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1 Abstract

A macroscopic framework for the simulation of failure processes in quasi-brittle
materials is proposed. The framework employs the partition of unity (PU) concept and
introduces a new cohesive zone model, capturing the transition between the initial
continuum state and the final discrete state. The model is generic in a sense that it allows
extending most continuum models to a discontinuous framework in an efficient and
robust way, hereby adding the effect of macro-crack formation by the growth and
coalescence of micro-defects. Both material failure and interface failure can be studied
with this formulation.

Keywords: fracture, cohesive zone model, X-FEM, continuous-discontinuous framework.

2 Introduction

In the past decades, significant progress has been made in computational modeling of
damage and fracture processes in quasi-brittle materials such as concrete and masonry.
Most of the available models are continuum models which require very fine finite
element meshes in the vicinity of a crack or localization zone. Discrete models are
consistent with the physical observation of a discrete crack as a displacement jump across
a discontinuity surface. The extended finite element approach belongs to this class of
models (see, for example, [2,4,10,17]). In this formulation, cracks are not restricted to the
finite element boundaries; instead, they can freely run through the finite element mesh.
As a result, coarser meshes can be used, rendering these models suitable for larger scale
computations. However, an embedded discontinuity in a coarse mesh cannot accurately
represent the energy consumed by micro-crack branching prior to the formation of the
macro-crack. A better characterization of the whole failure process can be achieved by
combining continuous and discontinuous theories into a global macroscopic framework.

This idea has been successfully pursued by many authors (see, for example,
[8,12,14,16]), nevertheless some issues remain. It is for example not clear when a discrete
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crack should be introduced. Some authors introduce a traction-free discontinuity at the
final stages of failure. In this case the continuum model governs the softening behavior
(see, for example, [16]). Other authors make use of the cohesive zone assumption (see
[1,6]). Here a traction-separation model governs the non-linear behavior in the fracture
process zone and the continuum can remain elastic at all times (see, for example, [17]).
Both approaches have in common that a single moment exists at which the continuum
model is replaced by a discrete model. The distinct feature of the model proposed in the
present paper is that this transition takes place gradually. A damage-type cohesive law
allows using the constitutive model for the continuum in the undamaged material bonds
at the process zone, whereas the damaged part of the crack is traction-free. As damage
grows, material bonds are broken and a macro-crack is formed. This conceptually
different cohesive zone model is formulated irrespective of the underlying model for the
undamaged material. The gradual transition ensures that the stress at a point varies in a
continuous manner during the entire solution trajectory. This concept is known as ‘time
continuity’, and was introduced by Papoulia et al. [13] as a prerequisite for robustness of
a continuous-discontinuous framework.

The paper starts by introducing the discrete constitutive equations (Section 3.1) and the
continuum material model (Section 3.2). The implementation in a strong discontinuity
framework is discussed in section 4. In section 5 several aspects of the model are
highlighted by means of numerical examples.

3 Constitutive equations
3.1 Discrete constitutive model

3.1.1 Damage-based discrete constitutive equation

Consider an infinitesimal part of a plane dA with unit normal n in a structure or
structural component (Figure 1a). The tractions t acting on this plane are obtained as
t=on (1)
where ¢ is the second order continuum stress tensor. Tensile tractions have a positive
sign. Suppose that micro-cracks and -voids start to grow on this infinitesimal plane
(Figure 1b). In that case, we can quantify the ratio between the damaged area and the
total area with a scalar damage variable @, ranging from zero to one. Zero damage
corresponds to the undamaged bulk material, whereas @ equals one upon complete
separation along the crack plane. The bulk material will, in general, include pores,
deficiencies and irregularities. All these ‘imperfections’ are randomly distributed in the
material. As a result, they are not considered as ‘damage’ but rather as a characteristic of
the continuum.

Tractions can only be transferred in the material through the undamaged material bonds.
We assumed that the micro-voids and -cracks influence the stress field in the surrounding
continuum material only locally. If the micro-voids and -cracks grow and coalesce into
macro-cracks, the surrounding material will relax and all stresses will vanish. Hence, it is

reasonable to assume that the effective tractions in the material bonds t* , acting on the
undamaged part of the infinitesimal area dA, equal the homogenized stresses in the
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surrounding continuum, projected on the plane and acting on the same area (Figure 1c),
or

ondA=t" (1-w)dA for 0<w<1 2)

Before any damage occurs, the effective tractions equal the continuum stresses (Eq. 2
with @ =0). As damage grows, the active area decreases and higher effective tractions
are needed to maintain equilibrium with the continuum stresses. The redistribution of the
tractions causes additional deformations in the undamaged material bonds. Therefore, the
effective traction can be additively decomposed into two terms, namely, (i) the initial
traction prior to damage growth and (ii) the traction related to the damage-induced
elongation of the material bond:

t7 =on+y'QL[] 3)
where Q =nDn is the acoustic tensor, with D a 4™ order constitutive tensor describing
the constitutive behavior of the bulk material, [ fa[| is a displacement jump corresponding

to the elongation of the material bond, y is one unit length and follows from dimensional
analysis. The acoustic tensor represents the projection of the bulk behavior onto the
discontinuity plane. If the discontinuity plane corresponds to a material interface, we can
either use the acoustic tensor of the bond material (i.e. the glue) or - in absence of a
bonding material - the acoustic tensor of the coupled system:

_ i\
Q-2(Q'+Q}) @
where Q, and Q, represent the acoustic tensors of both materials. The latter choice

implies a perfect bond between both. In case of two equal materials Q =Q, =Q, .
Combining equations (1-3) finally yields the constitutive equation for the cohesive zone:

t=(1-o)[ on+y Q]| (5)
Equation (5) represents the gradual degradation from a continuum to a discrete state.
Figure 2 illustrates this equation in a graphical way for a one dimensional case with a
specific choice of the model parameters. Upon initiation of the crack, the crack width and
the damage variable equal zero and equation (1) is recovered: the material behaves as if
no discontinuity were present. As damage grows, the relative contribution of the discrete
component of the total traction gains importance over the continuum component (Figure
2b, dashed line). At rupture, the damage variable becomes one and the traction forces
become zero. This corresponds to a traction-free discontinuity.

If the loading were reversed before rupture occurred, the damage would cease to grow,
but equation (5) can still be used without modification to obtain the total traction vector.
As the stress decreases, both crack width and total traction will decrease, and finally
become zero.

3.1.2 Damage evolution

The proposed discrete constitutive equation needs to be supplemented with a proper
damage criterion and a suitable damage evolution law.

Criteria for damage growth are either stress-based or strain-based. In a discrete setting,
the corresponding criteria are traction-based or displacement jump-based. Considering
that (i) the discrete law (Eq. 5) depends on the equilibrium between the effective tractions
in the undamaged material bonds and the homogenized stresses in the surrounding
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continuum matrix, and that (ii) the corresponding strain field is unbounded if localization
occurs in a band of zero width, it is clear that a traction-based damage criterion is
preferred in this formulation. In this study, a rankine-type damage criterion is adopted:

f(t7 @) =17~k <0 (6)
in which 74 (t"’ﬁ ) is an equivalent traction, expressed as a function of the effective

tractions, and K(a)) is the residual strength of the damaged material. For mode I
dominated failure, the following expression for the equivalent traction is found suitable:

e g g (7)
A simple, yet flexible, expression for x is given by
K_(a)):f;()_'_(f‘ll_f;())a)n (8)

with £’ >0 the tensile strength of the virgin bulk material, f' >0 the residual tensile

strength of the damaged bulk material, and n >0 a hardening/softening exponent.
The damage evolution law is defined by the Kuhn-Tucker conditions:

0>0, f<0, of =0 9)
supplemented with the consistency condition:
of =0 (10)

The damage evolution law is not explicitly given in terms of e.g. the equivalent traction.
The updated values of the damage and the corresponding traction vector and crack width
are obtained via return mapping, similar to plasticity. This algorithm will be discussed in
more detail in section 4.7.

3.1.3 Determination of the mode | fracture energy
The fracture energy is defined as:

G, =[ "t-dlil (1D)
Upon crack propagation, the traction can be expressed as:
m
t=(1-0)t¥ =(1-0)x—— 12
(1=o)t” =(1-0)x - 12)

where m is a unit vector pointing in the direction of the displacement jump. The form of
equation (12) is closely related to the expression for the equivalent effective traction (Eq.
7) and accordingly does not hold for pure mode II loading (m-n=0).

