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Abstract

Theoretical description of single gas and gas mixture adsorption equilibria can be achieved in
many different ways depending on the kind of approach (microscopic or macroscopic) and on
the physical assumptions related to the nature of the adsorbent-adsorbate systems studied as
well as temperature and pressure conditions. In this paper, a detailed statistical
thermodynamics development is presented. It leads to a generalized expression of adsorption
isotherms for pure gases on homogeneous surfaces. The non-ideality of both gas and adsorbed
phases are taken into account using the Redlich-Kwong EOS which is adapted for two-
dimension phases. Such an approach leads to a symmetrical treatment of both phases
resulting in similar expressions of their equations of state and of their fugacity coefficients. It
allows an easy extension to gas mixtures adsorption equilibria. We present adsorption
isotherms calculated using our model, the influence of the non-idealities are presented and

discussed.
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1. Introduction

Physical adsorption of gases and vapours in microporous media is a complex phenomenon
which is difficult to tackle on a theoretical point of view, due to the heterogeneity of the
adsorbent, the nature of interactions between the adsorptive and the adsorbent on the one hand
and between the adsorptive molecules in the gas phase and in the adsorbed phase on the other
hand. The temperature and the pressure conditions play also an important role in the final
representation of equilibrium data.

As a consequence, it is generally more convenient to develop specific theoretical models for
each kind of adsorptive-adsorbent system. Such models are simple because they are based on
assumptions which are considered acceptable for the system of interest. They are often
derived from macroscopic thermodynamic developments [1-2] and are considered as efficient
tools for engineers concerned with adsorption process design. Unfortunately these simple
models fail at predicting experimental data in a wide range of conditions and do not allow a
physical understanding of the adsorptive-adsorbent behaviour at the molecular level.
Developing a ‘universal’ model for single gas adsorption equilibria with adaptable sub-
models of the potential energy functions and porous structure would be of great practical
importance.

Some theoretical approaches are able to deal with the complexity of the adsorption
phenomenon: molecular simulation methods like the Grand Canonical Monte-Carlo method
(GCMC) [3] which is based on an equilibrium statistical treatment of the system or the
density functional theory (DFT) [4] which is an approximate statistical mechanics method.
These very powerful methods are well-known for their ability to describe the behaviour of the
adsorptive molecules in the porous structure of the adsorbent. They lead to interesting

prediction performances as far as all kinds of interactions are correctly described. Their use in
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adsorption process simulation tools is not possible due to the prohibitive calculation times
required for complex industrial systems. The calculations involved in such methods are based
on a perfect description of the adsorbent structure which is only possible for homogeneous
and well-known solids.

Using macroscopic thermodynamics based on statistical thermodynamic developments
involving reasonable general assumptions may lead to simplest and efficient models. If such
models are developed for homogeneous and non porous adsorbents, they may remain
sufficiently general. The only challenge is then the description of the non-idealities i:n both
phases which may be taken into account by using classical theories developed for gases and
liquids. Finally, these models may be extended to complex porous structures using the
concept of integral adsorption equation [5-7].

In this paper, a rigorous ‘universal’ model is presented for single gas adsorption equilibria:
(1) it takes into accounts the non-ideality of both the gas and the adsorbed phases, (2) it can be
easily extended to multicomponent adsorption equilibria, (3) it is thermodynamically
consistent as it reduces to the Henry’s law at low pressure, (4) both the gas and the adsorbed

phases are described in the same way.

2. Theoretical Section

The adsorption equilibrium between the adsorbed and the gas phases is expressed by the
equality of the chemical potentials of the adsorbate in each phase. This expression leads to an
equation relating the adsorbed quantity to the pressure and temperature. The development of
such an equation requires the microscopic modeling of each phase separately in order to
obtain the expression of the chemical potential for each phase using statistical

thermodynamics developments.
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2.1 Non-Ideal gas phase modeling
We consider a polyatomic molecule B composed (mass m) and a three-dimension system
composed of N, independent and indistinguishable molecules of B in a volume V, at

temperature 7. The molecules may interact with each other.

The canonical partition function of the system composed of these N, (independent and

indistinguishable molecules) of B is :

N,

= qg ]
N ()

O

in which g, is the partition function of one molecule of the system and:

Qg = QgtransQgrOIngibiqgquint (2)
in which:

® . irans 1 the translational contribution to the partition function (3 degrees of freedom
for the mass centre of the molecule);

® g0 15 the rotational contribution to the partition function;

® (. vini 1s the contribution to the partition function due to the internal vibrations in the
molecule;

® ¢..1s the electronic contribution to the partition function;

® gq i 1s the contribution to the partition function due to the interactions between the
molecules.

