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The kinematic approximation to specular reflectivity is very useful for understanding neutron and X-ray scattering observations, because
it provides a simple analytical formula that relates the scattering-length density profile of a layered surface or interface, 3 (z), to the
data, R (g-). Although its derivation from the wave equation, or the optical transfer model, for large ¢. is straightforward, the origin of
the g.-factor in the denominator is less obvious when the problem is viewed in the limit of Fraunhofer diffraction from the outset. This
paper, which is principally educational, aims to bring clarity to the issue.

1 Introduction

The opportunities for doing experiments at neutron and synchrotron facilities, to study matter at the
atomic and molecular level, have grown rapidly in recent years. This has been accompanied by a shift in
the demographics of the users, from principally physicists to a broad range of natural scientists. Given
such an increasingly diverse spread in the physics backgrounds and mathematical abilities of new graduate
students entering the field, what is the best way of introducing them to the elementary theory of scattering
experiments?

A valuable approach is to motivate the general result for the (Born-Fraunhofer) differential cross-section,
do/d€, following Lovesey [1] and Squires [2],

0 - ‘///5("“) cradr| x5, M

where [ is the scattering-length density of the sample as a function of position 7, g is the wave-vector
transfer of the neutron or X-ray and i2=—1, and to explain how the elastic scattering law, S (q), can be
understood qualitatively with a basic understanding of Fourier transforms. Although inelastic processes
can be accommodated in this formalism, through the temporal extension of equation (1) for the partial
differential cross-section [1,2], the central message of this approach is appreciated most easily by con-
sidering one-dimensional examples of equation (1). Specular reflectivity from (perfectly) layered surfaces
or interfaces is a prime example, therefore, which allows data from common structures to be interpreted
readily by analogy with elementary diffraction patterns familiar from high school.

The kinematic approximation to the specular reflectivity, R (¢.), which is applicable for weak scattering
in the far-field limit, is given by [3]

2

1672
; (2)

q2

R = 7| [aio v

where z is the direction perpendicular to the layers of the sample, as illustrated in figure 1, and ¢, is the
corresponding component of the wave-vector transfer; it works well for large ¢, typically when g2 > 167|3;|
where (5 is the scattering-length density of the substrate. While it seems immediately plausible that the
Fourier part of equation (2) is related to equation (1), for the case where the sample is invariant in the
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16 Figure 1. A schematic illustration of the setup for specular reflectivity.
17
18 x-y plane, the origin of the prefactor is less obvious. Although the ¢2 in the denominator makes sense on
19 dimensional grounds, how does it arise physically?
32 The search for a simple answer to the above question, that many would find both intuitive and plausible,
29 led to numerous discussions with colleagues and the consultation of authoritative books and papers [1-10].
23 The analysis given below is the result of that investigation. Although it has much in common with the more
24 standard formulation of Pynn [7], it adopts a very different approach to the evaluation of a crucial integral.
25 This alternative derivation makes every step of the calculation completely transparent, and provides greater
26 physical insight.
27
28
ég 2 The differential cross-section
g; Let us begin by formally defining the basic characteristics of the samples under consideration. In the context
33 of figure 1, they have the property that their scattering-length density varies only in the z direction:
34
35 B(z) for |z|<L, and |y|<L,,
36 plr) = { 0  otherwise / ’ ®)
37 ’
38
39 where we have taken the finite illumination of the z-y plane to be over a rectangular region, |z| <L, and
40 ly| < Ly, for simplicity. The substitution of 5 (r) from equation (3) into equation (1), with r = (z,y, 2)
41 and wave-vector transfer
42
ji q = (4z,9.9:) = ki — kg, (4)
45 - . .
46 where hk; and hks; are the momenta of the incident and scattered particles respectively, leads to the
47 decomposition of the differential cross-section into a product of three terms:
48
49 d L. 2 L 2 : 2
50 d_gZ = ‘/ e ' dx / e W dy /ﬁ (z2) e ¥ dz| (5)
51 ~Le ~Ly
52
53 where we have omitted the limits on z-integral, as being irrelevant to the present argument (but would
54 be —oo and zero, with 344, = 0). The x and y integrals are readily evaluated to yield the classical sinc
55 functions,
56
57 L —itg1L iL ~iL :
o8 / it gy — [e 1.‘1} _ 2 [el q—.e ! q] _ 2 sin(Lq) 7 (6)
59 ~L -1 |_;, q 21 q
60
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24 Figure 2. The (¢z,gy)-dependent sinc-squared factor in equation (7), contoured linearly: the highest values, from 0.15 to 0.95 of the
o5 maximum, are shown with a thick line whereas lower ones (0.015 to 0.095) appear thin.
g? so that, as seen from figure 2, the differential cross-section is sharply-peaked around ¢, =0 and ¢, =0:
28 ) ) 2

sin“(L sin“(L -
29 d_O' = 16 ( 2Z‘q1‘) ( 2y‘]y) ' /5 (Z) e—lzqz dz (7)
30 df q; a;
31
32
33
34 3 Reflectivity and the differential cross-section
35
36 To relate the differential cross-section to the reflectivity, we need to remind ourselves of their exact defi-
37 nitions. The former tells us the rate at which neutrons are scattered with wave-vector transfer q, per unit
38 . . . . .
39 solid angle, compared to the rate at which they are incident on the sample, per unit area perpendicular
40 to the incoming beam:
41
42 do _ Rate of scattering in direction g per unit solid angle ()
43 d©?  Rate of incidence per unit area L to incoming beam
44
45 The reflectivity is the proportion of incident neutrons that change direction normal to the surface of the
46 sample upon scattering:
47
48 Rate of reflective-scattering
49 R = P 9)
Rate of incidence

