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Thermodynamic investigation of yield-stress models for amorphous polymers
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22 Abstract

27 A thermodynamic study of the yield process in amorphous polymers is proposed to
investigate four yield theories: the Eyring model and its linearized form, the cooperative
32 model and the Argon model. For a poly(methyl methacrylate) (PMMA) and a polycarbonate
34 (PC), the corresponding apparent activation volumes and apparent activation energies are
calculated and compared for a wide range of temperatures and strain rates. In the case of the
39 cooperative model, we show that the secondary molecular relaxation is a key parameter in the
4l explanation of the specific mechanical behaviour of glassy polymers at low temperatures and
44 at high strain rates. For the three other models, thermodynamic inconstancies were found and

46 these are discussed.
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1. Introduction

The stress-strain response of amorphous polymers is known to be dependent on
temperature and on strain rate. In particular, the yield stress obeys thermally activated
processes. Many molecular theories have been proposed for the prediction of the yield stress
in the case of amorphous polymers [1-15]. Most of these models give an acceptable
description of the yield stress, but they are either unable to account for the dramatic increase
of the yield stress at higher strain rates or are not valid through the glass-transition
temperature region [16]. Recently, a new formulation of the cooperative model [17,18] has
been shown to give excellent results for a wide range of strain rates and temperatures,
including the high strain rates and the glass-transition region.

The purpose of the present paper is to study and compare the thermodynamic
properties associated with four different yield-stress models: the two forms of Eyring’s
models, Argon’s model, and the cooperative models. This step will be helpful for an
understanding of the temperature and strain-rate limitations of the models. The
thermodynamic formalism of the yield stress for amorphous polymers is originally contained
in the work of Lefebvre, Escaig and co-workers [19-21] according to the concept of apparent
activation volume and apparent activation energy. This formalism could be applied to any
yield model. However, an analytical form for the apparent activation volume and energy
could be derived only for the four predicted models. Numerical study of the thermodynamic
formalism for other models such as the Robertson model [3] and the Ree-Eyring formulation
[2,4-9] are undoubtedly of interest but this is out of the scope of the present paper. In addition,
we note that the pressure can be included in each of the analysed models, as was done by
Ward [22] for the Eyring models, by Boyce et al. [23] for the Argon model and by Richeton et

al. [18] for the cooperative model. However, for the sake of simplicity and since we are
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interested in the temperature and strain-rate effects, we neglect the pressure effect. The yield-
stress models were also extrapolated through the glass-transition region where the yield stress

is expected to vanish.

©CoO~NOUTA,WNPE

15 2. Thermodynamic analysis of the models

20 2.1. Background

o5 Lefebvre, Escaig and co-workers [19-21] introduced a thermodynamic development
27 for the yield stress relating strain rate, applied stress and temperature at comparable structural

states. They focused their interest on the apparent (or operational) activation volume V, and
32 on the apparent activation energy AH,. Expressions for V, at a fixed temperature and

35 structure and that for AH|, at fixed yield stress and temperature are given by:

41 V, = kT Olng
42 ao-y T, struct.

43 ; ' )
44 2 Olné

AH, =kT
45 ’ ( aT jo'), struct.

51 where k is the Boltzmann constant, 7' is the absolute temperature, ¢ is the strain rate and o,

is the yield stress.

S8 2.2. Application to the Eyring model
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Eyring's model derives from the formal development of the transition-state theory [1].

The resulting strain rate is classically given by:

AHE o V"’
&=¢&lexp| — sinh| —2 2
’ p( kT j { 2kT ] @)

where £ is a constant pre-exponential strain rate, AH” is an activation energy and V* is an

activation volume.

