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r��j��r�X�fh�®Zyk�Vl\]ai^�r�k�egV�r�TWmóTWf�X2Xlfh\Wk�dWZjTWp*r�TvuGf�^_X�d]eg�
ê1û e�TWkgeÃq�eÃaiegVlf�aiX2Xlf*r�TWf�X�dWe�a2�®e�X�d]f?mN9OGe Vi\WèWViXlZjXl\]X�e�X�dWe r�X�f���Zjk_Vl\WaY^�r�kge�Vsèvu�r�X�fh�®Zyk_dvuwæçegai~�fh�y\]��e�VÏîRý�TWp�eg�çr�TWm�b4aiegèWZjT�ù��h�h�hï<f�^.X�d]e
V�r���e�mWZy�®egTWViZyfhT�r�VoXldWe:dvuwæ�e�alVlæWr�kge�ê�ø�fha�X�dWe2kgfhTWVYX�ai\Wk�XlZyfhT�XUq�f�mWZ[�Ce�alegTvXÏViæ�r�k�egV�r�aie2TWe�egmWe�mN9
b_dWfhVie�r�Xlfh��Zjk�d�uwæçegaY~hfh�j\W��e�V2X�dWr�X3r�aie�k�\]X:èvu X�dWe1î�æçfhVlViZyèW�[uKmWe�^ìfhai��e�m{ï,k�\]X:Viæ�r�k�eQPSR5T8U!r�aie
Vle��ye�k�X�e�m.êQb_dWe�kge�T�Xlale,f�^4e'r�k�d
Vle��yegk�X�e�m�r�Xlfh�®Zykodvuwæçegai~�fh�y\]��e�ZyVsæWalf�ñie�k�Xlegm�f�T�Xlf3X�dWeÏæWaif�ñiegk�X�ZjfhT
VlæWr�kgeVP"W�X(Y/Z�ê\[�u�VidWe'r�aiZyTWp�X�dWe�kg\]XsVlæ�r�kge�z]ZØêÆe�ê}èvu�ZyTvX�aif?m]\WkgZjTWp2r,�yZjTWe'r�aQæWdWr�VlfhT]Zyk�mWZyViæW�ér�k�eg�®egTvX'z
æçegalZjf?m]Zyk_r�æ]æWalf'í?Zy��r�TvX�VQr�aie_kgaie'r�Xlegm.ê�t�d�r�VlfhTWZjk0mWegphaiege�V�f�^{^ìaiegegm]fh�7r��jVlf�k'r�T�eÇí]ZjViX�ZyT:XldWegVieor�TWm
æW�yr¢uÃr�^ì\]TWm�r��®egTvX�r��.alfh�je!^ìfha_æWd�r�VleÏX�alr�TWVlZ[X�ZjfhTWV,îRý�m�r�pvr'qcr�e�X r��Rê�ù��h�^]�ï�ê

û e�ale�qse,mWZyVikg\WViV �jZyTWegr�acmWe�^ìegk�X�Vgz{�®e�X�r�mWZyVi�yfwk'r�XlZyfhT]Vgz]ZjT�X�dWe�æWd�r�VlfhTWZjk�mWegphaiege,f�^«^ìalege�mWfh��^ìf�a
r�æWæ]alf'í?Zy��r�TvX�V2f�^cX�dWe�no�ét�m{ô
T�ViuwViXleg�
ê1b_dWZjV2ViuwVYX�eg�ÿZyV�egVlæçegk�Zér��j�ju r�m]egä�\�r�Xle�^ìfha�X�dWeÃeÇí]r����
ZyTWr�X�ZjfhTÒf�^!æ]d�r�Vlf�TWZyk
mWegp�alege�V�f�^ ^ìale�egmWfh� ViZyTWk�e�rKViX�r�èW�je
Z©�UæWdWr�Vle�zcrKViX�r�èW�yeKöhê ùKT]� m?�UæWdWr�Vle�z
r��®e�X�r�ViX�r�èW�ye
öhê=_�TW� m?�AæWd�r�VieKîìq0dWZjk�dÒZyV2r�VlVi\W��e�móX�f�è�e�r
Vlfh�jZymGVlfh�j\]X�ZjfhTóf�^0ô-TÒZyTGm?�Un �ét�m
îØ��X�eg\]alega
ù��h��]�ïiï�z�r�TWmÔr��ér�alphe
~�r�alZye�XUu f�^�r�æ]æWalf'í?Zy��r�TvX�VÃdWr¢~�eKè�e�egT fhèWViegai~�egmÔZyT XldWe*æWd�r�Vie
mWZyr�pha�r���� î3`Ï�yegZjT e�X�r��Rêsù��h�h�vïÇê n �y�0f�^ÏX�d]eg�
z0r�V�q�eg�j�or�V�Vle�~�egalr��!èWZjT�r�aiu n �ét�m r�T]m no�éô-T
ä�\�r�ViZykgaYuwViX�r��yV�r�TWm-r�æWæWaif'í]Zj��r�T�XlV0r�ale�aieg�ér�X�egm"VYX�al\]k�X�\]a�r��j�juhê