The translation contribution to the partition function reads:

2emkT " v,
Qgtmns = [T:‘ I/j = E (3)
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(4)

with A —[—2’”"” r

Pe
in which:
e A is the thermal de Broglie wavelength;
e } is the Planck constant;
e ks the Boltzmann constant;

e V/is the real volume available to the molecules.

The contribution to the molecular partition function due to the interactions between the

molecules reads:

U/
Qgint = eXp (_ﬁj (5)

in which:

e U/ isthe potential energy of interaction between one molecule and all the other ones

in the system.

The determination of U/, requires the knowledge of the potential energy of interaction

u (r) between two molecules;  being the distance between their mass centres.

2 N

U, :—Iu'(r)—gg'(r)47rr2dr (6)
dg Vg

in which:

o g'(r) is the radial repartition function;

N

. V_g g'(r) expresses the local concentration of the gas at a distance » from the central

4

molecule being considered;
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e d,is the molecular diameter (in the gas phase).

Ifweset n= dL , equation (6) becomes:

N
Uy, =—4r—=d,’ [uln)g(n)n’dn ()

By setting /' = [u(7)g(n) n’dn (8)
1

Equation (7) becomes:

N,
U, =—4r—=2d I 9)
nt V g
g

I’ may be expressed by:

I'=C'G'(V,)J'(T) (10)
in which:
e (' is an energetic characteristic constant of the fluid;
. G'(Vg)andJ '(T) are the volume and temperature contribution functions to the non-
ideality of the gas phase.
Depending on the mathematical expression of G'(V,) andJ'(T)we can obtain several well-

kwon equations of state. Vera and Prausnitz [8] proposed different expressions for the

calculation of these terms. We retain the following expressions:

V. N b
GV,)=—-In|1+—= (11)
g Ngb Vg
T
J'(T)=,-* 12
(T) ‘/T (12)
In which:

e T.is the critical temperature of the fluid ;
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e b is a parameter which characterizes the fluid. It may be considered as the volume of

the molecule.
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Combining equations (9) to (12) leads to:

11 47d] N.b
12 Ur =% o eyl 1y N (13)
13 b T V.

g

15 Considering equations (1) to (3) leads to:

18 vt

UI Ng
= - _ it
;-g Qg - A3Ng Ng!(qgrotqgvibiqge eXp( ZkT j} (14)

23 in which V,may be calculated by:
25

V,=V,-N,b (15)
28 Combining equations (13), (14) and (15) leads to:

30 V,~Nb
InQ, =N, In - ~-N,nN,+N,+N,Ing,,, +N,Ing,,. +
33 (16)

34 N 27d °C' \/7 N_b
N Ing +—=2—=2  [~<1In|1+—=
35 e Mee ™0\ T ( % J

g

a1 The chemical potential of the adsorbed phase is then obtained by differentiating In O, with

43 respect to N, at constant temperature and volume:

45
olnQ
46
47 U, = —kT( gj (17)
TV,

N,b
— 4
V,—Nb

4

55 ¢ 27d °C' [T N.b N2zd'C' [T b
56 £ n| 14+ =2 ||+ 2—2 —-<
57 bkt \'T v, bkT  NT V,+N,b

4

51 B

V. —N.b
52 ln(%]—lnA3+lnqgmt +Ing,,, +Ing,, —
(18)

The pressure p of the system may also be computed from the canonical partition function:
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ol N
p=kT no, =kT £ 1
ov. V. —N_b
T,Ng 4 4

27d,’C \/7 N, (7, -N,b)
kT T v, [V, +N,b)

Vg—Ngb:k_T Vg—Ngb v,
N p V

4 g

27d *C'\T.N, J]

V,-N,b kTNT[V, +N,b)

Finally, substituting equation (20) in equation (18) leads to:

lnkT%—ln p+ln(

3 7
v,  2zdCT. Ng)} Vo Nb

V,-Nob kTNT[V, +Nb
3
Npb 2 C\T

4

g

bkTNT

V,~Nb

g 3
N,b J{zndg cT. h{ V,+Np

+
v, H {nggb bkTNT

|

Ifweset a=2xd g3C'\/FC , the final expression of the chemical potential is:

N ~N,b
k7 Tereevndse g )y Ple gy Pa =2
A kTN, v,
u, =—kT|
N gb a V. +Nb N b a
+ In| 2—2— ||+ E
V,-Npb | bkTNT v, V,+Nb bkTJT

Equation (22) may be written as:
p,=pg(T)+kT In p+kT In@’

with:

o ﬂgO — _kT|:ln kT qgrotqjgzqgvibi :|

4 4 Nb V,+Nb)  Npb
e mo'=—Intle ey T @ N BT A7), e
KIN, — V,—~Npb V,~Npb bkTT v, V,+Npb
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y7] gO is the standard chemical potential and @' is the fugacity coefficient of fluid.

The same developments may be done for an ideal gas. In such a case, U/, is equal to zero and

the molecular volume b may be neglected with respect to V.

The expression of the chemical potential is then:

q ro q eq vibi
Hopear = —kT{ln KT -2 80 p:| (26)
Or:
M gippar = ﬂ§ (T,1)+kT'In p 27)

in which ,ugO is given by equation (24).

Equations (27) shows that ,ugois the chemical potential of the gas, considered as ideal

(perfect gas), at temperature 7 and at pressure p=I1. Equations (23) and (27) show that
In @' takes into account the interactions between the molecules as well as the non-ideality of
the gas phase resulting from the molecular volume.

It should be noticed that equation (20) may be rearranged to obtain the following expression:

pV V aNh,

g

= g —
KIN, V,-Npb KTNT(V,+Np)

(28)

Which is the Redlich-Kwong equation of state. The parameters a and b may be calculated

from the critical temperature and pressure and from the acentric factor of the adsorbate [9-10].

2-2. Non-ideal adsorbed phase modeling

We consider a system composed of NV, molecules of B (mass m) adsorbed on a surface A at
temperature 7. The molecules may interact with each others. We assume that the potential

energy of interaction u,4(7) between a molecule of B located at a distance » from the surface

http://mc.manuscriptcentral.com/tandf/jenmol
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of the adsorbent does not depend on the location point on the surface (the surface of the
adsorbent is considered to be homogeneous). U, is the adsorption energy (minimum of
Uqas(r)). Only one layer of molecules B can be adsorbed. The adsorbed molecules can move

on the surface (mobile adsorption).

The canonical partition function of this system is then:

O, = (29)

in which ¢, may be expressed as:

-U,
qa = qatrans qavib qamt qae qavibi qaint exp[ kTO j (30)

in which:

® ¢, wans 18 the translational contribution to the partition function (2 degrees of freedom
for the mass centre of the molecule);

® .0 1S the rotational contribution to the partition function;

® g, vipi 1s the contribution to the partition function due to the internal vibrations in the
molecule;

® ¢, 1s the contribution to the partition function due to the vibration of the molecule
perpendicularly to the surface;

® g,.1s the electronic contribution to the partition function;

® ¢, i 1s the contribution to the partition function due to the interactions between the
molecules;

e U)is the energy of interaction between an adsorbed molecule of B and the surface A.

qa vrans A0d g, ine May be expressed by:

10
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U,
Daim = GXP( —‘j (32)

13 in which:

16 e Ayis the free surface available to the adsorbed molecules;

18 o .

.« 18 the potential energy of interaction between one molecule in the adsorbed phase
21 and all the other ones in the system.

23 The determination of Ui, requires the knowledge of the potential energy of interaction u(7)

between two adsorbed molecules; 7 being the distance between their mass centres.

28 I
29 U, = —Iu(r) ]t;“ g(r) 27 rdr (33)

33 in which:

a

36 e g(r) is the radial repartition function,

g(r) expresses the local surface concentration

at a distance » from a central molecule being considered for the calculation of Ujy;

42 e d, is the molecular diameter (in the adsorbed phase).

45 If we take 77 = dL , equation (33) becomes:

50 Uy =-22==d,’ [u(n)g(n)ndn (34)
55 By setting: [ = _[ u(n)g(n)ndn (35)
1

59 equation (34) becomes:

11
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int —

N
U, =—2r—d’I (36)
A
in which / may be expressed as:
[=CG(A)J(T) (37)
e ( is an energetic characteristic constant of the fluid;

e G(A) and J(T)are the surface and temperature contribution functions to the non-

ideality of the adsorbed phase.

