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Abstract—Based on a method of inductive inference known
as the principle of maximum entropy, a time-varying underwa-
ter acoustic channel model is derived. The resulting model is
proved to be consistent so that it only relies on the available
knowledge of the environment to model. While requiring only
a few parameters (e.g. channel average power and Doppler
spread), it is shown through fading statistics and bit error
rates measurements that accurate channel impulse responses
can be obtained for communication applications. The Matlab
code of the proposed model is available at http://perso.telecom-
bretagne.eu/fxsocheleau/software.

Index Terms—Underwater acoustic communications, channel
modeling, scattering function, entropy

I. INTRODUCTION

T IME-VARYING channel models tailored to underwater
acoustic communications (UAC) are strongly needed

since research in that domain mainly relies on sea-trials
which are expensive and time-consuming. While deterministic
physics-driven models [1] offer a fairly accurate modeling
of channels average behavior, statistical modeling appears as
the most suitable manner to take into account the fast time
fluctuations of the channel response due to random phenomena
such as scattering or random motions of the transmitter and
the receiver. In UAC, where few real data are available,
intuitive assumptions are often preponderant to fulfill the lack
of knowledge on the channel properties. Unlike radio channels,
there is no consensus on the statistical characterization of both
the probability distribution and the power spectral density of
UAC fading processes [2]. Such ad-hoc model construction
may result in inconsistencies and is therefore non-consensual.

In a context where efforts are emerging to provide standard-
ized channel models [3], the originality of this contribution is
to provide a consistent time-varying channel model with an
additional constraint of low-dimensionality or conciseness and
this within an open theoretical framework.

Consistent modeling is defined as the requirement that in-
dependent modelers with the same state of channel knowledge
must obtain identical models. More generally, the consistency
desideratum is a key requirement in statistical inference and
can be formulated as follows [4]: ”If a conclusion can be
reasoned out in more than one way, then every possible way
must lead to the same result.” Consistency prevents modelers
from invoking unjustified or irrational assumptions.

A concise model is defined as a model driven by few
parameters which corresponds to cases where little is known
about the channel or where its behavior can be expressed
through few variables. Concise modeling is mainly driven
by the will to provide a channel model that does not re-
quire difficult-to-obtain parameters. Our approach relies on a
Bayesian viewpoint: rather than trying to model the complete
and accurate physical reality of the UAC channel (which
remains elusive), it is more pragmatic to only model the
available information on this reality while leaving the unknown
information in an unconstrained space. The model is not meant
to represent the physical reality of the channel but rather a state
of knowledge of this reality. A crucial task then consists in
determining how much information is needed to characterize
the environment to model with enough accuracy.

In [5], Debbah et al. address the question of consistent
channel modeling in light of Bayesian probability theory
and the principle of maximum entropy introduced in [6] by
Jaynes1. Classically, the maximum entropy problem consists
in deriving a probability density function (pdf) from a fi-
nite set of expectations, where these expectations represent
the available knowledge of the process to model. Entropy
translates information into probability assignment. Moreover,
maximizing entropy is shown to be the only way to provide a
consistent model that is maximally noncommittal with respect
to unavailable information [7]. Choosing the model with the
greatest entropy therefore avoids the arbitrary introduction of
information that is not known.

With the consistency and conciseness requirements in mind,
we show in this paper that a time-varying UAC channel model
can be found in light of inductive inference and the principle
of maximum entropy. More precisely, an analytical model is
obtained for both the probability distribution and the power
spectral density of UAC fading processes without making any
a priori assumption relying on intuition. A typical example
addressed in this paper is the modeling of time-varying UAC
channels when only some of their moments such as the average
power or the Doppler spread are known. It is shown that

1The principle of maximum entropy was introduced by Jaynes as an
extension of the principle of insufficient reason of J. Bernoulli and Laplace.
The latter states that if there is no reason to believe that out of a set of possible
mutually exclusive events, no one event is more likely to occur than any other,
then one should assume that all events are equally probable.
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entropy maximization creates a consistent model for us out
of this little information available. Moreover, this inductive
approach provides an open framework that makes the model
incremental so that a prior model can be updated to a posterior
model when new information becomes available.

