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A combined inelastic X-rays and neutron scattering experiment is performed on the prototyp-
ical glass vitreous silica. The complementarity of the two techniques is exploited to determine
the dynamic structure factor in a wide range of energies and wave-vectors. The vibrational
modes spectral density is then used to compute the high temperature thermal conductivity.
The acoustic-like modes persisting at THz frequencies are shown to represent a relevant heat
conduction channel, although they cannot account for the entire thermal conductivity.

Keywords: boson peak, thermal transport, amorphous solids, X-ray scattering, neutron
scattering

1. Introduction

The peculiar temperature dependence of the thermal conductivity of glasses has
been the subject of many investigations both from the experimental [1–10] and the
theoretical side [11–15]. In dielectric glasses at low temperatures heat is carried
by acoustic excitations, whose mean free path can be determined by means of
spectroscopic [16–18] or acoustic [19–21] measurements. Three temperature ranges
can be identified, where different sound damping mechanisms dominate the sound
attenuation process. In the low temperature range, for T < 1 K, the thermal
conductivity is quadratic in temperature and the sound damping is governed by
tunneling two level systems [22]. For temperatures around 10 K the conductivity
presents a plateau, whose nature has been strongly debated in the literature [2, 4–6]
and is still an open issue [9, 10, 12, 15]. Then, around 30 K, the thermal conductivity
rises again above the plateau [1, 7].

Previous estimates [1, 3, 5–7, 23] of the thermal conductivity of glasses where
limited by the knowledge of the acoustic mean free path only for relatively low
frequencies, below the 10-50 GHz range explored by Brillouin light scattering [16].
More recently the determination of the acoustic mean free path of amorphous
thin films for frequencies up to 400 GHz by means of the picoseconds optical
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technique [21] was used as a base for an estimate of the thermal conductivity above
the plateau [8]. In all these works the mean free path, l(ω), in the THz range was
assumed to be either constant [1, 6] as a function of frequency or proportional to the
wavelength [5, 7, 23]. The inelastic X-rays scattering technique has allowed to detect
acoustic-like excitations showing a linear dispersion relation up to frequencies of
the order of some THz, allowing for a direct determination of the high frequency
mean free path.

We present in this paper a combined inelastic X-rays (IXS) and neutron (INS)
scattering investigation of the vibrations of the prototypical glass vitreous silica.
These two techniques allow to probe the vibrational dynamics of glasses for fre-
quencies in the THz range and exchanged wave-vectors q above 1 nm−1. The ex-
perimentally determined dynamic structure factor S(q, ω) is used to estimate the
contribution of the THz vibrations to the thermal conductivity above the plateau.
The involved temperatures are, in fact, in the range above 30K, corresponding, in
the dominant phonon approximation, to the frequency window at present accessible
to IXS and INS.

2. Experiment

The IXS experiment was carried out at the inelastic X-rays scattering beam line
ID16 at the European Synchrotron Radiation Facility in Grenoble, France. To
optimize the flux intensity on the sample we used the Si(9,9,9) reflection of the
silicon crystal monochromator, giving an energy resolution of 2.8 meV. The IXS
spectra have been collected at fixed exchanged wave-vector values between 4 and
15 nm−1 as a function of the exchanged energy. Scans at the two temperatures
T = 1570 K and T = 920 K were performed in order to span a wide temperature
range above and below the glass transition (Tg ∼ 1450 K) and to enhance the
inelastic spectral features. The Suprasil fused quartz sample of 1.4 mm thickness
and 2 mm diameter was radiatively heated by a graphite foil in a vacuum chamber.

The neutron inelastic spectra were collected at the neutrons time of flight spec-
trometers IN4 and IN6 at the Institut Laue-Langevin in Grenoble. The cold neutron
spectrometer IN6 has been used to span the wave-vector region between 8 and 25
nm−1, which partially overlaps to the one explored by IXS, with a high energy reso-
lution of around 0.15 meV but with the drawback of a limited dynamical range. The
measurements were performed with an incoming neutrons wavelength of 4.12 Å.
The IN4 thermal neutron spectrometer was employed to span the high exchanged
wave-vector region q > 15 nm−1. The chosen incoming neutron wavelength of 1.53
Å gave an energy resolution of 1.5 meV. The signal from a Suprasil v-SiO2 disk of 5
cm diameter and 4 mm width was measured at the three temperatures T=15 K, 50
K and 300 K. Further details on the experiments will be published in a forthcoming
article [24].

