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Abstract. The evolution of the understanding of the mass transport phenomena in solids and liquids allows for the 

unification of phenomenological models. We consider the central Darken problem of the choice of the coordinate axes 
for diffusion. Namely, the definition of this mode of motion and the method how diffusion displacement is defined and 
measured. In our analysis we extensively use the Euler’s and Liouville theorems. We derive the formula of volume 
density conservation, i.e., the volume continuity equation. This fundamental formula defines the volume-fixed frame of 
reference in the multicomponent, solid, gas and liquid solutions. The volume fixed frame of reference is self-consistent 
with the foundations of linear irreversible thermodynamics except recognizing the need to add volume density to the 
usual list of extensive physical properties undergoing transport in every continuum. Proposed modifications are self-
consistent with the literature dating back to Onsager, the experiments of Kirkendall, their interpretation by Darken and 
recent generalized formulations. It will be shown that the method can be used in mechano-chemistry and electro-
mechano-chemistry. 

 
 
 

Keywords: volume continuity equation; volume density; interdiffusion; mechano-chemistry 
 
 
 

1. INTRODUCTION 

 Studies of diffusion in liquids and gases were at the center of interest of scientists in the 
second half of the nineteenth century. In the twentieth century, the diffusion in solids was a driving 
force for the chemistry of solids. The Kirkendall experiments and Darken method resulted in 
different theoretical description of the transport phenomena in solids. Crystals have greater number 
of control parameters when compared with liquids. These are crystal structure, geometry of 
crystallites, grain boundaries, defects, strain and stress, etc. So far, the treatments that unify the 
methods used to desribe the diffusion in solids, liquids and gases are scarce. 
 Recently, noting the conflicts between tracer- and mass–velocity experiments in fluids 
Brenner has suggested that the fluid’s volume velocity (i.e., the convection or drift velocity) is the 
proper frame of reference for diffusion [1,2]. The experimental data on thermal diffusion in binary 
liquid mixtures [3,4] support the applicability of the proposed revisions. It was shown that non-
equilibrium thermodynamics can be formulated without contradictions with Brenner proposal [5]. 
According to Öttinger [6]: “Something is missing” in the commonly used transport equations of 
irreversible thermodynamics [7,8] and he proposed incorporating fluctuations in GENERIC theory 
[6]. Summing up the above arguments it is clear that in gases, fluids and solids in which diffusion 
occurs the component’s velocity, υi, must be divided into the two parts i) the unique diffusion 

velocity, d

iυ , that depends on the mechano-chemical potential gradient (in general on the electro-

mechano-chemical potential gradient) and is independent of the choice of the reference frame and 

ii) the drift velocity, driftυ , that is common for all components and depends on the choice of the 

external reference frame and mechanism of the process. When the stress field is considered and the 

                                                
1 Corresponding author. Email: daniel@agh.edu.pl 
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partial molar volumes of components differ, the quantitative definition of the drift velocity (material 
velocity) is an unsolved problem [1,2]. 
 All attempts to combine diffusion and stress based on Euler’s view that was formulated ~250 

years ago [9] and the velocity of the local mass centre, mυ , is generally accepted as an internal 

frame of reference for the stress field [10,11,12]. Formulated by the Euler expression mρυ  in the 

momentum flux originates from the assumption that Newton’s laws of motion for a solid body are 
also valid in a case of material domain of known mass density ρ  moving within a continuum. Euler 

was obviously unaware of the diffusion and hidden constitutive assumption implicit in the 

relation mρυ . Since then, this relation was questioned only in a very few circumstances [13, 14]. On 

the other hand, the majority of interdiffusion studies are based on the fundamental Darken concept 
of the lattice-fixed coordinate axes for diffusion [15,16]. In 1948, Darken considered the stress free 
interdiffusion problem in a binary alloy. He postulated that the volume-fixed reference frame 
defines the coordinate axes for diffusion and proposed formulae in the case when the total molar 
concentration of the mixture is constant. Onishi and Shimozaki have found the relation between the 
diffusion fluxes defined in the volume and concentration-fixed frames of reference [11,17]. 
Unfortunately, their relations are valid for binary alloys and do not allow the consideration of the 
stress field. 
 In earlier papers concerned with the mathematical description of interdiffusion under a stress 
field we were not aware of the conflict between the volume and the centre of mass reference frames. 
As a result, the introduction of the partial Cauchy stress tensor [18] was unsuccessful in practical 
applications due to the unsolved conflict between different coordinate axes for the diffusion and 
stress. Following Darken, Onishi, Brenner and Öttinger’s concepts that the volume velocity defines 
the local material velocity at nonequilibrium we derived recently the volume continuity equation, 
i.e., the law of the volume density conservation [19]. This formula allows fixing the unique frame of 
reference for all diffusion fluxes. 
 The commonly used definitions of the local overall velocities ignore the convection term due 

to diffusion and are defined using the component’s velocity, iυ . Obviously iυ  depends on the 

choice of reference frame [11]. The mass velocity (i.e., the local mass centre velocity mυ ), the 

molar velocity Mυ , the volume velocity Vυ , and the solvent velocity (i.e., the Hittorf reference 

frame [20], ( ))H H

i i i i i rJ c cυ υ υ= = −  are defined by: 

 
1 1 1

:   and   ,   where   1  
r r r

m m i i i
i i i i

i i i

M M N
N

M M
ρυ ρυ υ υ

= = =

= = =∑ ∑ ∑ , (1) 

