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Since the discovery of quasicrystals one of the major question was that of the electronic properties induced by the new quasiperiodic order. Indeed in the case of periodic crystals the electronic states can be classified by virtue of the Bloch theorem and many fundamental properties can be deduced from this theorem. In quasiperiodic systems the equivalent of the Bloch theorem does not exist. This makes their electronic properties specific. When dealing with the electronic properties of quasicrystals it is important to keep in mind that the level of precision that is needed, in the description of the electronic structure, depends on the property of interest. For example the electronic band energy, which is of fundamental interest for stability and lattice dynamics, is a local quantity and thus one expect to get a reasonnable descrition of the energetics just by considering a local approach in real space or equivalently by considering details of the electronic structure of the order of a fraction of an eV. The existence of local magnetic moments (for example on Mn in Al based quasicrystals) should be described also by considering local environment effects. On the contrary transport properties are expected to be sensitive to the atomic order on a larger scale than energetic quantities, and require a finer description of the electronic structure. From oscillating atomic pair potentials to stability and lattice dynamics

The energetics of Hume-Rothery alloys can also be described in simple terms. Indeed the atoms can be viewed as scatterers for the free valence electrons so that the energy of a phase is the sum of a term that depends only on the electronic density of the alloy plus a sum of effective interactions between all pairs of atoms. The pairs interaction thus determine the atomic structure for a given density. Recently many progresses have been done by using a proper description of the energetics of these alloys. For example it has been possible to justify the Matching Rules in some models of binary decagonal quasicrystal closely related to actual aluminum transition metal structures [?]. The stability of twodimensional monoatomic model systems has also been studied [?] using effective pair potential that presents oscillations in real space just as in Hume-Rothery alloys (Friedel oscillations). The variation of energy when the atoms move around their equilibrium position gives also access to the energetics of phonons and to the lattice dynamics. This allows to include the role of phonons in the thermodynamics potentials of high temperature phases and gives a fine understanding of the stability of some decagonal Al-Co-Ni structures [?]. The good description of phonons dispersion relations obtained by this approach has been experimentally confirmed [?] . Progresses in this direction will proceed and should greatly improve our understanding of the stability of quasicrystals and of their phonon properties .

Magnetism

Magnetism in quasicrystals is a fascinating field of investigation, obviously in the case of R-Mg-Zn QCs with R a rare earth which carries a magnetic moment, but also in the case of Al-based QC containing Mn, which generated puzzling questions since the very beginning of the QC story. The fact that most of the Mn atoms are non magnetic in Al-Mn and Al-Pd-Mn QCs and approximants can be understood from their particular electronic structure [?]. Yet it is still difficult to determine where all the magnetic atoms are and what exactly, in their local environment, induces magnetic moments [?].

A remarquable result found by Hippert and Préjean [?] is that AlPdMn QCs turn out to be a model system for studying experimentally the Kondo vs RKKY competition in the absence of long range magnetic ordering, which is a fundamental problem in magnetism. Indeed in AlPdMn the magnetic Mn atoms undergo standard magnetic interactions, just like in any dilute magnetic alloy. These interactions are the Kondo coupling between a single moment and the conduction electron spins and RKKY interactions between moments leading to a spin glass transition. However, because the characteristic energy scales of these interactions lie in the Kelvin range, it becomes possible to study the Kondo vs RKKY competition whereas it is not possible in standard dilute magnetic alloys like CuMn.

Another remarquable result due to Préjean and coworkers [?, ?] is that in AlPdMn quasicrystals magnetic properties, transport properties and structural quality are intimately linked. The signature is that the conductivity, as opposed to the resistivity for normal metals containing magnetic Kondo impurity , exhibits a Kondo-type lnT increase at decreasing temperature. This striking effect is a manifestation of the unconventional transport properties of quasicrystals.

In the case of R-Mg-Zn QCs each rare earth atom (R) carries a magnetic moment. One of the most interesting question in the magnetism of these quasicrystals is that of the long range magnetic order and the possibility of a new kind of spin glass. No long range magnetic order has been observed yet and the dynamics of spin correlations requires more studies [?, ?]. One of the characteristics of the quasicrystals and their approximants, is the occurrence of atomic clusters on a scale of 10-30 Å [?]. These clusters are not perfectly well defined because some of them overlap, and in addition there are the so-called glue atoms. Yet the role of clusters has been much debated after the work of by C. Janot et al. [?]. As shown in [?], the DOS due to a Transition Metal cluster exhibits peaks. The width δE of the most narrow peaks (δE 10 -100 meV) is comparable to the fine peaks of the calculated DOS in the approximants. Each peak indicates a resonance due to the scattering by the cluster. and correspond to states which are nearly localized by the cluster. Some recent experiments with break junction show some fine structure in the DOS that could disappear when averaging the DOS on large spatial scale [?]. A clear experimental characterization of a spiky DOS is still lacking and the condition for its observation is also debatted.

