function ¢ appearing in the form (¢, x + Sx (z,u(e),e)) in the definition
of H* can be replaced by v, itself.
To see this, note that for any ¢ > 0, (tg, zg) and ¢ € C1? such that (v. — ) achieves a strict
minimum at (tg,xo), one can find a sequence of smooth function % such that ¢ = ¢ on
Bc(to, o), ¢S < vi, and ¢S 1 v, uniformly on compact sets of (Bae(to, o))"
This allows to replace the original test function ¢ by v, on (Bac(tg, o))", It then suffices to
send € — 0 and use the continuity induced by (2.11).
The same remark holds for the subsolution property.

Remark 2.6. When the set U is bounded, and Sx = By = 0, i.e. there is no jumps, it was
proved in Soner and Touzi [10] that the value function v is a discontinuous viscosity solution of

sup {uy (z,v(t,x),u) — L(t,x) : u € Ny (z,v(¢, z), Dv(t,z))} = 0, (2.12)

where

NO (%%Q) = {’U, eU: Nu(xvy7q) = 0} and Nu(1'7y,q) = O'y(if,y,u) - UX(xvu)TQ7

with the standard convention sup() = —oo. In the case of a convex compact set U, with jumps
and R?-valued controls, i.e. 4? = {0}, Bouchard [2] showed that v is a viscosity solution of an
equation of the form

sup {min {E“(p(t, 7). inf G, x)} cu € Ny (z,v(t, z), Du(t, z))} =0. (2.13)

Finally the case of unbounded set U with no jumps was considered by Bouchard, Elie and Touzi
[3]. In this paper, the authors introduced a relaxation on the operator (2.12), in order to deal
with this unboundedness. This relaxation applies to the space variable z, the function ¢, its
gradient and its Hessian matrix, at the local point (¢, ). Such a relaxation is required in order
to ensure that the sub-solution (resp. super-solution) property is stated in terms of a lower
semi-continuous (resp. upper semi-continuous) operator. In our jump-diffusion framework, a
similar relaxation is required, but it should involve the additional non-local term G* in (2.13).

2.3 Derivation of the PDE for singular stochastic target problems

This section is dedicated to the proof of Theorems 2.1 and 2.2. We first recall the geometric
dynamic programming principle of Soner and Touzi [9], see also Bouchard and Vu [4]. We next
report the proof of the supersolution properties in Sections 2.3.1 and 2.3.2, and the proof of the
subsolution properties in Sections 2.3.3 and 2.3.4.

Theorem 2.3. (Geometric Dynamic Programming Principle) Fiz (t,z) € [0,T) x X
and let {0”,v € U} be a family of [t, T|—valued stopping times. Then,
(GDP1) If y > v(t,x), then there exists v € U

Yy (07) 20 (07, X7, (67)) -
(GDP2) For every —k <y <v(t,z),v €U,

P (Y

t,x,y

(0") > v (67, X7, (6"))] < 1.



2.3.1 The supersolution property on [0,7) x X
We follow the arguments of [3] up to non trivial modifications due to the presence of the jumps.
15 Step: Let (to,z0) € [0,T) x X and ¢ be a smooth function such that
in (strict) (ve — @) = (vs — @) (to, 7o) = 0.
o pin (strict) (ve = ¢) = (v = ¢) (to, 20)

Assume that H*p(tg,z9) =: —2n7 < 0 for some 7 > 0, and let us work towards a contradiction.
Set @(t, ) := p(t,z) — 1|z — x0|* for ¢ > 0. By definition of the upper-semicontinuous operator
H* and the fact that ¢ —past— 0, we may find € > 0 and ¢ > 0 small enough such that,

after possibly changing 77 > 0

py (2, y,u) = LYG(t,x) < —n
for all w € Nz _, (t,z,y,D@(t,z),9) and (t,z,y) € [0,T) x X x R s.t. (2.14)
(t,x) € Be(to, o) and |y — @(t,x)| < e

where we recall that B (to, o) denotes the ball of radius e around (to, xo). Notice that we still
have

0 = v, (to, 7o) — B(to, To) = min (strict) (vs — ).
v« (to, 20) — @(to, o) [Of;l)lrxlx(s rict) (v ?)
Let 0,Bc(to, z0) := {to + €} x Be(to, zo) U [to, to + €) x OB:(xo) denote the parabolic boundary

of Be(to,zg). Set ¢ := ) Brrtin )(v* — @), and observe that ¢ > 0 since the above minimum is
» Be(to,zo

strict. We now define V. (to, o) := 9, Be(to, o) U [to, to + &) X BE(xp), and observe that
(v, — @) (t,x) > C At =€ > 0 for (t,z) € Vo(to,z0)
since (to, o) is a strict minimizer, and ¢ |z — zo|* > ¢ x £* on BE(zy).

274 gtep: Let (tn, Zn)n>1 be a sequence in [0,7") x X which converges to (g, ) and such that
V(tn, Tn) — v (to, 2o). Set ypn = v(tn,z,) + n~' and observe that

Yn = Yn — @(tn, zn) — 0. (2.15)

For each n > 1, we have y,, > v(ty,2,). Thus, it follows from (GDP1) that there exists some
v™ € U such that

YPtANO,) vt A0, XT(tAO)), t2>tn,
where
Op == {s > tn : (s, X"(s)) ¢ B:(to,z0)}

0= {s > 1, [Y"(5) = 3 (5, X"(5))| = €} A 65,

and

2= (XY = (XY Y )
By the inequalities v > v, > @, this implies that

Y™t AOn) — G (EA Oy, X" (EAB,))
>[YMtAOn) =D (tNA Oy, X" (t A OR))] Lii>0,3
> [(Y™MEAO) = G (EA O, X" (E A 0,))) Lgg, <02

4 (e (ENOp, X" (ENOR)) — @ (ENOn, X" (EA0R))) L1000} ] Lm0,
> [elgo, <09} + €10, -05)] Liez0,)

and therefore



Y (EAOn) — B (EAOn, X (EA0,)) > (e AE) Lm0,y > 0. (2.16)

3'4 step: Since @ is smooth, it follows from Itd’s lemma, (2.15), the definition of Y™ and (2.16),
that

tAO, tAOy, tAO, ~
S{i=an + / (b7 +d7)ds + / YrdWs + / / cy“J(de,ds) > — (e N§) L,y
tn tn [2% E
N (2.17)
where we recall that J is the compensated jump measure and
an ::_(€A§)+7na bg = MY(Z:J/:)_LV;LQZ(&X:)
C?’e =By (X;Lfv stf’ Vg(e)v e) - (Z (57 X;Lf + ﬁX(X;Lfa V;L(e)7 e)) + (,5(87 X;L)

(2.18)
or = N (20 DE(s, X)), = / e (de).
E

In view of (2.15), we have

an — — (e N€) <0 for n — oo. (2.19)

4 step: Let us define:

AT = {s € [tn,0p] : min {b],cl ¢} > —n for M-a.e. e € E}
AL i={se (A})°: < —n for ec E' €& st. ANE')>0}
AL = (AT UAR) ={s€ (A1) : b < —pand ¢ > —n for \-a.e. e € E}
A} :={(s,e) € (A})* x E: c® < —n/2}.
Observe that (2.14) implies that the process ¥™ satisfies:

[ > € for s € AY. (2.20)
We then define, for all ¢, <t < T,

L ;:5(/ agdW5+/ /6§’ej(de,ds)>
tn thn JE A

where £ denotes the Doleans-Dade exponential, and

n

(b +d3)
of = =y ()
lyn)® '

n,e . _ e _ ,’77 n n

200" +1
nMy

S

where ()% = max(z,0) and

M? ::/ Tan(s,e)A(de).
E

It follows from the very definition of A% that M} > 0 for all s € A7 and for all n > 1. We
deduce then from our assumptions on the coefficients, (2.20), and the definition of the set of
admissible controls ¢/, that L™ is well defined as an exponential non-negative local martingale,
and is therefore a supermartingale.