a b ã2cgã'Üed f ß"àeghc2i
nÖdvuwæçegalViæ�r�k�e,�®fwmWeg�{^ìfha�Z[�Un �ét�m{ô-T�d�r�Vcèçege�T�æWalf�æ�fhViegm�èvuK`,r�Xkj!r�TWm
��alr�X�Zyr�V îYö¢÷�÷húvï�ê}SAXc\WViegV
r�VlZ[í
m]Zy�®egTWViZyfhT�r���^�r�k�e��Uk�egTvX�aiegm1dvuwæçegal�yr�XlXlZyk�emlon�pðq0Z[X�d
�ér�XiX�ZjkgeÏkgf�TWViX�r�TvXÏù�q7n�psr ö5t ù�÷®TW� r�TWm
Vle�ai~�egV�r�V r�VYX�r�aYX�ZyT]p�æçfhZyTvX VlZjTWkge,X�f�f�\Wa x�TWf¢q0�jegmWphe2r��y��T]e�q�egagz���f�ale,kgfh�®æW�yZjk'r�Xlegm
dvu?æçegaiVlæ�r�kge
�®f?mWe��yV_r�aleÏale�ë�TWe���e�T�XlVgê�SAX0d�r�V0èçegegT"VidWf¢q0T.z�X�d�r�X_XldWe�r�æWæ]alf'í?Zy��r�TvX�V*u®r�TWmQu ¿ î�[se�a�r�d�r3e�X�r��Øê
ö¢÷h÷h�hïof�^sXldWe"öhê=_
TW� mw�UæWd�r�Vle®r�TWm X�dWe®r�æWæ]alf'í?Zy��r�TvX�Vwv�r�T]myx�î3[segalr�d�r"e�X2r��Øê}ö¢÷h÷5zvïof�^sX�d]e
öhê ù:TW� m?�AæWd�r�Vie�r�ale�mWegVikgaiZyèçegm
fhT
r�T�r�X�fh�®ZyVYX�Zyk �ye�~heg��èvu
r3Vld]e'r�a0ZyT�XldWZyV_�®f?m]eg�Øê<û f¢qse�~he�a X�d]e
r�\]XldWfhaiVod�r�m
X�f�ZyTvX�aif?mW\]kge�r�T1r�m]mWZjXlZyfhT�r�����Zjalalf�a_Viuw���®e�Xlaiu�XlfÃr�ViVl\Waie2^ì\W�y�.XlegT]^ìf��ym�VYuw���®e�Xlaiuhê
b_dWe®��r�ZyT*èW\WZj�ymWZjTWpÃ\WT]ZjX�V,r�aie�ô�r�k�x�r'u��ØXUuwæ�e�kg�y\]ViX�e�alV�z¾q0d]fhVle®kge�T�Xlale�V:r�aie®æ]alf�ñie�k�X�e�mG^ìaifh�#X�d]e
dvuwæ�e�alVlæWr�kge èvu \WViZyTWpÒfhT]eKr�X�fh�®Zyk
Vl\]ai^�r�k�e*æ�e�a�d�uwæçegai�ér�XiX�Zyk�e1\WTWZ[XÃk�eg�y�Rê(SAX"ZyVÃr�Vi\WèWVie�X
f�^�r
X�aiZér�k�fhTvX�r�d]egmWaifhT.zwmWe�{{r�X�egm�èvu}|Kr�~� î�� �\� öNï�q0ZjXld�ale�Vlæçegk�XcX�f2XldWeokgr�TWfhT]Zyk'r��{XlalZyr�kgfhTvX�r�dWegm]alfhT.zq0dWZjk�d�ZjV.X�dWeQæWaif�ñiegk�X�Zyf�T,f�^?XldWe�dvu?æçegaikg\Wèçe�q0Z[X�d�egm]pheQ�yegT]p�X�doq n�p fhT,XldWe�fhaYX�dWfhp�fhT�r��hk�fh�®æW�ye���e�T�X
f�^�P"W�X(Y/ZYê�b_dWeÏmWZyVYX�r�T]kge!f�^¾XldWe!kg�j\WViXlegack�egTvX�aiegV0ZyV�X�dWeÏVidWfhaYX�egVYX0æWalfNñiegk�XlZyfhT�f�^¾TWegZjphd�è�fhaiZyTWp�l n�p �
VlZ[X�e�V;�������5� �:\W�jXlZyæW�jZye�mÃèvuÃX�dWe�mWe
{{r�XlZyfhT�^�r�k�X�fha�9�� n�p r ~� � ö¢� � |m� ù�q n�p�� ��t �^z�T]�-ê