A selection of spectra obtained with the three spectrometers is presented in
figure 1. Here the inelastic part of the dynamic structure factor is plotted as a
function of energy at fixed q values. The elastic line, whose shape is given by the
resolution function, was subtracted from the spectra after having determined its
intensity by means of a chi-square minimization algorithm. The IXS spectra are
characterized by the presence of two inelastic peaks, confirming the observations
of a previous work [25]. The inelastic part of S(q, ω) is thus modeled to a two
components function. The model function consists of the sum of a log-normal
function to describe the lower frequency peak plus a damped harmonic oscillator
(DHO) for the higher frequency one.
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Figure 1. (Color online). Inelastic part of the IXS and INS spectra at selected exchanged wave-vectors.
The inelastic intensity is computed as Sinel(q, ω) divided by ~ω [n(ω) + 1] /(kBT ), where n(ω) is the

Bose population factor and kB the Boltzmann constant. The best fitting function is plotted as a
continuous (red) line, the two inelastic components as dashed (magenta) and dash-dotted (blue) lines.
The ordinate axis is in arbitrary units and the peak intensities within each panel are normalized to the
lower frequency peak. The spectra are displaced of a constant amount one with respect to the other.

Panel a): IXS spectra at T=1570 K; b): INS spectra measured with the IN6 spectrometer at T=300 K;
c)-d): INS spectra measured with the IN4 spectrometer at T=300 K.

The positions ~Ω of the peaks appearing in the IXS and INS current correlation
function are plotted as a function of q in figure 2. The new data sets (colored
online) are here compared to previous IXS results (triangles and circles). In the
low q range (q < 4 nm−1) a single excitation, which disperses at the macroscopic
longitudinal speed of sound, is observed by means of IXS. At higher wave-vectors
two vibrational branches appear in the spectra.

The longitudinal branch is marked by a positive dispersion, which is temperature
independent in the explored temperature range. The positive dispersion sets in at 4
nm−1 as can be seen in the inset of figure 2, where the longitudinal mode dispersion
curve measured with IXS is highlighted. The lower frequency component appearing
in the IXS spectra is, on the contrary, non dispersive and located around the
Boson Peak position. This feature is resolved with an higher contrast in the INS
spectra as shown in figure 1. The higher frequency component appears in the INS
spectra only for q > 30 nm−1, because it lies outside the experimental dynamical
range at smaller wave-vectors. In the high q range the two vibrational branches
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Figure 2. Dispersion relation for v-SiO2. Open (longitudinal branch) and full (lower frequency
component) diamonds: present work, T = 1570 K (red); open and full squares: present work, T = 920 K
(blue); open and full circles: Ruzicka et al. [25], T = 1270 K; upwards triangles: Scopigno et al., T = 1375
K [26]; downwards triangles: Benassi et al., T = 1050 K [27]. The position of the peaks in the INS spectra

is reported as full stars (green) (IN6 data) and as open and full pentagons (IN4 data). The inset
highlights the longitudinal dispersion curve in the low-q region as determined by IXS. The full line

corresponds to the linear dispersion at the macroscopic longitudinal sound velocity.

are essentially non dispersive, with only small oscillations of the higher frequency
component. The dynamic structure factor in this high q region is converging to an
effective density of vibrational states, g(ω). The two branches are in fact located at
10 and 50 meV, where peaks in g(ω) are observed in neutron experiments [28, 29]
and in ab-initio numerical simulations [30].

3. Thermal conductivity in the Kubo formulation

The thermal Kubo formula relates the thermal conductivity to the correlation
function of the heat current operator Ŝ(t). A detailed derivation of the relevant ex-
pressions can be found in a review by Allen and Feldmann [13]. Here we will simply
recall the main results that allow a computation of the thermal conductivity from
the experimental data. In the harmonic approximation the thermal conductivity
can be expressed in terms of the mode diffusivity D(ω) as:

k(T ) =
3N
V

∫ ∞

0
dωC(ω/T )g(ω)D(ω) (1)

where C(ω/T ) = kBx2ex/(ex − 1)2, with x = ~ω/(kBT ), is the specific heat of an
oscillator of energy ~ω and the vibrational density of states g(ω) is normalized to
unity. The mode diffusivity is function of the heat current operator Ŝ and of the
resolvent Ĝ(ω) = (ω2 − M̂ )−1 of the dynamical matrix M̂ [11, 14]:

D(ω) =
4

3~2πg(ω)
Tr

{
Ŝ · Im

[
Ĝ(ω)

]
· Ŝ · Im

[
Ĝ(ω)

]}
.
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Here Tr denotes the trace of the operator enclosed in brackets. In a crystal with
mass disorder Flicker and Leath [11] showed that, in the framework of the coher-
ent potential approximation, the trace can be computed in the base of the wave-
vectors. The resulting mode diffusivity can be expressed in terms of the inelastic
part Sinel(q, ω) of the dynamic structure factor as:

D(ω) =
2V ω2

3πNg(ω)

∫
dq

{
Sinel(q, ω)

S(q) [1 − f(q)]

}2

. (2)

where S(q) is the static structure factor and f(q) the non ergodicity parameter,
determined as the ratio between the elastic and the total integrated intensity. The
frequency integral of Sinel(q, ω) is S(q) [1 − f(q)], the inelastic fraction of S(q).

The expression for the thermal conductivity resulting from eq.(1) and (2) repre-
sents an extension of the phonon gas model in the Peierls-Boltzmann theory [13].
This approach allows to take into account the broadening of the peak even when
this is not negligible compared to the peak position. In the usual phonon gas ap-
proximation each mode is assigned a specific heat C(ω/T ) and a mean free path
`(ω) and the diffusivity is D(ω) = v`(ω)/3. Equation (2) can be regarded as a gen-
eralization because the inelastic part of the dynamic structure factor is integrated
in both directions in the ω-q plane. In particular the specific heat is integrated over
that group of modes that correspond to the same wave-vector, as can be seen by
changing the integration order in equations (1) and (2).

The assumption that the heat current operator is diagonal in the wave-vectors
base is a strong approximation in the case of a structurally disordered glass. As dis-
cussed by Allen and Feldman [13] in a topologically disordered system the operator
Ŝ has non negligible off-diagonal terms on the base of the eigenstates of the dynam-
ical matrix. However the information that one can extract from the experiment is
limited to the diagonal contribution of equation (2).

4. Discussion

The evaluation of the thermal conductivity requires the knowledge of the sound
attenuation of both the longitudinal and the transverse acoustic branches. The
experimental data for the transverse modes are, however, limited to the ultra-
sound [19, 22] and BLS [31] techniques. These data indicate that the internal
friction parameter, defined as Q−1 = `−1λ/2π, assumes roughly the same value
for both the transverse and the longitudinal modes if taken at the same frequency.
This result is confirmed by molecular dynamic simulations [32] also in the high
frequency region, where the attenuation is dominated by the structural disorder.
Recasted in terms of the mean free path it implies `T /`L = vT /vL, where L and
T denote the longitudinal and the transverse branch and vL and vT their sound
velocities. In the following evaluation we will thus assume this ratio to be constant
at all frequencies. It is worth noting that the prediction of the soft potential model
is in agreement with this assumption [9].

The diffusivity computed for the longitudinal mode is plotted in figure 3 as a
continuous line. In this estimate the Debye approximation is used for the density
of vibrational states and a DHO function to model Sinel(q, ω), with the parameters
determined from the measured spectra. The diffusivity for the transverse mode is
computed in the same way from eq. (2) assuming the transverse peak width at a
given frequency to coincide with the longitudinal one.

In the present evaluation of k(T ) the integral appearing in eq. (1) is computed in
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Figure 3. Left panel: wave-vector dependence of the peak position ~Ω (full squares) and peak width ~Γ
(open circles, blue) of the longitudinal component of the IXS spectra as determined from the DHO fit.

The data for q < 4 nm−1 are taken from references [26, 27] as in figure 2. The line is a phenomenological
function used to describe the q dependence of Γ. Right panel: diffusivity of the longitudinal mode as a
function of frequency. The continuous (red) line is the result for D(ω) from eq. (2). The value used in

ref. [23] is included for comparison as a dotted line and corresponds to the choice ` = λ/2 in the phonon
gas approach. (Color online).

the energy region spanned by the IXS technique, above 3 meV in v-SiO2 (see fig-
ure 2). This energy range corresponds to temperatures lying above the characteris-
tic plateau appearing in the thermal conductivity in the 1-10 K temperature range.
The actual nature of the plateau is source of debate in the literature [9, 10, 15, 18]
and lies outside the scope of the present work.