We now apply It6’s lemma and use (2.17), to obtain

10



tA@n
o, Sha, = an+ [ Lz{bs+d:+w:as+ / c:*easvwde)}ds
t

n

tAO,
+ / L7 {¢y 4+ Sral} dW,
t

n

(2.21)
tAb, _
+ / / L7 {4 S™6™¢ + ¢e6™¢Y J(de, ds)
tn E

> —(eNE) Lgicn, 3 Ling,

where, by definitions of o™ and 6",

tNO,
Do Stho, = an+ [ (B3 - 0+ d2) Lag (o)} ds
t

n

n,e n 77
[ emern | Lpame(s) (1 - —— 1
/ECS [ ““”(S)( 2<d§|+1))

2000)" 41

ST A(de)ds

+1ag(s)Lan(s,e) x

tAOy,
+ / L {40 + STal'} AW,
t

tAOn _
+ / / L2 {4 ST6T¢ 4 67} J(de, ds).
tn E

Recalling the definition of d” in (2.18), this implies

tAO,
Lin, S, = n + / L0 {7 + ) Dage(8) — Lapye ()2
nd>
+ 1 gny\e —=2 %
o

261" +1n

+/c§’eLZ]lgs]lgs,ex A(de)ds
[ lAUA() ey X

tAO,
[ L syayyaw,
t

tAOy, ~
+ / / Ly {cy®+ Spose + e} J(de, ds).
tn E

Observing that (A7) = A% U A} and A% N A% = (), this leads to

tAOy, "
Lo Sine. = L (b + —5 ) 1gn
NN an+/tn . {( 6+2(|d?+1)> Az (s)

ndy
4+ ————= |l yn
+<”2<|dz|+1>) a3 (s)

,e
/ cS
E

tAO,
+ / L (g0 + STal} dW,
t

200" +1

T an T an X
Az (s)Lag(s,e) M7

)\(de)} ds  (2.22)

tAOy, ~
+ / / L7 {ch® + S2o%e + c¢6¢} J(de, ds).
tn E

By using the inequalities ¢¢ < —2 on A}, b7 < —p on Af, % < %, and the definition

of M7 > 0, we then obtain

n Wd? n
9 /lanl 1 1) n < - - n = —— n <
(bs+2(|d?|+1)>11,43(5)_< 77+2)]1A3(s) Tag(s) <0



and

ny s 2(b?)++n/ ne
bz ’ 1 gn s A d
Ap (S) < s + 2(|d§b| + 1) + ’I]Mg ECS A2 (s,e) ( 6)
2 (b7 +
< Tag(s) (b’; + g - W’;M§>
< ]lAg <5> (bQ + g — (b?)"" _ g) — _]lAg(S) (b?)_ <0

where = = max(—x,0). Thus, (2.22) implies that L™S™ is a local supermartingale, which, by
(2.21), is bounded from below by the submartingale — (¢ A &) L™ on [t,, 6,]. Hence, L™S™ is a
supermartingale, and it follows from (2.21) again that

0=— (E A f)E []1{9"<0”}Lg'n:| < E [Lgnsgn} < L?nSZL = S& = On
which contradicts (2.19) for n large enough. O

Remark 2.7. Note that, in the above proof, the relaxation of the non-local part of the operator
in term of u.c. convergence is required in order to pass from the initial test function ¢ to the
penalized one @. It allows to obtain the inequality v, > @+ & outside of the ball B.(z), which
is crucial in our proof. This is not required in [3] where processes are continuous. It is neither
required in [2], where the non-local operator is already continuous and the size of the jump is
locally bounded.

2.3.2 The supersolution property on {7} x X

We split the proof in different lemmas.

Lemma 2.1. Let g € X and ¢ € C*(X) be such that

0= (v:(T,+) = ) (20) = min(strict) (v (T, ") — ¢)
then

0" p(xg) > 0.

Since §* is upper semi-continuous, the result follows from exactly the same arguments as in
lemma 5.2 in [10]. We therefore omit it.

Lemma 2.2. v, is a viscosity supersolution of

(0 (T,-) = g«) Lifv. (1, )<00} = 0 on X. (2.23)

Proof. Let x9p € X and ¢ be a smooth function such that

min(strict) (v«(T',-) = @) = (0(T’-) = @) (0)-

15 step: Assume that H*v, (T, z9) < 00, ¢(z0) = v.(T,20) < g«(z0), and let us work towards
a contradiction. Since v(T,-) = g by the definition of the problem and g > g., there is a
constant 7 > 0 such that ¢ —v(T,-) < ¢ — g. < —n on B.(zg) for some ¢ > 0. Since zg is

a strict minimizer, we have 2¢ := é%ir% )v*(T7 x) — o(x) > 0, and it follows from the lower
redB: (20

semi-continuity of v, that there exists r > 0 such that

v(t,x) —@(x) > ve(t,x) — p(z) > ¢ >0 for all (¢,z) € [T —r,T] x 0B:(z0),
v(t,x) —p(x) > CAn>0for (t,z) € ([T —r,T) x 0Bc(x0)) U ({T} X Be(mg)) =: Ve, (T, x0).

Define ¢, () := p(x) — ¢ |z — 20|*, for « > 0. As in the proof of Section 2.3.1, we have

12



v(t,x) — @, (z) > CAn At =26 >0 for (t,z) € ([T —r,T] x BE(z0)) U ({T} x B(20)) -
We now use the fact that H*¢(z) =: § < oco. Set

o(t,x) =@ () + (C+n)(t = T) < pu().
Then, after possibly changing ¢, > 0, and for r,. > 0 sufficiently small,

v(t,z) — @t,x) > € >0 for (t,z) € Voo (T, 20) U [T — 1, T] x BE(x0),
py (z,y,u) — LYG(t, z) < —n for all u e Nz _p(t,x,y, Do(t, x), D)
and (t,z,y) € [T —r,T]xX x R s.t. € Bo(x0) and |y — g(t,2)| < e.
Indeed, py (z,y,u) — LY@(t, x) = py (z,y,u) — L%, () — C —n < —n as soon as uy (z,y,u) —
L%, (z) < C, and we have N. _,(t,z,y, Dp(t, z),p,) SN (¢, z,y, DP(t, x), P).

214 gtep: Let (t,,n)n>1 be a sequence in [T — r,T] x X which converges to (T, x¢) and such
that v(t,, z,) — va(T, 20). Set yp, = v(tn, z,) +n~t, and observe that

Y = Yn — P(tn, Tn) — 0.
For each n > 1, we have y, > v(t,, z,). Then, by (GDP1), there exists some ™ € U such that

YN0, >V (EA O, X" (ENG,)), t> 1,
where
00 =={s>1t,: (5, X"(s)) ¢ Ver(T,0)}
On i ={s>t, : |Y"(s) — @ (s, X"(s))| = e} NO2,
and

Zn = (Xn’Yn) = (Xl,n Yyn ) )

tn,Tn? “tn,Tn,Yn
Using the inequalities v > v, > @, this implies that
Y (tNO,) — @ (N0, X" (tAO,))
> [YMtAOR) =D (ENA Oy, X" (tAOL))] L0,
> >0,y [(YM(EAOn) = G (EA O, X" (t A 0,))) L, <00}
+ (W (EAOn, XM (EAOR)) — G (EA O, X (EA6,))) Ly, —00}]
> [elgp, <00y + ELio,=05)] Tir20.)
and then

Y'"tAOn) =@t A0y, X" (tNO,)) > (e NE) L yy>g,3 > 0.
By repeating the arguments of steps 3 and 4 of Section 2.3.1, we end up to a contradiction.
O
2.3.3 The subsolution property on [0,7) x X

The proof of the subsolution property is a straightforward combination of the arguments of [2]
and [3]. We provide it for completeness.
15¢ step: Let (tg, o) € [0,T) x X and ¢ be a smooth function such that

0= (v" =) (to, o) > (v* — ) (t,z) for (to,x0) # (t,z) € [0,T) x X.

We assume that v*(tg,z9) > —+ and we show that

13



H*@(tO) J"O) < 0

Assume to the contrary that

4n = H.p(to, zo) > 0.

By (2.5), and after possibly changing 7 > 0, we may find € > 0 and ¢ > 0 sufficiently small such
that

py (2, y, u) = LYG(E,x) > 21
for some u € Ny, (¢, z,y, D(t,x), §), for all (t,z,y) € [0,T)xX xR such that (¢,z) € B:(to, zo)
and |y — @(t, )| < e, where (¢, z) := @(t, ) + |z — zo|*. Observe that we still have

0= (v*"—®)(to,x0) = max (strict) (v* — ). (2.24)

[0,T)xX

For ¢ sufficiently small, Assumption 2.1 then implies that

min {jry (2,9, (t,2,y, DE(t, 2))) = L7E00LHEDS(E, ),
N ~ 2.25
Q”(t’”’y’D¢(t’x))’e<ﬁ(t,x)} > for l-ae. ec E ( )
for all (¢,z,y) € [0,T) x X xR s.t. (t,2) € Be(to,x0) and |y — @(t, z)| < &, where ¥ is a locally
Lipschitz map satisfying
v (ta z,y, D&(ta ‘T)) € NO,W (ta €, Y, D&(L I’), @) on BE(th 130). (226)