b_dWe�ale��ér�XlZyfhT-f�^QX�dWe�r�æ]æWalf'í?Zy��r�TvX�VoXlfÃX�dWe2Z[�Uæ]d�r�Vle2ZyV!phZ[~he�T èvu-XUqsf"kgf�TWVle�kg\]XlZj~he�VidWe'r�aiVÏf�^P�RMT�UsZjT-XldWe2dvuwæ�e�alViæ�r�kge^9 b_d]e2ë�alVYX!VidWe'r�a k�d�r�TWp�egVoXldWe2k��y\WVYX�egaor�alalr�TWphe���e�TvXoZjT�mWZjalegk�X�ZjfhT-f�^Qr
ëW~�e�^ìfh�jm�r�í?ZyVH� ~ ê}b«fhphe�XldWega4q0ZjX�d�X�dWecZjTvX�alfwmW\Wk�X�ZjfhT2f�^çr ��Zjalalf�a«æ]�ér�TWe�X�dWZjV}aiegVl\]�jX�V}ZyT3rom]egk'r�phfhT�r��ä�\�r�ViZykgaYuwViX�r��Øê�b_dWe,kg�j\WViXlegalV�r�aie!X�dWe�T�r��yZyp�TWegmÃZjT"kgfh�j\W��T]Vcæ�r�alr��y�jeg��Xlf:X�dWeÏXlegT]^ìfh�jm
r�í?ZyVgz]Vlf3X�d�r�X
X�d]e�ViXlal\Wk�X�\WaiegV3kgr�T�èçe�mWe�VlkgaiZyèçegm�èvu XUqsf��UmWZj��e�TWVlZjfhT�r��<XlZy�yZjTWphV�z«q0dWZjk�dÒr�aie�X�d]e�æWaif�ñiegk�X�Zyf�TWV2ZjT
X�d]e:kgfh�j\W�®T�mWZjalegk�X�ZjfhT.ê�b_dWe:Vle�kgfhT]m VidWe'r�a!alegr�alalr�TWphe�VoX�dWe�kgfh�j\W�®TWVoæçegaiæ�e�TWmWZyk�\W�ér�a X�f�� ~ ê;OGeq0Zy�j�CTWf¢qÖkgfhTWViZymWe�a_X�dWeÏX�Zj�yZjTWphVs^ìfhacXldWe�öhê=_�T]� r�TWm�X�d]e®ö�ê ù3TW� æWdWr�Vle�V Viegæ�r�alr�X�e��ju�ê� e�Zyphd�èçfhalZjTWpKkg�y\]ViX�e�alV®ZyT X�dWeKöhê=_KTW� m?�Uæ]d�r�Vle-r�TWmðZjXlV®r�æWæWaif¢í?Zj��r�TvXlV®�jZye�fhTðæW�yr�TWegV�æçega��
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�®e�X�r�mWZyVi�yfwk'r�XlZyfhTWV.r�aleQX�dWf�Vle�q0Z[X�dwí�rî]�Vl\]phphegVYX�VH®°ÌkÍkY�Î Þ ®$Ì8Í°Ð/Ñ-rå| ~ µ � öNù�ú]êïOGesmWf TWf�X«x�TWf¢q f�^[s\WaiphegaiVc~he�k�X�f�a_mWe�Xlegal�®ZyTWr�X�ZjfhTWV�fhacfhèWViegaY~�r�X�Zyf�TWVcf�^¾�®e�X�r�mWZyVi�yfwk'r�XlZyfhT]V�ZjTÃX�dWeSx0�Ur�æWæWaif'í]Zj��r�T�XlVgz
èW\]X�mWZjVl�jf?kgr�X�ZjfhTWV�q0Z[X�d�X�d]eo[s\Walp�egalV_~�egk�XlfhalV2îRúhïcr�ale�r��jVlf3X�d]e,f�TWegV0�®fhViX_f�^þX�egT
fhèWViegaY~hegm-ZyT�X�d]e
Z[�AæWd�r�Vie®îRü0fhVle�T]^ìeg�jm-e�X�r��ØêCö¢÷h÷v�hïÇê