 
1 1 1

:   and   ,  where  1
r r r

M M

i i i i i

i i i

c c N Nυ υ υ υ
= = =

= = =∑ ∑ ∑ , (2) 

 
1 1 1

:    and   ,  where  1
r r r

V V i i i
i i i i i

i i i

N
c c Nυ υ υ υ

= = =

Ω Ω
Ω = Ω = =

Ω Ω∑ ∑ ∑ , (3) 

 ( )
1 1 1

:     and     ,   where  1
r r r

H H

i i r i i r i

i i i

c c N Nυ υ υ υ υ υ
= = =

= − = − =∑ ∑ ∑ , (4) 

where ( ),i ic c t x= , ( )
1

,
r

i

i

c c t x c
=

= =∑  and ( ),i i iN N t x c c= =  denote the molar concentration of 

the components, the molar mixture concentration and the molar ratios in the mixture, respectively. 

( ),t xΩ =Ω  is the mixture molar volume,  and i ic cΩ Ω  denote the total and partial volume 

densities. 
 An expansion of Eqs. (1) - (3) by postulating that convection in solids can be generated by 
diffusion is the central conclusion that follows from both the Darken method and the experimentally 

Formatted: Lowered by  14 pt

Formatted: English (U.S.)

Formatted: Lowered by  7 pt

Formatted: English (U.S.)

Formatted: English (U.S.)

Page 2 of 19

http://mc.manuscriptcentral.com/pm-pml

Philosophical Magazine & Philosophical Magazine Letters

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

proved generation of nonuniform velocity field within the diffusion zone [15,16]. The convection 
velocity was originally termed the drift velocity [15]. In order to avoid conflicts, it will be denoted 

here as the Darken velocity Dυ . The Darken method assumes 1) the constant and equal component 
partial molar volumes and 2) the negligible plastic and elastic deformations. Based on Kirkendall’s 
experimental findings [21], Darken concluded that diffusional fluxes are not balanced locally [15]: 

 
1 1

0  and  div 0
r r

d d

i i i i

i i

c cυ υ
= =

≠ ≠∑ ∑ , (5) 

where d

iυ  is the ‘unique’ i-th component diffusion velocity (does not depend on the transport model 

but requires the proper selection of the constitutive diffusion flux formula). 

The Darken velocity, Dυ , in the simplest case of the purely diffusional transport mode equals: 

 
1 1

:     and       where   .
r r

D d D d

i i i i

i i

c c N c constυ υ υ υ
= =

= − = − =∑ ∑  (6) 

 Upon taking into account  Eq. (6), the molar velocity Mυ , Eq. (2), can be written in the form 

of the preceding formulae, e.g., ( )1 1
:

r rM tr D d

i i i ii i
c c cυ υ υ υ υ

= =
= = + +∑ ∑ , where υtr is the translation 

velocity in the observer reference frame and may depend on time only. In still other words, the 

Darken method is strictly limited to the processes where ( ) ( ) ( ) ( ), , ,tr D d

i it x t t x t xυ υ υ υ= + +  and 

when the total molar concentration of the mixture is constant, c = const. This method can be 
generalized to avoid above limitations. We will consider the nonideal, compressible solid solutions 
(c  ≠ const.) and merge the following fundamental results: 

1) The concept of mobility, the uniqueness of the diffusion velocities and the Nernst-Planck 
flux formula [22,23], 

2) Common occurrence of defects in solids (Frenkel and others) [24,25], 
3) The nonstoichiometry as a principle, not an exception (Schottky and Wagner [26,27]) and 
4) The lattice sites are not conserved in metals (Kirkendall and Darken [15,21]) as well as in 

ionic compounds [28]. 
 In this work, we advance the already presented pattern [19]. Special emphasis is given to the 
rigorous derivation of the different expressions for the local overall diffusion velocities. In the 
following section, we present the method of dividing the component’s velocity into the unique 
diffusion velocity (does not depend on the choice of the reference frame) and a net drift velocity2 
(depends on the choice of the external reference frame and on the mechanism of the process). The 
examination of the volume fixed axis for diffusion will show that only the volume velocity, Eq. (34), 
can serve as an internal reference frame for all internal processes (the mass diffusion processes, heat 
transport, deformation etc.) and that it is an inertial frame of reference. Moreover, using the Euler 
and Lagrange theorems we present: 1) the rigorous derivation of the volume continuity equation, 2) 
the consistency of the Newton laws with thermodynamics in the volume-fixed reference frame, 3) 
the equivalence of the presented and Darken’s methods when the Darken restriction are introduced. 
 
2. The Volume Continuity, Conservation of Mass, Momentum and Energy. In this section, we 
consider the first Darken problem of choice of the coordinate axes for diffusion. If the motion of the 
element of multicomponent alloy is to be analyzed, then the first step is to define this motion, i.e., to 
select the method as to how this displacement is defined and measured. We will consider a motion 
of a single phase r-component mixture, i.e., alloy or solid solution. We define the velocity field of 

the i-th component, [ ) 3 3: 0 R Ri    ,   υ ∞ × →o , and its molar and mass densities, 

                                                
2In what follows it is understood, that the volume velocity is identical to the material velocity, 
lattice sites velocity, the convection velocity and Kirkendall velocity. The volume reference frame 
is the unique reference frame identical with the material velocity and defines the coordinate axes for 
diffusion. 
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[ ) 3, : 0 R Ri ic     ,   ρ ∞ × →o . The notation X Y→o  means that the domain of a function is a subset 

(part) of  X. The theory must combine the following things: 
1. The local acceleration due to an external force field(s) depends on the mixture inertial 

mass, not on the diffusion processes. 