Observe that, since (f, o) is a strict maximizer in (2.24), we have

—(:= max v —0) <0
C apBe(t()’zO) ( SO)

where 0,Bc(to,zo) denotes the parabolic boundary of B.(ty,z¢). Since |z — xg 4> & for
x ¢ B(x0)
(v = @) (t,x) = (v" — @) (t,2) — ]z — 20|* < =1 <0

for (t,z) € [0,T) x BE(zg). Thus, for (¢,z) € ([to,to +€) x BE(z0)) U ({to + €} x Be(z0)),

(v =) (t,z) < — (e A () = =€ <. (2.27)
274 step: We now show that (2.25), (2.26) and (2.27) lead to a contradiction to (GDP2).
Let (tn, Tn)n>1 be a sequence in [0, T) x X which converges to (¢o, zo) and such that v(t,, z,) —
v*(to, o). Set Yy = v(tn,r,) —n~!, and observe that

Y = Yn — P(tn, Tn) — 0. (2.28)
Also notice that y,, > —k for n large enough.
Let Z™ := (X™,Y™) denote the solution of (2.1) associated to the Markovian control ™ :=
U(, X" Y™ D@(-, X™)) and the initial condition Z"(¢,) = (2, yn). Since ¥ is locally Lipschitz,
this solution is well defined up to the stopping time
O, :=inf {s>1t,: |[Y"(s) — @ (s, X"(s))| = e} N0, (2.29)
with
00 :=inf {s > t, : (s,X"(s)) ¢ B:(to,x0)} - (2.30)

Note that (2.25), (2.28), and a standard comparison theorem implies that
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Y (On) =@ (6n, X" (0)) =& on {|[Y" (05) = ¢ (0n, X" (6n))] > €}

for n large enough. Indeed, Y™ (0,,) — @ (0,,, X™ (0,,)) > yn > —e for n large enough.
Since —v > —v* > —§, we then deduce from (2.27), (2.29) and (2.30) that

Y™(0,) — v (0n, X"(6,))
> g, <00y (Y"(0n) — @ (60, X"(00))) + Lo, =00y (Y (67) — 0" (67, X"(67)))
> elgp, <goy + Lyg, =00y (Y"(05) — 0™ (0, X"(67))) (2.31)
> elyp, <00y + Lo, =00y (Y"(00) + € =0 (67, X™(07)))
>eNE+1yg, =00y (Y™ (67) — 2 (0, X"(67))) -

We may continue by using It6’s formula:

971,
Yn(e’ﬂ) -v (ean<9n)) > €EN 6 + ]1{0n:9$l} (’771 +/ « (Sanlvyvsn) ds
t

n

On
+/ / d(s, X2, Y] e) J(dads))
t, JE

n

where

a(t,z,y) = py (2,9,0 (t,2,y, DP(t, 2))) — L7E=9PEENG(¢, 7)
5(t’$’y7 ) ﬁY ($ Yy, v (t € y’D@(t J}))( ) 6)
- ¢ (LLL‘ + BX (l’, v (t,x, y,Dgo(th)) (6)7 e)) + (Z(Ll‘)

and the diffusion coefficient vanishes by (2.26). Recalling (2.25), the fact that -, — 0, and that
€,¢ > 0, this implies that

Y (0,) >v(0,, X" (0,)) for sufficiently large n.
Since the initial position of the process Y™ is 4, = v (tn,Tn) — n "' < v (tn, ), this is clearly
in contradiction with (GDP2). O

2.3.4 The subsolution property on {T} x X

The proof combines arguments used in the two previous sections 2.3.2 and 2.3.3. The only
difference between this proof and the one in [3] relies on the presence of the jumps. However, it
can be handled by following [2]. We then only explain the main steps. Let 2o € X and ¢ be a
smooth function such that

max (strict) (v*(T,-) — ) = (vV*(T,-) — ) (xg) = 0.
Assume that, for some 1 > 0,
0 < d.p(x0)
0 <dn < p(xo) — g"(x0) = v* (T, z0) — g" (x0)

Set @(t, ) = p(x)+t (|x - x0\4 +VT — t). Since the partial derivatives in x of ¢ and @ are the
same for = xg, by (2.8) and Assumption 2.1, using the fact that ¢ > ¢, for ¢ > 0 small enough,
after possibly changing n > 0, we can find r,¢ > 0 and a locally Lipschitz map v satisfying,

v(t,z,y, Dp(t,x)) € Noy (t,z,y, DP(x), 9) (2.32)
such that

0 < 6,0(t, x)

_ (2.33)
0 <4n < @(T,20) — g™ (x0) = v* (T, z0) — g" (o)
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for all (t,z,y) € [T —r,T) x X x Rs.t. € By(xg) and |y — ¢(t, z)| < e. Since 0y — —o0 as
t — T, we deduce that, for r > 0 small enough,
py (2,9,7 (4,2, y, DE(t, ) = L7070 PEEDE(E, 2) > (2:34)
for all (t,z,y) € [T —r,T) x X xR s.t. € By(x) and |y — ¢(t,z)| < e. Also observe that,
since v* — @ is upper-semicontinuous and (v* — @) (T, zg) = 0, we can choose r > 0 such that
(t, ) < B(t,z) + % for all (t,z) € [T —rT) x By (x0). (2.35)

Moreover, combining the identity v(T,zo) = g(zo), (2.33), (2.34), (2.35), the fact that z
achieves a strict maximum, and using similar arguments as those of Section 2.3.2 above, we see
that

v(t,x) — < — ((Aweh) = —¢ (2.36)

for all (t,z) € ([T —r,T] x B&(xo)) U ({T} x B,(x0)) and for some r,e > 0 small enough, but
so that the above inequalities still hold.

By following the arguments in step 2 of Section 2.3.3, we see that (2.33), (2.32), (2.35) and
(2.36) lead to a contradiction of (GDP2). O

3 Target reachability with controlled expected loss

3.1 Problem reduction

We now turn to the main motivation for the above analysis: the stochastic target problem with
controlled expected loss.
Let ¥ be a measurable map from R?*! to R such that, for every fixed z, the function

y — U(z,y) is non-decreasing and right continuous.

We define L as the closed convex hull of the image of ¥

L:=o V(X X [-K,00))) = [m, M],
with m < M, m, M € [—o0, +00].
For p € L, we define the stochastic target problem with controlled expected loss as follows:
o(t,z,p):=inf{y > -k E ¥ (Xfm(T),Yt"zy(T))] > p for some v € U}, (3.1)
with x € Ry U {+o0}.
The aim of this section is to convert the problem (3.1) into the class of standard stochas-

tic target problems as defined in Section 2. The dynamic programming equation for the target
reachability with controlled expected loss will then be deduced directly from Theorem 2.1 above.

Following [3], we introduce an additional controlled state variable

P (s) ::p+/ ay. - dW, +/ /Ex&ej(de,ds), set,T],
t t

where the additional controls «, x are F-predictable measurable processes, with x € Hi and « is
R?-valued and such that E [ foT |ozs|2 ds} < 00. We denote by A the collection of such processes
(o, x). For U := (v, x), we then set X7 .= (XV, P*X). We also define X = X x L,ﬁ =
U x R? x L3, and denote by U=Ux A the corresponding set of admissible controls. Abusing
notations, we also set Y7 = Y”. Finally, we introduce the function

~ [ —

V(z,y) =Y(z,y)—p, for y>—-k and Z= (z,p)e (X x1L).
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We make the following assumption, which allows us to use the stochastic integral representation
theorem.

Assumption 3.1. ¥ (X7, (T),Y/, ,(T)) is square integrable for all initial conditions (t,z,y) €
[0,T] x X x [—K,+00) and controls v € U.

Following the arguments of [3], we can now relate ¥ to a stochastic target problem with un-
bounded controls, and controls taking the form of measurable functions on FE.

Proposition 3.1. For all t € [0,T] and & = (z,p) € X, we have

s L

(1), Ytﬁ@’y(T)) >0 for some UV = (v,a,X) € 1:{\} (3.2)
= inf {y > —k:V (X”A(T)7 V7, ,(T)) >0 and P;X € L for some D = (v,a, ) € LA{} . (3.3)

Proof. We denote by u(t, z,p) and w(t, z, p) the value functions appearing on the right-hand
side of (3.2) and (3.3) respectively.
15 step: We first show that © > u. For y > ©(f,z,p), we may find v € U such that pg :=

E [\Il (Xt’:w(T), Y/?

twy(T))] > p. By the stochastic integral representation theorem, recall As-

sumption 3.1, there exists («, x) € A such that

T T
W (XZ;D(T%Y{,'W(T)) = o +/ as - dWs +/ / Xs,ed (de, ds) = Pt‘fl;if(T).
t t E

Since po > p, it follows that ¥ (X7, (T),YY,

Ve y(T)) = PEX(T), and therefore y > u(t, z, p) from

the definition of the problem u.
214 gtep: We next show that u > 0. For y > u(t,z, p), we have V ()A(EE(T),Yt”wy(TD > 0 for

some U = (v,a, X) € U. Tt follows that

E [V (R72(D). Y7, (D) | = E [¥ (X{,(T), Y, ,(T)) = PGH(T)] > 0

and since P{,;X is a martingale
:

E[¥ (X[o(T), Yy ()] 2 p = E[PGND)]

so that y > ©(¢, x, p) by the definition of v.
34 step: The inequality © < w is obvious. To see that the converse inequality holds, consider

some y > u(t,z,p). Then there exists some v = (v,«, x) € U such that

\I] (Xty,:v (T)7 Y;tl,/m,y(T)) Z Pﬁ};}( (T) (34)
Define

T:=TNinf {s > t: P;X(s) <m} and
O = gL {<ry, Xsye i= [f (Xs.e V (m—P2X(s—))) + (xs,e)ﬂ Lis<ry for s € [t,T7].