Using equations (1) and (2), the operational activation volume of the Eyring model is

derived as:

E _
Vo =

VE 1
> 3)

tanh (O'yVE / 2kT)

We propose to rewrite this equation as a function of temperature and strain rate by solving Eq.
-1
(2) for o V* / 2kT and given that for x>0, (tanh(sinh’1 (1/ x))) =+/1+x” . The activation

volume is then reduced to a handier form:

2
VvE &k AHE
VE="_ [1+| 2% exp| - 4
L) (g p( kT D @)

In a similar way, the operational activation energy is given by:
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O'yVE 1
2 tanh(o V" 2kT)

AH; =AH* - 5)
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According to Eq. (3), this can also be written as
15 AHy =AH" -0, -V (6)

Here, we notice that the operational activation energy is composed of two separate entities.
23 The first represents the activation energy in absence of stress and the second contributes to the

25 reduction of the total energy barrier arising from the presence of stress.
30 2.3. Application to the linearized Eyring model

Eyring’s equation is frequently presented in the following linearized form:

(7

AH"Y" —c V'
40 e=¢&  exp| —————
kT

46 where all the parameters have the same meaning as in Eq. (2). This form is simply obtained

49 by replacing the hyperbolic function of Eq. (2) by an exponential under the condition

o1 ayVE / 2kT >1. As a matter of fact, the original Eyring parameters and the linearized ones are

54 linked as follow:

GE =20 AR _AHE  yHE =l (8)

a1
©
~
5
[\ omr;’
<<
N
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For this model, the operational activation volume is found to be independent of the

temperature and the strain rate:
VOLE — VLE (9)
For the operational activation energy, we obtain:

AH;" =AH" -0 V' (10)

Since V,* =V'*, this equation is simply the classical form of the operational activation

energy as given in Eq. (6). Moreover, according to Egs. (7) and (10), it can be shown that the

apparent activation energy is proportional to the temperature:

é‘LE
AH =kT1n(%J (11)

2.4. Application to the cooperative model

The cooperative model was originally developed by Fotheringham and Cherry [13,14],
who modified the Eyring equation by postulating that yielding involves a cooperative motion
of polymer chain segments. They also assumed that yield stress has to be corrected by an

internal stress, o,. The resulting model is an Eyring-like equation, where the hyperbolic sine

function is raised to an n-th power.

http://mc.manuscriptcentral.com/pm-pml



Page 7 of 24 Philosophical Magazine & Philosophical Magazine Letters

ézé*(T)sinh"{(ay 7 (T))Vc] (12)

2kT
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11 where & (T) is a characteristic thermally activated strain rate, n is a material parameter used

14 to depict the cooperative movement of the chain segments, and o, (T) is the internal stress;

all other parameters have been previously defined. Based on the work of Povolo and co-

19 workers [24,25] and of Brooks et al [26], a recent development by Richeton et al. [17]

allowed a derivation of the temperature dependence of & (7') and o, (T):

AH

58 &(T)=¢ eXP(_k—Tj

30 O'A(T):O'A(O)—mT

4

(13)

where & is a constant pre-exponential strain rate, AH ;4 is the B activation energy, o, (0) is

38 the athermal internal yield stress and m is a material parameter roughly equal to o, (0) / T,

41 (T, being the glass-transition temperature). The relation between yielding and the segmental
44 mobility associated with secondary relaxation of polymer chains has also been highlighted by
46 Yee and co-workers [27,28] and by Halary and co-workers [29,30].

In addition, as was previously done by other authors [3,5,31], the cooperative model can be
51 extended through the glass-transition region [17]. In this domain, the resulting yield stress has

53 to vanish to zero with respect to the Williams-Landel-Ferry (WLF) equation [32]. In the

56 rubbery region, the expressions of & (T) and o, (T) are expressed as [17]:

http://mc.manuscriptcentral.com/pm-pml
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é*(TZTg):éOC exp(—AkI;ﬂ]exp 10>y (T_Tg)

8

cf+T-T, (14)

where ¢! and ¢ are the WLF parameters and all other parameters have been defined
previously. For the determination of al.(T ZTg), we simply consider a vanishing internal

stress above T, . This assumption renders the proposed model for the yield stress to be non-

continuous through the glass-transition temperature region. Moreover, it is postulated here
that the glass transition occurs for a single temperature, even though it is universally known

that it occurs over a range of temperatures.