2. The local centre of mass position cannot be affected by diffusion (mass diffusion, heat 
transport, internal friction etc.). 

3. The volume velocity is an internal frame of reference for diffusion [15,16], deformation, 
viscosity, heat transport, etc. [1]. The total, drift and diffusion velocities of components 

are related by: : drift d

i i υ υ υ= + .  

4. The unbalanced diffusion fluxes affect the local material velocity [15,16]. 

 The Liouville transport theorem is a key mathematical tool used in this work to obtain the 
volume continuity equation and other conservation laws. It generalizes the Gauss-Ostrogradzki 

theorem and allows compressing the mathematics. Let ( )tΣ  denote any subregion of the mixture 

for any time  t ≥ 0. 

THEOREM. If  [ ) 3 3: 0 R Ri     ,   υ ∞ × →o  and [ ) 3 3: 0 R Ri     ,   ρ ∞ × →o  are a sufficiently smooth 

functions defined on the domain of iυ ,  then 

 
( )

( )
( )

d
d div grad d

d
i i

i i i i i i i i

t t

x x
t t t

ρ υ
ρυ υ ρυ ρ υ υ

Σ Σ

 ∂ ∂    = + + + ⋅    ∂ ∂    
∫ ∫ . (7) 

The proof of the above theorem can be found elsewhere [29].  

2.1. Extensive and intensive variables. In what follows, we do neglect the dimensions of the body 
and surface energy, e.g., interfaces, grain boundaries, etc. We consider the mass density, 

( ),i i t xρ ρ=  of every mixture component. The mass density, ( ),t xρ ρ=  and the molar mass, 

( ),M M t x= , of the mixture are given by: 

 
1

=
r

i

i

ρ ρ
=
∑  (8) 

 
1 1

1 r r
i

i

i i i

c c
M M

ρ ρ

= =

= = = =
Ω ∑ ∑  (9) 

where Mi denotes the constant molar mass of the i-th component. By definition, Eq. (9), the mixture 
molar volume density equals one, 1cΩ ≡ . 

The volume occupied by the mixture is an extensive variable and is not conserved [30]. If we write: 

 ( )1,..., ; ,   rN N T pΩ =Ω  (10) 

as the equation of state of the system giving the molar volume in terms of independent variables: 
N1,…,Nr  and T, p,  we have then for an arbitrary volume Ω* and number of moles n1,…,nr : 

  ( ) ( )* *
1 1,..., ; , ,..., ; ,r rkn kn T p k n n T pΩ = Ω  (11) 

which express the fact that the system at a temperature T, pressure p, and containing kn1,…,knr 
moles of components occupies a volume kΩ*. Ω* and Ω are homogeneous functions of the first 
degree with respect to composition and Euler’s theorem can be applied. This theorem states that the 
function f(x1,…, xr,…) is called homogeneous of the m-th degree in the variables x1,…,xr if the 

identity: ( ) ( )1 1,..., ;... ,..., ;...m

r rf kx kx k f x x≡  holds [30]. If we differentiate this definition with 

respect to k  the next identity follows: 
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( ) ( )1 1

1
1

,..., ;...
,..., ;...

r
r m

i r

i i

f kx kx
x mk f x x

kx

−

=

∂
≡

∂∑  (12) 

 
( ) ( )1

1
1

,..., ;...
,..., ;...    when    1

r
r

i r

i i

f x x
x m f x x k

x=

∂
≡ =

∂∑ . (13) 

Eq. (13) is called Euler’s theorem. The theory of partial differential equations states that conversely 
any function f(x1,…, xr;…) which satisfies Eq. (13) is homogeneous of the m-th degree in  x1,…,xr 
[31]. We are concerned with homogeneous functions of the first degree, m = 1. In such a case: 

 ( ) ( )1 1,..., ;... ,..., ;...r rf k x k x k f x x≡  (14) 

and Eq. (13) becomes: 

 
( ) ( )1

1
1

,..., ;...
,..., ;...

r
r

i r

i i

f x x
x f x x

x=

∂
≡

∂∑  (15) 

Comparing Eqs. (10), (11) and (14) we see that Ω and Ω* are homogeneous functions of the first 
degree in the independent variables N1,…, Nr. Consequently from Eq. (15) the general relation 
between the molar volume of the mixture and partial molar volumes follows: 

 
( ) ( )1

1
1 1

,..., ; ,   
,..., ; ,

r r
r

i i i r

i ii

N N T p
N N N N T p

N= =

∂Ω
= Ω ≡ Ω

∂∑ ∑ . (16) 

where Ωi is the partial molar volume.  

From (9) and (16) the following identities hold: 

 
1 1 1

1
r r r

i i i
i i i

i i i

c
N c

c= = =

Ω Ω
≡ ≡ Ω ≡

Ω Ω∑ ∑ ∑  (17) 

where  Ωici  and  Ωc  denote  the partial and total molar volume densities. 
The relation above is valid for an arbitrary mixture and allows the conclusion that the total volume 
density of the arbitrary mixture is conserved and equals unity4, Eq. (17). 
 

