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Quasicrystal plasticity in the framework of a constitutive model: 

Interaction of the microstructural parameters at high strain-rates 

 

Marc Heggen, Michael Feuerbacher 

Institut für Festkörperforschung, Forschungszentrum Jülich GmbH, 

D-52425 Jülich, Germany 

Abstract 

A unified description of quasicrystal plasticity in terms of a quantitative model using 

constitutive equations was presented by Feuerbacher and coworkers in 2001 [1]. In a later work, 

the model was successfully applied to a wide range of experimental parameters where various 

stress-strain behaviour was observed [2]. At high strain-rates, for example, the occurrence of a 

low-strain work-hardening stage, the formation of a stress maximum at around 5 %, and work 

softening at higher strains was observed. In the present work, the complex stress-strain behaviour 

of quasicrystals at high strain rates is analysed in terms of the constitutive model. The evolution 

of the two microstructural parameters, the dislocation density and the order parameter, their 

interaction with other microstructural parameters and the influence on the macroscopic plastic 

deformation behaviour are analysed and discussed.  

 

Keywords: Al-Pd-Mn quasicrystal; plastic deformation; work softening; work hardening, 

constitutive model; plasticity. 
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1. INTRODUCTION 

The plasticity of quasicrystals shows very particular features such as the lack of work 

hardening at high strains [3,4,5,6,7]. This behaviour was shown to be accompanied by a decrease 

of the dislocation density [5,8,9]. A quantitative model of quasicrystal plasticity based on a 

system of constitutive equations involving the stress-strain behaviour and the dislocation density 

evolution was presented by Feuerbacher and co-workers in 2001 [1]. This model reproduces the 

characteristic features of work softening and the decrease in dislocation density. In a later work, 

the model was successfully applied to a wide range of experimental parameters in which various 

stress-strain behaviour was observed [2]. Here, work softening after the lower yield point is 

observed at medium strain rates of 10-5 s-1 (730 and 760 °C) and 10-4 (760 °C). At strain rates of 

10-3 s-1 (730 and 760 °C) and 10-4 s-1 (730 °C), respectively, a work-hardening regime is 

observed after the lower yield point, giving rise to a second stress maximum at about 5 % strain. 

This second maximum is followed by work softening at higher strains. In contrast, at the lowest 

strain rates of 10-6 s-1 and 0.7 × 10-6 s-1 the stress remains at an almost constant level after the 

lower yield point and neither work softening nor hardening is found. The stress-strain curves 

computed according to the constitutive model reproduce all essential features of the experimental 

curves remarkably well. However, the interplay of the microstructural parameters of the 

constitutive model yielding such complex deformation behaviour, in particularly combining 

stages of work hardening and softening, is weakly understood.  

In the present paper, we briefly recall the constitutive model of quasicrystal plasticity and discuss 

the results of a deformation experiment at 10-3 s-1 showing work hardening as well as work 

softening. The evolution of the microstructural parameters dislocation density and order 

parameter, their interaction with other microstructural factors like the dislocation velocity, and 
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finally their influence on the macroscopic plastic deformation behaviour are discussed in terms 

of the constitutive model. We show that the constitutive model allows for a comprehensive 

treatment of the characteristic phenomena of the plasticity of icosahedral Al-Pd-Mn.  

 

2. CONSTITUTIVE MODEL 

The constitutive model of Feuerbacher et al. [1] employs two microstructural parameters, the 

dislocation density ρ and the order parameter λ. These are the basic parameters determining the 

stress-strain behaviour. It is assumed that the degree of order is decreased by dislocations 

moving through the quasicrystalline structure. The decrease of order is proportional to the 

increase of plastic strain plastε and the current state of order λ. On the other hand diffusional 

reordering processes restore the order of the quasicrystal. We assume that the increase of order 

with time is proportional to (1-λ), which is a measure of the order destroyed. Therefore, the 

evolution of the order parameter λ is described by the Ansatz  

00

)1()(
τ

λ
ε
ε

λελ dtd
d plast

plast −+−= , (1) 

where τ0 is a characteristic time constant for the reordering process.  

The macroscopic plastic strain rate plastε& is given by the Orowan equation [10] 

bvmsplast ρε =& , (2) 

where ms is the average Schmidt factor, ρ is the dislocation density and b the average magnitude 

of the dislocation Burgers vector [11]. The dependence of the dislocation velocity on the applied 

stress is described by the power law  
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
=
σ
σ
ˆ

, (3) 

where B and m are temperature-dependent parameters and $σ is an internal variable that can be 

regarded as a "reference stress" [12], which reflects the current microstructural state of the 

material. The reference stress contributions are given by 

$ ( ) ( )σ σ αµ ρ ε σλ ε= + +0 b ∆ . (4) 

The first term, σ0, is a constant background friction stress. The second term describes the stress 

contribution due to dislocation-dislocation interactions (Taylor part) and is proportional to the 

square root of the strain-dependent dislocation density. The parameter α is of the order of unity 

and µ is the shear modulus [13]. The third term represents a quasicrystal-specific friction stress. 