The displacement jump can be expressed as:

[il= oxyQ™ ﬁ (13)

Equation (13) is derived from (5), after eliminating on by means of (1) and t by means
of (12). Substituting equations (12) and (13) in (11) and taking into account that for pure

mode I loading m =n, we obtain the mode I fracture energy G‘; :

G; = Il(l—w)m-(wg—K+Kj7andw
r= ) o
(14)
:(n.Q-ln)y.[;(l—a))(a)g—’(+lcjlcda)

@
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If x is defined according to equation (8) the expression becomes:
(an(ﬁo)z Lol f +(n+1)(f,1)2)
4 2(n+1)(2n+1)

In the special case that f'=f"=f, this expression reduces to

G, :(n-Q'ln) (15)

G, = (n-Q*In) 7% = %(Dﬁmﬂ-n) f,, which corresponds to the classical case of linear

softening in e.g. interface elements. [Jii_ [] is obtained from equation (13) with w=1.

Note that no softening parameter () is required in case f' = £’ = f,.

3.1.4  Crack initiation and propagation

Finally, we need to define when a discontinuity should initiate or propagate. We have
already shown that upon crack initiation, the discrete constitutive equation (Eq. 5)
reduces to traction equilibrium on the potential crack plane (Eq. 1). In the same line of
reasoning, the discrete damage criterion (Eq. 6) corresponds to the following initiation
criterion:

f=0-x"<0 (16)
with o, the i" principal stress and x°=x(@=0). If equation (16) is violated at a

material point, a new crack segment is introduced with the normal pointing in the
(critical) principal stress direction.

It is recommended to determine the direction of the discontinuity based on the non-local
stress tensor 6, calculated as a weighted average of stresses using a Gaussian weighting
function w (see [7]):

1 r’
6="2 with w=——7—exp| = (17)
[ wde (2z)" P ( 2lzj

where r is the distance to the crack tip and / the influence length, taken approximately
equal to three times the element size (see [17]).

3.2 Continuum constitutive model

The framework has been formulated irrespective of the constitutive model used for the
continuum. To avoid confusion between softening behavior caused by either the
continuum or the discrete constitutive model, we use a linear elastic bulk model
according to:

¢ =Dg (18)
with D=A1®1+2ul the elasticity tensor, 1 and I the second and fourth order unit
tensors, and A and u the lamé constants. € is the second order strain tensor. The

softening response is thus due to the discrete constitutive model.
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4 Implementation in a strong discontinuity framework

4.1 Kinematics

Figure 3a illustrates a body € crossed by a displacement discontinuity I',. Using the
PU-concept (see [5]), the total displacement field is given by:

u=a+H,u (19)
where @ and @ are smooth, continuous functions on Q and Hrd is the Heaviside step
function corresponding to and centered at the discontinuity I', (Figure 3b). The
Heaviside function is equal to one for all points x € Q" and zero for all other points
xeQ) .

The total strain field £ (Figure 3c) can be found by taking the symmetric gradient of the
displacement field:

£’ =Vu=V'ia+H. V'i+s. (i®n) (20)
where n is the normal to the discontinuity and o, is the Dirac delta distribution,

centered at the discontinuity. The Dirac delta distribution is the derivative of the
Heaviside step function and is nonzero only for the points on the discontinuity.

4.2 Strong form

The equilibrium equation in absence of body forces reads:

V-6=01in Q (21)
The natural boundary conditions are given by:

on=t onT, (22a)
on=—-t, on I (22b)
on=t, on I, (22¢)

where ¢ is the second order stress tensor, n is the outward normal to the body, n is the
outward normal to €~ on I',. The minus sign indicates that the direction of the tractions
t, is opposite to the direction of n. Tensile tractions are taken positive.

The essential boundary conditions are:
u=uonl, (23)

4.3 Weak form

Weak equilibrium statement is written as:

[ w(V-6)dQ=0 (24)
Which must hold for all admissible variations of displacement w . Following a Galerkin
approach (i.e. taking the space of admissible variations the same as the actual

displacements) leads, after standard manipulations, to the following set of variational
statements:

V'w:edQ=| W-t,dT+| w-t:dl+| w-tdl' (25a)
J‘Q J-rd d J-rj, d -[1“,
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[ H. VWi edQ= jr; H; W-t,dl + L;, H{ Ww-tidD+ -[1", H W-tdl (25b)

4.4 Discretized form

Nodes whose support is crossed by a discontinuity are assigned a regular and an
enhanced set of degrees of freedom, denoted with a and b, respectively. The discretized
format of equation (19) then reads:

u=Na+H, Nb (26)

Where N is the array containing the finite element shape functions. The strain field can
be discretized in a similar fashion using the interpolation matrix B . For elements with
only regular degrees of freedom a, the problem fields are discretized in the standard

way.

The discretized format of the weak governing equations reads:

j B'6dQ) = J’ Nl (27a)
Q r,

[ H:B'odQ= jﬂ H; N't,dl + jr, H N'tdr (27b)

where we used the relations t;, =—t, and H; =0.

4.5 Discretization of the constitutive relations

The stress in the bulk material (see Eq. 18) is expressed in terms of the nodal
displacements as:

¢ =Dz=D(Ba+H, Bb) (28)

If the shape functions were able to exactly represent the displacement field, the true stress
tensor could be computed by means of equation (28). In practice, the interpolation
functions are a limited subset of the entire solution space, and equation (28) provides
only an approximate value for the local stress tensor at a point. However, the proposed
discrete model, as described in Section 3.1, relies on the knowledge of the true local
stress tensor to ensure a gradual transition from a continuum to a discrete state. Simply
inserting the discretized expressions for displacement and stress in equation (5) could
lead to inaccurate results, especially in the study of dynamic problems or in case a non-
linear constitutive model for the bulk material is used. By casting the discrete traction law
in a different format prior to discretization, the successful use of the method is no longer
restricted to linear elastic, quasi-static simulations.

We first make a distinction between two types of transitions: namely (i) the transition to
strong discontinuity kinematics (i.e. the insertion of a discontinuity in the displacement
field) and (ii) the transition from a continuous to a discontinuous state as described by the
cohesive model. The former corresponds to the moment at which the propagation
criterium (Eq. 16) at a point is violated and a strong discontinuity is inserted with zero
damage (@ = 0); the latter relates to the process of damage evolution (0 < w <1).

4.5.1  Transition to strong discontinuity kinematics

From equation (13) it is clear that a jump in the displacement field cannot exist in
absence of damage (@ =0 ). The use of strong discontinuity kinematics (with a Heaviside
enrichment) is therefore not required. However, the displacement field does not need to

http://mc.manuscriptcentral.com/pm-pml
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be smooth, hence the strain field can exhibit a jump across the discontinuity, as long as
equilibrium is satisfied:
lo[ln=0 (29)

A discontinuity in the strain field is termed a weak discontinuity. In the corresponding
description of the displacement field, the distance function is usually used as enrichment
function. In contrast with strong discontinuity kinematics, weak discontinuity kinematics
does not give rise to integrals over the discontinuity in the weak form. Hence it is not
needed to provide an explicit expression for the cohesive traction if @ =0.

4.5.2 Transition from a continuous to a discontinuous state

Since the damage variable is nonzero during the transition, we can eliminate the
continuum stress from equation (5) by means of equation (1):

t= [“—”jQDﬁD with 0< @ <1 (30)
Y@
This expression allows computing the traction vector solely based on the displacement
jump. The dependency on the continuum stress tensor is implicitly present.

At this point, it is worthwhile to make a comparison with another cohesive law used in a
strong discontinuity context. Therefore, we substitute the damage variable by

a):(1+7/(1—a7))_1:

t=(1-)QUi with ~o<wz <1 m" 31)
Equation (31) has been obtained by Oliver [11], by performing a strong discontinuity
analysis of the isotropic damage model of Simo [15]. As compared to our formulation,
two important differences have to be noted: (i) the dimensional damage variable @
ranging from —co m” to one m™ is physically less relevant than the dimensionless
variable @ ranging from zero to one, and (ii) the singularity at @ =0 (in Eq. 30) arises
from an attempt to avoid errors introduced by the discretization, whereas the singularity

at @ =—o0 m’ (in [11]) results from the presence of a Dirac delta distribution in the
strain field for strong discontinuity kinematics.