Clearly, P;X(T) = PEZ’)’Z(T) on the event {7 = T}. Since Pt‘i’,’z(T) = m on the event {7 < T},
it follows from (3.4) that

(XY ,(T),YY,

t,m,y(T)) Z PS;;X(T)

We finally observe that ng (T') > m by the definition of & and X, and that the last inequality
implies that P;,*(T) < M. By the martingale property of the process P,*, we conclude that
it is valued in the interval [m, M] = L. Hence, y > w(t, z,p). O
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Let us observe that the problem (3.2) can be alternatively formulated as

@\(t,ZE,p) = inf {y EALE }/t?x,y

(T)>g ()?QA(T)) for some U = (v, a, x) € Zj}

t,x

where g is the generalized inverse of Vato

§(3) =it {y: V@) 2 0}.

Remark 3.1. 1. In the case where the infimum in the definition of ¥(¢, x, p) is achieved and there
exists a control v € U satisfying E [W¥ (X;’w(T),lQ”wy(T))] = p with y = 9(¢, z,p), the above
argument shows that the corresponding process P&;X coincides with the conditional expectation
of U (X7,(T), Y, ,(T)), ie.

PtC,YZ;X(S) =E [\II (XZa:(T)vY;:,Vx,y(T)) | }—s} for s € [t7T].

2. Equation (3.3) shows that one can restrict to controls v and y such that P;* takes values
in L. This is rather natural since the latter should be interpreted as a conditional expectation
of U, which convex hull is L, and this corresponds to the natural domain [m, M] of the variable
p. Notice also that the value function v(-, p) is constant for p < m, and equal oo for p > M. In
both cases, the natural domain of ¥ is therefore [0, 7] x X x [m, M].

3. Moreover, in the special case where m and/or M are finite, the fact that P;)* takes values
in L allows us to consider that the jump coefficient y is bounded. This will be usefull in the
proofs of Section 3.5. Indeed we may write in that particular case

m = PN (s=) < xe < M = PN (),
with P;*(s—) € [m, M].

Example 3.1. Given a non-negative function h, let us consider the case where ¥(z,y) = %/\1,
with the convention § = +oo for y € R,. For x = 0, we then obtain

Ve y(T)

o(t,x,p) =infcye R, : E ” Al| > pforsomev el y,
* g(Xt,x(T))

which is the problem of the expected success ratio studied in [6]. Using (3.2), we see that the
above problem reduces to

o(t, z,p) = inf {y ER :V ()?ﬁ

tap(T)s Ytﬁxy(T)> >0 for some U = (v,a,x) € Z)} ;
where V(z,p,y) = ¥(z,y) — p.

Example 3.2. One can similarly recover the problem of stochastic target under controlled
probability of success studied in [3] and [6]:

v(t, z,p) := inf {y eERy:P [\I/ (XY .(T),Y,

Vo) = O} > p for some v € U} ,

for some measurable map ¥ from R into R such that, for every fixed z € R?, the function
y — U(z,y) is non-decreasing and right-continuous. The reduction of the problem (3.2) leads
to

u(t,x,p) := inf {y ER,:V ()/(\’gz’p(T), Ytsz) > 0 for some U € Z:Z} ,

where V(z,p.y) = 1§, )50} = P-
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3.2 PDE characterization in the domain

In view of Proposition 3.1, the PDE characterization of Theorem 2.1 can be extended to the
problem (3.1). Let us first introduce notations associated to the augmented system.
For = (u,a,m) € U and T = (z,p) € X, set

1 (i) 7= (). s (Rt )

Recalling 3. of Remark 3.1, we also introduce, for (z,k,q,A) € R x R x R¥*! x §4+1 4 =
(u,a,m) €U, e >0and n € [-1,1],

=

Na(i\vyvq) = O—Y(l'vyau) - a(‘%a a)Tq = Nu(xvyv%v) — @pQ, for q= (Qx7Qp) € Rd X Rv

ﬁﬁ,e (t,?fayaql}) = BY(xay,u76) - w (t’:/f+ B(ZE’ ﬂ(6)76)) Tty

~

New(t,Z,y,q,7) = {ﬂe U: ‘Na(ﬁy,q)‘ <e,

L (3.5)
p+m7(e) € m,M] and A"°(t,Z,y,¢)>n for lae. e€ E}
FAIEW(C:),@) = sup ;&u(@) (3.6)
ﬁeNg,n(t@ayﬂW)
where
O = (1,3,y,k,q, A)
~T [~ PN 1 T g
A" (8) = —k+py(w,y,uw) =i @) - g — 5T [567 (3,7) 4]
and

~

N(t,Z,y,q,%) := {(7’, s)eR*xR:3ue Ust. r= ]vﬁ(i?,y,q)
and s < Aa’e(tﬁc\,y, ) for Aae. e € E} ,
5 = dist (o, ﬁc) —dist (ON) .

The operators ﬁ*, ff*g* and g* are constructed from f]em and & exactly as H*, H,,6* and J,
are defined from H, , and ¢. Finally, we define the function

§(3) = inf{yz —k:V (3,y) 20}, = (,p) € X x [m, M].

As an almost direct consequence of Theorem 2.1 and (3.2), we obtain the viscosity property of
v under the following assumption, which is the analog of Assumption 2.1 for the augmented
control system X:

Assumption 3.2. (Continuity ofj\Afom(t, x,p,Y,4q, )) Let B be a subset of [0, T] x X X [m, M] x
R x RHLf € C0([0,7] x X x [m, M]) and n > 0 such that J%m(-,f) # 0 on B. Then, for
every € > 0, (to, Zo, Po, Yo, q0) €Int(B) and Uy € /\A/'o,n (to, o, Po, Yo, qo, f), there exists an open
neighborhood B’ of (to, o, Do, Yo,q0) and a locally Lipschitz map U defined on B’ such that

‘l//\(t())x()ap()ay(%qo) - a0| S g, and /V\(tax7p7y?q) € No,n(tax7y7paq7f) on B'.

Corollary 3.1. The function U, is a viscosity supersolution of
H*3, > on[0,T) x X. (3.7)
Under the additional Assumption 3.2, U* is a viscosity subsolution of

min {ﬁ* + n,ﬁ*ﬁ*} <0 on[0,T) x X. (3.8)
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The supersolution property is a direct consequence of Theorem 2.1, the representation (3.2) and
3. of Remark 3.1. The subsolution property is obtained similarly.

Example 3.3. In the context of both Example 3.1 and Example 3.2, with the dynamics of
Example 2.1, the conditions of Theorem 3.1 are trivially satisfied. By direct computations, we
then have that both v, and v, are viscosity supersolution on [0,7T) x X of

1
0 S _at@ - §U2Dzz§0

(3.9)

1
= int {3 1o Dy + TloaDayel - a (D) o= Dy [ wen(ao)}.
‘n'EH(;g) 2 E
a€eR

whenever D, > 0, and with

H(p) = {m € L] s.t. (Do + 07 Dypa) B ) =@ (-, + B(,e),- +7(e)) + ¢ > 0
and p+ 7 €[0,1] for \-ae. e € E}.
3.3 Boundary conditions and state constraint

In our general context, the natural domain of P is [m, M]. In the case where m or M are finite,
we need to specify the boundary conditions at the end points m and M.
By definition of the stochastic target problem with controlled expected loss, we have

(-, M) =v and v(-,m) = —k, (3.10)
where
o(t,z) :=inf {y > —k : ® (X7, (T),Y},,(T)) >0 for some v € U},
with

O(z,y) = ¥(z,y) — M. (3.11)

Also, since ¥ is non-decreasing in y, we know that v is non-decreasing in p. Hence,

—£ S0.(,m) SV(,p) V(M) <ot for p € [m, M],

o~k A~k

(3.12)
0°(,p)=—k for p<m and v*(,p)=oc0 for p> M,

and one can naturally expect that v.(-,m) = —k and v*(-, M) = v*. However, the function v
may have discontinuities at p = m or p = M and, in general, the boundary conditions have
to be stated in a weak form, see (3.17) and (3.52) below. This corresponds to the classical
state-space constraint problems, see [1], [5], [7] or [8] and the references therein.

