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Relativistic theory of indirect nuclear spin-spin coupling

H. Ebert∗

Department Chemie and Biochemie – Physikalische Chemie, Universität München,

Butenandtstr. 5-13, D-81377 München, Germany

(July 2008)

A fully relativistic theory of indirect nuclear spin-spin coupling is presented that is based on
the Green’s function formalism. Implementation by the use of multiple scattering or Korringa-
Kohn-Rostoker (KKR) method leads to a very flexible and numerically efficient approach. Re-
sults obtained for fcc-Cu are found in full accordance with previous non- or scalar-relativistic
calculations and show essentially a behaviour expected from Ruderman-Kittel theory for free-
electron like systems. Results for Ag and Au are represented in addition to demonstrate the
impact of relativistic effects.

1. Introduction

In a solid or a molecule nuclear spins are coupled to each other via the direct mag-
netic dipole-dipole interaction. In addition, there is an indirect coupling nuclear
spin-spin that is mediated by the electrons of the system and that can be much
larger than the direct one.[1, 2] The indirect coupling stems from the perturba-
tion of the electronic system due to the (magnetic) hyperfine interaction with one
nucleus that leads to a change in the hyperfine interaction of the electrons with
the other nuclei. In general, this mechanism is dealt with by using second order
perturbation theory and the conventional decomposition of the hyperfine interac-
tion into a Fermi-contact for s-electrons and a spin-dipolar and orbital term for
non-s-electrons, respectively. As the Fermi-contact interaction is in general much
stronger than the other ones the indirect nuclear spin-spin coupling is dominated
by the so-called Ruderman-Kittel (RK) interaction [3] that corresponds to a Fermi-
contact electron spin – nuclear spin coupling for both nuclei involved. Adopting a
free-electron like description for the underlying electronic structure one is led to
a coupling strength of the RK interaction that decays for large inter-nuclear dis-
tances Rmn in an oscillatory way as cos(2kF Rmn)/R3

mn, with kF being the Fermi
vector. In contrast to the RK-interaction the additional coupling terms, that are
conventionally called pseudo-dipolar, tensor-tensor and orbital,[1] give rise to an
anisotropic coupling between the nuclear spins. As was discussed by Oja et al.[4]
this anisotropy reflects the symmetry of the crystal.

Although the theory of indirect nuclear spin-spin coupling has been worked out
already in the 1950-ies [1, 3] only very few corresponding numerical investigations
on solids can be found in the literature. Only in the 1980-ies, obviously triggered by
the observation of nuclear magnetic ordering due to the indirect nuclear spin-spin
coupling,[5] the first rigorous calculations have been performed for Cu [4, 6, 7] and
Ag.[8] While Frisken and Miller [6] considered only the RK interaction, Oja et al.[4]
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also evaluated the anisotropic coupling terms. In addition, these authors accounted
for the influence of scalar-relativistic effects (i.e. without spin-orbit coupling) on
the hyperfine interaction. A fully relativistic theory of indirect nuclear spin-spin
coupling that includes in particular the effects of spin-orbit coupling and also con-
siders the pseudo-dipolar interactions was worked out by Tterlikkis et al.[9] and
applied to the free electron-like alkali metals Rb and Cs. The influence of many
body and also of relativistic effects on the indirect nuclear spin-spin coupling has
later on been discussed by Tripathi.[10]

All numerical investigations on the indirect nuclear spin-spin coupling were based
so far on an expression obtained by a conventional application of second-order per-
turbation theory. For an ordered solid this leads to a double k-space integration
that is numerically quite hard to handle. In the following we present an alterna-
tive formulation that avoids this integration in a natural way by working in a real
space representation of the electronic structure and that allows to include all cou-
pling terms in a straight forward way. To account properly for the influence of all
relativistic effects on the hyperfine matrix elements as well as on the electronic
structure we adapt a fully relativistic formulation.

Our approach will be described in some detail in the next section. This will be
followed by a presentation of corresponding results for Cu, Ag and Au. The results
will be discussed in comparison with available experimental and theoretical data
taken from the literature.