The paper is organized as follows. Section II reviews
some basic characterizations of time-varying channels. After
recalling some results of [5] to model the channel pdf, the
principle of maximum entropy is applied to the derivation of
power spectral density of UAC fading processes in section III.
In section IV, we show some outputs provided by the resulting
channel model and discuss the relevance of it when faced to
real data recorded at sea. Finally, conclusions are given in
section V.

Additionally, to contribute to the effort of channel
model standardization, the Matlab code of the
proposed model is available at http://perso.telecom-
bretagne.eu/fxsocheleau/software.

II. LINEAR TIME-VARYING CHANNEL

A propagation channel can be usually modeled as a linear
random time-varying system defined by its impulse response
h(τ, t) or equivalently by its (delay-Doppler) spreading func-
tion S(τ, ν) so that the input x(t) and the output y(t) of this
system satisfy

y(t) =
∫ ∞

−∞
h(τ, t)x(t − τ)dτ (1)

=
∫ ∞

−∞

∫ ∞

−∞
S(τ, ν)x(t − τ)e2iπνtdτdν. (2)

S(τ, ν) characterizes the attenuation and scatterer reflectivity
associated with paths of delay τ and Doppler ν. It verifies
S(τ, ν) =

∫∞
−∞ h(τ, t)e−2iπνtdt.

In a band-limited baseband equivalent discrete-time setting,
the channel input-output relation satisfies

y[k] =
L−1∑
l=0

hl[k]x[k − l] (3)

where x[k], y[k], and hl[k] are the sampled versions of x(t),
y(t), and h(τ, t), with sampling frequency larger than the
system bandwidth. L denotes the total number of channel taps.

Generally, the statistical characterization of the channel is
preferred to a deterministic description since it provides a
more concise channel representation. In this case, the im-
pulse response is modeled as a multi-variate random process
H(k) = [h0[k], · · · , hL−1[k]]. The only assumption we made
with regard to the statistical properties of this process, is that
it is wide-sense stationary. This means that the first and the
second moments of the channel do not vary with respect to
time.

III. MAXIMUM ENTROPY MODELING

A. Gaussian channel model

The vast majority of models assume that the channel im-
pulse response is a Gaussian process. The assumption usually
relies on the physical argument that for a fixed delay the

received signal is the sum of the contribution of a large number
of scattered reflections. Instead of being assumed, Gaussianity
can be formally justified in light of inductive inference and
the principle of maximum entropy [5].

For instance, in the case where the only known information
about the UAC channel is that its total energy is finite and
equal to σ2, the channel probability density function P (H)
can be obtained by maximizing the entropy

−
∫

log P (H)dP (H) (4)

under the constraint that∫
dP (H) = 1 and

∫ L−1∑
l=0

|hl|2 dP (H) = σ2. (5)

Note that the index k is voluntary omitted when there are no
references to time-related properties. This maximization prob-
lem can be solved using the method of Lagrange multipliers

L(P ) = −
∫

log P (H)dP (H) + α

(
1 −

∫
dP (H)

)
+

λ

(
σ2 −

∫ L−1∑
l=0

|hl|2 dP (H)

) (6)

and setting the functional derivative of L(P ) to 0

δL(P )
δP

= − log P (H) − 1 − α − λ

L−1∑
l=0

|hl|2 = 0. (7)

Solving the system of equations (5) and (7) then leads to i.i.d
and Gaussian distributed channel taps [5], i.e.,

P (H) =
1

(πσ2/L)L

L−1∏
l=0

e
−L|hl|2

σ2 . (8)

As opposed to classical channel model derivation, Gaussianity
as well as taps independence were not prior assumptions but
a consequence of the only constraint of finite average power.