In line with the results of Povolo and co-workers [24,25], the operational activation

volume for the cooperative model is given by:

c_ nv¢ 1
Yo = 2 tanh((ay—ai)Vc/ZkT) (>

With the same development of Section 2.2, it can be shown that:

(16)

This expression is valid through the glass transition with the corresponding expressions for

&"(T). Moreover, by extrapolating Eq. (16) at 0 K, V,* tends towards nV /2. This can be

http://mc.manuscriptcentral.com/pm-pml
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easily understood since é*(T < Tg) tends towards zero when the temperature goes to zero.

This result is valid as long as ¢ is different from zero. This critical value of nV /2 for V¢

©CoO~NOUTA,WNPE

might correspond to the least size of the activation volume as mentioned by Nanzai et al. [33].

12 We also note that & (T) increases with increasing temperature below, as well as above, T,.

15 According to Eq. (16), at low strain rates or high temperatures, the value of VOC is much

17 higher than that at low temperatures or high strain rates. Even if there are still doubts of what
20 clearly represents the activation volume, it is established that molecular yield processes are
22 both intermolecular and intramolecular [28]. A recent paper on the modelling of the
temperature and strain-rate dependence of yield stress in a binary Lennard-Jones glass [34]
27 shows that a cooperative motion in glassy solids is necessary for yield to occur because a
29 single molecule (or a polymer segment in our case) cannot move without dragging its nearest
neighbours in motion. This observation of Varnik et al. [34] is a molecular kinematics that is
34 directly obtained from simulations and not a priori assumed. Therefore the more chain
36 segments involved cooperatively in the yield process, the more is the chain slipping
39 facilitated, and the less force is required to stretch the polymer. This remark is in agreement
41 with what can be found in the work of Yee and co-workers [27,28]. These authors proposed
that the segments of chains that are already mobile become even more mobile with the
46 application of stress. The increase of the activation volume results in the reduction of the
48 interactions between chains and thereby reducing the resistance for chains to slide relative to
one another. This effect can be linked to a lubrication (OK?) on a molecular level. By
53 facilitating lateral slipping of chain segments, large scale sliding of chains is feasible, thus
35 increasing the activation volume.

Concerning the operational activation enthalpy, it can be shown, for temperatures

60 below Tg and using the cooperative model, that [25]:

http://mc.manuscriptcentral.com/pm-pml
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AH{ (T <T,)=AH, -V, (o, -0,(0)) (17)

As for the Eyring model, the apparent activation enthalpy given by Eq. (17) is composed of
two separate entities. The first represents the activation energy in absence of all stresses and

the second contributes to the reduction of the total energy barrier owing to the presence of an

effective stress, o,-0; (O) . As an expression for AH,, (T >T, ), we found:

_In10xcfefkT?

AH{ (T >T,) ER
8

8

A (18)

y

Eq. (18) is similar to Eq. (17). According to our proposed modelling for temperatures above
T,, the apparent energy for viscoelastic relaxation is considered above T, as shown in Eq. (18)
instead of AHg below T, in Eq. (17). This viscoelastic energy has already been used in the
Robertson [3] and Nanzai [33,35] theories where yielding is associated with the structural
change of the glass into a liquid-like structure. Although the structural change in Roberston's
theory has been supported experimentally near the glass-transition region [36], we have to
mention that the form of the viscoelastic energy was given by Robertson without the square
exponents. If the Roberston model is implemented with the square exponents in the
expression of the viscoelastic energy as originally given by Ferry [32], the results obtained for

the yield stress are completely out of range [37].

2.5. Application to the Argon model

http://mc.manuscriptcentral.com/pm-pml



Page 11 of 24 Philosophical Magazine & Philosophical Magazine Letters

©CoO~NOUTA,WNPE

Argon developed a kink-pair nucleation model that takes into account the
intermolecular resistance to shear yielding [10,11]. The model is generally given in term of

shear but it can also be considered in term of uniaxial deformation:

s,V o, v
&=¢&) exp| - (l)cT 1_(s_)} (19)
0

Where s, is an athermal yield strength and all other symbols have the same meaning as in

previous paragraphs. The activation volume V* is found to be dependent on the geometrical

considerations of the kink model.