4.6 Linearized and discretized form
After linearization, the system of equations becomes:

Ki Ki i+1 fi f'i
fta C'Ib 5a 1 — e.XI‘,a _ ll"ll,a (32)
Ky Ky JLob™ | (£ | [fis

With

K, =] B'DBJQ (33a)
K, =K, =[ H, B'DBIQ (33b)
K,, = [ H; B DBQ+ L; H. N'T"NdT (33c¢)
f,. = '[F, NI (33d)
f,,= Ir, H, N'tdr (33e)
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£, = | B odQ (33f)
f,, = Hr B 6dQ+ jﬁ H, N't'dT (33g)

The superscript i indicates the iteration counter in the global iterative procedure. The
matrix T follows from the linearization of the discrete model and is given by:

off
Tz[l—ij—Lﬂ where 0 < w <1 (34)
ye LS
ow
in the case of loading. For unloading and reloading, the discrete tangent becomes
T:(l—w]Q where 0< w<1 (35)
Y@

Although the above derivation is theoretically sound, the use of equations (34) or (35)
will have a negative impact on the condition number of the stiffness matrix for very small
values of the damage variable. A pragmatic approach is followed. Equations (34) and
(35) are used if the damage variable exceeds a predefined threshold @, , where @,_, is a

real positive number close to zero. Below @

> 1t 1S more accurate to use the original
expression for the discrete law (Eq. 5) where the local stress tensor is approximated as:

G = %(G* +6+) (36)

In equation (36) 6~ and ¢ are the stress tensors, evaluated at the negative and positive
side of the discontinuity. The tangent for 0<w<w®,, follows directly from the
linearisation of equation (5), and contains contributions to K, and K,,. Since the

approximated expressions can be used for w =0, there is no need to employ weak
discontinuity kinematics. The validity of this approximation is verified in Section 5.3.

4.7 Return mapping
First, the system of equations (Eq. 32) is solved using the previous converged value of
the damage variable (trial state). Next, the effective traction is computed for each point
on the discontinuity and the admissibility of the stress state is verified. If the damage
criterion is satisfied, i.e. f <0, the stress state is admissible and the trial state is the real
state. However, if the damage criterion is violated ( f > 0), the damage variable needs to
be updated.
The new damage variable can be found as the root of the damage criterion (Eq. 6).
Generally, k¥ can be a non-linear function of @, and an explicitly solving for @ is not
possible. Therefore a local iterative scheme should be applied (e.g. Newton-Raphson
scheme):

Sf

M pdy
fo=r o

Where the superscript j denotes the counter in the local iterative procedure. Omitting the
terms of second order and higher and elaborating the derivative yields:

f‘i+1:fj+(5teﬁ‘,eq _51( ](a)j+1_a)j) (38)

ow wi%

(aﬂ'“ —aof)+R2 (37)

@’

@’
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o) . . . .
The term 5—K represents the change in residual strength of the material bonds during
1)

eff .eq

damage evolution, and can be obtained by derivation of equation (8). The term
10,

describes the variation of the effective stresses upon increasing damage. In the proposed

discrete model, the evolution of damage is not explicitly given in terms of the equivalent
traction. An expression for t*“/ can be obtained under the assumption that the total
strain a’r”: at the discontinuity remains constant during a global iteration.

In analogy with the additive decomposition of the effective traction vector (see Eq. 3), the

tot

strain field at the discontinuity g is assumed to consist of two terms, namely, (i) an
initial strain prior to the development of a strong discontinuity (i.e. with [Ja[|=0) and (ii)
a strain-like term related to the displacement jump at the discontinuity:

g =g+ (Lo ®n) (39)
Comparison with equation (20) points out that e=Va+H r, Va is the ‘continuum’

strain field and &£ (DﬁD@ n)s with £ =5rd is the ‘discrete’ contribution. The latter is

theoretically unbound due to the presence of the Dirac delta function. In the spirit of
strong discontinuity analysis, we consider a discontinuity band of bandwidth /%, instead
of a discontinuity plane with zero thickness. { can than be defined as:

0 oxeg|-L1htih

S P @
h =< X e [—7 ’Eh]

In the limit of 7 —0 we have ¢ =6, . Pre- and post-multiplying equation (39) with the

stiffness D and the normal to the discontinuity n, respectively, leads to:

De’n =on+¢QLil] (41)

where we made use of the constitutive equation (Eq. 18) and the definition of the acoustic
tensor. Rearranging yields:

De;'n=(1-¢y)on+ Sy (on+y QL) (42)
Note that the product {y is dimensionless. Making use of equations (1), (3) and (5) we
obtain:

De’n = (1-w+yw)t? (43)

tot

Under the assumption that & is kept constant during return mapping, the partial

derivative of the effective traction vector with respect to damage can thus be expressed
as:

eff
ot :( 1_47 jteﬁ (44)
ow -0+ yo
Inserting equations (8) and (44) in (38) yields:

g 4 off eq.] F_ e i N (it i
e S e I
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In the limit of 4 — 0 we have ¢ = 5& and (45) becomes
i+l _ 1 eff .eq.j 1 0 i\t j+1 j
& —f’—(;t in(f - £0) o) |(o™ -o’) (46)

We find the updated damage variable as the root of equation (46), after setting f’*' =0.

However, since this expression is singular for @ =0, we prefer using equation (45) with
a value of ¢ [J 1. This choice influences the rate of convergence of the local iterative

procedure, not the global equilibrium state. ¢ only appears in the return mapping
scheme, not in the tangent. Therefore, selecting a high value for { does not render the
system ill-conditioned. The updated damage variable obeys the Kuhn-Tucker conditions
since f/*'=0 and Aw >0 if £ >1.

5 Numerical examples

In this section three different numerical examples are presented. First, a uniaxial tension
test on a 3 by 3 element mesh is studied. A full parametric study of the model is
performed and the simplicity of the example allows observing the influence of the
individual parameters. Next, aspects of mesh objectivity are analyzed by means of a four
point bending test. Finally, the applicability of the model in a multi-material setting is
illustrated by means of a mode I double cantilever beam test.

5.1 Uniaxial tension

A 2D uniaxial tensile test is performed on a square sample with an edge length of 0.03 m
(Figure 4). The sample is discretized with 9 square bilinear elements. Nodes on the left
boundary are clamped in x-direction. Nodes at the right boundary are forced to move in
x-direction at a fixed rate. Two additional constraints in y-direction prevent rigid body
motions. A strong discontinuity with normal pointing in the positive x-direction is
inserted in the 3 middle elements. The discontinuity is damage-free at the beginning of
the computations. Plane stress conditions are assumed. The Poisson ratio is taken equal to
zero to simplify interpretation of the results. The influence of changing the Young’s
modulus, tensile strength, residual tensile strength and hardening exponent are studied.

Table 1 gives an overview of the investigated parameters. Please note that G; is not an
explicit model parameter, but is being calculated from equation (15).

Figure 5a shows the influence of variations in stiffness. It is observed that the stiffer the
material is, the more brittle it behaves. A higher tensile strength influences the peak load,
but does not affect the slope of the loading and softening branch (Figure 5b). If tensile
strength and residual tensile strength are given distinct values, both slope and shape of

the softening branch are altered (Figure 5c). Choosing f' > £ leads to a more ductile
response, whereas the opposite choice, f,1 < f,O , results in more brittle failure or even
snap-back if f;' <(n/(n+1))f. Snap-back could not be illustrated in Figure 5S¢ since the

test is performed under displacement control. Figure 5d illustrates the effect of the
softening parameter. If n >1, the slope of the softening branch becomes more convex. A

more concave shape is found for O<n<1. Essential parameters E and f°’ can be
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identified experimentally from a uni-axial tensile test. Secondary parameters f' and n

require inverse analysis. Adopting different expressions for x (instead of Eq. 8) and o
(instead of Eq. 18) allows describing the behavior of a wide range of materials.