To obtain a characterization of ¥ on these boundaries, we shall appeal to the following additional

assumptions. Assumption 3.5 and Assumption 3.6 already appeared in [3]. Assumption 3.3,
Assumption 3.4 and Assumption 3.7 will be used to handled the non-local operator.

Assumption 3.3. H1: For some integer v > 1,0*(-,m)™ satisfies the growth condition

sup ———= < oo. (3.13)

H2: There is a function A on R satisfying
(i) For all x € X and y > A(z), there exists u € U such that

By (z,y,a(e),e) — A(z + Bx (z,u(e),e)) + Alx) >0 for A-a.e. e € E.

(ii) A(z)/|z|” = 400 as |z| — co.
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(ii) A < —k on X.
Assumption 3.4. The set E is finite and \(e) > 0 for alle € E.
Assumption 3.5. For all (x,y,q) € X x (—#,00) xR?, we have {u € U : N*(z,y,q) =0} ¢ U.

We need for the next assumption to introduce the following set, for (x,v,q) € R x R x R%:

Ne(z,y,q) = {ueU: |N*x,y,q)| <e}. (3.14)
Assumption 3.6. For all compact subset D of R* x R x R x R% x S%, there exists C > 0 such
that

1
fup {My(x,y,u)——k——ux(m,u)~q—-27%[0X0§(x,u)A]} S(j(l—}gg)
uEN: (2,9,9)

for alle >0 and (x,y,k,q,A) € D.
Assumption 3.7. The maps Bx, By are continuous on X X E and X x R x E uniformly in
u € U. Moreover, Bx, By and ox satisfy the following condition

ess sup {|Bx(-,ule),e)|+ By (-,ule),e)| + |ox(-,u)|} is locally bounded
uelU,ee E

Since the main concern of this paper is the analysis of the stochastic target problem under
controlled loss with jumps, we do not establish a comparison result of viscosity supersolutions
of (2.6)-(2.9) and subsolutions of (2.7)-(2.10). Nonetheless, as in [3], we need such a comparison
result in order to establish the boundary conditions of this section.

Assumption 3.8. There is a class of functions C containing all [—k,+00) valued functions
dominated by v* such that, for every

- v1 € C, lower semi-continuous viscosity supersolution of (2.6)-(2.9) on [0,T] x X

- vg € C, upper semi-continuous viscosity subsolution of (2.7)-(2.10) on [0,T] x X

we have v1 > vs.

The main results of this section shows that the natural boundary conditions (3.10) indeed holds
true, whenever the comparison principle of Assumption 3.8 holds and under the above additional
conditions.

Theorem 3.1. Assume that Assumption 3.2, Assumption 3.4 and Assumption 3.7 hold true.
(i) Assume that m > —oo. Under Assumption 8.3, and Assumption 3.5, we have v*(-,m) = —k
on [0,T) x X and U,(-,m) = —k on [0,T] x X.

(i) Assume that M < co. Under Assumption 3.6, v*(-, M) is a viscosity supersolution of (2.6)-
(2.9) on [0,T] x X. In particular, if in addition the comparison principle of Assumption 3.8 is
satisfied, then 0*(-, M) = U.(-, M) = v, = v* on [0,T] x X.

The proof is reported in Section 3.5.

Remark 3.2. This subsection is similar to the one in [3], where the authors studied the bound-
ary conditions at p = 0 and p = 1 in the case of target reachability under controlled probability,
i.e. Wis of the form W(x,y) = l{y>g(z);- In this paper, the natural domain of P is [0, 1], and
the authors studied the behavior of the value function ¥ when p — 0 and p — 1.

3.4 On the Terminal Condition

The boundary condition at T for ¥, and v* can be easily derived from the characterization of
Theorem 2.2.

Corollary 3.2. The function T € X7, (T, ) is a viscosity supersolution of

min {(@(T, ) =5 L ey <oey 0 0T -)} >0 on X.

If in addition, Assumption 3.2 holds, then T € X o* (T, ) is a viscosity subsolution of

min {6*(T, ) — G, 8,0%(T, .)} <0 on X
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The condition fl*ﬁ*(ﬂ -) < oo may not be satisfied because the control («, x) appearing in the
definition of H may not be bounded. It follows that the above boundary condition may be
useless in most examples.

The rest of this section is devoted to the discussion of conditions under which a precise boundary
condition can be specified.

Proposition 3.2. (i) Assume that for all sequence (tn, Tn,Yn,Pn,Vn),>q 0f [0,T) x X X Ry x
[m, M] x U such that (tn, Tn,Yn,pn) — (T z,y,0) € {T} x X x Ry x [m, M], there exists a
sequence of P-absolutely continuous probability measure (Q™), -, defined by % =: H" for
some sequence of non-negative random variable (H™), -, such that

limsupE®" [V, ] <y, limsupE [|[H"Dy @G (X{7, (T).pn) — Dy ©G(wn,pa)|] =0
n—oo

Ty Yn tn,Tn
n—oo

and liminfE [H" @@\(XV" (T)7pn)] > @g(z,p),

n— oo tn,Tn

(3.15)
where D;‘ stands for the right derivative in p.
Then, U.(T,x,p) > @g(x,p) for all (x,p) € X x [0,1].
(i) Let the conditions (ii) of Theorem 3.1 hold true and assume that v* is convex in its p-variable
and that v*(T,z) < g(x). Then v*(T,z,p) < @g(z,p) for all (z,p) € X x [m, M].
Proof. (i) Given a sequence (t,,Zn,pn),>; in [0,1) x X x (m, M) such that (t,,,zn,pn) —
(T, z,p) and U (tn, Tn,pn) = Ux(T,x,p), we can find U, = (vp, an, Xn) € U such that

V(K7 ()Y, (1)) 2 0,

tn,Tn,Yn

where y,, := V(tn, Tn,pn) + n~t = 0.(T, z,p), recall (3.2). This implies that

Y /V\n

tn,Tn,Yn

(1) 23 (X7, 5, (D).

and, by the definition of the convex hull of g,

H'Y[ (1) 2 H 05 (XD, , (1)),
Using the convexity of ®g then leads to
H"Y[ (1) 2 H" @G (X]7,, (T),pn) + H'DJ © G (X77, (T).pn) (P25 (T) = pa)
=H" 0§ (X{", (T),pn) + Dy ©G (2, pn) Pyt (T)
—H"pyDy ©g (X{", (1), pn)
+ P (T) [H" Dy © g (X¢2 ., (T),pn) — Dy ©G (20, pn)]
>H"©7(X{",,(T),pn) + Dy © (@n,pn) Py (T)
—H"pu Dy ©§ (X37,, (T), pn)
~M|H"D; @3 (X{",, (T).pn) = Dy @7 (a, )|,
where the last inequality follows from the fact that we can always assume that Pton‘fl’,f" takes

values in [m, M], see (3.3). Taking the expectation under P and using the fact that P;.")*" is a
P-martingale, we obtain

EQ" [Yﬁn (T)}

tn,Tn,Yn
>E[H"©§ (X", (T),pn) + 0o (D) ©G (2n,pn) — H'DYf ©G (X{7, (T),pn))
~M|H"D} @G (X{",. (T),pn) — DF ©G (2n,pn)|] -

nsTn

Passing to the limit, and using (3.15) leads to v.(T,x,p) > ©g(x, p).
(ii) Using (3.12) and the convexity of v* together with the definition of the convex hull of a
function lead to the required result. O
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Example 3.4. In the context of Example 3.1, we may easily notice that the generalized inverse
of V at 0,

g(z,p) :==inf {y > —k : V(z,p,y) > 0},

satisfies

g(x,p) = pg(x)

and is convex in p. Moreover, for the dynamics of Example 2.1, the convexity of v in its p-
variable is quite obvious, since Y}, . (T) = pY}, ,(T) for any u € [0,1], and the expectation
operator is linear.