This stress contribution is proportional to the strain-dependent order parameter λ. The parameter 

∆σ describes the flow-stress contribution originating from the destruction of order by the 

movement of dislocations in the quasicrystalline material.  

The total strain ε is the sum of the plastic strain εplast and the elastic strain εelast = σ / E, where 

E denotes Young’s modulus. Combining these equations with Eqs (2) and (3) we obtain 

( )








−=

ε
σσρ

ε
σ

&

m
s bBmE

d
d ˆ/1 . (5) 

To determine the evolution of the dislocation density, ρ, we consider dislocation multiplication 

and dynamic recovery, which both depend on plastic strain, and we account for static recovery, 

which depends on time only. The change of ρ with plastic strain is described by  

ρρ
ε
ρ

b
Y

b
M

d
d

plast

−= (6) 
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[12]. The first term corresponds to the athermal storage of dislocations and involves a 

multiplication parameter M. The second term, entering with a negative sign, describes the 

annihilation of moving dislocations (dynamic recovery). Y is a characteristic annihilation 

distance that depends on the order parameter according to  

λσσ )(1 0

0

∆+
=

YY , (7) 

where 00 σµbY = is a constant.  

 

3. RESULTS AND DISCUSSION 

In order to elucidate the interplay between the microstructural parameters, we will follow 

their evolution in detail and investigate the correlation with the stress-strain behaviour using a 

curve at 10-3 s-1 and 730°C. Figure 1 shows an experimental (solid line) and a computed stress-

strain curve (broken line). The latter curve was computed by numerical integration of the set of 

equations (1), (5) and (6) using the parameters in Table 1. The free parameters were determined 

by fitting a complete set of stress-strain curves at four different strain rates and the corresponding 

experimental dislocation densities (cf. [2]). Figure 2 a shows the stress contributions according to 

Equation (4), the constant background friction stress, the Taylor part, and the quasicrystal-

specific stress part, to the total stress. The upper curve represents the total stress according to the 

broken line of Figure 1. The proportions of different stress contributions change according to the 

evolution of the microstructural parameters ρ and λ. The individual contributions can be 

calculated by multiplying the corresponding terms of Equation (4) with the stress dependent 

factor 
)(ˆ
)(

εσ
εσ , which relates the fraction of the respective contribution of the reference stress σ̂ to 
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the total stress σ . The lower curve in Figure 2 a is the Taylor contribution to the total stress, the 

middle curve represents the Taylor contribution plus the quasicrystal contribution )(εσλ∆ to the 

total stress. Hence, the difference between the lower curve and the middle curve corresponds to 

the quasicrystal contribution. Furthermore, the difference between the middle curve and the 

upper curve corresponds to the contribution of the background stress 0σ to the total stress.  

To make connection to the microstructural parameters, we show the plastic strain rate plastε&

(figure 2 b), the dislocation velocity v according to Equation (3) (figure 2 c), the dislocation 

density and the rate of dislocation production and annihilation (figures 2 d and e), and the order 

parameter λ (figure 2 f) as a function of the total strain ε. The evolution of the Taylor 

contribution to the total stress in Figure 2 a reflects the evolution of the dislocation-density 

shown in Figure 2 d. At the beginning of the deformation experiment the stress increases 

elastically. The dislocation density is low and hence the Taylor contribution to the stress is small. 

Before reaching the upper yield point, the dislocation velocity increases strongly with increasing 

stress (cf. Equation 3) - plastic straining of the sample is setting in. With the increase of the 

plastic strain rate, dislocation storage according to Equation (6) commences. The storage of 

dislocations is reflected in the strong increase of the dislocation density (Figures 2 d and e) and 

the increase of the Taylor contribution.  