The long range quasiperiodic potential tends also to localize states. In 1D the eigenstates are neither extended like in crystals nor exponentially localized like in disordered insulators but are "critical" which is an algebraic localization. Most studies of electronic localization have focused on 1D systems for which one can use many powerful tool. There are evidence that in in 2D and 3D systems the eigenstates are also critical but there is a lack of studies in these systems [?]. Exact diagonalization is rapidly limited in 2D and 3D yet there are efficient tools to study quantum diffusion or return probability on systems containing up to several 10 6 orbitals that characterize well the nature of states [?]. One challenge is to find quasiperiodic models with diffusion coefficients that are less than 1/2. Indeed such models should have transport properties very similar to those experimenatlly observed [?] (see below).

Unconventional electronic transport in quasicrystals

The first quasiperiodic alloys AlMn were metastable and contained many structural defects. As a consequence they had conduction properties similar to those of amorphous metals with resistivities in the range 100-500 µΩcm [?]. The discovery of the stable AlCuFe icosahedral phase, having a high structural order and very high resistivity, of the order of 10 000 µΩcm, gave a considerable interest in their conduction properties. The conductivity presented a set of characteristics that was neither that of semi-conductors nor that of normal metals [?, ?, ?]. The density of states in AlCuFe is smaller than in Al, about one third of that of pure Al, but still largely metallic. In addition weak-localization effects are observed that are typical of amorphous metals. Besides, the resistivity of some quasicrystals and approximants (AlPdMn, AlCuFe) decreases when temperature increases and after annealing a sample, with a strong reduction of its structural defects, its resistivity increases. These behaviors are characteristics of semiconductors. Yet some facts are unique to these quasicrystals and unobserved in metals and semiconductors.Indeed their conductivity follows approximatively the so-called "inverse Mathiessen rule" [?,?] and is the sum of a term that depends only on the sample plus a term that depends only on the temperature σ(T ) = σ 0 + ∆σ(T ). In addition the Drude peak is absent and the optical conductivity presents a linear frequency dependence [?,?]. Experiments on quasicrystals and approximants with various size of the unit cell show that the local atomic order on the length scale of the unit cell, i.e. 10 -30 Å, determines their transport properties [?].

In 1993 another breakthrough was the discovery of AlPdRe which had resistivities in the range of 10 6 µΩcm [?,?,?,?,?,?,?], although the DOS still has a metallic character. This material displays a strong decrease of the conductivity when the temperature is reduced and the conductivity value can fall below 1 (Ωcm) -1 at 4 K. Although the behavior depends strongly on the composition and the preparation of the sample, many authors [?, ?, ?, ?, ?, ?, ?] reported that AlPdRe quasicrystal is very close to the metalinsulator transition. Three successive regimes are revealed [?] as the temperature is increased to room temperature: a low temperature variable range hopping-like behavior, followed by a Thouless regime and a high temperature critical regime. The transport properties of AlPdRe are difficult to study experimentally in particular because of the difficulty to get good and homogeneous samples. Yet it is still a challenge to get the best experimental description of their conduction properties. The standard theory of electronic transport in metals is the semi-classical Bloch-Boltzmann theory. According to that theory the electrons are wave-packets that propagates ballistically and are scattered by defects which change their direction of propagation leading to a long time diffusive motion. In quasicrystals and approximants this picture is no more valid [?,?]. Indeed in quasicrystals the propagation between scattering events in the perfect structure is not ballistic but follows a power law ∆X 2 (E, t) ∝ t 2β . ∆X 2 (E, t) is the spreading of states with energy E after a time t in a given directionX and the positive diffusion exponent β ≤ 1 . This changes the dependence of the conductivity on scattering time and frequency as shown by the Generalized Drude formula [?]. In particular this formula predicts that if β < 1/2 the conduction properties are unconventional and in agreement with those observed experimentally. In approximants the propagation of electrons between scattering events depends on two channels the standard one (ballistic) and another one which describes the propagation of electrons in one unit cell. So ∆X 2 (E, t) = V B (E) 2 t 2 + ∆X 2 NB (E, t), where V B is the band velocity at energy E and ∆X NB (E, t) is bounded by L/2 where L is the length of the unit cell in the X direction. The link between quantum diffusion in approximants and in quasicrystals is discussed in [?]. In standard metallic crystals, at the scale of realistic scattering times , ∆X The problem of electrons in a quasiperiodic potential is related to other very interesting physical problems.

The first and obvious one is that of phonons in quasicrystals. Indeed phonons are also wavelike excitations and share fundamental properties with electrons . In particular the heat transport by phonons presents deep analogies with current transport by electrons [?]. It will be interesting in the next years to developp this analogy further, for example for the analysis of quantum diffusion of phonons (heat diffusion).