To refine our model, deterministic ray-tracing models such
as [8] can prove to be helpful. For instance, such physics-
driven models can provide the channel power-delay profile
for a given transmission set-up (see Figure 1). This means
that for each tap l, we can get its average power E

[
|hl|2

]
.

Using [9], this average power can even be split-up as the sum
of the power of the scatterers and a specular component such
that E

[
|hl|2

]
= σ2

l + |sl|2 where sl = E[hl] is the expression
of the specular component (that can be null). In this case, the
channel pdf that maximizes the entropy becomes

P (H) =
L−1∏
l=0

1
(πσ2

l )
e
−|hl−sl|2

σ2
l . (9)

This result indicates that when the channel knowledge is
limited to its first and second order statistics, the less arbitrary
model to implement, according to the principle of maximum
entropy, is the Gaussian model. A Gaussian pdf induces Rice
or Rayleigh fading depending on whether sl is null or not
(note that |sl|2/σ2

l is usually known as the Rice factor).
Subjecting the model to higher order constraints than second
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order expectations would result to a different pdf. As shown
in section IV-B, knowledge of the second order statistics is
usually sufficient to induce accurate models.
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Fig. 1. Example of a shallow-water power-delay profile provided by ray-
tracing. The transmitter and the receiver are at 20 m and 5 m above the
sea-floor respectively, and separated by 1000 m in a 25 m deep water.

B. Power spectral density derivation of UAC fading processes

Eq. (8) and (9) indicate that without explicit knowledge
of correlation between channel taps, these taps have to be
considered as independent. This result justifies the use of
the wide-sense stationary uncorrelated scattering (WSSUS)
paradigm [10]. For WSSUS channels, the channel correlation
is reduced from four to two dimensions so that scatterers with
different delay or different Doppler are uncorrelated, i.e.,

E [S(τ, ν)S∗(τ ′, ν′)] = C(τ, ν)δ(τ − τ ′)δ(ν − ν′) (10)

where C(τ, ν) is the so-called scattering function defined as

C(τ, ν) = E
[|S(τ, ν)|2] (11)

=
∫ ∞

−∞
E [h(τ, t)h∗(τ, t + Δt)] e−2iπνΔtdΔt.

In discrete-time, the scattering function becomes

Cl(ν) =
+∞∑

u=−∞
E [hl [k] h∗

l [k + u]] e−2iπνu. (12)

For l fixed to l = l0, Cl0(ν) corresponds to the power spectral
density or Doppler power spectrum of the random process
hl0 [k]. Note that Cl(ν) is discrete in delay but continuous in
Doppler.

From Eq. (8) and (9), it can also be deduced that the
joint entropy of the multivariate random process H can be
expressed as the sum of the entropy of each process hl.
Thus, maximizing the overall entropy of H is equivalent to
maximizing the entropy of the different hl independently.
Therefore, the scattering function that maximizes the entropy
is obtained by independent modeling of the Doppler spectrum
of each channel tap. For this reason and for the sake of
readability the index l is voluntary omitted throughout this
subsection.

The dynamic of a stationary Gaussian process is fully
characterized by its second order statistics or “color” that
is expressed under the stationary assumption by its power
spectral density or Doppler power spectrum C(ν). Thanks to
Kolmogorov, the entropy rate h̄ of a discrete-time Gaussian
processes h[k] can be expressed as a function of this power
spectral density so that [11]

h̄ =
1
2

log (2πe) +
1
2

∫ 1/2

−1/2

log C(ν)dν. (13)

The process h[k] is implicitly assumed to be sampled at a
period that verifies Shannon’s theorem such that C(ν) has a
bounded normalized support [νmin, νmax] with −1/2 ≤ νmin ≤
ν ≤ νmax ≤ 1/2.