5.2 Four-point bending

A four-point bending test on a notched beam is used to prove mesh objectivity of the
response. The beam has a length of 0.24 m and cross-sectional dimensions 0.048 m x
0.024 m (height x depth). The notch has a width of 0.004 m, a depth of 0.008 m and a
circular tip. The distance between the two supports is 0.2 m and between the loading
points 0.1 m. A Young’s modulus of 10 GPa, a Poisson’s ratio of 0.2, a tensile strength of
3 MPa, a residual tensile strength of 2 MPa and a softening exponent of 0.6 were
selected. These values are representative for meule sandstone. The simulations were
performed in 2D under plane stress assumptions. Meshes were constructed for two
element types (bilinear quadrilateral and linear triangle) and for three levels of mesh
refinement (572, 1596 and 5604 dofs, respectively). The six meshes are depicted in
Figure 6. A new crack segment is introduced at the end of a load step, if the failure
criterium is violated at the crack tip. In this way, crack path continuity is easily enforced.
Afterwards global equilibrium is reevaluated. The procedure is repeated until the
initiation criterion is no longer met. New crack segments cross the entire element at once.
Displacement control was applied.

The results of the mesh sensitivity analysis are presented in Figure 7 as ‘force’ versus
‘opening at the notch’ diagrams. Comparing the three structured meshes based on
quadrilateral elements (Figure 7a) it is seen that the meshes with 1596 and 5604 dofs
yield almost the same response. The mesh with 572 dofs is too coarse to capture the
actual behavior.

For the meshes based on triangular elements, load drops are observed in the softening
branch each time a new crack segment is introduced (Figure 7b). The presence of load
drops is related to the constant strain property of the T3-element. Since we use a linear
elastic constitutive relation, the stress field is constant over the element as well.
Therefore, the stress field in the cohesive zone is not decaying gradually, but in a
stepwise manner. Upon propagation, the stress field undergoes a stepwise change as well,
and a load drop is observed. Upon mesh refinement, the number of elements over the
cohesive zone increases, allowing a more accurate representation of the stress field in the
cohesive zone. As a result, the number of load drops increases, but their magnitude
decreases. The mesh with 5604 dofs yields the same response as the two finest meshes
with quadrilateral elements.

The computations were repeated with smaller load steps. At coinciding loading points an
identical response was obtained. For this example the size of the load step did not
influence the robustness of the algorithm. If a nonlinear model is chosen to represent the
bulk behaviour, it can be expected that there exists an upper bound to the load step.

5.3 Double cantilever beam

As a final example, a comparison between the proposed cohesive zone model and
classical interface elements is presented by means of a mode I double cantilever beam
test (DCB). A composite beam of 0.0025 m length and 0.0005 m height is subjected to a
splitting loading (See Figure 8). The beam consists of two layers with equal height: a
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softer upper layer on a stiffer base layer. Both layers have a Poisson’s ratio of 0.3 and a
tensile strength of 1 MPa. The stiffness of the base layer is 10 GPa. The stiffness of the
upper layer is taken 5, 10, 20 and 50 times lower. The material interface is modeled in
two different ways. First using the proposed cohesive zone model (E =10GPa; v =0;

f?=1MPa; f'=1MPa; n=1). This choice of parameters yields a linear softening

behavior with a fracture energy of 50 N/m. Alternatively, interface elements employing a
linear softening law are used. Although the use of a dummy stiffness can be avoided by
e.g. initially constraining the interfaces (see [3]), we make use of classical interface
elements with a dummy stiffness of 1.0E6 GPa. The tensile strength and fracture energy
are taken 1 MPa and 50 N/m, respectively. The beam consists of 125 bilinear elements
for the X-FEM simulation and 150 bilinear elements for the simulation with interface
elements. Both meshes have 300 dofs. Plane stress conditions are assumed.

In Figure 9, the applied load F is plotted against the vertical displacement of the loading
point. Dashed lines represent the solution with interface elements, solid lines are used for
the X-FEM results. As expected, it is observed that the overall response is not depending
on the modeling technique for the material interface. A small difference in slope of the
softening branch is found with increasing difference in stiffness between the two layers.
This is related to the way the equivalent traction is defined in the discrete model, namely
as the normal component of the effective traction vector. In the interface element,
damage evolution is governed by the norm of the displacement jump vector (normal and
tangential). In the presence of shear (or a tangential jump) along the interface, damage
will grow faster in the interface formulation. The importance of the shear contribution
increases with increasing difference in stiffness between both layers. The good agreement
between the response of the proposed cohesive zone model and of classical interface
elements indicates that the introduction of the approximation for the local stress tensor at
zero damage (Eq. 36) is justified.

6 Conclusions

A general strategy to model the mechanical behavior of quasi-brittle materials is
proposed. The proposed discrete constitutive equation allows for a smooth transition
between the continuum state and the discrete state and ensures equilibrium between the
effective tractions in the undamaged material bonds and the stresses in the continuum at
every stage of the failure process. The discrete equation can be used in combination with
any continuum constitutive model, yielding a continuous-discontinuous material model
that can describe the entire failure process. Using a linear elastic continuum model it was
shown that, a mesh objective response is obtained. Besides the study of fracture processes
in bulk material, the discrete model can also be applied to examine delamination or
interface failure. In contrast with classical interface elements, no dummy stiffness is
required.

The predictive capabilities of the model crucially depend on the characteristics of the
continuum model and the appropriate choice of the damage criterion. It was shown that
for mode I, realistic results and trends can already be obtained based on a simple
mechanical model (linear elasticity) and failure criterion (Rankine). Extension to other
models and failure criteria can be done in an analogue way.
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1

2

3

4

5 E ' f! n Gy

° [GPa] [MPal [MPal [-] [N/m]
8 (a) 2.0 3.0 3.0 1.0 2250.0
9 5.0 3.0 3.0 1.0 900.0
10 10.0 3.0 3.0 1.0 450.0
i 20.0 3.0 3.0 1.0 225.0
13 50.0 3.0 3.0 1.0 90.0
14 (b) 10.0 2.0 2.0 1.0 200.0
15 10.0 2.5 2.5 1.0 312.5
1? 10.0 3.0 3.0 1.0 450.0
18 10.0 3.5 3.5 1.0 612.5
19 10.0 4.0 4.0 1.0 800.0
20 (c) 10.0 3.0 1.5 1.0 262.5
21 10.0 3.0 3.0 1.0 450.0
2 10.0 3.0 4.5 1.0 712.5
o4 10.0 3.0 6.0 1.0 1050.0
25 10.0 3.0 7.5 1.0 1462.5
26 (d) 10.0 3.0 4.5 0.2 905.4
27 10.0 3.0 4.5 0.5 806.3
o 10.0 3.0 4.5 1.0 712.5
30 10.0 3.0 4.5 2.0 622.5
31 10.0 3.0 4.5 5.0 535.2
32

22 Table 1: Investigated parameter combinations and resulting fracture energy
35 (according to Eq. 15) for the uniaxial tensile test. Tests are subdivided in
36 four groups (a-d). Corresponding results are shown in Figure 5a-d.
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FIGURE CAPTIONS

Figure 1:

Figure 2:

Figure 3:

Figure 4:
Figure 5:

Figure 6:
Figure 7:

Figure 8:
Figure 9:

Schematic representation of (a) an infinitesimal part of a plane with
normal n in a structure or structural component, (b) the cohesive zone
with approximately 60% in-plane micro-damage and (c) the relation
between damage, effective tractions and continuum stresses.

Schematic representation of (a) the components of the traction vector as a
function of damage and (b) displacement jump. Tractions are indicated
with a solid line, effective tractions with a dotted line and the continuum
part of the traction with a dashed line.

(a) Body Q crossed by a displacement discontinuity. (b) Schematic
representation of the displacement field and (c) the corresponding strain
field of a crossed 1D element.

Uniaxial tensile test: geometry, mesh and boundary conditions.

Uniaxial tensile test: sensitivity analysis of (a) Youngs modulus, (b)
tensile strength, (c) residual tensile strength and (d) hardening exponent.
All parameter combinations are listed in Error! Reference source not
found..

4pt-bending test: geometry, meshes and boundary conditions.
4pt-bending test: load-displacement curves obtained with meshes based
on (a) Q4 and (b) T3 elements.

Double cantilever beam: geometry, mesh and boundary conditions.
Double cantilever beam: load-displacement curves for various material
combinations as obtained with the cohesive zone model (solid line) and
interface elements (dashed line).
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1 Abstract

A macroscopic framework for the simulation of failure processes in quasi-brittle
materials is proposed. The framework employs the partition of unity (PU) concept and
introduces a new cohesive zone model, capturing the transition between the initial
continuum state and the final discrete state. The model is generic in a sense that it allows
extending most continuum models to a discontinuous framework in an efficient and
robust way, hereby adding the effect of macro-crack formation by the growth and
coalescence of micro-defects. Both material failure and interface failure can be studied
with this formulation.