According to the previous developments, the apparent activation volume for the Argon

model can be expressed as:

/5
% s VA

VA= 0 20

"6 | kTIn(4)/2) 20

This expression is of great interest since it indicates that the activation volume V,' is

15

proportional to T . In other words, it signifies that V,' decreases with increasing

temperature. This observation implies that the physics of kinks used by Argon is not
thermodynamically acceptable since it is widely established that activation volumes have to
increase with rising temperature. In this result, one can also explain why Argon’s model does

not work at high temperature since the activation volume has been found to greatly increase in

the glass-transition region [33]. As another remark, the strain-rate dependence of V.

http://mc.manuscriptcentral.com/pm-pml
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according to Argon’s model is the opposite of that found for the cooperative model (an

increasing strain rate has to diminish the activation volume).

Concerning, the apparent activation energy, it can be shown that:
((;.‘A
AH! =kT In (—"j 1)

The temperature and strain rate dependence of AH' is exactly the same for AH,” (the one

found for the linearized Eyring model). This equation does not consider kink physics
anymore. As a matter of fact, the Argon model is very close to the linearized Eyring formula

[38]. Indeed, by roughly approximating the 5/6 exponent of Eq. (19) to 1, the latter form for

the energy is exactly one of the linearized Eyring’s equation with:

AH" =sV* (22)
In other words, the good fit provided by the Argon model [11] is not due to physics of kinks
but rather to the use of a thermally activated process as is the case with the Eyring models.
3. Results and discussion

3.1. Preliminary discussion

http://mc.manuscriptcentral.com/pm-pml



Page 13 of 24 Philosophical Magazine & Philosophical Magazine Letters

©CoO~NOUTA,WNPE

As it is the case for the yield stress, the operational activation volume and activation
enthalpy are also temperature and strain-rate dependent. For two polymers, a poly(methyl
methacrylate) (PMMA) and a polycarbonate (PC), we propose to make a comparison of these
three quantities according to the different models. For the high strain rates, the curves do not
take into account the temperature rise generated by the elastic deformation. If it is true that
dramatic temperature changes occur at high strain rates, it has to be remembered that the
major part of the adiabatic heating is usually dissipated during the plastic deformation and not
during the elastic deformation [39,40]. All the model parameters used for the modelling can

be found in Table 1 and reference to one of our previous works [18].

3.2. Yield stress results

Figure 1 shows, for PMMA and PC, a comparison between the strain-rate dependence
for the compressive yield stress for the different models presented in this study and some
experimental data from Richeton et al. [18]. For both polymers, the cooperative model is the
only one to show good agreement with the data at the very high strain rates. There is no major
difference between the three other models, which present a linear dependence versus the
decimal logarithm of the strain rate. The increase of the yield stress at high strain rates can be
accounted for by a restriction of the f movements of the polymer chains. An increasing strain
rate diminishes the molecular mobility of the chains by preventing their relaxation. A similar
increase of the yield stress is observed for temperatures close to the secondary relaxation

temperature, Tﬂ .

The temperature dependence of the compressive yield stress can be seen in Figure 2. A
significant increase at about 0°C/50°C is observed for the yield stress of PMMA. Depending

on the frequency, these temperatures are in the range of the secondary relaxation temperature

http://mc.manuscriptcentral.com/pm-pml
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of PMMA (10°C at 1 Hz). For PC, the yield stress also begins to exhibit the appearance of the
secondary transition at -100°C. This dramatic increase of yield stress at about -100°C/-150°C
has been experimentally observed and attributed to the presence of the f transition [42,43].
This can easily be understood since below 7 the secondary molecular movements are
restricted and thus the polymer chains are stiffer. In comparison with other models, only the
cooperative model is able to describe successfully this phenomenon. The case of PMMA is
particularly explicit since the secondary transition occurs nearly at room temperature.
Concerning the T >T, temperatures, the extension of the cooperative model gives satisfactory
results in comparison to the experimental data. The linearized Eyring and Argon models are
completely out of range since the extrapolation of these two models for the high temperatures
give negative values for the yield stress. However the Eyring model has a slightly different
behaviour since the presence of the sinh function make this model tend towards zero value for
high temperatures. For PC, we have to mention that the sharp drop of the yield stress
predicted by the cooperative model in the glass-transition domain is due to the fact that the
internal stress o; is not continuous through the glass transition. Nevertheless, the agreement
between the modelling and experimental results remains far better than for the other models.
For PMMA, no such drop is observed since the numerical value of the internal stress, as