To be consistent with the principle of maximum entropy
as articulated previously, our objective is to find, for each
tap, the C(ν) that maximizes the entropy rate h̄ subject to
some constraints that translates our state of knowledge of the
channel time fluctuations. In general, this knowledge can be
expressed for each tap as a set of spectral moments μp of
known functions mp(ν), p ∈ P where P denotes the set of
constraint orders, i.e.,

μp =
∫ νmax

νmin

mp(ν)C(ν)dν. (14)

In maximum entropy spectral estimation [12], it is classi-
cally assumed that at least N equally-spaced points of the
autocorrelation function are known. In this case, μp corre-
sponds to the autocorrelation function μp = E [h [k] h∗ [k + p]]
that can also be expressed as trigonometric spectral moments
such that mp(ν) = e2iπpν and P = {0, 1, · · · , N − 1}. Such
representation of the channel may not be adapted to concise
modeling since it requires the knowledge of N correlation
points. A shortcut toward concise modeling could be to choose
N small but this may not be a good option since it may not
characterize the channel with enough accuracy. An alternative
approach is to express our state of knowledge of the channel
time fluctuations in terms of geometrical moments such that
mp(ν) = νp. Such moments have the main advantage of being
easy to physically interpret so that their order of magnitude
is usually known for a given environment. Typically, μ0 is
the total average power of h [k], μ1 is the barycenter of C(ν)
(that can be seen as an indicator of spectral symmetry) and μ2

expresses the (root-mean-square) Doppler spread Ds of h [k]
such that Ds =

√
μ2/μ0 − (μ1/μ0)2.

Therefore, from Eq. (13) and (14), the proposed scattering
function model is obtained by solving, for each tap, the
following optimization problem

max
C(ν)

∫ νmax

νmin

log C(ν)dν,

subject to
∫ νmax

νmin

νpC(ν)dν = μp,∀ p ∈ P. (15)

As articulated in the previous subsection, the solution is
provided thanks to the Lagrange multipliers

L(C) =
∫

log C(ν)dν −
∑
p∈P

λp

(
μp −

∫
νpC(ν)dν

)
.

(16)
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By differentiating L(C) with respect to C, we get

C(ν) =
1∑

p∈P λpνp
. (17)

The multipliers λp are then found by solving the set of non-
linear equations∫ νmax

νmin

νq∑
p∈P λpνp

dν = μq, ∀ q ∈ P. (18)

Depending on the set P , an analytical solution of such
system of equations is in general not straightforward to obtain.
Therefore, to facilitate the computation of the multipliers λp,
a numerical approach such as the one presented in appendix
A is advocated.

Eq. (15) highlights the flexibility of the proposed model.
The set of constraints or parameters μp to feed into the model
is not predefined so that it can be updated each time a new
information on the environment to model becomes available.

IV. ILLUSTRATIONS

To illustrate the interest of the proposed maximum entropy
framework, a simulation example of a shallow-water channel
is first presented in subsection IV-A. The accuracy and the
validity of our inductive approach is then discussed in subsec-
tion IV-B where fading statistics as well as bit error rates are
assessed and compared with real data recorded at sea.

A. Example of a shallow-water channel impulse response

Thanks to the proposed inductive approach and from the
only knowledge of some moments of the channel to model,
it is possible to generate channel impulse response realiza-
tions that can be useful to assess the performance of UAC
systems. Random channel realizations can be generated from
the scattering function using sum-of-sinusoids methods or by
Gaussian processes filtering [13]. Figure 2 shows an example
of the output of a maximum entropy channel simulator. The
power delay-profile used to generate the impulse response is
the one of Figure 1 provided by ray-tracing. As we focus on
concise modeling, the channel time fluctuations are here only
constrained by the spectral moment μ2 that is homogeneous
to the square of the Doppler spread (for p = 1 and ∀ p > 2,
the moments μp are assumed to be unknown). The maximum
Doppler frequency is set to 5 Hz and the power spectral density
of each tap is obtained such that the rms Doppler spread
increases linearly, from 0.5 to 2 Hz, with the tap delay (i.e.