2.2. The fluxes and velocities. The fluxes and velocities of the mass, mυ , molar , Mυ  and volume 

[11], Vυ , can be defined by the drift velocity and the unique diffusion velocity (may depend only on 
the choice of the constitutive equations for diffusion): 

 ( )
1 1

  and   :   
r r

m drift d m drift di
i i i i i

i i

M
N

M
ρυ ρυ ρυ υ υ υ

= =

= + = +∑ ∑ , (18) 

 ( )
1 1

  and   :
r r

M drift d M drift d

i i i i i

i i

c c c Nυ υ υ υ υ υ
= =

= + = +∑ ∑ , (19) 

 ( )
1 1

   and   :
r r

V drift d V drift di
i i i i i i i

i i

c c c Nυ υ υ υ υ υ
= =

Ω
Ω = Ω + Ω = +

Ω∑ ∑ , (20) 

where  and i ic cΩ Ω  denote the total and partial volume densities. 

 The total diffusion velocities differ. This is apparent by writing Eqs. (18) - (20) in the form: 

 
1 1

:   where  :  
r r

m drift d d d di i
m m i i i i

i i

M M
N c

M M
υ υ υ υ υ υ

= =

= + = = Ω∑ ∑ , (21) 

 
1 1

:   where  
r r

M drift d d d d

M M i i i i

i i

N cυ υ υ υ υ υ
= =

= + = = Ω∑ ∑ , (22) 

                                                
4Unless we consider/allow the formation of cracks and/or voids. 
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1 1

:   where  
r r

V drift d d d di
V V i i i i i

i i

N cυ υ υ υ υ υ
= =

Ω
= + = = Ω

Ω∑ ∑ . (23) 

 

2.3. Diffusion. The diffusion velocity, d d

i i iJ cυ ≡ , of every component can be expressed by an 

appropriate formula, e.g., by the Nernst-Planck equation [22,23], Fick’s first law [32], the Onsager 
flux [33] or the electro-mechano-chemical flux: 

 ( )grad     where   d ch el el

i i i i i iB z Fυ µ µ µ ϕ= − + = , (24) 

 grad lnd

i i iD cυ = − , (25) 

 
1

k
ijd

i j

j i

L
X

c
υ

=

=∑ , (26) 

 ( ) ( )
1

grad grad   where   
r

d ch ch m el m

i i i i i i i i i i i

i

B p z F B c pυ µ ϕ µ µ µ µ
=

= − +Ω + = − + + =∑ , (27) 

where , ,i i iB D z  denote the mobility, diffusivity and valence of the i-th component, respectively. F 

and φ are the Faraday constant and electric potential. 

 The above equations comply with the definition of diffusion as a process that depends on the 
rate of energy dissipation. This definition centers on the basic difference between Newton 

mechanics ( )~i i ia Fυ= &  vs. diffusion ( )~d

i iFυ . In what follows, we consider the mechano-

chemical flux formula and the case when the drift velocity is a result of deformation, συ , of the 

Darken drift, Dυ  and translation, trυ , i.e., the diffusion flux in the form  

( ) ( )grad gradd ch ch m

i i i i i i iB p Bυ µ µ µ= − +Ω = − + . 

 drift D trσυ υ υ υ= + + , (28) 

where the Darken drift is the velocity generated by unbalanced diffusion fluxes [15,16]. 

 

2.4. Volume Continuity Equation and Darken Drift. In irreversible thermodynamics the partial 
molar volumes are intensive parameters and are not conserved. They are transported by the velocity 
field of every mixture component. Contrary, the molar volume density of the mixture, cΩ, equals 
unity, Eq. (9), and is conserved during an arbitrary transport process in the continuum. From the 
Euler identities, Eq. (17), it follows that: 

 
( ) ( )1

d d
d d 0

d d

r

i i

it t

c x c x
t t=Σ Σ

Ω = Ω =∑∫ ∫ . (29) 

Equation (29) states that the volume density of the mixture does not depend on time, i.e., the total 
volume density is conserved5. It was used by Darken and Onishi but is inadequate in our case. The 
time evolution of the volume velocity is necessary in order to separate the internal processes from 
the momentum of the mixture itself and to define the internal reference frame [1]. From the 
Liouville transport theorem and the Euler identities, Eqs. (7) and (17), it follows that: 

 
( ) ( )1 1 1

d
d div d 0

d

r r r

i i i i i i i

i i it t

c x c c x
t t

υ
= = =Σ Σ

∂ 
Ω = Ω + Ω = ∂ 

∑ ∑ ∑∫ ∫ . (30) 

Combining Eqs. (29)-(30) and since the subregion  ( )tΣ   was chosen arbitrarily, then: 

                                                
5 Unless voids and/or cracks are formed. 
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1

div 0
r

i i i

i

c υ
=

 
Ω = 

 
∑ .  (31) 

The above relation is the volume continuity equation. It permits the analysis of an arbitrary 
transport process in the multicomponent mixture. 

By adding the fluxes of the all mixture components6 and from relations (23) and (28) one gets: 

 ( )
1 1

r r
V V D tr d D tr d drift d

i i i i i i V

i i

c c cσ συ υ υ υ υ υ υ υ υ υ υ υ
= =

= Ω = Ω + + + = + + + Ω = +∑ ∑ . (32) 

The molar flux of the i-th component equals: 

 M D tr d drift d drift d

i i i i i i i i i i i i iJ c c c c c c c c Jσυ υ υ υ υ υ υ υ= = + + + = + = + . (33) 

where drift D trσυ υ υ υ= + +  and d

iJ  are the drift velocity and the diffusion flux of the i-th 

component. Multiplying Eq. (33) by the i-th component molar mass or partial molar volume one 
gets the mass or volume flux of the i-th component. The drift (e.g., the Darken velocity) is a 
variable that can be calculated from Eqs. (31) and (32).  