By analogy to equations (11) and (12), we set:

A N b
G(A)=——In|1+—2< 38
D=y [ . j (%)
T
J(T) =, 39
(T) ‘/T (39
in which:

e T, is the two-dimension critical temperature of fluid;

e b, is a parameter which characterizes the fluid. It may be considered as the surface

occupied by a molecule in the adsorbed phase.

Combining equations (32) with (36) to (39) leads to:

=ex ﬂdsz wailn 1+N“—b" 40
qaint p bakT T A ( )

By setting:

Af :A_Naba (41)

equations (29), (30), (31), (40) and (41) lead to:

12
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A-N_,b
1 =N,In———*-
nQ, n e

N, 7d, C/ sl 1 Naba ) NU,
b kT T A kT

The chemical potential of the adsorbed phase is obtained by differentiating In O, with respect

Na ln Na + Na + Na ln (qavib qai‘otqaeqavibi )+
(42)

to N, at constant surface and temperature:

Oln
_ _r] OnQ (43)
ON, ).,
The spreading pressure IT may also be calculated from the canonical partition function:
Oln
171 =kT Q, (44)
04 ). N,

Equations (42) and (44) lead to:

A-Np, kI[A-Nb( 4  m’C [T, N, (45)
N, | A4 \A-Nb, bikT \'T (A+N,b,)

a

Combining equations (42), (43) and (45) leads to:

qavibqarotqaeqavibi —U——lnH + lng_ 1/ ml ba

+
A kT kT T, I, I, —b
ml / / ml a (46)
7d} [T (VDu+h,), b,
kT \'T 1T, 1/, +b,

in which 7, is the surface molecular concentration defined as:

In kT
M, =—kT

Lw== (47)

Ifweset a, =md, 2T . » the final expression of the chemical potential is :

'ua — —kT ln kT qavibqarotzqaeqavibi + UO + kT 1n H _ kT 1n£ 1 _ kT 11’1 I/Fm, _ba n
A kT ml l/rml
(48)
Kb, _a, (| (YL, +b,), b,
/I, =b, bNT \/r,, /T, +b,
13
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Equation (48) may also be written as:

w, =u (TN +kT InIT +kT In @ (49)

with:

(50)

° ﬂao — —kT|:h’l kT qaw’anrzzqaeQaw’bi i| + UO

iy

ml a

" o b _a, | (Ur,+b) b, 51)
l/rml _b l/r [ _ba kTﬁba l/rml 1/1—‘m1 +ba

a m

* Ind= —lnEL
kT T,

ml

,uSO is the standard chemical potential and @ is the two-dimension fugacity coefficient.

If we consider an ideal adsorbed phase, that is to say that U;, and b, are equal to zero,

equation (48) reduces to:

qa Vi qa ro qa eqa vibi
L oy = —kT| InkT -2 "4 U, + kT InTI (52)

A2

Asa consequence:

Hapes = Mo (T,1)+ kT In 1T (53)

In which ,uao is given by equation (50).

Equation (53) shows that ,uao is the chemical potential of the adsorbed phase, considered as

ideal, at temperature 7 and for a spreading pressure //~1. Equations (49) and (52) show that
In @ takes into account the non-ideality due to the molecular surface and to the attractions

between the adsorbed molecules.

Rearranging equation (45) leads to:

17 1 1/7T;

ml a

k_Tle :l/rml_ba _kTﬁ(l/rml—i_ba)

(54)

14
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This could be considered as the two-dimension Redlich-Kwong equation of state. a, and b,
appear to be its coefficients. Their calculation by similar rules as those used for the gas phase
would require the knowledge of the two-dimension critical temperature and pressure as well
as the corresponding acentric factor of the fluid which is not possible. As a consequence these
parameters should be determined by an optimization procedure between simulated and

experience data.

If we retain other valid expressions of G(V&) (equation (38)) and J (T ) (equation (39)), we can

obtain other two-dimension equation of state.