νmax = −νmin = 1
2 and μ2 ranges from

(
0.5
2×5

)2

to
(

2
2×5

)2

).

The Rice factor (|sl|2/σ2
l ) is exponentially decreasing with the

tap delay [14]. Note that this channel corresponds to the ex-
ample of the Matlab toolbox available at http://perso.telecom-
bretagne.eu/fxsocheleau/software2.

2For each channel tap to model, this toolbox also includes the Thorp
filtering as presented in [15] (each path of an acoustic channel acts as a
lowpass filter, introducing its own dispersion).
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Fig. 2. Example of the maximum entropy channel simulator applied to
UAC. (a) Envelope of the band-limited channel impulse response, (b) Channel
scattering function without the specular components sl. The transmission
bandwidth is set to 5 kHz and the carrier frequency to 20 kHz.

B. Model versus real UAC channel

As emphasized in the introduction, the model is not meant
to represent the physical reality of the channel but rather a state
of knowledge of this reality. The “big question” is then: how
much information does it need to characterize the environment
to model with enough accuracy? The answer depends on what
we intend to do with the model. In UAC, channel simulator
are mainly employed

1) to help the design of communication systems and
2) to measure their performance in terms of bit error rate

(BER).

Therefore, to assess the accuracy of the simulator, we suggest

1) to compare some fading statistics of a real channel
recorded at sea and its equivalent maximum entropy
model and

2) to compare the BER of a given communication system
when it is faced to this real channel and when it is faced
to the model.

Ideally, we would like to characterize the channel with the
minimum of parameters which corresponds to the requirement
of conciseness presented in the introduction. Typically, we
would like to limit the parameters of the model to the statistics
of order two or less with p ≤ 2. Such statistics are easy to
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Fig. 3. Comparison between a real underwater acoustic channel probed in
the Atlantic ocean and a realization of its equivalent maximum entropy model.
(a) Real probed channel, (b) Maximum entropy channel. The estimated rms
Doppler spread of each tap ranges from 1.1 to 4.8 Hz and the measured
maximum Doppler frequency is 6.2 Hz.

physically interpret so that their order of magnitude is usually
known for a given environment.

Figure 3-(a) shows an example of a real underwater acoustic
channel probed in the Atlantic ocean at 17.5 kHz and over a
bandwidth of 3 kHz. Figure 3-(b) displays a realization of the
maximum entropy simulator that tries to mimic this probed
channel. The simulator is constrained, for each tap, with the
values of μ0 and μ2 measured on the real data recorded at
sea. μ0 is estimated by calculating the average power of each
tap and μ2 is estimated using the algorithm presented in [16]
(for p = 1 and ∀ p > 2, the moments μp are assumed to be
unknown). The power of the specular component sl of each
tap is obtained thanks to the empirical mode decomposition
as detailed in [14]. The maximum Doppler frequency νmax is
measured using the method presented in [17].

The two channel impulse responses look visually similar. It
then remains to verify that they have the same impact on the
design and the performance of communications systems.

During the design phase of communication systems, the
selection of error-correcting codes and interleavers is primarily
driven by burst error statistics. These statistics are commonly
given by the level crossing rate (LCR) and the average fade
duration (AFD) that provide a useful means of characterizing
the severity of the fading over time [13]. The LCR is defined as
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Fig. 4. LCR and AFD estimation on a channel recorded over 160 s in the
Atlantic Ocean (the results of the maximum entropy model are averaged over
250 realizations). (a) LCR, (b) AFD.

the rate at which the envelope r(k) = |∑l hl [k − �lFt/Fτ�]|
crosses a specified level ρ in the positive slope. �.� denotes
the flooring operator, Ft and Fτ denote the channel sampling
frequency in the time and delay domain respectively. In
the discrete-time setting, this can be expressed in terms of
probability as

LCR = P [r(k) ≥ ρ, r(k − 1) < ρ] .Ft, (19)

The AFD is defined as the average time that the fading
envelope remains below a specified level after crossing that
level in a downward direction

AFD =
P [r(k) < ρ]

LCR
. (20)

Note that both the LCR and the AFD are strongly dependent
upon the power spectral density of the fading process.