defined by Eq. (13), is almost zero for T =T, .3.3. Apparent activation volume

Figure 3 represents the apparent activation volume, V,*, obtained for the cooperative

model for PMMA and PC. For both polymers, V increases exponentially with temperature

and decreases with an increasing strain rate. These results for PMMA are quantitatively in

agreement with the experimental results of Lefebvre and Escaig [21]. As mentioned earlier, at

the very low temperatures, VOC tends towards a constant value, which corresponds to the least

http://mc.manuscriptcentral.com/pm-pml
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size of the activation volume, nV° / 2. We believe that the parameters n and V are coupled

since none of them can separately be related to a physical quantity. It has also been suggested
that the activation volume may correlate to the scale of the secondary relaxation [28]. This

remark is consistent with Eq. (16) where the secondary relaxation is taken into account, being

quantitatively represented by the activation energy AH, in the expression for g*(T) On

Figure 3, this phenomenon is characterized by an exponential increase of the activation
volume for temperatures close to the secondary transition temperature. Moreover, as was
already mentioned, the secondary transition is itself strain-rate dependent: an increase of

strain rate will shift the value of 7, to higher temperatures. Then the activation volume

increases more dramatically above T,. This statement is in agreement with Nanzai’s theory
[33,35] where it is believed that, near T,, yielding can involve up to 150 monomers. The
breakage in the curves at the glass transition can be explained by the fact that we have
considered the glass transition as a single temperature.

Figure 4 makes a comparison of the temperature dependence of the apparent activation
volume for the different models presented in this study for a strain rate of 0.001 s”. The

cooperative model is the only one to present a significant temperature dependence for V. As

for the linearized Eyring model, the Eyring model has almost no temperature dependence.

However, by considering a sinh function instead of an exponential one, this model presents an

increase of V, at the high temperatures. This result is a pure numerical artifact; it has no

physical meaning. For the Argon model, as was mentioned previously, the temperature
dependence is erroneous from a physical point of view. All these preceding observations will
still be valid for strain rates different from 0.001 s™. Apart from the cooperative model, the
apparent activation volume derived from the other models is in total contradiction with
polymer physics since it can nearly be considered independent of temperature and strain rate.

In Table 2, a comparison of the intrinsic model parameters shows that all activation volumes

http://mc.manuscriptcentral.com/pm-pml



©CoO~NOUTA,WNPE

Philosophical Magazine & Philosophical Magazine Letters Page 16 of 24

are of the order of 10® m’. This value is roughly equal to the volume of a statistical link in
solution [44], supporting the fact that the least critical size of V,© may be equal to the volume

of a single statistical link. Concerning the actual value of the apparent activation volume, it is
pretty hard to draw any conclusion. As was reported in section 2.5, the activation volume
actually groups all possible chain displacement into a single parameter, including both
intermolecular and intramolecular processes. The key to solving this problem is to identify
clearly the cooperative character of the yield process. Here, we can also mention the atomistic
approach of Mott et al. [45] for the kinematics of plastic deformation in glassy polymers.
These authors found via molecular simulation that the estimated sizes of the plastically
relaxing clusters are very large in comparison with the atomic or molecular segment
dimensions. They defined the yield process as a complex and cooperative collection of bond

rotations among the backbone segments.