 

Example. In the case of an ideal solid solution (c = const.), Kirkendall experimentally [21], Darken 
theoretically [15] and one of the authors in multicomponent solid mixtures [16] have shown that the 

local sum of diffusion fluxes has not to be zero as well as ( )1
div 0

r d

i ii
cυ

=
≠∑ , i.e., the law of 

conservation of lattice sites does not exist [19]. Thus, in the more general case when c ≠ const. (Ωi ≠ 

Ω), the volume continuity implies that the Darken velocity, Dυ , has to be generated during the 

diffusion process. Let us consider the pure diffusion process in an incompressible multicomponent 

mixture: d d

i i iJ cυ= , for i =1,2,…, r  and  drift Dυ υ= . Thus, from Eqs. (28) and (31) it follows that: 

 
1 1 1

div div 0
r r r

D d D d

i i i i i i i i

i i i

c c cυ υ υ υ
= = =

   
Ω + Ω = + Ω =   

   
∑ ∑ ∑  (34) 

i.e., the Darken drift velocity is generated by diffusion. In section 3 we show that when Darken 

simplified conditions are valid Eq. (34) results in the Darken expression.  

 

2.5. Conservation of Mass. The molar mass of the mixture component, mi(t), contained in ( )tΣ  at 

the moment  t  is: 

 ( )
( )

di i

t

m t c x
Σ

= ∫  (35) 

The principle of conservation of mass states that the mass in ( )tΣ  is conserved7. Thus, 

 
( )

d
d 0

d
i

t

c x
t Σ

=∫ . (36) 

By the Liouville theorem ( )1i  υ ≡  from (7) and (36) we get: 

                                                
6In this work, we do consider the deformation, translation and Darken velocities. Their sum results in the drift velocity 
in the mixture. Incorporating velocity due to thermal expansion, etc. does not affect the formalism. 
7
To simplify the relations, in this work we do not consider the chemical and/or nuclear reactions in the mixture, i.e., we 

do neglect the local sources and sinks of mass. 
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( )

( )
( )

d
d div d 0

d
i

i i i

t t

c
c x c x

t t
υ

Σ Σ

∂ = + = ∂ ∫ ∫ , (37) 

Since the subregion  ( )tΣ   was chosen arbitrarily, then  

 ( )div 0i
i i

c
c

t
υ

∂
+ =

∂
, (38) 

Upon summing up for all components the partial continuity equations, Eqs. (38), and introducing 
the definition (33) one can get the global conservation law: 

 ( )div 0Mc
c

t
υ

∂
+ =

∂
, (39) 

Equations (38) and (39) are known as the partial and global continuity equations. 

 

2.6. Balance of Momentum. The momentum of a multicomponent mixture in an evolving 

subregion ( )tΣ  is: 

 ( )
( ) 

momentum in  = d  .m

t

t xρυ
Σ

Σ   ∫  (40) 

By Newton’s law the rate of momentum change equals the total force acting on the mass in ( )tΣ : 

 
( )

total

 

d  
 d  .F

d
m

t

x
t

ρυ
Σ

= ∫  (41) 

We assume that the following forces act on the mass in ( )tΣ 8: 

1. The force of elastic stress,  Fσ ,  acting on the surface ( )t∂Σ  

 
( ) ( )

 = d Div dF
e e

t t

x xσ σ σ
∂Σ Σ

=∫ ∫ , (42) 

where [ ): 0,eσ ∞ ×3
 →o L(3, 3)is the stress tensor and L(3, 3) is the space of linear mappings 

from 3 to 3 [13]. In Eq. (42) we postulate that the mechanical properties of the mixture, the 
temperature and its entropy, are represented by average values.  

 

2. The viscosity force acting on the mass in ( )tΣ , is a result of the non-uniform volume velocity 

field. The area was extensively studied and a vast number of constitutive equations is known 
[13]. Here it is sufficient to use the basic expression: 

 
( )

F Div dp

t

xν σ
Σ

= ∫ . (43) 

3. The net chemical force acting on the mass in ( )tΣ . This part of the stress tensor is called the 

stress free deformation tensor9 [10]. In nonideal systems the net chemical force equals: 

 
( )

r

chem
1

F grad dch

i i

i t

c xµ
= Σ

= −∑ ∫ , (44) 

4. The external force,  f ext
 ,  acting on the mass in the volume ( )tΣ  is given by: 

                                                
8We do not consider here the electromagnetic field, e.g. the diffusion of charged species (ions). 
9The stress free deformation tensor equals zero in the case of an ideal mixture. 
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( ) ( )

ext

  

  d grad dF
ext ext

t t

f x V xρ ρ
Σ Σ

= = −∫ ∫ . (45) 

An external force can be, e.g., the gradient of a gravitational potential, gradext ext
f V= − . 

The total force acting on the mass in ( )tΣ   is the sum of all forces listed above. Consequently: 

 total chem extF  F F F Fσ ν= + + +  (46) 

Applying the formulae (40) and (42) - (46) results in: 

 
( ) ( ) ( ) ( ) ( )

r

1  

d
d Div d Div d grad d grad d

d
m e p ch ext

i i

it t t t t

x x x c x V x
t

ρυ σ σ µ ρ
=Σ Σ Σ Σ Σ

= + − −∑∫ ∫ ∫ ∫ ∫ . (47) 

Using the Liouville theorem and the mass continuity equation the left hand side of Eq. (47) 
becomes: 

 

( )
( )

( ) ( )

d D
d div Grad d d

d D m

m m
m m m m m

t t t

x x x
t t t t

υ

ρ υ υ
ρυ υ ρυ ρ υ υ ρ

Σ Σ Σ

  ∂ ∂ = + + + ⋅ =   ∂ ∂    
∫ ∫ ∫ .(48) 

where 
D

grad
Dt tυ

υ
∂

= + ⋅
∂

� �
�    and �  is any sufficiently smooth function. 