The results of the measured LCR and AFD on both channels
are shown in Figure 4. It can be seen that there is a good match
between the statistics of the two channels, especially for ρ
between -5 and 5 dB. Outside this range, the LCR and AFD
difference is imputable to the measurements on the original
impulse response recorded at sea that provide estimates of the
fading statistics with a relatively large variance. This impulse
response indeed corresponds to a single realization of the
probed channel over a finite time window of 160 seconds
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Fig. 5. Adaptive data-aided intersymbol interference canceler.
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Fig. 6. BER comparison of the QPSK IC receiver when faced to the probed
channel and the maximum entropy channel.

whereas the statistics of the maximum entropy model are
averaged over 250 channel realizations.

To further illustrate the relevance of our model, we have
also measured the performance of a QPSK communication
link for several signal-to-noise ratios. As shown in Figure 5,
the receiver is made of an adaptive data-aided intersymbol
interference canceler (IC) [18] with joint phase tracking.
Filters’ coefficients are updated by a data-aided least-mean
square algorithm (LMS-DA) and phase tracking is performed
by a second order PLL. As the objective here is not to tune the
receiver to obtain the best possible performance but to exhibit
some possibilities offered by the channel simulator, the IC
is data-aided over the entire input signal duration and takes
into account the causal as well as the anti-causal interference.
The IC is initialized by centering the strongest peak of the
power delay profile in the feedforward filter at the start of the
equalization process.

The performance of the QPSK IC receiver is plotted on
Figure 6. It can be seen that the BER of this receiver is almost
the same with both channels, the real one and the one provided
by the simulator. A slight difference can be observed for low
BER. This, once again, corresponds to an artifact due to the
time limitation of the channels to 160 seconds which results
in nonnegligible BER uncertainty.

As a conclusion, similar fading statistics and bit error rates
in both configurations indicate that second order moments
convey enough information to make the model accurate.

V. CONCLUSION

Throughout this paper, we have shown that the maximum
entropy principle proves to be a relevant framework for a
concise and consistent modeling of underwater acoustic com-
munication channels. An exhaustive knowledge of the propa-
gation phenomena is not required to obtain a channel model.
Fading statistics and bit error rate measurements indicate that
limiting this knowledge to the channel average power and
the Doppler spread leads to accurate models. Moreover, the
framework developed in this paper relies on the information
theory formalism which communication engineers are familiar
with. Finally, since the proposed model meets the consistency,
conciseness and openness requirements, it is a good candidate
for UAC channel standardization.
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APPENDIX A
NUMERICAL SOLUTION OF EQUATION (18)

To obtain the lagrange multipliers λp of Eq. (18), a sim-
ple gradient based method as the one presented in [19] is
suggested. The vector Λ = [λp]p∈P is found by solving the
system

Gq(Λ) =
∫ νmax

νmin

νq∑
p∈P λpνp

dν = μq, q ∈ P. (21)

This equation is solved iteratively by first developing the
Gq(Λ) in Taylor’s series around an initial vector Λ0.

Gq(Λ) ≈ Gq(Λ0) + (Λ − Λ0)T grad (Gq(Λ))(Λ=Λ0) . (22)

If ε and v are defined as

ε = Λ − Λ0, (23)

v = [μq − Gq(Λ0)]Tq∈P (24)

and

Γ = (γqn) =
(

∂Gq(Λ)
∂λn

)
(Λ=Λ0)

(25)

then,
Γε = v. (26)

Note that the matrix Γ is symmetric so that

γqn = γnq = −
∫ νmax

νmin

νq+n(∑
p∈P λpνp

)2 dν (27)

At each iteration, ε is computed and a new Λ0 that verifies
Λ0 = Λ − ε is set. The iterations continue until ε is small
enough.
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