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TB-LMTO method for embedded cluster
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The method aimed at calculation of the electronic structure of an atomic cluster embedded
either in an ideal crystal or in an effective medium representing a random alloy is developed on
the basis of the TB-LMTO scheme. We discuss the construction of embedding potentials, the
correct treatment of electrostatic interactions of the cluster with the surrounding medium,
and the calculation of cluster energies. We derive the corrections to the band energy of a
cluster. The method makes possible to determine the electronic structure (charge distribu-
tion, local densities of states) and magnetic properties of the cluster and to extract impurity
formation energies, effective interactions between atoms and between magnetic moments. As
an illustration, the method is applied to studies of magnetism of non-magnetic impurities in
oxides, to calculations of the formation energies for impurities in a metal host and to deter-
mination of parameters of Bruno, Zingales and Wang model of charge transfer and screening
in metallic alloys.

Keywords: linear muffin-tin orbital method; embedded cluster; random alloy; impurity
formation energy; interatomic interactions; exchange interactions; charge transfer

1. Introduction

The embedded cluster method is a versatile tool that allows to study the electronic
structure of impurities and atomic complexes embedded in a reference medium.

The idea of embedded cluster was originally used to extend the theory of dis-
ordered alloys beyond the single-site approximation [1], [2]. It became soon clear
that it is suitable for studies of impurities in bulk and atoms adsorbed on solid
surfaces. It was first formulated within the tight-binding approximation and later
on within the Kohn, Korringa, and Rostoker method (KKR) [3], including also its
fully relativistic version [4]. An important development was made by Inglesfield
[5] who introduced the embedding potential for continuous spatial coordinates.
The idea of embedding potential was later applied by Baraff and Schliiter to the
LCAO method [6]. Among many applications of the embedded cluster method we
should mention the calculation of effective interatomic interactions that determine
the phase stability of alloys proposed by Gonis et al. [7]. Besides the correct em-
bedding of electronic states of the cluster it is also important to correctly treat
the electrostatic interactions with the reference system [8]. Recently the embedded
cluster method was applied in studies of transport phenomena in nanostructures
[9-11].

The cluster calculations can be done without charge selfconsistency, i.e., using the
Hamiltonian with fixed parameters (for example [1, 2, 5, 7] or a charge selfconsistent
calculation for the cluster atoms can be done (for example [12 16]).
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Here we describe the implementation of the embedded cluster approach within
the tight-binding linearized-muffin-tin orbital (TB-LMTO) method and using the
charge selfconsistency. The paper is organized as follows. We first develop the the-
oretical framework (Sec.2). We start with basic relations of the TB-LMTO method
(Sec.2.1) and then we formulate, in the language of Green functions, the embed-
ding of a cluster into the reference medium (Sec.2.2) and construct the Madelung
energy and potential (Sec.2.3). Then we discuss determination of the total en-
ergy and corrections that take into account the long-range perturbation caused by
the cluster (Sec.2.4). The theory is illustrated on several examples (Sec.3) which
include the magnetism of non-magnetic impurities in oxides (Sec.3.1), formation
energy of an impurity in a metallic host (Sec.3.2), and the determination of pa-
rameters of Bruno, Zingales and Wang model of charge transfer and screening in
alloys (Sec.3.4).

2. Theory

2.1. TB-LMTO method

We first remind the basic relations of the TB-LMTO method (cf. Ref. [17]). The
Hamiltonian reads as

H=C+VASVA, (1)

where C' is a site-diagonal matrix of potential parameters that give the position of
energy levels and A is is a site-diagonal matrix of potential parameters that deter-
mine the bandwidth. The matrix of screened structure constants (in representation
«) is denoted as S. The resolvent (i.e. the Green function) is given by

G(z) = (z — H)™' = M2) + p(2)g(2)ulz) (2)

where

is the auxiliary Green function,

B z—C
A+ (y—a)(z-0)

P(z)

is the potential function and

_ v7—a _ VA
M) = AT o0 "I AT a0 ©)

are auxiliary functions. Note that the potential function has poles for

A

Zp:C_*y—oz'

2.2. Embedding a cluster in a reference medium

For simplicity we will consider a cluster embedded in an infinite homogeneous
crystal as a reference system (superscript 0). In order to make charge selfconsistent
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calculations feasible, we have to assume that the one-electron potentials (and, of
course, the potential parameters) need to be calculated selfconsistently only for
atoms in the cluster and in a certain transition region surrounding the cluster.
We will assume that the potentials and potential parameters in the rest of the
system are identical to those of the homogeneous reference system. Even under this
approximation, the presence of a cluster will influence all lattice sites, in particular,
the local densities of states, which, in turn, will influence the total number of
electrons and the band term contribution to the total energy.