Substituting Eq. (48) into Eq. (47) one obtains: 

 
( ) ( ) ( ) ( ) ( )

r

1

D
d Div d Div d grad d grad d

D m

m
e p ch ext

i i

it t t t t

x x x c x V x
t

υ

υ
ρ σ σ µ ρ

=Σ Σ Σ Σ Σ

= + − −∑∫ ∫ ∫ ∫ ∫  (49) 

Since the subregion ( )tΣ  was chosen arbitrarily, one can omit integrals and Eq. (49) becomes: 

 ( )
1

D
Div grad grad

D m

m r
e p ch ext

i i

i

c V
t

υ

υ
ρ σ σ µ ρ

=

= + − −∑ . (50) 

We shall call Equation (51) the equation of motion. 
 

2.7. Balance of Energy.  
We begin with the derivation of the convenient form of the density of the internal energy formulae. 
To compute the internal energy we shall use the fundamental canonical equation of 
thermodynamics: 

( )*
1 2, , , ,..., rU U S m m m= Ω  

It is convenient to analyze transport in the unit volume, *Ω , moreover, the volume is considered as 
an inner reference frame. Thus: 

( )v v v
1 2, , ,..., rsε ε ρ ρ ρ=  

where v vand sε denote the internal energy and the entropy that are expressed per unit volume. 
Consequently, the fundamental canonical equation of thermodynamics becomes: 

 ( )v v
1 2, , ,..., rsε ρε ε ρ ρ ρ ρ= =  (51) 

ε and s are an internal energy and entropy per mass unit. The transition from the fundamental 
canonical form to Eq. (51) implies introduction of the mechanical potential. In such a case, the 
Gibbs equation becomes: 

 ( ) ( ) ( ) ( )* 1

1 1

d d d d dc
i

r r
ch m

i i i i i

i i

T s M T sρε ρ µ ρ ρ µ µ−

= =

= + = + +∑ ∑  (52) 
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ch

iµ , * and m

i iµ µ  are the chemical, mechanical and mechano-chemical potentials of components. The 

mechanical potential due to the deformation can be given by any proper formula, e.g., by Eq. (27). 
The integral form of the Gibbs equation follows from Eq. (52): 

 *

1 1 1
i

r r r
ch m

i i i i i

i i i

Ts c Ts c cρε ρ µ ρ µ µ
= = =

= + = + +∑ ∑ ∑ . (53) 

The total energy of the mixture in ( )tΣ  can be written as: 

( ) ( ) ( ) ( )

( )

                                    

total  energy of kinetic internal potential

 mass in energy energy  energy

k I Pe t e t e t e t

t

= + +

       
= + +       Σ       

 

The kinetic energy contained in the moving subregion ( )tΣ  with a mass velocity mυ  is: 

 ( )
( )

( )21

2
m

k

t

t dxe ρ υ
Σ

= ∫ . (54) 

The potential energy of mass in ( )tΣ  is represented by its potential per the mass unit: 

 
( )

 d  .ext

P

t

e V  xρ
Σ

= ∫  (55) 

The internal energy of mass contained by ( )tΣ  from Eq. (53) is given by: 

( ) ( ) ( )

*
I

1 1 1

 = d d d
i

r r r
ch m

i i i i i

i i it t t

x Ts c x Ts c c xe ρε ρ µ ρ µ µ
= = =Σ Σ Σ

   
= + = + +   

   
∑ ∑ ∑∫ ∫ ∫  (56) 

By the First Law of Thermodynamics the total energy of mass contained by ( )tΣ  can be affected by 

the heat flow and the work done on it. Thus, from Eqs. (54) -(56): 

 ( )
( )

( ) ( ) ( ) ( )

( )

2 *

1

d 1
              d

dt 2

d d div d div d

r
m ext

i i

it

e m p m e m p m

q q

t t t t

Ts c V x

a a J x J x

ρ υ ρ µ ρ

σ υ σ υ σ υ σ υ

=Σ

∂Σ ∂Σ Σ Σ

 
+ + + = 

 

= ⋅ + ⋅ − = ⋅ + ⋅ −

∑∫

∫∫ ∫ ∫
 (57) 

where Jq denotes the heat flux, which is given by the proper constitutive formula. 

Applying the Liouville theorem Eq. (57) becomes: 

( )
( ) ( )

( )
( )

( )
( )

( )

2 2* *

1 1

1 1
2 2div d

                     div d div d div d

r r
m ext m m m m ext m

i i i i

i it

e m p m

q

t t t

T s c V Ts c V x
t

x x J x

ρ υ ρ µ ρ ρ υ υ ρυ µ υ ρ υ

σ υ σ υ

= =Σ

Σ Σ Σ

 ∂    
+ + + + + + + =    ∂     

= ⋅ + ⋅ −

∑ ∑∫

∫ ∫ ∫
(58) 

Since the subregion ( )tΣ  was chosen arbitrarily, the integral in Eq. (58) can be omitted and using 

the mass continuity equation, it can be written in the condensed form as: 