Keywords: fracture, cohesive zone model, X-FEM, continuous-discontinuous framework.

2 Introduction

In the past decades, significant progress has been made in computational modeling of
damage and fracture processes in quasi-brittle materials such as concrete and masonry.
Most of the available models are continuum models which require very fine finite
element meshes in the vicinity of a crack or localization zone. Discrete models are
consistent with the physical observation of a discrete crack as a displacement jump across
a discontinuity surface. The extended finite element approach belongs to this class of
models (see, for example, [2,4,10,17]). In this formulation, cracks are not restricted to the
finite element boundaries; instead, they can freely run through the finite element mesh.
As a result, coarser meshes can be used, rendering these models suitable for larger scale
computations. However, an embedded discontinuity in a coarse mesh cannot accurately
represent the energy consumed by micro-crack branching prior to the formation of the
macro-crack. A better characterization of the whole failure process can be achieved by
combining continuous and discontinuous theories into a global macroscopic framework.

This idea has been successfully pursued by many authors (see, for example,
[8,12,14,16]), nevertheless some issues remain. It is for example not clear when a discrete

http://mc.manuscriptcentral.com/pm-pml
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crack should be introduced. Some authors introduce a traction-free discontinuity at the
final stages of failure. In this case the continuum model governs the softening behavior
(see, for example, [16]). Other authors make use of the cohesive zone assumption (see
[1,6]). Here a traction-separation model governs the non-linear behavior in the fracture
process zone and the continuum can remain elastic at all times (see, for example, [17]).
Both approaches have in common that a single moment exists at which the continuum
model is replaced by a discrete model. The distinct feature of the model proposed in the
present paper is that this transition takes place gradually. A damage-type cohesive law
allows using the constitutive model for the continuum in the undamaged material bonds
at the process zone, whereas the damaged part of the crack is traction-free. As damage
grows, material bonds are broken and a macro-crack is formed. This conceptually
different cohesive zone model is formulated irrespective of the underlying model for the
undamaged material. The gradual transition ensures that the stress at a point varies in a
continuous manner during the entire solution trajectory. This concept is known as ‘time
continuity’, and was introduced by Papoulia et al. [13] as a prerequisite for robustness of
a continuous-discontinuous framework.

The paper starts by introducing the discrete constitutive equations (Section 3.1) and the
continuum material model (Section 3.2). The implementation in a strong discontinuity
framework is discussed in section 4. In section 5 several aspects of the model are
highlighted by means of numerical examples.

3 Constitutive equations
3.1 Discrete constitutive model

3.1.1 Damage-based discrete constitutive equation

Consider an infinitesimal part of a plane dA with unit normal n in a structure or
structural component (Figure 1a). The tractions t acting on this plane are obtained as
t=on (1)
where ¢ is the second order continuum stress tensor. Tensile tractions have a positive
sign. Suppose that micro-cracks and -voids start to grow on this infinitesimal plane
(Figure 1b). In that case, we can quantify the ratio between the damaged area and the
total area with a scalar damage variable @, ranging from zero to one. Zero damage
corresponds to the undamaged bulk material, whereas @ equals one upon complete
separation along the crack plane. The bulk material will, in general, include pores,
deficiencies and irregularities. All these ‘imperfections’ are randomly distributed in the
material. As a result, they are not considered as ‘damage’ but rather as a characteristic of
the continuum.

Tractions can only be transferred in the material through the undamaged material bonds.
We assumed that the micro-voids and -cracks influence the stress field in the surrounding
continuum material only locally. If the micro-voids and -cracks grow and coalesce into
macro-cracks, the surrounding material will relax and all stresses will vanish. Hence, it is
reasonable to assume that the effective tractions in the material bonds t" | acting on the
undamaged part of the infinitesimal area dA, equal the homogenized stresses in the
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surrounding continuum, projected on the plane and acting on the same area (Figure 1c),
or

ondA=t" (1-w)dA for 0<w<1 (2)

Before any damage occurs, the effective tractions equal the continuum stresses (Eq. 2
with @=0). As damage grows, the active area decreases and higher effective tractions
are needed to maintain equilibrium with the continuum stresses. The redistribution of the
tractions causes additional deformations in the undamaged material bonds. Therefore, the
effective traction can be additively decomposed into two terms, namely, (i) the initial
traction prior to damage growth and (ii) the traction related to the damage-induced
elongation of the material bond:

t™ = on + y‘lQ[[ﬁ]] 3)
where Q =nDn is the acoustic tensor, with D a 4™ order constitutive tensor describing
the constitutive behavior of the bulk material, [[ﬁ]] is a displacement jump corresponding

to the elongation of the material bond, ¥ is one unit length and follows from dimensional

analysis. The acoustic tensor represents the projection of the bulk behavior onto the
discontinuity plane. If the discontinuity plane corresponds to a material interface, we can
either use the acoustic tensor of the bond material (i.e. the glue) or - in absence of a
bonding material - the acoustic tensor of the coupled system:

4 1\
Q=2(Q'+Q;") 4
where Q, and Q, represent the acoustic tensors of both materials. The latter choice

implies a perfect bond between both. In case of two equal materials Q=Q, =Q, .
Combining equations (1-3) finally yields the constitutive equation for the cohesive zone:

t= (l—a))[anr;le[[ﬁ]H (5)
Equation (5) represents the gradual degradation from a continuum to a discrete state.
Figure 2 illustrates this equation in a graphical way for a one dimensional case with a
specific choice of the model parameters. Upon initiation of the crack, the crack width and
the damage variable equal zero and equation (1) is recovered: the material behaves as if
no discontinuity were present. As damage grows, the relative contribution of the discrete
component of the total traction gains importance over the continuum component (Figure
2b, dashed line). At rupture, the damage variable becomes one and the traction forces
become zero. This corresponds to a traction-free discontinuity.

If the loading were reversed before rupture occurred, the damage would cease to grow,
but equation (5) can still be used without modification to obtain the total traction vector.
As the stress decreases, both crack width and total traction will decrease, and finally
become zero.

3.1.2 Damage evolution

The proposed discrete constitutive equation needs to be supplemented with a proper
damage criterion and a suitable damage evolution law.

Criteria for damage growth are either stress-based or strain-based. In a discrete setting,
the corresponding criteria are traction-based or displacement jump-based. Considering
that (i) the discrete law (Eq. 5) depends on the equilibrium between the effective tractions
in the undamaged material bonds and the homogenized stresses in the surrounding

http://mc.manuscriptcentral.com/pm-pml



©CoO~NOUTA,WNPE

Philosophical Magazine & Philosophical Magazine Letters

continuum matrix, and that (ii) the corresponding strain field is unbounded if localization
occurs in a band of zero width, it is clear that a traction-based damage criterion is
preferred in this formulation. In this study, a rankine-type damage criterion is adopted:

f(t",0)=t""—x<0 (6)
in which t*" (teﬁ) is an equivalent traction, expressed as a function of the effective

tractions, and K(a)) is the residual strength of the damaged material. For mode I

dominated failure, the following expression for the equivalent traction is found suitable:

teff g _ teff ‘n (7)
A simple, yet flexible, expression for x is given by
x(w)= ft°+(ft1— fto)a)" (8)

with f” >0 the tensile strength of the virgin bulk material, f.'>0 the residual tensile

strength of the damaged bulk material, and n> 0 a hardening/softening exponent.
The damage evolution law is defined by the Kuhn-Tucker conditions:

@>0, f<0, of =0 )
supplemented with the consistency condition:
af =0 (10)

The damage evolution law is not explicitly given in terms of e.g. the equivalent traction.
The updated values of the damage and the corresponding traction vector and crack width
are obtained via return mapping, similar to plasticity. This algorithm will be discussed in
more detail in section 4.7.

3.1.3 Determination of the mode | fracture energy
The fracture energy is defined as:

G, =|, t-d[d] (11)
Upon crack propagation, the traction can be expressed as:
m
t=(1-0)t" =(1-0)x— 12
(1-o)t™ =(1-o)x —— (12)

where m is a unit vector pointing in the direction of the displacement jump. The form of

equation (12) is closely related to the expression for the equivalent effective traction (Eq.