ð ñÿã2i<â�áÁi�i<ãgß®Ü ¿:Ü*à â0ß®Ü*âSc'áÁi}ãgß®Ü
SUTKX�dWe¦u ¿À � r�TWmKX�d]e�x À �UæWd�r�VlegV�X�d]e®æ]d�r�Vlf�TWZyk3mWe�phale�e�f�^�^ìaiegegm]fh� ZyVÏaieg�ér�X�egm*Xlf"XldWe���f¢~�eg�®egTvX
f�^cXldWeÃæWdWr�VlfhTóæW�ér�T]egVgê��?ZjTWkge®X�dWe�ale�r�aie�TWf-æWd�r�VifhTÒæW�yr�TWegV�ZyT X�dWe}u���z�u ¿ ��zÀv ��z�r�T]msx_�UæWd�r�Vle�z
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X�d]e®æ]d�r�Vlf�TWZyk�mWe�phale�e®f�^�^ìaiegegm]fh� k'r�TWTWf�X,èçe®eÇí?kgZjXlegm �yfwk'r��j�ju�ê:û f¢q�e�~�ega2�®e�X�r�mWZjVl�yfwk'r�X�Zyf�TWVokgr�T
e�í?ZjViX0ZyT�X�dWehu ¿ ��r�TWm�X�dWe;x_�AæWd�r�Vie�zWèW\?X0TWf�X_ZjT�X�dWehu��Qr�T]m"XldWeVv �AæWd�r�Vie�êQSAX_k'r�T
èçe!VidWf¢q0T.zWX�d�r�X
X�d]egale0ZjV�TWf�kgfhTWViZyVYX�egTvX�qcr'u:Xlf�ZyTvX�aif?mW\]kge0mWZyVi�yfwk'r�XlZyfhT]V4q0ZjXld�æWd�r�VifhTWZyk0k�fh��æçfhTWe�TvX�V�ZyT3XldWe0�ér�XiX�ega
æWd�r�VlegV�ê

n ��f�XlZyfhT�f�^QX�dWe��®e�X�r�mWZyVi�yfwk'r�XlZyfhT�î��yZjx�e2XldWe���f�X�Zyf�T1f�^�r�Tvu*mWZjVl�yfwk'r�X�Zyf�T1ZyTKr�ä�\�r�ViZykgaYuwViX�r��
fha��ér�aiphe�\WTWZ[Xok�eg�y�4r�æWæ]alf'í?Zy��r�TvXÇïcZyV�TWegk�egViV�r�aiZy�ju-r�k�kgfh�®æ�r�T]Zyegm-èvu-m]Zj��\WVlZjfhT�ZjT
XldWe�^ìfhai� f�^<X�Zj�ye
alegr�alalr�TWphe���e�TvX�Vgê�b_dWe3�®f�XlZyfhT-ZyV!æçfhVlViZyèW�je2èvu1k��yZj�:è1ZyT�mWZyaiegk�XlZyfhT�f�^�X�dWe3æ]d�r�Vlf�T*æW�ér�T]egV!fhaoè�u
ph�jZymWeÏæçegaiæ�e�TWmWZyk�\W�ér�a0Xlf�XldWeg�
ê_�!\WaiZyTWp3X�d]e�k��yZy�2è
�®f�XlZyfhT"TWe�q(æWd�r�VifhT�æW�yr�TWe�Vor�aie�k�alegr�X�e�mÒî�f�a
mWZjVlVlf��j~he�m{ï«èçegd]ZyTWm2XldWesm]ZyVl�jf?kgr�X�ZjfhT,kgfhaie�ê}n �ér�aipheQT�\W�:èçega<f�^W��e�X�r�mWZjVl�jf?kgr�X�ZjfhTWV��®fN~wZjTWp XldWalfh\]phd
X�d]eëu ¿ ��fha�x_�UæWd�r�Vleck�fh\W�ym�e�~�egT��yegr�m2X�f!roæWd�r�ViesX�alr�TWVY^ìfhal��r�X�ZjfhT�X�foXldWeëu ¿À �.fha-x À �AæWd�r�ViegV<��r�x�ZyT]pX�d]eÏæWd�r�VifhTWZykomWegphaiege�f�^¾^ìale�egmWf���kgf�T�XlZyTWf�\WVl�[uÃe�í?k�ZjX�r�èW�ye�ê<b_dWZyV_ZjV_r^ä®al�®egm�èvu"û ü}b0ý�ô Zy��r�phegV
f�^�æ]d�r�Vle�è�f�\WTWm�r�aiZye�V èçe�XUq�ege�T1X�dWewu ¿ �sr�T]m�X�dWeou ¿� �UæWd�r�Vle�^ìf�al�®egm
è�u
�®e�X�r�mWZyVi�ykgr�X�ZjfhTWV,îRû�egphp�egTr�TWm-ø�eg\We�alè�r�k�dWegaoù��h�v��ï�ê£!T�X�dWe�f�XldWega�VlZym]e�zwph�yZjmWe_��f�X�Zyf�T�mWfwegV�TWf�X�k�d�r�T]pheoX�d]e T�\W�:èçega�f�^�æWdWr�VlfhT�æW�ér�TWegV�ê�ncXs�je'r�VYX
ZyT3XldWe"u ¿ �4r�TWm�X�dWe"x_�UæWdWr�Vle0ph�jZymWec�®f�XlZyfhT:Viege���VQ\WTWæ]alfhè�r�èW�ye�zwViZyTWk�e_X�dWe0æWd�r�VlfhT®æW�ér�TWegV�ai\WTWTWZjTWp
fh\]Xsf�^.XldWe!mWZjVl�yfwk'r�X�Zyf�T®k�fhale qsfh\]�ymÃd�r'~�eoX�f:èçeom]a�r�php�egm�r��jfhTWpWzvq0dWZj�ye kg�yZj�:è®��f�XlZyfhT®fhTW�[u�TWege�mWV
r�alegk�fhTWVYX�al\]k�X�ZjfhT�f�^}X�d]e�XlZy�jZyTWp3TWegr�a_X�dWe,mWZjVl�yfwk'r�X�Zyf�T�kgfhaie�êÏîR�?Zy�®Zy�yr�a�r�alph\]��e�T�XlV �je'r�m]ZyTWp3X�f�X�d]e
V�r���e"kgf�TWkg�j\WVlZjfhT.z�r�V3qse��y�0r�V®TWe�q�ega®e�í?æçegaiZy�®egTvX�r��cq�fhaix r�ale"æWaiegVle�TvX�egm ZyTðø�eg\We�alè�r�k�d]egaÃr�TWm
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�®f�X�ZjfhTGZjTÒr�æWæ]alf'í?Zy��r�TvX�V�u�e�XgzQr��jXldWfh\WphdGZyTóXldWeÃZ©�UæWd�r�Vle®mWZyVi�yfwk'r�XlZyfhTWV�q0ZjXld�Zym]egTvX�Zjk'r��Å[s\WaiphegaiV
~he�k�XlfhalV�d�r'~he�èçegegT
Vld]fNq0T
èvu�ZyTw�UVlZ[X�\�fhè]VlegaY~�r�X�ZjfhTWVcX�f��®f¢~heÏèvu�kg�jZy�:è îRô-fh�®æWZyf�\�e�X�r��Rê�ù��h�^]�ï�ê
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\begin{abstract} 