The thermal conductivity obtained from equation (1) is plotted in figure 4 and
compared to the measured one. A constant value, the dotted line in the figure, is
added to the computed thermal conductivity to account for the small contribution
of lower frequencies attenuation mechanisms which give rise to the plateau. This
contribution will eventually decrease at high temperatures but the error associated
to the assumption of a constant term is small, less than 10 %, with respect to
the total k(T ). In the figure the prediction of the Kubo type formula of eq. (2) is
compared to the one of the phonon gas model, in which the phonon mean free path
is used to compute the diffusivity.

It is of some interest to compare the present result with a previous estimate
by Cahill and Pohl [23]. They employed equation (1) in the Debye approximation
using the usual phonon gas model result for the diffusivity. Applying concepts
which date back to Einstein, they assumed the phonon mean free path to be equal
to half the wavelength. Their result is in good agreement with the measured thermal
conductivity. However the hypothesis of ` ∼ λ/2 does not agree with the damping
of the modes estimated from the IXS data. In this frequency range, in fact, the
mean free path estimated from the width of the spectral density decreases as λ2 up
to q around 4 nm−1 and then saturates at a value of the order of the interatomic
distance, between λ/4 and λ/6. In terms of the diffusivity, the assumption of ` ∼
λ/2 in the phonon gas model gives the curve plotted as a dotted line in figure 3.
This diffusivity is clearly too high with respect to the one that can be extracted
from the IXS dynamic structure factor.

Various assumptions at the base of the present thermal conductivity estimate
need some further comment. A first strong assumption is the use of the Debye ap-
proximation for the density of states. This choice can be justified by the following
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Figure 4. Thermal conductivity of vitreous silica. Squares (purple): from ref [23]; triangles (navy): from
ref. [5]. The continuous line (red) is the estimate from equations (1) and (2). The phonon gas

approximation is plotted for comparison as a dashed line (blue). The dotted line is the constant value
added as an estimate of the plateau value and accounts for the omitted low energy, ~ω < 3 meV,

contributions. (Color online).

argument. If the total density of states is used in equation (1), the thermal con-
ductivity is overestimated in the region of the plateau. This is due to the presence
of the excess of states at the Boson Peak, which is located at a frequency around 1
THz and corresponds to the temperature region between 10 and 40 K, thus in the
upper part of the plateau. This modes are non dispersive, as shown in figure 2, and
for this reason they cannot be included in the evaluation based on eq. (2), where
only the diagonal elements of the heat current operator are used and a non-zero
sound speed is required.

Probably the strongest assumption in the present evaluation is the omission
of the off-diagonal contributions to the heat current operator. Unfortunately the
off diagonal elements necessary for a complete determination of the heat current
operator are not experimentally accessible. A deeper insight on the relation be-
tween vibrations and thermal conductivity would require a numerical simulation
approach. The simulated spectra can then be checked against the experimental
one, and the mode diffusivity computed from the knowledge of the eigenvectors
and eigenfunctions of the dynamical matrix.

Furthermore, the simple harmonic approach here followed doesn’t take into ac-
count any possible interaction between the acoustic-like modes and the corner-
connected tetrahedra librations. These modes appear to be relevant in vitreous
silica [33, 34] and a more refined analysis should include also these anharmonic
contributions. Such an analysis would however require more detailed spectroscopic
data and further input from computer simulations.

5. Conclusions

We have presented an evaluation of the high temperature thermal conductivity
of vitreous silica in the framework of the thermal Kubo equation. The diagonal
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contribution to the thermal conductivity has been computed from the experimen-
tally determined dynamic structure factor. The combined used of IXS and INS
techniques has allowed us to probe the vibrational dynamics in a wide range of
exchanged energies and wave-vectors.

The acoustic-like excitations which persists in silica in the THz frequency range
represent an important heat conduction channel, responsible for a relevant fraction
of the total thermal conductivity. The remaining part of the concuctivity can be
attributed to diffusons modes which participate to the heat conduction through
the off-diagonal terms in the heat current operator as suggested by Allen and
Feldman [13].
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