Also flat bands, which are at the heart of the transport properties of quasicrystals, could be observed in other electronic systems [?]. For example flat bands exist in polaronic systems (strong electron-lattice coupling [?]) and also in correlated systems, like heavy Fermions. Indeed in these systems transport properties present analogies with those of quasicrystals [?]. Flat bands can also be artificially produced in nanostructures : for example by applying a strong magnetic fields to electrons in a large ribbon.

As a last example one may consider photonic and phononic crystals. Many remarkable properties of these systems arise when a gap in the excitation spectrum is produced by the periodic, or quasiperiodic, arrangement of the artificial structure. The higher rotationnal symmetry of quasiperiodic systems favours omnidirectionnal band gaps and is thus efficient to produce artificial structures with useful properties Lifshitz. The discussion was led by the author who was assisted by a panel of experts consisting of Janez Dolinsek, Francoise Hippert, and Guy Trambly de Laissardiere, to whom the author is grateful. It should be noted that the current article presents the author's personal thoughts and views on the current state of affairs, and is not an attempt to provide an accurate record of the panel discussion. 
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  Quasicrystals as Hume-Rothery alloys Very early Bancel et al. [?] and Friedel et al. [?] insisted on the fact that quasicrystalline phases where Hume-Rothery alloys, also named electron compounds. According to Hume-Rothery the stability of these alloys results from a nesting condition between the Fermi surface and strong Fourier components G of the potentiel felt by valence electrons. One has G 2k F where k F is the Fermi wavevector. The Hume-Rothery concept has been a guiding principle for discovering numerous new quasicrystalline phases [?]. A direct consequence of the Hume-Rothery principle is the existence of a pseudo-gap in the electronic density close to the Fermi energy. The pseudogap in these phases is confirmed by NMR experiments [?], X-ray measurements and photoemission [?,?]. For icosahedral phases containing transition metal (TM) elements, specific heat measurement indicate a DOS at E F of the order of 1/3 of the free electron value for i-AlCuFe and 1/10 for i-AlCuRu and i-AlPdRe [?,?]. The role of the transition metal (TM, TM = Ti, V, Cr, Mn, Fe, Co, Ni) element in the pseudogap formation has been shown from ab-initio calculations [?, ?] and results from a strong sp-d coupling associated to an ordered sub-lattice of TM atoms. It was also shown that, as a result of the sp-d hybridization, transition metal (TM) elements play an important role on the unusual quasicrystals and related phases [?, ?, ?, ?, ?]. The negative valency of transition metal elements, introduced by Raynor, is fundamental in studying the stability of quasicrystals and in predicting new stable phases [?, ?]. As shown in [?] the negative valency is a consequence of the effect of sp-d hybridization on the density of states below the pseudo-gap. Quite generally the electronic structure and the atomic structure of Quasicrystals are related in a delicate way and a new exciting field of study is the case of surfaces [?].
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  Electron localisation by atomic clusters and by long range quasiperiodic potential
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  Mechanism of electronic transport : breakdown of the semi-classical model

  [?]. However quasiperiodic photonic or phononic crystals open new possibilities and new questions and in particular with the role of the gap and the existence of in-gap states, or new possibilities to exploit non linear effects [?].

  2 NB (t) term is negligible with respect to the Boltzmann term V B (E) 2 t 2 and the semi-classical theory is applicable. Yet for approximants, both terms V B (E) 2 t 2 and ∆X 2 NB can have the same magnitude around a typical scattering time value ∼ 10 -14 s [?] so that it is possible to observe cases where one or the other term dominates. If the non Boltzmann term dominates then unconventional transport properties are predicted in agreement with experimental results [?]. The optical conductivity σ(ω) can also be calculated as the sum of two terms [?]. The absence of Drude peak is explained if the Boltzmann term is negligible. The metal-insulator transition (Anderson transition) is also deeply affected by the non ballistic propagation [?].

8 Electrons in a quasiperiodic potential and related problems

http://mc.manuscriptcentral.com/pm-pml Philosophical Magazine & Philosophical Magazine Letters

Acknowledgements

I am grateful to many colleagues : Pr N. W. Ashcroft, Pr J. Bellissard, C. Berger, F. Cyrot-Lackmann, J. Delahaye, Pr T. Fujiwara, Pr J. Friedel, T. Grenet, Pr F. Hippert, J.P. Julien, Pr T. Klein, L. Magaud, J. J. Préjean, P. Quémerais, S. Roche, F. Triozon. I express special thanks to G. Trambly de Laissardière . This article is motivated by a discussion on the electronic properties of quasicrystals that took place during the conference "Quasicrystals -The Silver Jubilee" and was initiated by the Conference Chair, Ron