50
o1 The denominators of equations (8) and (9) are related through the area of the sample illuminated per-
52 pendicular to the incoming beam, 4L, L, sin#, whereas the numerator of do/d} has to be integrated over
53 the solid angle corresponding to neutrons ‘bouncing back’ to yield R. Since the latter calculation is a bit
5 awkward, let us make use of the physical insight provided by the fact that the differential cross-section of
55 . . . . .
56 equation (7) is sharply-peaked, around ¢, =0 and ¢, =0, to approximate the required integral by
o d d
58 240 ~ £Z AQ 10
50 [] 850 = 8l ., 00 40
60
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1 where AQ is the solid angle spread of the scattered beam around the outgoing vector k;. Hence, the
é substitution of do/dQ2 from equation (7) into the right-hand side of equation (10), and its division by the
4 illuminated area, allows the reflectivity to be written as
5 2
6 ~ AQ
R ~16L2 L2 / TR dy | 11
; Y Bl2) e i 4Ly Ly, sinf (11)
9
10
11 4 The divergence of the reflected beam
12
13 To complete the calculation for the kinematic approximation to specular reflectivity, we need an estimate
14 for AQ). This can be obtained by considering an incoming beam which is parallel to the x-axis, so that the
ig y-component of k; is zero (as in figure 1),
17
19
20 a reflected beam with wave-vector
21
22 ky = (kote,0,6—k 13
23 f_(J?+67 76_ 2)7 ( )
24
25 where €, § and £ are parameters that denote the departure from ‘perfect’ reflection, and the requirement
26 that kinetic energy be conserved in elastic scattering, |k:Z]2 = ]k:flz, which imposes the condition that
27
gg €242k, +02 16226k, = 0. (14)
30
31 Since we are only interested in the neighbourhood of ¢, =0 and ¢, =0, or equivalently € ~ 0 and 0 ~ 0,
32 the first-order terms in equation (14) yield a linear correlation between the x and z components of the
33 wave-vector transfer:
34
35 ky
36 { ~ [k—} €. (15)
37 #
38 ~
39 This means that the unit vector along the scattered beam, k¢, is a function of the independent variables
40 € and d:
41
42
p ~ (kx+e,5,[g—w]e—kz)
kr(e,0) = - 16
46 . . . . . .
47 Given equation (16), and the nature of the sinc functions in equation (7) and figure 2, we can estimate
48 the solid angle spread of the reflected beam from the area of the parallelogram subtended by the vertex
49 of k¢ when pointing in the directions defined by e ~ /2L, and 6 = £7/2L,:
50
51 N N N N
52 AQ ~ [k:f(zgm ,0) — kf(;;;,())] X [k:f(o, 5-) — k0, 2—5;)] ‘ . (17)
54
52 After the substitution for the four k;’s from equation (16),
5
57 1
58 AQz7<10k—zl)x<0l0> 18
59 kx2+kz2 L.’ "k, L. ' L, ) ( )
60
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:2L and the evaluation of the cross-product,
3 2 i
4 AQ ~ (~4=.0.1)], 19
5 e | )
6
7 a rearrangement of the modulus allows the solid angle to be written as
8
9 72 sin 0

AQ ~ — | 20
10 LyLy,k2 (20)
11
12
13 where sinf =k, /\/k2+ k2 from figure 1 and elementary trigonometry. Finally, the substitution of A}
14 from equation (20) into equation (11), using the principal wave-vector transfer ¢, = —2k,, leads to the
15 desired reflectivity formula of equation (2).
16
17
18 5 Conclusions
19
20 We have derived the formula for the kinematic approximation to specular reflectivity directly from the
g; general expression of equation (1) for weak scattering in the far-field limit. Every step of the calculation
23 has been made transparent to reveal the origin of the ¢2-term in the denominator of equation (2): it
24 arises from the divergence of the reflected beam, whose angular spread is proportional to the square of the
25 wavelength of the neutron or X-ray photon. Explicitly, with k, = (27/)) sin 6, equation (20) tells us that
26 AQ o A%/siné.
27 When presented with the above conclusion, many are initially sceptical about the spreading out of the
28 reflected beam and its role in the origin of the g2-term (although most eventually come around to it).
29 Comments about it being an effect due to the ‘finite size of the sample’ are sometimes made in passing,
30 although the significance is usually left unclear. While it is true that the absolute magnitude of the solid
g; angle spread increases as the illuminated area of the sample decreases, as can be seen from equation (20),
33 it is the relative values of AQ for a given L, and L, (and 6) that counts; that depends on the square of
34 the wavelength, and is a result that holds even as L, — oo and L, — oo.
35
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