 ( ) ( ) ( )2 * 1

1

D 1
div div div

D 2 m

r
m ext e m p m

i i i q

i

Ts M V J
t υ

ρ υ µ σ υ σ υ−

=

 + + + = ⋅ + ⋅ − 
 

∑  (59) 

The left hand side of the Eq. (59) can be rearranged to: 
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 ( ) ( ) ( )* 1

1

D D
div div div

D D mm

m r
m ext e m p m

i i i q

i

Ts M V J
t t υυ

υ
ρυ ρ µ σ υ σ υ−

=

+ + + = ⋅ + ⋅ −∑  (60) 

Upon multiplying the momentum conservation equation, Eq. (50), by the mass velocity mυ  we 
have: 

 ( )
1

D
Div grad grad

D m

m r
m m e p m ch m ext

i i

i

c V
t

υ

υ
ρυ υ σ σ υ µ ρυ

=

= + − −∑  (61) 

Consequently, upon combining Eqs. (55), (60) and (61), the equation of the internal energy 
conservation becomes: 

( )* 1

1 1

D
:Grad :Grad grad grad div

D m

r r
ext e m p m m ch m ext

i i i i i q

i i

Ts M V c V J
t υ

ρ µ σ υ σ υ υ µ ρυ−

= =

+ + = + + + −∑ ∑  (62) 

When an external force field does not depend on time, ( )( )ext extV V x= , it further reduces to: 

 
*

1 1

DD D
:Grad :Grad grad div

D D Dm m m

r r
e m p m m chi

i i i q

i i

Ts
c c J

t t tυ υ υ

µε
ρ ρ σ υ σ υ υ µ

= =

= + = + + −∑ ∑  (63) 

The formulae (62) and (63) express the first law of thermodynamics in the multicomponent 
continuum.  

 

2.8. Separation of mechanical and thermal terms. The separation of the entropy and mechanical 
energy terms in Eq. (63) is convenient in many applications [13]. Thus, one can write Eq. (63) as: 

 
*

1 1

D
: Grad grad

D m

r r
e m m chi

i i i

i i

c c
t

υ

µ
σ υ υ µ

= =

= +∑ ∑  (64) 

 
D

: Grad div
D m

p m

q

Ts
J

t υ

ρ σ υ= −  (65) 

To complete the separation of the mechanical and entropy terms, Eqs. (64) and (65) must be 
extended to include the dissipation of energy due to the diffusion [13]. From Eqs. (51) and (52), the 
Gibbs-Duhem relation has the form: 

 ( )*

1 1

d d d
i

r r
ch m

i i i i

i i

s T c cρ µ µ µ
= =

= − = − +∑ ∑  (66) 

and the energy dissipated due to the diffusion, i.e., the work done by the chemical forces (diffusion 
forces) equals: 

 *

1

grad
r

d

diffusion i i i

i

w cυ µ
=

= −∑  (67) 

This work has to be included into the energy balance, Eqs. (64) and (65), in such a way that it will 
not change the total energy conservation equation, Eq. (63) [13]. Consequently we get: 

 
*

*

1 1 1

D
: Grad grad grad

D m

r r r
e m m ch di

i i i i i i

i i i

c c c
t

υ

µ
σ υ υ µ υ µ

= = =

= + +∑ ∑ ∑ , (68) 

 *

1

D
: Grad div grad

D m

r
p m d

q i i i

i

Ts
J c

t υ

ρ σ υ υ µ
=

= − −∑  (69) 

The last terms in Eqs. (68) and (69) describe the fact that diffusion does not affect the internal 
energy of the mixture. Entropy is produced at the expense of mechanical energy of the mixture. One 
may note that, upon adding Eqs. (68) and (69) we get Eq. (63). 
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3. DISCUSSION 

 One can show that the presented method is based on the inertial reference frame and reduces 
to well known relations when simplified conditions are valid. 
Invariance of diffusion. The diffusion occurs in a certain medium that may move with a drift 

velocity, driftυ , and the velocity of diffusion is measured with respect to it. When the diffusion flux 

is expressed by the Nernst-Planck formula then the diffusion velocity equals: 

 ( ) ( ), : grad ,x xd

i i it B tυ µ= −  (70) 

The obvious inference is that this speed must be equal to all observers. Moreover, the mass 
conservation law of every component must always be valid. When the chemical reactions do not 
occur, it has form of Eq. (38) 

 
( ) ( )( )

,
div , 0i

i i

t
t

t

ρ
ρυ

∂
+ =

∂

x
x  (71) 

Again, it is evident that this law must be valid to all observers.  

 The reference frame is chosen as a matter of convenience, and generally varies from one 
observer to another. To relate data from different frames we need a rule, a transformation law, that 
translates the reading in one frame to another and such a law must be independent of the observer. 
 The transformation law must be expressed by an equation that has the same form in all frames In 
other words, the physical laws and constitutive equations must be invariant with respect to the 

transformation law. The parameterization of absolute space-time by vectors ( )1 3 3, ,x x x=x  

(Principia, Newton 1642-1727) is not unique and the choosing of coordinates is arbitrary. 
Translation. The coordinates x may be changed, e.g., by as a matter of convenience, and the 
translated coordinates equal: 
 ′ +

0
x = x x  (72) 

The translated diffusion velocity satisfies Eqs. (70) and (71) . The same is true for a translated time: 
 0t t t′ = + . (73) 

This property is referred to as active translational symmetry in the space-time continuum and the 
procedure given by Eqs. (72) and (73). A further transformation specifies the coordinates of a 
physical system moving relative to an observer with velocity υ0: 
 0x = x tυ′ +  (74) 