2-3. Non-Ideal adsorption isotherm model

Considering adsorption equilibrium between the adsorbed phase and the gas phase leads to:

Mo =H, (55)
(T )+ kT In 1T +kT In @ = p (T, )+ kT In p+ kT In @' (56)
A\g, ., o —
@ le _ (qavtb qarotqaeqavtbt )exp( U() jp¢y (57)
ZmlkT(Qgr()thngvibi) kT
In which Z, _ 71
kT T,

If we suppose that there is no change in the rotational, internal, vibration and electronic
contributions when the molecules migrate from the gas phase to the adsorbed phase and by

converting the expression to its molar form, we obtain:

15
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Noaanml

RTT 1/ r bamol 1/ F + bamol 7RTﬁbam”I N Oaamol 1
exp exp [=
NH 1/F amol l/r amol l/r RT\/_ 1/F+ amol

o] - NV RT v exp( mol j (58)
hN P 2Rt —NOUojp Pvv=b,, \V=b

° N h X ( NOamnl
ZRmz;zMRTl_eXp(_ A VZJ RT {Hbmol}m .
|4

p NOamol 1
RINT v+b,
where:

e ['is the molar surface concentration of the fluid;

®  Auot, bimot, Aamor, bamo, Z are respectively the molar expression corresponding to the

molecular ones a, b, a,, by, Zy;
e M is the molar mass;
e v is the molar volume of the gas phase;
e N is the Avogadro number.

The molar expression of the local model is then:

1 Ib, Mot Nla = 1
r e [1 + amo[] RTTh,,, €XP| — A0 =
1 Fbamol 1 Fbamol R Tﬁ 1 + Fbamol

ex _ Nphv, RT 4 x{ Dot J (59)
h]\]o 2RT ex{_]\foUo)p PVV b V_bmol

NOamol
RT\/zﬂ-MRT l—exg(— N}{;/Zj RT |:V +b, i|_RTm Nty 1
v RTﬁ v+b
where:
No@amot
1 exp T Do [1+ 7B, ] &1, exp| - Nol 1 is the term that
1 Fbamul l_rbamul RT\/? 1+ Fbamol

takes into account the non-ideality of the adsorbed phase.

16
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The treatment of the ideal case leads to the following expression:

Nyhv.
exXp| ———
hN, 2RT -NU,
= ex p (60)
RT 2z M RT Nohv, RT
e " TR

This last equation is the expression of the Henry’s Law
3. Results and discussion
We present some results of the surface concentration computed using the model developed
above. These computations were carried out considering a given adsorbate on a given non-
porous homogenous adsorbents at 283 K and in a pressure range up to 2.5 MPa. We used the
Lennard-Jones potential model to describe the adsorbate-adsorbent interaction and adequate
three-dimension and two-dimension energetic and geometric parameters [11]. For the gas
phase model these parameters can be easily calculated from the critical parameters of the
adsorbate, the adsorbed phase model parameters (aumo and b,ue;) can be derived only from
adsorption experimental data.
The influence of Uy value is shown in figure 1 showing the computed surface concentration
on different homogenous non-porous adsorbent at 283 K as a function of gas fugacity.

Insert Figure 1
From this figure we can see that the shape of the curve varies significantly for different values
of the energy of interaction between the adsorbate and the surface in the whole fugacity range.
For high values of Uy, the surface concentration /” increases quickly with fugacity. For low
values of energy, the surface concentration / increases linearly with fugacity.
The influence of the local model parameters on the adsorption isotherms were also studied at
283 K and in a pressure range up to 2.5 MPa
We compute the surface concentration (Uy= 8 kJ/mol) using different sets of parameter values

(@amor and byper). The results are illustrated in figure 2 and figure 3.

17
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Insert Figure 2

Insert Figure 3
A rise of a,p,; or a decrease of b, leads to higher surface concentrations which is physically
consistent with the meaning of these parameters. From these figures we can see that the shape
of the surface concentration curves varies significantly for an increase of a,,; or a decrease of
bamer- High values of a0 correspond to strong interactions between the adsorbated molecules
(in comparison to the adsorbate-surface interactions); the mass uptake is thus low at low gas
fugacity and increase more quickly with the fugacity when the coverage ration increases.
Low values of b, lead to high surface concentrations at saturation due to the fact that the

molecules have a lower surface.

4. Conclusions

We developed a general model for the calculation of equilibrium surface concentrations as a
function of temperature and pressure. This model relating macroscopic data which
characterize the equilibrium of adsorption of pure gases on homogeneous surfaces is based on
simple statistical thermodynamics developments. It leads to a symmetrical approach of both
the adsorbed and the gas phases in terms of equation of state and fugacity coefficient
calculations. This model is based on the Redlich-Kwong equation of state in order to take into
account the non-ideality of both phases. Other expressions of the isotherm equation could be
deduced using other equations of state and using purely macroscopic developments.

The influence of each macroscopic parameter was studied; the computations provide

meaningful results.

18
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