2. Theoretical framework

2.1. Electronic structure

A very powerful and flexible representation of the electronic structure of a solid is
supplied by the corresponding electronic Green’s function. This applies in particular
if local spin density functional theory or an extension to this is adopted as a formal
basis to deal with exchange and correlation. Corresponding calculations of the
electronic Green’s function G(~r, ~r ′, E) can be done in a very reliable way by making
use of the multiple scattering or Korringa-Kohn-Rostoker (KKR) formalism. In this
case G(~r, ~r ′, E), with the cell centred spatial arguments ~r and ~r ′ located in atomic
cell m and n, respectively, can be written as:[11, 12]

G(~r, ~r ′, E) =
∑

ΛΛ′

Zm
Λ (~r,E)τmn

ΛΛ′(E)Zn×
Λ′ (~r ′, E)

−
∑

Λ

[

Zn
Λ(~r,E)Jn×

Λ (~r ′, E)Θ(r′ − r)

+Jn
Λ(~r,E)Zn×

Λ (~r ′, E)Θ(r − r′)
]

δmn . (1)

Within a non-relativistic implementation of the approach the wave functions Z n

and Jn are the regular and irregular, respectively, solutions to the single site
Schrödinger equation for the isolated potential well of the atom at site n, that
are normalised according to the underlying formulation of scattering theory.[11]
To account properly for all relativistic effects Zn and Jn are obtained together
with the so-called single site t-matrix tn as solutions of the corresponding single
site Dirac equation. Accordingly, the index Λ stands for the relativistic spin-orbit
and magnetic quantum numbers, κ and µ, respectively, i.e. Λ = (κ, µ).[13] For a
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spherical potential the wave functions Zn and Jn are bi-spinors of the form

ΦΛ(~r,E) =

(

gΛ(r, E)χΛ(r̂)
ifΛ(r, E)χ−Λ(r̂)

)

, (2)

where gΛ and fΛ are the radial functions connected with the large and small compo-
nents. Their spin and angular part is represented by the spin-angular functions[13]

χΛ(r̂) =
∑

ms=±1/2

C(l
1

2
j;µ − ms,ms)Y µ−ms

l (r̂)χms
, (3)

with C(l 1
2j;µ−ms,ms) the Clebsch-Gordan coefficients, Y m

l (r̂) complex spherical
harmonics and χms

Pauli spinors. For a non-spherical potential or a spin-polarised
system the wave functions can be written as a superposition of bi-spinors with
spin-angular character Λ′ and the form as given by Eq. (2).

All multiple scattering events in the system, i.e. hybridisation and band forma-
tion, are represented in a self-consistent way by the scattering path operator matrix
τmn, that turns an incoming wave at site n to an outgoing wave at site m with all
possible intermediate scattering events accounted for. For a finite system τ mn can
be obtained by inverting the so-called real space KKR-matrix

τmn(E) =
(

[

t(E)−1 − G0(E)
]−1
)mn

. (4)

Here G0 is the so-called free-electron Green’s function matrix, whose elements are
numbered by the site (n) and orbital (Λ) indices.[12] The matrix t is diagonal with
respect to the site index and collects the single-site t-matrices tn of the various
atomic sites n. Eqs. (1) and (4) supply the basis to use the formalism presented
below to calculate the nuclear spin-spin coupling constants for free clusters or
molecules. To deal with infinite solids the scattering path matrix τ mn has to be
calculated in an alternative way. For an ordered crystalline solid the multiple scat-
tering equations can be solved by Fourier transformation leading to the following
Brillouin-zone integral:

τmn(E) =
1

VBZ

∫

VBZ

d3k
[

t(E)−1 − G(~k,E)
]−1

ei~k(~Rm−~Rn) , (5)

with G(~k,E) the KKR-structure constant matrix and VBZ the volume of the first
Brillouin-zone.[11] The numerical effort to calculate this integral can be reduced
substantially by making use of the symmetry of the system.[14, 15] In particular
one may use the property

τm′n′

= U τmn U−1 , (6)

where the (unitary) symmetry operation U connects the distance vectors ~Rmn =
~Rm − ~Rn and ~Rm′n′ = ~Rm′ − ~Rn′ via ~Rm′n′ = U ~Rmn.[15]

2.2. Hyperfine interaction Hamiltonian

The hyperfine interaction Hamiltonian in its relativistic form represents the cou-
pling of the electronic current density ~jel = −ec~α to the vector potential ~An of the
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nuclear magnetic moment ~µn at site n:[13]

Hhf = −1

c
~jel · ~An(~r) (7)

= −e~µn · ~α × ~r

r3
, (8)

where ~α is the vector of Dirac matrices. Due to the r-dependence of the hyperfine
operator it is sufficient to restrict the spatial integration to the atomic cell n with
volume Ωn when evaluating the corresponding matrix elements:

Mhf n
ΛΛ′ (E) =

∫

Ωn

d3r Zn×
Λ (~r,E)Hn

hf (~r)Zn
Λ′(~r,E)

= −e gn µN
~In ·

∫

Ωn

d3r Zn×
Λ (~r,E)

~α × ~r

r3
Zn

Λ′(~r,E)

= Cn
~In · ~̄Mhf n

ΛΛ′ (E) .