7) and accordingly does not hold for pure mode II loading (m-n=0).

The displacement jump can be expressed as:

[§]= o Q ' —— (13)
m-n

Equation (13) is derived from (5), after eliminating en by means of (1) and t by means

of (12). Substituting equations (12) and (13) in (11) and taking into account that for pure

mode I loading m =n, we obtain the mode I fracture energy G; :

G; :I;(l—w)xn-(wg—K+Kj7andw
w

(14)
:(11'Q_ln)yﬁ(l—a))(a)g_lfﬂfj"da’

[0
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If x is defined according to equation (8) the expression becomes:
(2n2 (1) +20f 5, +(n+1)( ftl)z)
2(n+1)(2n+1)

In the special case that f'=f'=f

G, :(n-Q‘ln)}/ (15)

.» this expression reduces to

Gi = (n~Q"ln)y% f* = %([[ﬁmax]]n) f,, which corresponds to the classical case of linear

softening in e.g. interface elements. [, | is obtained from equation (13) with @w=1.

Note that no softening parameter (n) is required in case f'=f’=f,.

3.1.4 Crack initiation and propagation

Finally, we need to define when a discontinuity should initiate or propagate. We have
already shown that upon crack initiation, the discrete constitutive equation (Eq. 5)
reduces to traction equilibrium on the potential crack plane (Eq. 1). In the same line of
reasoning, the discrete damage criterion (Eq. 6) corresponds to the following initiation
criterion:

f=0-x"<0 (16)
with o; the i"™ principal stress and x° :K(a):O). If equation (16) is violated at a

material point, a new crack segment is introduced with the normal pointing in the
(critical) principal stress direction.

It is recommended to determine the direction of the discontinuity based on the non-local
stress tensor 6, calculated as a weighted average of stresses using a Gaussian weighting
function w (see [7]):

B IQchQ 0 1 ( P2 ] .
? _[desz . (27r)3/zl3exp 217 ("

where r is the distance to the crack tip and | the influence length, taken approximately
equal to three times the element size (see [17]).

3.2 Continuum constitutive model

The framework has been formulated irrespective of the constitutive model used for the
continuum. To avoid confusion between softening behavior caused by either the
continuum or the discrete constitutive model, we use a linear elastic bulk model
according to:

6 =Dg (18)
with D=A1®1+2ul the elasticity tensor, 1 and I the second and fourth order unit
tensors, and A and u the lamé constants. € is the second order strain tensor. The

softening response is thus due to the discrete constitutive model.
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4 Implementation in a strong discontinuity framework

4.1 Kinematics

Figure 3a illustrates a body Q crossed by a displacement discontinuity I';. Using the
PU-concept (see [5]), the total displacement field is given by:

u=u+H_u (19)
where @ and u are smooth, continuous functions on Q and H_ is the Heaviside step
function corresponding to and centered at the discontinuity I'y (Figure 3b). The
Heaviside function is equal to one for all points X e Q" and zero for all other points
XeQ) .

The total strain field €
displacement field:

e =Vou=Vii+H, Vii+s, (i®n) (20)

where n is the normal to the discontinuity and &, is the Dirac delta distribution,

tot

(Figure 3c) can be found by taking the symmetric gradient of the

centered at the discontinuity. The Dirac delta distribution is the derivative of the
Heaviside step function and is nonzero only for the points on the discontinuity.

4.2 Strong form

The equilibrium equation in absence of body forces reads:

V-6=01n Q (21)
The natural boundary conditions are given by:

on=t on T, (22a)
on=—t; on Iy (22b)
on=t, on I, (22¢)

where ¢ is the second order stress tensor, n is the outward normal to the body, n is the
outward normal to Q~ on I';. The minus sign indicates that the direction of the tractions
t, is opposite to the direction of n. Tensile tractions are taken positive.

The essential boundary conditions are:
u=uonl, (23)

4.3 Weak form

Weak equilibrium statement is written as:

[ w-(V-e)dQ=0 (24)
Which must hold for all admissible variations of displacement w . Following a Galerkin
approach (i.e. taking the space of admissible variations the same as the actual

displacements) leads, after standard manipulations, to the following set of variational
statements:

Viw:odQ=[ w-tdl+[ w-tdr+[ w.tdr (252)
J, Jo, Wotadr+ [ w-gdr [
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[ H, VoW odQ= jra H;dvif-t;dl”+_|.rg H;dvv-tgdnjﬂ H,, W-tdl (25b)

4.4 Discretized form

Nodes whose support is crossed by a discontinuity are assigned a regular and an
enhanced set of degrees of freedom, denoted with a and b, respectively. The discretized
format of equation (19) then reads:

u=Na+H; Nb (26)

Where N is the array containing the finite element shape functions. The strain field can
be discretized in a similar fashion using the interpolation matrix B. For elements with
only regular degrees of freedom a, the problem fields are discretized in the standard

way.

The discretized format of the weak governing equations reads:

[ BledQ=| NI (27a)
Q r,

J.QHFdBTch:J.rE H;dNTtgdnL H, Nt (27b)

where we used the relations t; =—t; and H =0.

4.5 Discretization of the constitutive relations

The stress in the bulk material (see Eq. 18) is expressed in terms of the nodal
displacements as:

¢=Dz=D(Ba+H, Bb) (28)

If the shape functions were able to exactly represent the displacement field, the true stress
tensor could be computed by means of equation (28). In practice, the interpolation
functions are a limited subset of the entire solution space, and equation (28) provides
only an approximate value for the local stress tensor at a point. However, the proposed
discrete model, as described in Section 3.1, relies on the knowledge of the true local
stress tensor to ensure a gradual transition from a continuum to a discrete state. Simply
inserting the discretized expressions for displacement and stress in equation (5) could
lead to inaccurate results, especially in the study of dynamic problems or in case a non-
linear constitutive model for the bulk material is used. By casting the discrete traction law
in a different format prior to discretization, the successful use of the method is no longer
restricted to linear elastic, quasi-static simulations.

We first make a distinction between two types of transitions: namely (i) the transition to
strong discontinuity kinematics (i.e. the insertion of a discontinuity in the displacement
field) and (ii) the transition from a continuous to a discontinuous state as described by the
cohesive model. The former corresponds to the moment at which the propagation
criterium (Eq. 16) at a point is violated and a strong discontinuity is inserted with zero
damage (@ = 0); the latter relates to the process of damage evolution (0 < w <1).

4.5.1 Transition to strong discontinuity kinematics

From equation (13) it is clear that a jump in the displacement field cannot exist in
absence of damage (@ = 0). The use of strong discontinuity kinematics (with a Heaviside
enrichment) is therefore not required. However, the displacement field does not need to
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be smooth, hence the strain field can exhibit a jump across the discontinuity, as long as
equilibrium is satisfied:

[6]n=0 (29)

A discontinuity in the strain field is termed a weak discontinuity. In the corresponding
description of the displacement field, the distance function is usually used as enrichment
function. In contrast with strong discontinuity kinematics, weak discontinuity kinematics
does not give rise to integrals over the discontinuity in the weak form. Hence it is not
needed to provide an explicit expression for the cohesive traction if @ =0.

45.2 Transition from a continuous to a discontinuous state

Since the damage variable is nonzero during the transition, we can eliminate the
continuum stress from equation (5) by means of equation (1):

t= (I_—COJQ[[ﬁ]] with 0 < @ <1 (30)
Y@

This expression allows computing the traction vector solely based on the displacement
jump. The dependency on the continuum stress tensor is implicitly present.

At this point, it is worthwhile to make a comparison with another cohesive law used in a
strong discontinuity context. Therefore, we substitute the damage variable by

a)=(1+7(1—w))_1:

t=(1-o)Q[i] with -oc<w <1 m" (31)
Equation (31) has been obtained by Oliver [11], by performing a strong discontinuity
analysis of the isotropic damage model of Simo [15]. As compared to our formulation,
two important differences have to be noted: (i) the dimensional damage variable @
ranging from —oo m" to one m” is physically less relevant than the dimensionless
variable @ ranging from zero to one, and (ii) the singularity at @ =0 (in Eq. 30) arises
from an attempt to avoid errors introduced by the discretization, whereas the singularity

at @ =-oo m" (in [11]) results from the presence of a Dirac delta distribution in the
strain field for strong discontinuity kinematics.