We have already shown in Section 3.2 that o, is a supersolution of (3.9). Notice that the
condition of Corollary 3.1 and (i) of Proposition 3.2 are satisfied. In this case, we deduce that

¥, satisfies the boundary conditions

0x(,1) = v and 94(-,0) =0 on [0,T) x X and 0.(T, z,p) > pg(x) on X x [0, 1]. (3.16)

Example 3.5. In the context of Example 3.2, we define the function

g(z,p) := inf {y >k V(z,py) > 0}

and let z’/; be the generalized inverse of U at 0, i.e. 1F/;(w) := inf {y > —K: \T!(x,y) > 0}. Then,

g(z,p) = Y(x)lps0y for x € X and p € [0,1]. The convexity of v is far from being obvious.
However, one may notice that the convex hull of § in p is ® () (z,p) = pg(x), with g = 1;*1,
and that the condition of Corollary 3.1 and (i) of Proposition 3.2 are satisfied. It follows that,
as for the expected success ratio problem of Example 3.4 above, v, is a viscosity supersolution
on [0,7] x X x [0,1] of (3.9) - (3.16).

Remark 3.3. In [3], the authors considered the case g(z,p) = g(x)1 (>0}, so that @g(z,p) =
pg(x), and therefore D; ® g(z,p) = g(x). Then, Assumption (3.15), in the case of [3], should
take the form:

limsupE HH"g (X¢m, (1)) — g(a:)H =0.

tn,Tn
n—roo
The Assumption (3.15) is then almost the counterpart of the one made in their proposition 3.2.

P(X7L7X7l

The difference comes from a slight error in their proof? where they use the fact that 18

a Q-martingale while it is only a P-martingale, a priori.

3.5 Derivation of the boundary conditions for the stochastic target
with controlled expected loss

We now prove Theorem 3.1. These boundary conditions need only to be specified in the case
where m and/or M are finite.
In all this section, we shall use the following notations

G (1,7) i= By (2, (17 ue), ) — o (6,3 + B (3, 7(e), €)) + 9 (1,7).

for T = (x,p), u = (u, @, x).

2The author would like to thank Bruno Bouchard, Romuald Elie and Nizar Touzi for pointing out this issue
and for their explanations on how to fix it in their particular context.
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3.5.1 The endpoint p = M, finite
In order to show that 0, (-, M) is a viscosity supersolution of (2.6)-(2.9), it suffices to show that
Ux(+, M) is a viscosity supersolution on [0,7) x X of

max {Ux (-, M) — v, H 0, (-, M)} > 0, (3.17)

and that 0, (T, -, M) is a viscosity supersolution on X of

max {0 (T, -, M) — ve, min { (0. (T, -, M) — j.) Lgrs, (1, My<oo}, 0 0 (T, -, M)} } >0, (3.18)

where j is the generalized inverse of ¢ at 0:

jlx) :=1inf{y > —k : ®(x,y) > 0},

recall (3.11).

To convince ourself, let us show for instance that (3.17) implies (2.6). Let (¢o,x0) be a local
minimizer of U, (-, M) — ¢ for some smooth function ¢. Then

- either U, (to, o, M) < v4«(tg, xo) and then (2.6) holds for ¢ at (to,xo)

- or Ux(to, o, M) = vi(to, o) so that (tg, o) is a local minimizer of v, — ¢, and (2.6) holds for
@ at (to,xo) by the viscosity property of v, see Theorem 2.1.

15 step: We first show that for any smooth function ¢ on [0,T] x X x [m, M] and (to,zo) €
[0,T) x X such that

(strict) [O,T)xrgl(iil[m,M] (Vs — ) = (Vs — ) (to, z0, M) =0, (3.19)

we have

max{cp(to,xo,M) - v*(to,zo),ﬁ*w(to,xo,M)} > 0.

If not, we can find n,e,¢ > 0 such that

max {(pL - ’U*<t,$),/.ty($,y,u) - anb(taxap),} < -n
for all u:= (U,Oz,ﬂ') € ﬁ,*n (t?xvyaD@L(t>x7p)a<pL) (320)
and (¢, z,p,y) €[0,T) x X x (m, M] xR
s.t. (taxap) EBE(thxO) X [M 753M] and |y - %(t,iﬂp)‘ S g,

with ¢, (t,2,p) = ¢(t.2,p) = ¢ (Jo = ol + [p— 2[*).

Let (tn, Zn,Pn)n be a sequence in [0,T) x X x (m, M) which converges to (tg, 29, M) and such
that 0(tn, Tn, pn) — Ux(to, o, M). Set yy, := V(tn, Tn, pn) +n~! and observe that

Tn ‘= Yn — @L(tnaxnapn) — 0.

-n

we have y, > U(tn,Tn,pn). Then, by (GDP1), there exists some 7" :=

For each n > 1,
€ U such that

(", am,x")
Y™(0n) = 0s (60, X (0n), P (0n)) = @0 (65, X (0n), P"(6n))
where

02 = {s > £ (5, X"(s), P"(s)) € D}
On :={s>1t,:|Y"(s) — o, (5,X"(s), P"(s))| > e} NE
together with

Zm = (X" P Y = (XY P Y )

tn,@n? " tn,Pn tn,Tn,Yn
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and
Ve(to, xo) := ({to + e} x Be(20)) U ([to, to +€) x BZ(x0))
D := (V(to, o) x [M — &, M]) U (B:(to,z0) X [m, M —¢]).
It follows from (3.20) and (3.19)

¢:= 11[1)f(v—<pL) > 0.

Using the definition of #,, and ¢ > 0, this implies that

Y™(0,) — @, (0, X"(0,), P"(0)) > C Ne. (3.21)

By arguing as in Section 2.3.1, this leads to a contradiction.
2°d step: We now show (3.17), i.e. for any smooth function ¢ on [0,7] x X and (tg,zo) €

[0,T) x X such that

(strict) [O%nxlx (s (-, M) = ) = (Uu(-, M) — ) (to, x0) = 0,

we have

max {p(to, x0) — v« (to, o), H @(to,z0)} > 0. (3.22)

a. The first step is similar as in [3]. For every k, we introduce the smooth function

prlt,a,p) = o(t,@) = (Jo = ol + (t = o) +ve))

where, for some p > 0,

M o2k M
Yr(p) = —pk/p R gakhi dr, k>0. (3.23)

Observe that

Yr(p) >0 forall k>0, pem, M|,

, erM pk
—2pk < 1.(p) = pkek(p-i-M) TS < “e—1) for k large enough, (3.24)
ek(p+3M)
(p) = —pk? 5 <0 forall k>0, (3.25)

(6k(p+M) _ EQkM'H)

i (T/’;q(pk))2

im = if (px). is a sequence in [m, M| s.t. lim k(M —pi) =0. 3.26
T (), q [ ] i k(M —p) (3.26)

Let (t1, 71, pr) be a minimizer of v, — ¢y, on [0, T]x BX (1) x [m, M|, where BX () := B;(z¢)NX
and Bj(xg) is the open unit ball centered at xg. Observe that, by definition of (tx, zx,px) and
(t()a xO)a

(3., M) = ) (to,20) = (B = 1) (to, 70, M)
> (Ve — i) (tk, Ths Pi)
(@ Cop1) = ) (b i) + (I = @ol" + (b = t0)? +¥u(p))

Y

(- opn) = ) (nsn) 4l = a0l 4 (o0 = 00+ 5 200 =) )

where the last inequality follows from (3.24), for k large enough, and the fact that ¢y (M) = 0.
Since v, > —& by construction and ¢ is bounded, this implies that the sequence (tx, Tk, Pr)r>1
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is bounded, and therefore converges to some (t.,Z,p«) up to a subsequence. Clearly, p. = M,
since otherwise we would have k(M — py) — co. By definition of (¢o,xo), this implies that

(@*(, M) - 90) (t07x0)

> liminf (U, — k) (tk, Tk, Pk)
k—oo

~ e k
> @0u(-, M) — @) (b, 23) + (|22 — 20| + (£ — t0)? + hmmfpi(M - Pk)
k—o0 2(67 1)

— L k
> (B.(-, M) — @) (to, o) + (|2 — zo|* + (£ — to) + liminf == (M —py) ).
k—oco 2(6 — 1)

This shows that, after possibly passing to a subsequence,

(tk, x, pr) — (to,z0, M), k(M —pg) — 0, and U, (t,xr, pr) = Vs(to,zo, M).  (3.27)

b. We now go on with the arguments of [3], up to a non trivial adaptation required by the
non-local parts of the operator. In order to prove (3.17), we assume

Vs (to,l’o, M) — Ux (to, xo) <0 (328)

and we intend to prove that

H*<p (to,l‘o) Z 0. (329)
By (3.27) and the lower semicontinuity of v, it follows from (3.28) that the sequence (tx, Zx, Pr) x>,
of minimizers of the difference v, — @y, satisfies oy (tx, Tr, ) — v« (tk, ) < 0, after possibly
passing to a subsequence. By Corollary 3.1 together with the result of step 1, Remark 2.5 and
Assumption 3.7, we then deduce that
H* (ty, xx, i 91 Orpr, Do, Dy, 0,) > 0 for every k> 1.
Now observe that, by (3.27), and the definition of py:
(01, Duors D201) (tes xhs 1) — (Orp, Duip, D2,0) (to, 20)  as k — oo

2 2 ’ 7 (3.30)
(Dpspr, D2 por: Dppprc) (b e, pr) = (= (px) , 0, =4y (pr))  for every k > 1.