We divide the whole system into a cluster (denoted by the subscript C'), a tran-
sition region (7'), and a homogeneous environment (H). The cluster and the tran-
sition region form the inhomogeneous region (I = C U T). The corresponding
projection operators are denoted as Ilg, Iy, and Ilg. It holds II; = Il + 1.

The auxiliary GF of the reference system and its projection onto the inhomoge-
neous region read as

11

0 0 1 0 I

g =P -8, 9= (7)
" PY — Sir — Sraps Sui

while the auxiliary GF of the system with a cluster and its projection onto the
inhomogeneous region are given by

115
Prr— Si1— Stn 22 Sur

g=P =971, gn= (8)

Because Pypg = PI(} 77> we immediately find the embedding potential

H I
mSHI = ﬂ (9)

0
9rr

Irr =S5 — S

which enters the expression for the projection of the auxiliary GF onto the inho-
mogeneous region (8)

Iy

gir=5—— - 10
Prp =Ty (10)
2.3.  Electrostatic energy and potential
The Madelung potential and Madelung energy of the reference system read
1 1
0 0 Mad,0 _ 00 _ 0.0
Ui:ZMijqj’ BT *§ZMiqu'Qj*§Zviqz'a (11)
j ij i

where q? is the net charge on the atom 7 and the Madelung matrix is defined as

o 62/Rij fori#j
Mij = {0 fori=j (12)

The net charges in the system with embedded cluster differ from those of the
reference system by the amount

€ =i — qzo- (13)
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Of course, &; # 0 only for i € I. The Madelung potentials in the system with an
embedded cluster are

vi:v?+ZMij5j:vi0+<Pi, SOiZZMijEjv (14)
jeI jel

and the Madelung energy is

1 1
pMad _ 5 S Mygiq; = EM0 4 : > a2 + ). (15)
ij el

2.4. Total energy of a cluster

The total energy of a system with embedded cluster has the standard form
Etot o Eband + [rore Edc + EXe 4 EMad ] (16)

The total energy (16) is infinite. We therefore always calculate the difference of
the total energy of the system with embedded cluster and the total energy of the
reference system.

The terms E<, Ed¢ and F* are the sums of core energies, double-counting
corrections, and exchange-correlation terms, respectively. These three contributions
have single-site character and their values for sites in the homogeneous region do
not depend on the cluster. Consequently, it is sufficient to calculate them only for
the inhomogeneous region.

The Madelung energy EM2d was discussed in the previous section and from the
Eq. (15) it is clear that also this term can be evaluated only for the inhomogeneous
region.

The band term EPand

Ep 1
pband _/ dE En(E) = 5 /c dz 2z TrG(2) (17)

VX2

is more difficult to evaluate because it depends on the density of states n(E)
1
n(E) = ——ImTrG(E +1i0), G(z)=(z — H)™} (18)
T

which contains Tr over the whole space. The presence of the cluster leads to changes
of the Green function G(z) not only in the inhomogeneous region, but also in the
homogeneous region. The changes of G(z) in the homogeneous region can be in-
cluded using the partitioning technique applied to the Tr log G(z) in the following
way. The band term can be written in the form

1
E" = BpNy + — / dz Trlog(z — H) , (19)
21 Cr

where the integration contour is defined as

Cr={z:2=FEpr— R+ Re% ¢ e (0,2m)}. (20)
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The partitioning gives

I
Trlog(z — H) = Trylog <zH[—HU—H[H HHHHI>
Z —

+Try IOg(Z — HHH) . (21)

The terms Trylog(z — Hyp) are identical for the reference system and for the
cluster and thus will mutually subtract when we calculate the difference of total
energies. The application of this elegant trick is not straightforward, because (i)
logarithm is a multivalued function and, (ii) the potential function P(z) in the
TB-LMTO has poles z,, see Eq.(6). The first obstacle may be overcome by careful
monitoring phases of the log function, but the second obstacle is a serious one if
the poles z, lie inside or close to the integration path. In such a case one cannot
use the trick with Tr log G(z). Instead, it is necessary to calculate

Ep 1
fhand / dEEn;(B), ni(B) = ——ImTr;G(E +1i0) (22)

and to employ sufficently large inhomogeneous region in order to include the effects
of the perturbation by the cluster with the required accuracy.