4.6 Linearized and discretized form
After linearization, the system of equations becomes:

[K;a K;bﬂaa‘“} _{fe‘xt,aHfiLt,a} )
K:)a K:)b 5bi+1 felxt,b film,b

With

K, =[ B'DBAQ (33a)
K,, =K}, = [ H. B'DBAQ (33b)
K,, = [ H; B'DBdQ+ Jr; H, N'T"NdT (33¢)
f..= jrt NTtdr (33d)
£, = jrt H, Nt (33¢)
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fia = | BT0dQ (33f)
fiy = | Hy BTodQ+ L; H Nt'dT (332)

The superscript i indicates the iteration counter in the global iterative procedure. The
matrix T follows from the linearization of the discrete model and is given by:

eff
Tz[l—ij—Lﬂ where 0 < w <1 (34)
ye 1O 4 0K
ow
in the case of loading. For unloading and reloading, the discrete tangent becomes
Tz(l—ij where 0<w <1 (35)
Y@

Although the above derivation is theoretically sound, the use of equations (34) or (35)
will have a negative impact on the condition number of the stiffness matrix for very small
values of the damage variable. A pragmatic approach is followed. Equations (34) and

(35) are used if the damage variable exceeds a predefined threshold @, , where o, is a

real positive number close to zero. Below @, , it is more accurate to use the original

rit >
expression for the discrete law (Eq. 5) where the local stress tensor is approximated as:
PP — %(67 +6+) (36)

In equation (36) 6~ and ¢ are the stress tensors, evaluated at the negative and positive
side of the discontinuity. The tangent for 0<w<a,,; follows directly from the
linearisation of equation (5), and contains contributions to K,, and K, . Since the
approximated expressions can be used for @ =0, there is no need to employ weak

discontinuity kinematics. The validity of this approximation is verified in Section 5.3.

4.7 Return mapping

First, the system of equations (Eq. 32) is solved using the previous converged value of
the damage variable (trial state). Next, the effective traction is computed for each point
on the discontinuity and the admissibility of the stress state is verified. If the damage
criterion is satisfied, i.e. f <0, the stress state is admissible and the trial state is the real

state. However, if the damage criterion is violated ( f >0), the damage variable needs to

be updated.
The new damage variable can be found as the root of the damage criterion (Eq. 6).
Generally, x can be a non-linear function of @, and an explicitly solving for @ is not
possible. Therefore a local iterative scheme should be applied (e.g. Newton-Raphson
scheme):
fir=fJ +ﬂ
ow

(0 -0’ )+R (37)
Where the superscript j denotes the counter in the local iterative procedure. Omitting the
terms of second order and higher and elaborating the derivative yields:

" ) é‘teff,eq Sk ” )
f“:f’+( o s J(a)”—a)‘) (38)

!

http://mc.manuscriptcentral.com/pm-pml



©CoO~NOUTA,WNPE

Philosophical Magazine & Philosophical Magazine Letters

The term g—’( represents the change in residual strength of the material bonds during
)

eff ,eq

damage evolution, and can be obtained by derivation of equation (8). The term 5
@

describes the variation of the effective stresses upon increasing damage. In the proposed
discrete model, the evolution of damage is not explicitly given in terms of the equivalent
traction. An expression for ot™*® can be obtained under the assumption that the total
strain atro; at the discontinuity remains constant during a global iteration.

In analogy with the additive decomposition of the effective traction vector (see Eq. 3), the
strain field at the discontinuity atr"; is assumed to consist of two terms, namely, (i) an
initial strain prior to the development of a strong discontinuity (i.e. with [[ﬁ]] =0) and (i1)
a strain-like term related to the displacement jump at the discontinuity:

e =¢+¢([i]®n) (39)
Comparison with equation (20) points out that €=V a+ HrdVSﬁ is the ‘continuum’

strain field and & ([[ﬁ]]@n)S with §'=6, 1is the “discrete’ contribution. The latter is

theoretically unbound due to the presence of the Dirac delta function. In the spirit of
strong discontinuity analysis, we consider a discontinuity band of bandwidth h, instead
of a discontinuity plane with zero thickness. £ can than be defined as:

0 <xg|-ih,Llh

&=1p : ho ] (40)
< Xe [—3 57 h]

In the limit of h —» 0 we have ¢ = O, - Pre- and post-multiplying equation (39) with the

stiffness D and the normal to the discontinuity n, respectively, leads to:

Def'n =on+(Q[i] (41)

where we made use of the constitutive equation (Eq. 18) and the definition of the acoustic
tensor. Rearranging yields:

Def'n =(1-¢y)on+ Sy (en+y'Q[i]) (42)
Note that the product ¢y is dimensionless. Making use of equations (1), (3) and (5) we
obtain:

Del'n =(1- o+ {yo)t” (43)
Under the assumption that e}"d‘ is kept constant during return mapping, the partial

derivative of the effective traction vector with respect to damage can thus be expressed
as:

eff _
ow l-w+yw
Inserting equations (8) and (44) in (38) yields:

i g _[( l—é/]/ Jteﬁ,eq,j +n(ft1_ fto)(a)j)nlj(a)j+1_wj) (45)

-0+ yw
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In the limit of h— 0 we have ¢ = or, and (45) becomes

fie =t —(the“’e‘“ +n(f =) (e’ )”‘](a)i“ ~o') (46)

@

We find the updated damage variable as the root of equation (46), after setting f1*' =0.
However, since this expression is singular for @ =0, we prefer using equation (45) with
a value of ¢ > 1. This choice influences the rate of convergence of the local iterative
procedure, not the global equilibrium state. ¢ only appears in the return mapping
scheme, not in the tangent. Therefore, selecting a high value for £ does not render the
system ill-conditioned. The updated damage variable obeys the Kuhn-Tucker conditions
since f1"'=0 and Aw>0 if £ >1.

5 Numerical examples

In this section three different numerical examples are presented. First, a uniaxial tension
test on a 3 by 3 element mesh is studied. A full parametric study of the model is
performed and the simplicity of the example allows observing the influence of the
individual parameters. Next, aspects of mesh objectivity are analyzed by means of a four
point bending test. Finally, the applicability of the model in a multi-material setting is
illustrated by means of a mode I double cantilever beam test.

5.1 Uniaxial tension

A 2D uniaxial tensile test is performed on a square sample with an edge length of 0.03 m
(Figure 4). The sample is discretized with 9 square bilinear elements. Nodes on the left
boundary are clamped in x-direction. Nodes at the right boundary are forced to move in
x-direction at a fixed rate. Two additional constraints in y-direction prevent rigid body
motions. A strong discontinuity with normal pointing in the positive x-direction is
inserted in the 3 middle elements. The discontinuity is damage-free at the beginning of
the computations. Plane stress conditions are assumed. The Poisson ratio is taken equal to
zero to simplify interpretation of the results. The influence of changing the Young’s
modulus, tensile strength, residual tensile strength and hardening exponent are studied.

Table 1 gives an overview of the investigated parameters. Please note that G| is not an
explicit model parameter, but is being calculated from equation (15).

Figure 5a shows the influence of variations in stiffness. It is observed that the stiffer the
material is, the more brittle it behaves. A higher tensile strength influences the peak load,
but does not affect the slope of the loading and softening branch (Figure 5b). If tensile
strength and residual tensile strength are given distinct values, both slope and shape of

the softening branch are altered (Figure 5c). Choosing f'> f’ leads to a more ductile
response, whereas the opposite choice, f'< f.”, results in more brittle failure or even
snap-back if f' < (n/ (n+ 1)) f.”. Snap-back could not be illustrated in Figure 5c since the

test is performed under displacement control. Figure 5d illustrates the effect of the
softening parameter. If n>1, the slope of the softening branch becomes more convex. A

more concave shape is found for 0<n<1. Essential parameters E and f’ can be
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identified experimentally from a uni-axial tensile test. Secondary parameters f' and n

require inverse analysis. Adopting different expressions for x (instead of Eq. 8) and o
(instead of Eq. 18) allows describing the behavior of a wide range of materials.