 

The AlPdMn quasicrystal approximants $\xi$, $\xi'$, and $\xi'_{n}$ of the 

1.6~nm decagonal phase and $R$, $T$, and $T_{n}$ of the 1.2~nm decagonal phase 

can be viewed as arrangements of cluster columns on two-dimensional 

tilings. We substitute the tiles by Penrose rhombs and show, that alternative 

tilings can be constructed by a simple cut and projection formalism in three 

dimensional hyperspace. It follows that in the approximants there is a 

phasonic degree of freedom, whose excitation results in the reshuffling of the 

clusters. We apply the tiling model for metadislocations, which are special 

textures of partial dislocations. 

 

\end{abstract} 

 

 

\section{Introduction} 

 

A quasiperiodic structure can be described as a cut through a hyperlattice 

decorated with atomic surfaces. As a consequence the atoms are arranged in a 

finite number of different local environments frequently leading to a 

substructure of highly symmetric clusters. The cluster positions can again be 

modelled by a simpler decoration consisting in the simplest case of exactly 

one atomic surface (for the cluster centre) per hyperlattice unit cell. The 

displacement of the cut space (phasonic displacement) is a discrete degree of 

freedom, called phasonic degree of freedom. It can be excited locally, leading 

to a rearrangement of the clusters by correlated atomic jumps. This view is 

supported by recent diffraction data of coherent phason modes in 

i(cosahedral)-AlPdMn \cite[]{itapdb:Coddens1999, itapdb:Francoual2003} and by 

in situ observations of phason jumps via high-resolution transmission electron 

microscopy (HRTEM) in d(ecagonal)-AlCuCo \cite[]{itapdb:Edagawa2002}. 