By definition of H*, we can find sequences (€x)y>; (Eg)k21 s (Yr)ks1 5 (@k)g>1 » (Ak)g>y such
that e, > 0,29 = (w%pg) € X x [m, M|,y > —k,qx = (¢}, q}) € R? x R, A;, is a symmetric
matrix of ST, with rows (A7%, 4;7) € S* x R? and (A;ng, Aip) € R xR,

er =0, Z) = (xo, M) and |(yk,qk, Ak) — (or, Dor, D*@k) (ti, ze,p)| < k71, (3.31)
where (tk, 532) belongs to a compact neighborhood of (o, zg, M), and

Hey gt (6 20 g Dp(to, 20), qies A, 0) > —k L (3.32)

By the definition of I/i\’sk’,kq, we may find a sequence (ug, ag, ) € ./\751“7%71 (tk, T2, Yk, Gk 6*)
such that

1
— i (to, o) + py (2, Yo ur) — pix (2R, uk) - qf — ;T [oxok (zh, up) AL]

3.33)
1 . (
> 2k + 5 > AP+ 0% (29, u) ALY - o — : mr(e)A(de)gl
and
By (20, yk, uk(e), ) — Vs (tg, 2 + Bx (2R, ukle),e) ,ph + mi(e)) +yr > —2k~" (3.34)

for M-a.e. e € E.
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Recalling (3.14), we observe that (ug, ax, ) € ﬁgk,_gkﬂ (tk, Tk, Yk, Qk, Ux) implies that uy €
A/ 0 x

N€k+|qu¢k| (xk’ Yk qZ)

We deduce then from Assumption 3.6 and (3.33) that, for some constant C' > 0, (which may
change from line to line but does not depend on k or p),

Y

1 P
C (1 + |q£o¢k|2) B \ozk|2 AP+ ag; (:c,‘i, uk) AP ayp — /Eﬂ'k(e))\(de)qz
(3.35)

1 w
3l A7 = C LA o] = [ m@Ade)a]
E

Y

where we used the condition that sup |ox (-, )| is locally bounded. From (3.24), (3.25), (3.26),
uelU
(3.27), (3.30) and (3.31), it follows that

p\2
AP — 400, AP =0, ¢ — 400 and |(Z%27| — pas k — o0. (3.36)
Recall from (3.5) that
T <M —pr Aaee., (3.37)

where p € [m, M]. We may hence consider that (7)., is bounded from above, so that, by
(3.35) and the fact that ¢}, A}¥ >0

12, o\ 1, o AP &
e oo = it -l -

Hence, (3.36) leads to

0> limsup - — C/) ‘Oék| — C‘ pp| |CY |
Taking P small enough implies that

x| = 0. (3.38)

Moreover, since k(M — pi) — 0, see (3.27), there exists e; | 0 such that k(M — pi) < eg.
Recalling (3.37), this implies that 7 < %, so that, by (3.24),

¢ (me(e))" =0 as k—oo forallecE. (3.39)

Recalling the fact that A(EF) < oo and that ¢j > 0, the above inequalities lead to

( /E m(e)A(de)qf,;>+ 0. (3.40)

2
ya
|‘1k|

Also recall that 5 — p, see (3.36), which combined with (3.35), (3.36), (3.38) and (3.40),
k
implies that

1
C (1 + p AP |ak|2) > 5 o |? AP+ </ ﬂk(e)A(de)q’;)
E
or equivalently

C(l P21, 12} > 1 2|QZ|2 deVa?
el eal?) 2 Flaal® L ] ()]

for some p > 0. Taking p small enough leads to

A7 lax2 < €, | ouf < Cp and c+cpz< / m(e)A(de)qz) L @A
E
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We then deduce from the right hand side bound of (3.24) and (3.31) that

0 > limsup (/ Wk(e))\(de)>
k—+o00 E
Combined with (3.39), this shows that

/ mr(e)A(de) =0 and mi(e) = 0 for M-a.e. ec€ E. (3.42)
E

c. We now return to (3.33) and the middle inequality in (3.41) to deduce that

1 -
—0yp (to, o) + py (2, yrs ur) — px (2R, u) - qf — 2 Tr [oxoy (2R, uk) AL"]

2
+ (3.43)
> 2kt ok (aoun) 47 o0 ([ m(n@ont)
E
and
ug € /\Nfeﬁm (xgvyk, ar) - (3.44)

since A? > 0.

Consider now (3.34), i.e.

By (xg,yk,uk(e),e) — Uy (tk,xg + Bx (mg,uk(e),e) DY +7rk(e))+yk > -2k~ for \ae. ec E,

(3.45)
Using the upper semi-continuity of —v,, the fact that By is continuous, (3.42), together with
pY — M as k — oo, we obtain

6Y ('rga yk>uk(e>7 6) - i)\* (tkaxg + BX (xgvuk(e)7 6) 7M) + Yk Z _2k_1 - 192
for k large enough and for A-a.e. e € E,
with 9% > 0 such that 97 — 0 as k — oo for alle € E.
We now use Assumption 3.4 to deduce that there exists ¥ > 0 with ¥, — 0 as K — oo such
that, for all e € E and k large enough,
By (mg,yk,uk(e),e) — U (tk,x% + Bx (m%,uk(e),e) ,M) +yp > =2k — 0. (3.46)
By combining (3.43) (3.44) and (3.46), we finally obtain

H5k+m;*2k_1719k (t;wx%’yk,3t<p(t0,q,‘0),qi,Aﬁz,i}\*(-,M))
+
> 2k — (0% (20, ur) A7" - o) — (/ Wk(e)/\(de)q];:> ;
E

and we deduce the required result (3.29) by sending k¥ — oo and then p — 0, and recalling that
(|ak| AT (S5 ﬂk(e))\(de)qz)Jr) — 0, that ox is locally bounded uniformly in the control wu,
and that 7, > ¢.

34 step: It remains to prove (3.18). The fact that v, (T, -, M) is a viscosity supersolution

max {3, (T, -, M) — v, (T, "), 8T, (T, -, M)} > 0

is deduced from (3.22) of the previous step by using the same arguments as in the proof of
Lemma 2.1 in Section 2.3.2. It remains to show that v, (T, -, M) is a viscosity supersolution of

max {@\* (T, K M) — Uk (T; ) y (i]\* (T, " M) - ]*) ]l{H*ﬁ*(T,‘,M)<oo}} > 0.

By combining the arguments of step 1 with those of Section 2.3.2, we first show that for any
smooth function @ on X x [m, M] and x¢ € X such that
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i i A*Ta'_A:A*Ta'_A 7M:a
(Strlct)xggl{IM] W(T,) = @) = ((T,-) = @) (w0, M) =0

we have

masx {320, M) — v (T, 20), (B0, M) = 5 (20) L .o e} } 20 (347)
We then consider a smooth function ¢ on X and zg € X such that
(strict) rr%én (U (T, M) — ) = (U(T,-, M) — ¢) (x9) =0 (3.48)
and

p(zo) < (T, x0), (3.49)

and we assume that

H*o(T, x9) < 0.

We next follow the construction of step 2 of the modified test functions

or = (@) = (o = 20" + va(p) ), (3.50)
where 1y, is defined in (3.23). As in the above step 2, one can prove that the difference U, (T, ) —
¢k has a local minimizer T, = (xp,pk) satisfying all estimates derived in the above step 2

(forgetting about the ¢ variable). In particular, since H*pg(x) < C for some constant C' >
0 independent of k, recall (3.49), we deduce from the same estimates than in step 2 that
H*py, () < 2C for all large k. It then follows from Corollary 3.2, (3.47) and (3.49) that
Uy (T, Zy) > g« (Tg). Sending k — oo, this provides v, (T, zo, M) > g«(xo, M), and the proof is
completed by observing that g.(zo, M) = j.(x0), by definition of j. O

3.5.2 The endpoint p = m, finite

We organize the proof in four steps. As in the previous section, steps 1, 2 and 3 focus on t < T
while step 4 concentrates on ¢t = T. Steps 1 and 4 are similar to arguments used in [3]. The
main difference comes from steps 2 and 3.