Here we have replaced the nuclear magnetic moment by the relation ~µn = gnµN
~In,

where gn is the nuclear gyro-magnetic ratio, µN is the nuclear Bohr magneton and
~In is the nuclear spin operator. In addition we used the abbreviation Cn = −e gn µN.

To obtain the various components of the vector matrix element ~̄Mhf n
ΛΛ′ it is most

convenient to change to a spherical basis that is connected to the Cartesian one by

the relations M± = ∓
√

1
2 (Mx ± iMy) and M z = M0. This way one finds:[13, 16]

〈

ZΛ

∣

∣

∣

∣

∣

(~α × ~r)λ

r3

∣

∣

∣

∣

∣

ZΛ′

〉

= i

[

〈

gΛ

∣

∣

∣

∣

1

r2

∣

∣

∣

∣

fΛ′

〉

+

〈

fΛ

∣

∣

∣

∣

1

r2

∣

∣

∣

∣

gΛ′

〉

]

Aλ
ΛΛ′ (9)

with the angular matrix elements

Az
Λ Λ′ = ∆(l1l̄′) δµ µ′ i







































4 µκ
4κ2−1 for κ = κ′

+

√

1
4 −

(

µ
κ−κ′

)2
for κ = −κ′ − 1

−
√

1
4 −

(

µ
κ−κ′

)2
for κ = −κ′ + 1

(10)

and

A±1
Λ Λ′ = ∆(l1l̄′) δµ µ′−1

i√
2



































4 κ
4κ2−1

√

κ2 − (µ + 1
2)2 for κ = κ′

− 1
4κ+1

√

[κ + (µ + 1
2)] [κ + (µ + 3

2 )] for κ = −κ′ − 1

− 1
4κ−1

√

[κ − (µ + 1
2)] [κ − (µ + 3

2 )] for κ = −κ′ + 1

,(11)

where the symbol ∆(l1l̄′) represents the triangle relation[17] that leads to the
selection rules l − l′ = 0 (κ = κ′ or κ = −κ′ − 1) or |l − l′| = 2 (κ = −κ′ + 1).

The use of the hyperfine interaction operator as given above properly accounts
for the relativistic enhancement of the hyperfine matrix elements that was exam-
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ined and discussed by various authors.[4, 18, 19] However, the operator in Eq.
(7) represents the coupling of the total (spin and orbital) electronic current den-
sity to the nuclear magnetic moment and therefore does not give the conventional
splitting into the Fermi-contact, spin and orbital contribution. Applying a Gor-
don decomposition [13] of the electronic current density such a decomposition can
nevertheless be achieved [20, 21] if an appropriate model for the vector potential
within the nucleus is set up. Due to the later restriction this decomposition will
not be used here. As a consequence, the conventional splitting of the indirect cou-
pling constants into its various parts (see above) cannot be made. Instead, we will
separate only the contribution of the s-electrons and will call this RK part.

2.3. Indirect nuclear spin-spin coupling

To achieve at an expression for the indirect nuclear spin-spin coupling constants
Amn we consider the perturbation of the electronic system due to the hyperfine
interaction Hn

hf with a nuclear magnetic moment µn at site n. Using Dysons’s
equation the corresponding Green’s function Gn for the perturbed system is given
by

Gn(~r, ~r ′, E) = G(~r, ~r ′, E) +

∫

Ωn

d3r′′ G(~r, ~r ′′, E)Hn
hf(~r

′′)G(~r ′′, ~r ′, E) . (12)

Here we make use of a linear approximation with respect Hn
hf that is well justified

and a restriction of the perturbation to the atomic cell around site n (see above,
Eq. (7)). Note that the later step does not imply that the perturbation has no
impact on the electronic structure in other cells m 6= n.