 

The cut formalism cannot be applied directly if there is a gradient in 

the phasonic displacement. This is examplified by the extreme case of a cut 

space running inbetween all atomic surfaces and not touching any of 

them. Hence we resort to another method: We substitute the atomic surfaces by 
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atomic hypervolumes \cite[]{itapdb:Engel2005} of the same dimension as the 

hyperspace. For the construction two different spaces are needed: Those atomic 

hypervolumes that are cut by the (possibly deformed) cut space 

$E_{\text{Cut}}$ are selected. The centre of each selected atomic hypervolume 

is projected onto the projection space $E_{\text{Proj}}$. By shearing the cut 

space, i.e. by introducing a linear phasonic displacement, periodic 

approximants are created. Phasonic degrees of freedom also can exist in these 

and play a fundamental role for phase transitions 

\cite[]{itapdb:Edagawa2004}. 

 

Here we discuss linear defects, metadislocations, in the phasonic degree of 

freedom for approximants of the AlPdMn system. This system is especially 

adequate for the examination of phasonic degrees of freedom since a stable 

i-phase, a stable 1.2~nm d-phase, a metastable 1.6~nm d-phase (which is 

assumed to be a solid solution of Mn in d-AlPd \cite[]{itapdb:steurer2004}), 

and a large variety of approximants have been observed in the phase diagramm 

\cite[]{itapdb:Klein2000a}. All of them, as well as several binary AlPd and 

AlMn quasicrystals and approximants are related structurally. 

 

\section{Tiling models} 

 

A hyperspace model for i-AlPdMn has been proposed by 

\cite{itapdb:Katz1993}. It uses a six dimensional face-centred hyperlattice 

$F^{6D}$ with lattice constant $2l^{6D}=1.29$~nm and serves as a starting point 

since to our knowledge all newer, more complicated hyperspace models are 

refinements. It has been shown, that the approximants $\xi$ and $\xi'$ 

\cite[]{itapdb:Beraha1997} of the 1.6~nm d-phase and the approximants $R$ and 

$T$ \cite[]{itapdb:Beraha1998} of the 1.2~nm d-phase are described on an 

atomistic level by a shear in this model. However the authors had to introduce 

an additional mirror symmetry to assure full tenfold symmetry. The main 

building units are Mackay-type clusters, whose centres are projected from the 

hyperspace by using one atomic surface per hyperlattice unit cell. It is a 

subset of a triacontahedron, deflated by $\tau=\frac{1}{2}(\sqrt{5}+1)$ with 

respect to the canonical triacontahedron, which is the projection of the 

hypercube with edge length $l^{6D}$ on the orthogonal complement of 

$E_{\text{Proj}}$. The distance of the cluster centres is the shortest 

projection of neighboring $F^{6D}$-sites $\ve{e}_{i}\pm\ve{e}_{j}$ multiplied 

by the deflation factor: $t^{6D}=\frac{1}{5}\sqrt{10}\sqrt{\tau+2}l^{6D}\simeq 

0.78$~nm. 

 

The relation of the approximants to the i-phase is given by two consecutive 

shears of $E_{\text{Cut}}$ in the hyperspace: The first shear changes the 

cluster arrangement in direction of a fivefold axis $\ve{e}_{1}$. Together 

with the introduction of a mirror plane this results in a decagonal 

quasicrystal. The clusters are then aligned in columns parallel to the tenfold 

axis, so that the structures can be described by two-dimensional tilings, which 

are the projections in the column direction. The second shear rearranges the 

columns perpendicular to $\ve{e}_{1}$. We will now consider the tilings for 

the 1.6~nm and the 1.2~nm phases separately. 

 

\begin{figure} 

  \caption{\bf[Insert about here] \label{fig:tilings}} 

\end{figure} 

 

Neighboring clusters in the 1.6~nm d-phase and its approximants lie on planes 

perpendicular to $\ve{e}_{1}$. Thus the tile length is $t^{6D}$ as defined 

above. The $\xi$- and the $\xi'$-phase are built from flattened hexagons (H) 

arranged in parallel and in alternated orientation respectively. By 

introducing additional rows of pentagons (P) and nonagons (N) between each 

$n-1$ rows of alternated Hs in the $\xi'$-phase we obtain the 

$\xi'_{n}$-phases. Such a PN-row is called a phason plane, which is justified 
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since it is elongated in the $\ve{e}_{1}$ direction. As we will see, phason 

planes play an important role for the cluster reshuffling resulting from an 

excitation of the phasonic degree of freedom. Further tiles, the decagon (D) 

and an U-shaped tile (U) are observed in the 1.6~nm d-phase 

(Fig.~\ref{fig:tilings} (a)). 