3.4. Apparent activation energy

Figure 5 represents the apparent activation energy obtained for the cooperative model
for PMMA and PC. In the glassy region, AH, bears the stamp of the secondary relaxation.
For PMMA, the predictions are in agreement to what can be found in the literature [20]. As
expected, an increasing strain rate will activate a decrease of AH| . The extrapolated value of
AH{ at 0 K tends to zero. This statement allows us to recover the fact that V,© tends towards
nv® / 2 by solving Eq. (17) at 0 K (starting from Eq. (12), it can be shown that
o,(0)= ai(0)+2AHﬁ/nVc ). Then, according to Egs. (17) and (18), AH_ goes through a

change of regime at the glass transition. Figure 6 shows for the cooperative model that the two

energies are different of about one order of magnitude. Contrary to what Nanzai et al. [33]

http://mc.manuscriptcentral.com/pm-pml



Page 17 of 24 Philosophical Magazine & Philosophical Magazine Letters

©CoO~NOUTA,WNPE

postulated, we do not have a symmetrical behaviour of the activation energy with respect to
T,. We think that the structural transition theories (transition of the glass into liquid-like
structures during yielding) [3,33,35] are not suitably able to describe the complexity of the
yield process (especially at low temperatures and high strain rates). The main reason is that
they do not take into account the secondary relaxation. This is also the case with the three
other models of this study.

There is no difference between the apparent activation energies of the two Eyring
modelsand the Argon model. For these three models, AH, presents a simple linear

dependence on temperature without any physical transitions. Furthermore, for these models,
the values of the activation energy as given in Table 1 cannot be related to any physical

process - contrary to the case for the cooperative model.

4. Conclusions

In this paper, we have made a thermodynamic comparison of different yield stress
models involving a thermally activated rate process. The following comments are the
significant results from this work on amorphous polymers:

1- From a thermodynamic point of view, there is no major difference between the
Eyring model and its linearized form.

2- The physics of kinks used in Argon’s theory is not thermodynamically consistent.
The diminution of the apparent activation volume with increasing temperature is not
physically acceptable. Furthermore, we have shown that the Argon model and the two forms

of the Eyring model present virtually the same physical limitations with regard to the

http://mc.manuscriptcentral.com/pm-pml
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temperature and strain-rate response of the yield stress, apparent activation volume and
apparent activation energy.

3- For the prediction of the yield stress in a wide range of strain rates and
temperatures, the apparent activation volume and the apparent activation energy have to bear
the stamp of the secondary relaxation, as is the case for our formulation of the cooperative
model. The augmentation of the yield stress at low temperatures or high strain rates can be

accounted for by a diminution of the # movements.

4- The structural transition theories of yield [3,33,35] solely based on the use of the
WLF equation can in no way describe the yield process at low temperatures and high strain

rates.
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Table 1. Model parameters for PMMA and PC. The WLF parameters were taken from Refs.

[41] and [32].

Models Parameters PMMA for PC
&8 s 4.23x10% 1.38x10?'
Eyring AH*® [kJ/mol] 178 224
VE [m’] 6.76x10™* 3.83x10™7
o & [sT 2.11x10% 6.89x10%°
Linearized L
. AH ™ [kJ/mol] 178 224
Eyring - .
VY [m’] 3.38x10° 1.92x10°
&0 [s] 1.92x10* 1.06x10?"
Aroon s, [MPa] 1131 205
s V4 [m’] 2.60x107* 2.01x1077
AH" =5,-V* [kJ/mol] 177 205
g [s] 7.46x10'" 8.69x10'2
AH 2 [kJ/mol] 90 40
VE [m’] 5.14x10% 5.16x107%°
o,(0) [MPa] 190 145
Cooperative m [MPa/K] 0.47 0.24
n 6.37 5.88
Tg [K] 378 413
ct 9 17.44
cf [°C] 36 51.60
Table 2. Comparison of the activation volumes
Parameters Values for PMMA Values for PC
VE/2 [m’] 3.38x107 1.92x10™
VY [m’] 3.38x107%* 1.92x10°%
V4 [m’] 2.60x107* 2.01x107%
nVE/2 [m’] 1.64x107 1.52x107
Volume of a statistical link 28 28
in solution [m3], after [44] 2.10x10 4.82x10
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Fig. 1. Strain rate dependence of the yield stress for a PMMA and a PC tested under uniaxial

compression at a temperature of 25°C.
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1
2
2 Fig. 3. Influence of temperature and strain rate on the apparent activation energy of the
5 cooperative model for a PMMA and a PC tested under uniaxial compression.
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Fig. 5. Influence of temperature and strain rate on the apparent activation energy of the
cooperative model for a PMMA and a PC tested under uniaxial compression.
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