The strong increase of the dislocation density after the upper yield point leads to a strong 

decrease of the dislocation velocity (Figure 2 c) according to the Orowan equation (2). Hence the 

total stress σ decreases according to Equation (3). As a consequence, the elastic strain 

contribution decreases as well leading to a plastic strain rate that is higher than the applied strain 

rate (Figure 2 b). After the upper yield point at 1.28 %, the maximum plastic strain rate of 1.62 ×
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10-3 s-1 is reached at 1.45 %. The rate of dislocation production and annihilation shows two 

maxima. The first one at 1.68 % corresponds to the maximum plastic strain rate, and the second 

one at 2.64 % corresponds to the maximum dislocation density. The relation between dislocation 

production and strain rate on the one hand and dislocation density on the other hand are both 

expressed by which enters Equation (6). The strong increase of the dislocation density (cf. Figure 

2 d) leads to an increase of dislocation-dislocation interactions and a strong increase of the 

Taylor contribution according to Equation (4) so that the total stress increases at strains between 

2.3 and 6.0 %. With the increase of the dislocation density the annihilation by dynamic recovery 

increases as well. As Equation (6) shows, dynamic recovery outruns dislocation multiplication at 

high dislocation densities.  

With the onset of plastic deformation, disordering of the structure is initiated according to 

Equation (1), which is directly reflected in the sharp drop of the order parameter at 1.4 % in 

Figure 2 f. The decrease of order leads to a decrease of the quasicrystal part to the reference 

stress according to Equation (4). Furthermore, the decrease of order influences the dislocation 

velocity and the stress-strain curve via Equations (3) and (2). Additionally, the decrease of order 

leads to a higher annihilation rate of dislocations, since the annihilation distance increases with 

decreasing order parameter λ (Equation 7). As a result, the dislocation density as well as the 

Taylor contribution of the stress decrease at high strains according to Equations (6) and (4). 

Moreover, Fig. 2 a shows that the maximum of the Taylor contribution (white arrowhead) is 

located at higher strains than the second maximum of the stress-strain curve (black arrowhead). 

This shift of the stress maximum to lower strains is caused by the decreasing quasicrystal 

contribution. 
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In conclusion, a complex deformation behaviour with stages of work hardening and 

softening is observed at high strain rates. This complex behaviour is comprehensively described 

in the framework of the constitutive model. The interplay of the microstructural parameters 

dislocation density and order parameter and the stress-strain curve was demonstrated. Taylor 

hardening, due to the strong increase of the dislocation density is the reason for an increase of the 

stress after the lower-yield stress. However, disordering of the structure during plastic 

deformation counteracts hardening in two different ways. On one hand it directly influences the 

stress-strain curve via the quasicrystal stress part, which is only a small fraction of the total 

stress. On the other hand disordering leads to a higher annihilation rate of dislocations and leads 

to a decrease of the dislocation density. As a result, the Taylor contribution of the stress 

decreases and work softening sets in.  
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FIGURE CAPTIONS 

Figure 1: Experimental (solid line) and computed (broken line) stress-strain curves at 10-3 s-1 and 

730 °C. Both curves show the appearance of a second stress maximum at around 5 % strain. 

Figure 2: (a) Computed stress contributions, i.e. the Taylor part (light grey), the quasicrystal part 

(white) and the background stress (dark grey), at 730 °C and ε& = 10-3 s-1. The arrowheads 

indicate local maxima of the stress contributions. (b) Plastic strain rate, (c) dislocation 

velocity, (d) dislocation density, (e) rate of dislocation production and annihilation, and (f) 

order parameter. 
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TABLE / TABLE CAPTION 

 
730 °C 

Parameter Value free/fixed Ref. 

∆σ 130 MPa free  

σ0 65 MPa free  

ε0 0.1 free  

τ0 2 × 104 s free  

B 4.5 × 10-9 m s-1 free  

M 0.38 free  
Y0 7.8 × 10-9 free  

µ 80 GPa fixed [11] 

B 1.83 × 10-10 m fixed [11] 

ρ 2 × 1011 m-2 fixed [11] 

E 80 GPa fixed [14] 
M 4.8 fixed [11] 
N 5 fixed [14] 
ms 0.4 fixed [15] 

Table 1: Parameters used for the computation of stress-strain curves and the evolution of the 

dislocation density and the order parameter. “Fixed” parameters were determined by 

independent experiments and “free” parameters were varied to fit the calculated to the 

experimental curves.  
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Figure 1: Experimental (solid line) and computed (broken line) stress-strain curves at 10-
3 s-1 and 730 °C. Both curves show the appearance of a second stress maximum at 

around 5 % strain. 
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Figure 2: (a) Computed stress contributions, i.e. the Taylor part (light grey), the 
quasicrystal part (white) and the background stress (dark grey), at 730 °C and =
10-3 s-1. The arrowheads indicate local maxima of the stress contributions. (b) Plastic 

strain rate, (c) dislocation velocity, (d) dislocation density, (e) rate of dislocation 
production and annihilation, and (f) order parameter. 
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