2.5. Remarks

At this stage a few comments are in place.

(i) So far we have discussed the simplest case in which the reference system
was an ideal crystal. Along similar lines one can also assume a random alloy as
a reference medium. The main difference is that it is necessary to solve a set of
mutually coupled CPA equations for atoms in the transition region. In addition,
to make the problem tractable, the vertex corrections corresponding to coupled
scattering on the cluster and on the disorder in the homogeneous region have to
be neglected. The method is also suitable for treatment of isolated clusters, it
is sufficient to use empty spheres as a reference system. Finally, the clusters on
the surface of a solid can be studied if the reference medium consists of an ideal
semi-infinite solid, either a crystal or an alloy.

(ii) The efficiency of the method requires that the inhomogeneous region is as
small as possible. It is therefore necessary to have short-ranged structure constants.
This leads naturally to the choice of the TB-LMTO method. It is necessary to check
the convergence of results with the size of the cluster.

(iii) The calculation proceeds in two steps: First, the embedding potential I'7 and
the Madelung potential v? of the reference medium for atoms in the inhomogeneous
region are calculated and then the selfconsistent calculation is performed for the
inhomogeneous region.

3. Applications

3.1. Magnetism of non-magnetic impurities in non-magnetic oxides

Somewhat surprisingly, magnetism can be observed in materials without magnetic
atoms. It is referred to as ”d"”, or intrinsic ferromagnetism. The experiments have
shown that for example thin films of HfO2 and ZrOs can have Curie tempera-
ture well above the room temperature [18], [19]. Magnetism was also reported in

http://mc.manuscriptcentral.com/pm-pml
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irradiated graphite [20], [21] and in La-doped hexaborides such as CaBg [22]. Fer-
romagnetism was predicted theoretically in materials with flat p-bands crossing
the Fermi energy [23].

Here we will discuss the non-magnetic transition metal oxides such as TiOo,
7ZrQ9, HfOs. The original hypothesis that oxygen vacancies are responsible for
magnetism in these materials was not confirmed by the DFT calculations [24]. On
the other hand, the cation vacancies can induce magnetic moments on neighboring
oxygen atoms. The formation energy of this type of defects is rather high so their
concentration will be very low under equilibrium conditions, which means that
they cannot cause magnetism. The Ti, Zr, and Hf are four-valent atoms in dioxides
such as ZrOs. The substitution by an alkali or alkali earth metal could lower the
formation energy and still polarize neighboring oxygen atoms.

We tested this hypothesis for ZrOs host and made calculations for clusters (see
Table 1) that contained 59 sites with the central site occupied either by a vacancy
(Vac) or by a potassium atom (K). We have assumed the fluorite structure for
ZrO5. The results are given in Table 2.

Table 1. The cluster in ZrO2 containing 59 atoms used in present calculations. The distance R from the origin
is expressed as a multiple of CaF2 lattice constant a and n denotes the number of atoms in a given coordination
shell.

shell R n atom
0 0.0000 a 1 Zr, Vac, K, etc.
1 0.4330 a 8 O ... O(1)
2 0.5000 a 6 empty
3 0.7071 a 12 Zr
4 0.8292 a 24 0 ... 0(2)
5 0.8660 a 8 E

Table 2. Calculated magnetic moments m in units up in clusters with a vacancy and with a K atom at the
central site. For comparison we give also moments found in FPLAPW calculations for supercells VacZr7O16 (12.5
%), VacZrz1Og4q (3.125 %), KZr7O016 (12.5 %), and KZr31 064 (3.125 %) (see Ref. [25]).

cluster 125 % 3.125 % cluster 125 % 3.125 %

mlup] mlpp]  m[up] mlup] mlpp]  m[up]
Vac 0.005 0.00 0.00 K 0.158 0.10 0.08
O(1) 0.421 0.40 0.38 o1 0.244 0.30 0.21
0(2) 0027 005 003 |O@2) 0023 005 003
total  3.927 3.81 4.00 total  2.616 2.99 2.67

3.2. Impurity formation energy

As an example consider a Zn impurity in fcc copper. Its formation energy is defined
as