15 step: We first show that for any smooth function @ on [0,7) x X x [m, M] and (t1,z1) €
[0,T) x X such that

(strict) @ — 3) = (7" — 3) (t, x1,m) = 0, (3.51)

max
[0,T)xX x[m,M]

we have

min {ﬁ* t 5, I?I*a} (t1,21,m) < 0. (3.52)

The proof is very similar to that of Sections 2.3.3 up to the modification explained in the proof of
Corollary 3.2, and the fact that we have to handle the state constraint p = m. For completeness,
we report here the entire argument. Assume to the contrary that

47 := min {5* + n,fh@} (t1,21,m) >0
i.e., for some € > 0, and after possibly changing n > 0,
min {3, (4,7) + k. oy (2,9,8) — £°3, (4.2) } > 20
for some @ = (u, o, 7) € N, (£, %, y, DB, (£, ), 5.)
forall (t,7Z,y)€[0,7) x X xR
st.  (t,T) € Be (t1,21) X [mym+¢el,|ly— @, (t,7)| <e,

(3.53)
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where @, (t,7) := ¢ (t,Z) +¢ (|x —a|'+p— m|4) with ¢ small enough. Then, Assumption 3.2
and Assumption 3.4 imply that

min {@ (t.2) + K, py (2,,0 (t,3,y, DB, (t,7))) — L7EFVD2 DG, (1 7) |

 GPLEYDE D) e s (1) | S
ming %(t’x)}” (3.54)

for (t,7,y) € [0,T] x X x R s.t.
(t,Z) € Be (t1,21) x [mym+¢] and |y—, (t,2)] <e,

where 7 is a locally Lipschitz map satisfying

v(t,z,y, Dy, (t,7)) € ./\70777 (t,2,y,Dp, (t,2),9,) on Be(ty,z1) X [m,m+¢]. (3.55)

Observe that, since (f1,21,m) is a strict maximizer in (3.51), we have

—&i=—((AwEt) = max (U« — @) <0, (3.56)

where

D= ({t1 + €} x Be(21) x [m,m +¢€]) U ([t1,t1 + &) X (Be(x1) x [m,m +¢€))°).
Also, we deduce from (3.53) and the fact that v (-,m) = —k by definition, that
0>-n> max (G—3)(,m). 3.57
Nz max (0-9)(,m) (3.57)

By following the arguments in step 2 of Section 2.3.3, we see that (3.54), (3.55), (3.56) and
(3.57) lead to a contradiction of (GDP2).

274 gtep: Let ¢ be a smooth function on [0, 7] x X and (tg,x0) € [0,T) x X such that

(strict) [O%i)fx @ (-,m) — @) = (U (-,m) — ) (to, z0) = 0.

By definition, we have v*(tg, 29, m) > —k. Let us assume that

v*(to, xg,m) + £ =: 4n > 0, (3.58)
and work towards a contradiction. Define the function )y, as in (3.23) with m in place M:

6216777,

P
Vi(p) = pk /m ok(rm) _ g2km+1 dr, k>0,

and

prlt 2, p) 1= ot ) + (|2 = wol* + (t = t0)” + v(p) ).

Arguing as in step 2 of the section, we see that the difference v* — ¢ has a local maximizer
(tk, xk, pr) on ([0,T] x X x [m, M]) satisfying

(tkvxk,pk) - (t()ax(),m)v k(pk - ’ITL) —0 and 6*(tka$kapk) - ﬁ*(toaxmm)a

so that

(01, Duors D2 01) (tes i 1) — (Orp, Duip, D2,0) (o, 20)  as k — oo
(Dp@kv Dip‘ﬂka Df)pgpk) (tka zkvpk) = (1/)2: (pk) s 07 7/’1;/ (pk)) .

Since v*(to,x9,m) > —k, we have V*(tg,xk,pr) > —k for all k, after possibly passing to a
subsequence. Then, it follows from Corollary 3.1, step 1 and the arguments of Remark 2.5
under Assumption 3.7, that
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H.(, 01, 0501 Doty D*01, 0%) (b, e, i) < 0 for k > 1.

By the definition of H,, we deduce that there exist sequences () ps>1s @r)rs1> Wh)ps1s (@) g>q
and (A),s, such that e > 0, 29 = (29,00) € X x [m,M],yx > —r,qx = (¢}, q) € R? x R,

and Ay € ST with rows (A%, A77) € ST x R? and (Asz, Azp) € RY x R satisfying

e =0, Z) = (xo,m), and |(yk.qr, Ak) — (or, Dor, D*@) (tr, xi, pi)| < k7 (3.59)

for which

~

H., i1 (ti, T, Uiy Orp(tos o)y qie Ak, 0%) < k71 (3.60)
Fix u € U, 7 = 0 and set ay, := N"(z{, yx, qF)/qh. Since m = 0, it follows from (3.60) together
with (3.5), (3.6) and Assumption 3.4 that either (u, oy, 7) € N, x-1 (t, T, Yr, g, 0*) and then
py (23, Yy u) — ep(to, o) — px (23, w) - ¢
1 (3.61)
~3 (Tr [GXUE(IQ,U)A}@I} + |a\2A£p +20% (29, u) AP - a) <kt

or

By (3, yr, uler), ex) — 0 (trs 2 + Bx (3, uler),er) ,pp) +yp < k1, (3.62)

for some sequence (er)r>1 C E. Using the same kind of arguments as in step 2 of the previous
section leads to

p 2
AP <0, f <0forlarge k. lim A =0 and  lim (G _ 3.63
k<0, g <O0forlarge k, lim A} and  lim AT p (3.63)

Consider first the case where (3.61) holds along a subsequence. Using (3.61) and (3.63), we then
deduce that

APP
SN ) <
k

for some C' > 0 independent of k and p. Sending k — oo in the above inequality, we then deduce
from (3.59) and (3.63) that

2
AL o™ =

p_l |Nu (anW(t07x0)7D¢(t0a$0))|2 < C.

Since p > 0 can be chosen arbitrarily close to 0, this shows that N* (zq, ¢(to, o), Dp(to, o)) =
0, and the arbitrariness of u € U is in contradiction with Assumption 3.5. This contradicts
(3.58).

Hence, if (3.58) holds, then (3.62) holds along a subsequence, i.e.

By (2, y,uler), er) — 0° (te, 2 + Bx (2, uler),en) ,pp) +yr < k™
Sending k — 0o, using the arbitrariness of © € U and Assumption 3.4 then leads to

Gij\* (to, o, m) S 0,

where
Gy = sup min {By (-, u(e), e) — (- + Bx (- ule), e)) + ¢} .
uel ¢€F
Hence
min {0* + &, G0*} (to, 20,m) <0 (3.64)
on [0,T) x X.
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3'd step: Now observe that, by standard arguments, for every (t,x) € [0,T) x X, we may find
a sequence of smooth functions (¢™),>1 such that ¢™ | 0%, (¢, %, Pn)n>1 converging towards
(t,z,m) and such that (o™ — ") achieves a maximum at (t,, zn,p,). We refer to lemma 6.1 in
[2] for the approximation argument by continuous functions. The extension to an approximation
by smooth functions is straightforward.

It thus follows from step 2, that v*(-,m) is a classical subsolution of (3.64) on [0,7) x X. In
order to conclude the proof, we now appeal to the following easy lemma.

Lemma 3.1. Assume that H2 holds. Let w be a upper semi-continuous subsolution of

min {w + &, Gw} <0 on X (3.65)
such that w™ satisfies the growth condition (3.13). Then, w < —k on X.

Applying Lemma 3.1 to v*(tg,-,m) for an arbitrary to € [0,7") then leads to v*(-,m) = —k,
since 0*(-,m) > —k and 0*~ satisfies (3.13) by assumption.

4*4 step: We finally show that 0,(T,-,m) = —« on X. Since v*(¢t,z,m) = —x for t < T and
xz € X, we can find a sequence (tn, Zn,Dn)n>1 in [0,7) X X x (m, M) such that (t,,2n, pn) —
(T,z,m) and —k < 0(tn,Zn,pn) < —k + = for all n > 0. Passing to the limit leads to the
required result. O

Proof of Lemma 3.1.
We assume that supx (w+ «) > 0 and work towards a contradiction. It follows from the growth
condition (3.13) on w, (ii) and (iii) of H2 that there is some o € X such that

m}zgx(w —A)=(w—A)(zg) =:£>0. (3.66)

By (i) of H2 Assumption 3.4 and (3.66), there exists some @ € U such that

reréig By (zo, w(xo),u(e),e) — A (zo + Bx (xo, ule), e)) + A(xg) > 0. (3.67)

Since w is a subsolution on X of (3.65), we have Gw(zg) < 0. Recalling Assumption 3.4, we
may then find é € F such that

By (xo, w(xp), u(é),é) —w (zo + Bx (w0, u(é),€)) + w(xwp) < 0.

Combining the last inequality with (3.67) leads to

w(xo) — Azo) < w (zo + Bx (x0,u(€),€)) — A(xo + Bx (0,u(€))),
which contradicts the definition of z( in (3.66). O
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