The hyperfine interaction energy for an additional nuclear moment at site m can
now be obtained from:[22]

〈Hmn
hf 〉 = − 1

π
=Trace

∫ EF

dE

∫

Ωm

d3rHm
hf(~r) G(~r, ~r, E) (13)

− 1

π
=Trace

∫ EF

dE

∫

Ωm

d3rHm
hf(~r)

∫

Ωn

d3r′ G(~r, ~r ′, E)Hn
hf(~r

′)G(~r ′, ~r, E)

= 〈Hm
hf〉(1) + 〈Hmn

hf 〉(2) . (14)

As above, the hyperfine interaction operator Hm
hf has been restricted to cell m. The

resulting first term leads obviously to the Knight shift in non-magnetic solids and
the static hyperfine field in magnetically ordered solids. The second term, on the
other hand, represents the indirect coupling of the nuclear magnetic moments at
site m and n. Accordingly, only the second term will be considered in the following.
Inserting the multiple scattering representation for the Green’s function given in
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Eq. (1) one has

〈Hmn
hf 〉(2) = − 1

π
=
∫ EF

dE
∑

ΛΛ′

∑

Λ′′Λ′′′

τmn
ΛΛ′(E) τnm

Λ′′Λ′′′(E) (15)

∫

Ωm

d3r Zm×
Λ′′′ (~r,E)Hm

hf(~r)Zm
Λ (~r,E)

∫

Ωn

d3r′ Zn×
Λ′ (~r ′, E)Hn

hf (~r
′)Zn

Λ′′(~r ′, E)

= − 1

π
=
∫ EF

dE
∑

ΛΛ′

∑

Λ′′Λ′′′

Mhf m
Λ′′′Λ(E) τmn

ΛΛ′(E)Mhf n
Λ′Λ′′(E) τnm

Λ′′Λ′′′(E) (16)

= − 1

π
=
∫ EF

dE (17)

∑

ΛΛ′

∑

Λ′′Λ′′′

(

Cm
~Im · ~̄Mhf m

Λ′′′Λ(E) τmn
ΛΛ′(E)

) (

Cm
~In · ~̄Mhf n

Λ′Λ′′(E) τnm
Λ′′Λ′′′(E)

)

= − 1

π
=
∫ EF

dE (18)

∑

ΛΛ′

∑

Λ′′Λ′′′

~Im

(

Cm
~̄Mhf m

Λ′′′Λ(E) τmn
ΛΛ′(E)

)

⊗
(

Cm
~̄Mhf n

Λ′Λ′′(E) τnm
Λ′′Λ′′′(E)

)

~In .

Using the standard form of the indirect nuclear spin-spin coupling Hamiltonian for
the total nuclear spin system

Hnuc = −1

2

∑

n6=m

~In Amn
~Im (19)

one has finally for the corresponding coupling tensor

Amn =
1

2π
Cm Cn =

∫ EF

dE (20)

∑

Λ′

∑

Λ′′′

(

∑

Λ

~̄Mhf m
Λ′′′Λ(E)τmn

ΛΛ′(E)

)

⊗
(

∑

Λ′′

~̄Mhf n
Λ′Λ′′(E) τnm

Λ′′Λ′′′(E)

)

.

The resulting expression involves only quantities formulated with respect to real
space. Accordingly, it can be applied to molecules as well as to solids. For the later
case it requires only to evaluate Brillouin zone integrals of moderate complexity. As
Eq. (20) for the coupling tensor is based on the full hyperfine interaction operator,
it includes contributions from all electrons and will show an anisotropy according to
the symmetry of the solid. As was pointed out by Oja et al.,[4] for a pair of nuclear

moments at sites m and n whose distance vector ~Rmn is related by a symmetry
operation U to that of a pair at m′ and n′ by the relation ~Rm′n′ = U ~Rmn one has
for the corresponding coupling tensors

Am′n′ = U Amn U−1 . (21)

As mentioned above, the use of the full hyperfine Hamiltonian prevents a split-
ting of the coupling tensor into its RK, pseudo-dipolar etc. parts. Restricting the
summations in Eq. (20) to s-electrons, however, one should arrive at a rather good
estimate for the RK part ARK

mn .[21]
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3. Results and Discussion