AE = <E[CuN_1Zn] + e[Cu]> ~ (E[cuN] + e[Zn]) , (23)

where E[Cuy_17Zn] is the energy of a cluster formed of N — 1 Cu atoms and a Zn
impurity while E[Cuy] is the energy of a cluster of N Cu atoms. The quantities
€[Cu] and €[Zn] denote the energies of isolated Cu and Zn atoms, respectively. This
example allows us to demonstrate the efficiency of the trick with the Tr log. In
figure 1 we compare the formation energy of a Zn impurity in fce copper calculated
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directly and by using the Tr log. It is clearly seen that when using the Tr log it
is sufficient to include the impurity site and its nearest neighbors while in direct
calculation one has to include several coordination shells in order to achieve a
comparable accuracy.

Figure 1. Formation energy of a Zn impurity in fcc Cu as a function of cluster size.

-400 T T . T
direct calculation ----%----
Trlog ——
>
x
£
>
2
2 600 .
4 R
.S T s *
IS
E
L L
>
- b .
g 800
1 1 1 1
0 20 40 60 80
cluster size

3.3. Induced charges

The charges induced in several coordination spheres around the Zn impurity in
fce-Cu are shown in figure 2. The induced charges decrease quite fast with distance
from the central atom particularly beyond the second coordination shell due to the
efficient screening in the metallic system.

Figure 2. Induced charges (per coordination shell) around the Zn impurity in fcc Cu.

0.60
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3.4. Parameters of BZW model

Bruno, Zingales, and Wang (BZW) proposed a model for description of charge
transfer and screening in alloys [26]. The Hamiltonian of the BZW model reads

Bfa)) = B ({a) + BN (g} = S Sla 002 + 5 3 Myaag,  (29)
1,J

%

where ¢; is the net charge at the site 4, b; is the bare charge, and a; is the strength
of the electron-electron interaction. Minimization of energy gives

ai(q; —bi) + > Mijq; =0, Vi=>» Mg, (25)
J J

which is equivalent to the well-known linear relation [27] between the net charge
and local Madelung potential V; (the so-caled g-V relation)

aiq; + Vi = aib; = k; . (26)

The BZW model can be used to determine the screened Madelung interactions

Misfr, the electrostatic corrections to effective interatomic interactions

VET = M (g — aP) (e — af) (27)

that serve as parameters of the effective Ising Hamiltonian of the alloy, and to find
the statistics of net charges on atoms in an alloy [28].

The parameters a;, b; of the BZW model can be determined from the supercell
calculations [26], from the local-field CPA [29], and also from the calculations for
embedded clusters. To find the parameters a;, b; we add an external Madelung po-
tential V' on the site at origin and calculate the charge gy and the total potential
Vot — yext 4 yinduced gt the site at origin. These calculations are done for several
values of the external potential V' The charges gy and potentials V! fulfill the
q-V relation

aqo + Vit =k = ab (28)

from which one can extract the parameters a; and b;. The values obtained for bece-
CuspZnsg alloy are given in Table 3 and compared with values obtained from KKR
calculation for large supercell in Ref. [30]. The difference in values obtained by two
different methods can be explained by a different size of muffin spheres used in the
LMTO and in the KKR.

Table 3. Parameters a, b, and k = ab of the BZW model for disordered bece-CusgZnsg alloy.

TB-LMTO-CPA! KKR-CPA?
Cu 7Zn Cu 7Zn
a 1.26 1.24 1.84 1.82
b 0.0711 —0.0726 0.079 —0.078
k  0.0896 —0.0903 0.145 —0.144
T present calculations
2 Ref. [30]
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4. Conclusions and outlook

To summarize, we have developed the embedded cluster method within the frame-
work of the tight-binding muffin-tin orbital method (TB-LMTO). It turns out that
it is a flexible, numerically medium-cost method that can yield the electronic and
magnetic structure of impurities, finite clusters, complexes, etc., i.e., the charge dis-
tributions, local densities of states, and magnetic moments. It also allows to study
the energetics of solids and imperfections, namely, the quantities such as impu-
rity or complex formation energies, effective interatomic interactions (parameters
of Ising type Hamiltonian), effective exchange interactions (parameters of Heisen-
berg Hamiltonian), and the parameters of Bruno, Zingales, and Wang model of
screening and charge transfer.
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