5.2 Four-point bending

A four-point bending test on a notched beam is used to prove mesh objectivity of the
response. The beam has a length of 0.24 m and cross-sectional dimensions 0.048 m x
0.024 m (height x depth). The notch has a width of 0.004 m, a depth of 0.008 m and a
circular tip. The distance between the two supports is 0.2 m and between the loading
points 0.1 m. A Young’s modulus of 10 GPa, a Poisson’s ratio of 0.2, a tensile strength of
3 MPa, a residual tensile strength of 2 MPa and a softening exponent of 0.6 were
selected. These values are representative for meule sandstone. The simulations were
performed in 2D under plane stress assumptions. Meshes were constructed for two
element types (bilinear quadrilateral and linear triangle) and for three levels of mesh
refinement (572, 1596 and 5604 dofs, respectively). The six meshes are depicted in
Figure 6. A new crack segment is introduced at the end of a load step, if the failure
criterium is violated at the crack tip. In this way, crack path continuity is easily enforced.
Afterwards global equilibrium is reevaluated. The procedure is repeated until the
initiation criterion is no longer met. New crack segments cross the entire element at once.
Displacement control was applied.

The results of the mesh sensitivity analysis are presented in Figure 7 as ‘force’ versus
‘opening at the notch’ diagrams. Comparing the three structured meshes based on
quadrilateral elements (Figure 7a) it is seen that the meshes with 1596 and 5604 dofs
yield almost the same response. The mesh with 572 dofs is too coarse to capture the
actual behavior.

For the meshes based on triangular elements, load drops are observed in the softening
branch each time a new crack segment is introduced (Figure 7b). The presence of load
drops is related to the constant strain property of the T3-element. Since we use a linear
elastic constitutive relation, the stress field is constant over the element as well.
Therefore, the stress field in the cohesive zone is not decaying gradually, but in a
stepwise manner. Upon propagation, the stress field undergoes a stepwise change as well,
and a load drop is observed. Upon mesh refinement, the number of elements over the
cohesive zone increases, allowing a more accurate representation of the stress field in the
cohesive zone. As a result, the number of load drops increases, but their magnitude
decreases. The mesh with 5604 dofs yields the same response as the two finest meshes
with quadrilateral elements.

The computations were repeated with smaller load steps. At coinciding loading points an
identical response was obtained. For this example the size of the load step did not
influence the robustness of the algorithm. If a nonlinear model is chosen to represent the
bulk behaviour, it can be expected that there exists an upper bound to the load step.

5.3 Double cantilever beam

As a final example, a comparison between the proposed cohesive zone model and
classical interface elements is presented by means of a mode I double cantilever beam
test (DCB). A composite beam of 0.0025 m length and 0.0005 m height is subjected to a
splitting loading (See Figure 8). The beam consists of two layers with equal height: a

http://mc.manuscriptcentral.com/pm-pml

Page 32 of 40



Page 33 of 40

©CoO~NOUTA,WNPE

Philosophical Magazine & Philosophical Magazine Letters

softer upper layer on a stiffer base layer. Both layers have a Poisson’s ratio of 0.3 and a
tensile strength of 1 MPa. The stiffness of the base layer is 10 GPa. The stiffness of the
upper layer is taken 5, 10, 20 and 50 times lower. The material interface is modeled in
two different ways. First using the proposed cohesive zone model (E =10GPa; v=0;

f’=1MPa; f'=1MPa; n=1). This choice of parameters yields a linear softening

behavior with a fracture energy of 50 N/m. Alternatively, interface elements employing a
linear softening law are used. Although the use of a dummy stiffness can be avoided by
e.g. initially constraining the interfaces (see [3]), we make use of classical interface
elements with a dummy stiffness of 1.0E6 GPa. The tensile strength and fracture energy
are taken 1 MPa and 50 N/m, respectively. The beam consists of 125 bilinear elements
for the X-FEM simulation and 150 bilinear elements for the simulation with interface
elements. Both meshes have 300 dofs. Plane stress conditions are assumed.

In Figure 9, the applied load F is plotted against the vertical displacement of the loading
point. Dashed lines represent the solution with interface elements, solid lines are used for
the X-FEM results. As expected, it is observed that the overall response is not depending
on the modeling technique for the material interface. A small difference in slope of the
softening branch is found with increasing difference in stiffness between the two layers.
This is related to the way the equivalent traction is defined in the discrete model, namely
as the normal component of the effective traction vector. In the interface element,
damage evolution is governed by the norm of the displacement jump vector (normal and
tangential). In the presence of shear (or a tangential jump) along the interface, damage
will grow faster in the interface formulation. The importance of the shear contribution
increases with increasing difference in stiffness between both layers. The good agreement
between the response of the proposed cohesive zone model and of classical interface
elements indicates that the introduction of the approximation for the local stress tensor at
zero damage (Eq. 36) is justified.

6 Conclusions

A general strategy to model the mechanical behavior of quasi-brittle materials is
proposed. The proposed discrete constitutive equation allows for a smooth transition
between the continuum state and the discrete state and ensures equilibrium between the
effective tractions in the undamaged material bonds and the stresses in the continuum at
every stage of the failure process. The discrete equation can be used in combination with
any continuum constitutive model, yielding a continuous-discontinuous material model
that can describe the entire failure process. Using a linear elastic continuum model it was
shown that, a mesh objective response is obtained. Besides the study of fracture processes
in bulk material, the discrete model can also be applied to examine delamination or
interface failure. In contrast with classical interface elements, no dummy stiffness is
required.

The predictive capabilities of the model crucially depend on the characteristics of the
continuum model and the appropriate choice of the damage criterion. It was shown that
for mode I, realistic results and trends can already be obtained based on a simple
mechanical model (linear elasticity) and failure criterion (Rankine). Extension to other
models and failure criteria can be done in an analogue way.
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1

2

3

4

5 E f' f! n G;

° [GPa] [MPa] [MPa] [-] [N/m]
8 (a) 2.0 3.0 3.0 1.0 2250.0
9 5.0 3.0 3.0 1.0 900.0
10 10.0 3.0 3.0 1.0 450.0
i 20.0 3.0 3.0 1.0 225.0
13 50.0 3.0 3.0 1.0 90.0
14 (b) 10.0 2.0 2.0 1.0 200.0
15 10.0 2.5 2.5 1.0 312.5
1? 10.0 3.0 3.0 1.0 450.0
18 10.0 3.5 3.5 1.0 612.5
19 10.0 4.0 4.0 1.0 800.0
20 (c) 10.0 3.0 1.5 1.0 262.5
21 10.0 3.0 3.0 1.0 450.0
2 10.0 3.0 4.5 1.0 712.5
o 10.0 3.0 6.0 1.0 1050.0
25 10.0 3.0 7.5 1.0 1462.5
26 (d) 10.0 3.0 4.5 0.2 905.4
27 10.0 3.0 4.5 0.5 806.3
o 10.0 3.0 4.5 1.0 712.5
30 10.0 3.0 4.5 2.0 622.5
31 10.0 3.0 4.5 5.0 535.2
32

22 Table 1: Investigated parameter combinations and resulting fracture energy
35 (according to Eq. 15) for the uniaxial tensile test. Tests are subdivided in
36 four groups (a-d). Corresponding results are shown in Figure 5a-d.
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FIGURE CAPTIONS

Figure 1:

Figure 2:

Figure 3:

Figure 4:
Figure 5:

Figure 6:
Figure 7:

Figure 8:
Figure 9:

Schematic representation of (a) an infinitesimal part of a plane with
normal n in a structure or structural component, (b) the cohesive zone
with approximately 60% in-plane micro-damage and (c) the relation
between damage, effective tractions and continuum stresses.

Schematic representation of (a) the components of the traction vector as a
function of damage and (b) displacement jump. Tractions are indicated
with a solid line, effective tractions with a dotted line and the continuum
part of the traction with a dashed line.

(a) Body Q crossed by a displacement discontinuity. (b) Schematic
representation of the displacement field and (c) the corresponding strain
field of a crossed 1D element.

Uniaxial tensile test: geometry, mesh and boundary conditions.

Uniaxial tensile test: sensitivity analysis of (a) Youngs modulus, (b)
tensile strength, (c) residual tensile strength and (d) hardening exponent.
All parameter combinations are listed in Error! Reference source not
found..

4pt-bending test: geometry, meshes and boundary conditions.
4pt-bending test: load-displacement curves obtained with meshes based
on (a) Q4 and (b) T3 elements.

Double cantilever beam: geometry, mesh and boundary conditions.
Double cantilever beam: load-displacement curves for various material
combinations as obtained with the cohesive zone model (solid line) and
interface elements (dashed line).
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