 

Neighboring clusters in the 1.2~nm d-phase and its approximants lie on two 

planes staggered perpendicular to $\ve{e}_{1}$ with distance 

$\frac{1}{5}\sqrt{10}l^{6D}\simeq 0.41$~nm. The resulting tile length is 

$t'^{6D}=\frac{1}{5}\sqrt{10}\tau l^{6D}\simeq 0.66$~nm. The $R$- and the 

$T$-phase are built from elongated hexagons (H') arranged in parallel and in 

alternated orientation respectively. The $T_{n}$-phases are created by 

introducing into the $T$-phase additional rows of boat-shaped tiles (B') 

between each $n$ rows of alternated H's. A B'-row is again called a 

phason-plane. For the 1.2~nm d-phase additionally a decagon (D') and a 

star-shaped tile (S') are needed (Fig.~\ref{fig:tilings} (b)). 

 

By substituting the H, P, N, H', and B' tiles with acute rhombs (AR), (AR') 

and obtuse rhombs (OR), (OR') as shown in Fig.~\ref{fig:tilings} (c) we obtain 

new tilings for the approximants, which can be interpreted as approximants of 

the Penrose-tiling. An H is substituted by an OR, while a phason plane 

corresponds to a combination of an AR-row and an OR-row. So the 

$\xi'_{n}$-phase has $n$ OR-rows inbetween neighboring AR-rows. Similarly the 

$T_{n}$-phase has $n$ AR-rows inbetween neighboring phason planes, represented 

by OR-rows. The rhombs occuring in the new tilings for the $\Xi$-approximants 

($\xi$, $\xi'$, $\xi'_{n}$), as well as for the $T$-approximants ($R$, $T$, 

$T_{n}$) both only need three of the five basis vectors of the Penrose-tiling 

to be constructed. Therefore the tilings can be modelled in a simple 

three-dimensional hyperspace with the $\mathbbm{Z}^{3}$-lattice and lattice 

constant $l^{3D}=\tau\sqrt{\tau+2}l^{6D}\simeq 1.99$~nm. The projection 

matrices are ($s_{i}=\sin(2\pi\frac{i}{5})$, $c_{i}=\cos(2\pi\frac{i}{5})$): 

\begin{equation} 

\pi^{\parallel}_{\Xi}=\frac{1}{5}\sqrt{10}\left(\begin{array}{ccc} 

s_{0} & s_{1} & s_{4}\\ 

c_{0} & c_{1} & c_{4}\\ 

\end{array}\right),\qquad 

\pi^{\parallel}_{T}=\frac{1}{5}\sqrt{10}\left(\begin{array}{ccc} 

s_{0} & s_{2} & s_{3}\\ 

c_{0} & c_{2} & c_{3}\\ 

\end{array}\right), 

\end{equation} 

leading to an edge length of the tiles: 

$t^{3D}=\frac{1}{5}\sqrt{10}l^{3D}\simeq 1.26$~nm. There is one atomic 

hypervolume per unit cell, which is just the unit cell, and one phasonic 

degree of freedom. This three-dimensional hyperspace is the simplest model for 

a phasonic degree freedom besides the Fibonacci-chain. 

 

\section{Metadislocations} 

 

In the formalism of atomic hypervolumes a dislocation can be introduced into 

a tiling by a generalised Voltera process \cite[]{itapdb:Engel2005}. It is 

uniquely characterised by a translation vector of the hyperlattice, the 

Burgers vector $\ve{b}$ (here: $\ve{b}^{3D}=(b_{1},b_{2},b_{3})$, 

$b_{i}\in\mathbbm{Z}$), that splits up into a phononic component 

$\ve{b}^{\parallel}=\pi^{\parallel}\ve{b}$ (deforming the tiles) and a 

phasonic component $\ve{b}^{\perp}$ (rearranging the tiles). The latter can 

only be calculated from the full six-dimensional Katz-Gratias model. If it is 

not zero, such a dislocation is a partial dislocation. By (i) extending the 

linear theory of elasticity to the hyperspace, (ii) approximating the phasonic 

degree as continuous, and (iii) assuming isotropy in the strain fields, the 

line energy $E$ of a dislocation is expressed as: 

Page 12 of 15

http://mc.manuscriptcentral.com/pm-pml

Philosophical Magazine & Philosophical Magazine Letters

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

\begin{equation}\label{eq:energy} 

E=c_{\text{phon}}\|\ve{b}^{\parallel}\|^2+c_{\text{phas}}\|\ve{b}^{\perp}\|^2+ 

c_{\text{coupl}}\|\ve{b}^{\parallel}\|\|\ve{b}^{\perp}\|. 