First results by the use of the scheme sketched above will be presented and dis-
cussed in the following. In Fig. 1 results for the indirect nuclear spin-spin coupling
constants Amn in the noble metals Cu, Ag and Au are shown as a function of the
neighbour distance Rmn. Obviously, the results follow qualitatively the expected

0.5 1 1.5 2 2.5
R

mn
  (a)

-10

-7.5

-5

-2.5

0

2.5

A
m

n / 
(µ

n/I
)2  (

nK
)

FEG
Oja et al.
present

Cu

0.5 1 1.5 2 2.5
R

mn
  (a)

-10

-8

-6

-4

-2

0

2

A
m

n / 
(µ

n/I
)2  (

nK
)

FEG

Ag

0.5 1 1.5 2 2.5
R

mn
  (a)

-750

-500

-250

0

250

A
m

n / 
(µ

n/I
)2  (

nK
)

FEG

Au

Figure 1. Indirect nuclear spin-spin coupling constants Amn in the noble metals Cu, Ag and Au as a
function of the neighbour distance Rmn. The diamonds represent theoretical results of the present work,
while the squares give the isotropic part of Amn for Cu as calculated by Oja et al.[4] The full lines give
the variation of Amn according to the free-electron gas (FEG) description with the amplitude adjusted.

Ruderman-Kittel-like variation with Rmn given by cos(2kF Rmn)/R3
mn. Deviations

from this simple behaviour are to be assigned to the fact that the Fermi surfaces
of the noble metals are not strictly free-electron like. Furthermore there are non-
Fermi-contact contributions of non-s-electrons that lead to a dependency of Amn

not only on Rmn but also on the direction R̂mn. This can be noticed very clearly in
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few cases. In the top panel of Fig. 1 theoretical results for the isotropical part of Amn

due to the Fermi-contact contribution obtained by Oja et al.[4] have been added.
These authors applied the conventional approach for their calculation based on
perturbation theory together with the scalar-relativistic LAPW (linear augmented
plane wave) band structure method and the spin-orbit coupling ignored. Obviously,
both ab-initio approaches give results in fairly good agreement with each other.

As discussed by Oja et al.[4] a direct comparison with experimental data can be
made in terms of the so-called R and Q parameters, that are defined by

R =

∑

m

ARK
mn

µ0~
2γnρ

(22)

Q =

[

∑

m

(

ARK
mn

)2

]1/2

µ0~
2γnρ

(23)

where ρ is the density of the involved nuclei.
The parameter R is meant to reflect the average molecular field of all nuclei m

acting on a nucleus at n. As table 1 shows, again our result for R agrees fairly well
with that calculated by Oja et al.[4] and also with the experimental one given by
Ekström et al.,[23] who determined R for Cu by an NMR experiment on highly
polarised nuclear spins. The sign of R found in experiment and properly reproduced

Theory Expt
Oja Present

R −0.37 −0.38 −0.42
±0.05

Q +0.101 +0.099 +0.095
±0.003

Table 1. The R- and Q-parameters of Cu defined by Eq. (22) and (23) as calculated by Oja et al.[4] and within

the present work in comparison with experimental data.[2, 23]

by theory is reflecting the anti-ferromagnetic nature of the indirect nuclear spin-
spin coupling in Cu.

The second parameter Q defined above is related to the average fluctuating
fields and could be determined experimentally in a magic angle spinning NMR
experiment.[2] As for R there is very satisfying agreement among the theoretical
results as well as with experiment (see table 1).

As indicated above inclusion of non-Fermi-contact contributions to the indirect
nuclear spin-spin coupling gives rise to an anisotropy. Our numerical results for Cu
are fully in line with that of Oja et al.[4] indicating that spin-orbit coupling for this
light element is not very important. Fig. 1 shows that the ratio of the anisotropic
and isotropic parts of the indirect nuclear spin-spin coupling parameters Amn does
not increase noticeably when going to heavier elements. In fact the variation of the
amplitude of Amn with the atomic number seems to be primarily dominated by
the increase of the hyperfine coupling matrix elements as was discussed earlier e.g.
in the context of the nuclear spin-lattice relaxation time.[18, 19]
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4. Summary

A fully relativistic real space formulation for the indirect nuclear spin-spin cou-
pling has been presented that allows a very straightforward implementation and
subsequent interpretation of the results. First applications to the noble metals Cu,
Ag and Au resulted in a very satisfying agreement with previous theoretical results
by Oja et al. as well as with available experimental data.
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