Again, the translated diffusion velocity satisfies Eqs. (70) and (71). Including rotation, the full set of 
all transformations is called the Galilei group defined by successive transformations: 

 0 0=i i j i i

jx R x t xυ′ + + , (75) 

 0t t t′ = + , (76) 

where ( ) ˆ ˆ ˆcos 1 cos sini

j ij i j ijk kR θ δ θ θ θ θ ε θ= + − + ;  ˆ
iθ  denotes a directional unit vector of the 

rotation axis [34]. The repeated spatial index in Eq. (75) denotes a sum 1 to 3. Following Newton, 
the all coordinate frames in which diffusion velocities and mass conservation have a simple form 
given by Eqs. (70) and (71) are called inertial frames. 

Generalized method vs. Darken. We show now that when the Darken simplified conditions are 
valid Eq. (34) results in the Darken expression. Kirkendall experimentally [21], Darken 
theoretically [15] and one of the authors in multicomponent solid mixtures [16] have shown that 
diffusion fluxes are locally not balanced and their sum depends on time and position, i.e., 

( )1
div 0

r d

i i ii
c υ

=
Ω ≠∑  and the law of the lattice sites conservation does not exist [19]. Consequently, 
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the volume continuity implies that the Darken velocity, Dυ , has to be generated during the 

interdiffusion process. We consider pure diffusion in the incompressible, ideal solid solution. In 
such a case: 

1. The deformation velocity equals zero ( )( ), 0t x
συ = ; 

2. Translation depends on time only ( )( )tr tr
tυ υ= ; 

3. Molar volumes are constant and equal i constΩ =Ω =  for every component ( )c const= ; 

4. Activity coefficients equal unity ( )i ia c= ; 

5. External forcing is negligible ( )grad 0extV ≅ . 

From Eq. (31) it follows that: 

 
1 1 1

div div 0
r r r

D d D d

i i i i i i i i

i i i

c c c cυ υ υ υ
= = =

   
Ω + Ω = Ω + Ω =   

   
∑ ∑ ∑  (77) 

where the Darken drift velocity is the mixture velocity generated by diffusion. 

In such a case, the term that describes unbalanced chemical potentials, Eq. (44), vanishes: 

 
r r r

1 1 1

grad grad ln grad grad 0
i ia c

ch

i i i i i

i i i

c c RT a RT c RT cµ
=

= = =

= = = =∑ ∑ ∑  (78) 

and the centre of mass position is not affected by diffusion, Eqs. (50) and (78): 
D

0
D m

m

t
υ

υ
ρ =  

From Eq. (77) the Darken velocity equals [15]: 

( )
1 1 1

1
,

r r r
D d d d

i i i i i i i

i i i

t x c c N
c

υ υ υ υ
= = =

= − Ω = − = −∑ ∑ ∑  

Thus, we have proved the identity of the presented and Darken methods when Darken constraints 

are valid. The volume continuity law defines the lattice-fixed reference frame for diffusion and will 

allow proving the uniqueness of the Matano surface in multicomponent systems [35]. 

 

4 SUMMARY 

 We have shown that in the multicomponent systems the fluxes and velocities of the local 

centre of mass, mυ , composition, Mυ  and volume, Vυ , are defined by densities and velocities of 

diffusion and drift: 

 ( )
1 1

   and   :
r r

m drift d m drift di
i i i i i

i i

M
N

M
ρυ ρυ ρυ υ υ υ

= =

= + = +∑ ∑ ,  

 ( )
1 1

    and     :
r r

M drift d M drift d

i i i i i

i i

c c c Nυ υ υ υ υ υ
= =

= + = +∑ ∑ ,  

 ( )
1 1

    and     :
r r

V drift d V drift di
i i i i i i i

i i

c c c Nυ υ υ υ υ υ
= =

Ω
Ω = Ω + Ω = +

Ω∑ ∑ ,  

where  and i ic cΩ Ω  are the total ( )1cΩ ≡  and partial volume densities. 
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 Basing our analysis on the Euler’s and Lagrange theorems we derived the formula of volume 
density conservation, i.e., the volume continuity equation. This fundamental formula defines the 
volume-fixed frame of reference in the multicomponent, solid, gas and liquid solutions. The volume 
continuity equation allows the defining of the drift velocity, i.e., the coordinate axes for diffusion: 

1 1

div div 0
r r

drift d

i i i i i i

i i

c cυ υ υ
= =

   
Ω = + Ω =   

   
∑ ∑ , 

where the diffusion velocity is given by an appropriate constitutive expression. 
 The volume-fixed frame of reference is an inertial frame. It allows the use of the Navier-
Lamé equation of mechanics of solids. Proposed modifications of Navier-Lamé and energy 
conservation equations are self-consistent with the literature for solid-phase continua dating back to 
the classical experiments of Kirkendall and their interpretation by Darken. No basic changes are 
required in the foundations of linear irreversible thermodynamics except recognizing the need to 
add volume density to the usual list of extensive physical properties undergoing transport in every 
continuum. 
 The local momentum density depends on the diffusion of mass as well as on all other 
transport processes, e.g., on the Darken velocity. The balance of momentum, Eq. (50), fulfills the 
condition, that the local acceleration of the body depends on its mass, not on its internal energy and 
that the local centre of mass position is not affected by diffusion.  
 We have proved the identity of the presented and Darken methods when Darken constraints 
are valid. 
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