\end{equation} 

 

Besides a phononic contribution with material constant $c_{\text{phon}}$ and a 

phasonic contribution with $c_{\text{phas}}$, a coupling term is present with 

$c_{\text{coupl}}$. According to experiment we assume $c_{\text{phon}}\gg 

c_{\text{phas}}\approx c_{\text{coupl}}$. Since stable dislocations are those 

with the lowest energy, we have to minimise $\|\ve{b}^{\parallel}\|$. We will 

discuss this in parallel for dislocations in the $\Xi$- and the 

$T$-approximants. The minimization yields $b_{2}=b_{3}$ in both 

cases. Furthermore we have $b_{1}=-\tau^{-1}b_{2}$ for $\ve{b}^{3D}_{\Xi}$ and 

$b_{1}=\tau b_{2}$ for $\ve{b}^{3D}_{T}$. Here we approximate $\tau^{-1}$ by 

the fractions $F_{m-1}/F_{m}$ and $\tau$ by the fractions $F_{m+1}/F_{m}$ 

respectively. $(F_{m})_{m\in\mathbbm{N}}$ are the Fibonacci numbers with start 

values $F_{1}=F_{2}=1$. Finally the Burgers vectors of stable dislocations 

are: $\ve{b}^{3D}_{\Xi}=(F_{m-1},-F_{m},-F_{m})$ and 

$\ve{b}^{3D}_{T}=(F_{m+1},F_{m},F_{m})$. Interestingly they correspond to the 

same six-dimensional Burgers vectors: 

\begin{equation}\label{eq:burgers} 

\ve{b}^{6D}_{\Xi}=\ve{b}^{6D}_{T}=(0,0,-F_{m-2},F_{m-1},F_{m-2},F_{m-1}). 

\end{equation} 

Hence it suffices to consider both cases together for the rest of our 

calculations. The phononic component 

$\ve{b}^{\parallel}=\ve{b}^{\parallel}_{\Xi}=\ve{b}^{\parallel}_{T}$ 

is perpendicular to the phason-planes (pointing in the vertical direction in 

Fig.~\ref{fig:tilings}). We get $\|\ve{b}^{\parallel}\|=\tau^{-m}t^{3D}$ and 

$\|\ve{b}^{\perp}\|=\tau^{m-3}t^{3D}$. Substituting this into 

(\ref{eq:energy}), we have $E=\left[c_{\text{phon}}\tau^{-2m+3}+ 

c_{\text{phas}}\tau^{2m-3}+ c_{\text{coupl}}\right]\tau^{-3}(t^{3D})^2$. There 

is a minimum for $c_{\text{phon}}/c_{\text{phas}}=\tau^{4m-6}$. This 

determines the Burgers vector with lowest energy for given values for the 

material constants $c_{\text{phon}}$ and $c_{\text{phas}}$. However it has to 

be noted that these are not necessarily identical for the $\Xi$- and the 

$T$-approximants. 

 

\begin{figure} 

  \caption{\bf[Insert about here] \label{fig:meta}} 

\end{figure} 

 

Tilings of the $\xi'_{3}$- and the $T_{3}$-phase with $m=4$ dislocations 

have been calculated (Fig.~\ref{fig:meta}). They show large rearrangements 

of the tiles due to the phasonic component $\ve{b}^{\perp}$ and negligible 

deformations of the tiles due to the smaller phononic component 

$\ve{b}^{\parallel}$. The dislocations are also dislocations in the 

metastructure of the phason planes. Therefore \cite{itapdb:Klein1999}, who 

discovered these dislocations in HRTEM images of the $\xi'_{2}$-phase, named 

them metadislocations. The fact, that the experimentally most often observed 

metadislocations are those with $m=4$ suggests 

$c_{\text{phon}}/c_{\text{phas}}=\tau^{10}\simeq 123$. We do not know 

of Burgers vector determinations or observations of metadislocations in the 

$T$-approximants, but dislocations with the Burgers vectors (\ref{eq:burgers}) 

are also the ones most often observed in the i-phase 

\cite[]{itapdb:Rosenfeld1995a}. 

 

\section{Discussion and conclusion} 

 

In the $\xi'_{n}$- and the $T_{n}$-phases the phasonic degree of freedom is 

related to the movement of the phason planes. Since there are no phason planes 

in the $\xi$-, $\xi'$-, $R$-, and $T$-phase, the phasonic degree of freedom 
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cannot be excited locally. However metadislocations can exist in the $\xi'$- 

and the $T$-phase, but not in the $\xi$- and the $R$-phase. It can be shown, 

that there is no consistent way to introduce dislocations with phasonic 

components in the latter phases. 

 

A motion of the metadislocation (like the motion of any dislocation in a 

quasicrystal or large unit cell approximant) is necessarily accompanied by 

diffusion in the form of tile rearrangements. The motion is possible by climb 

in direction of the phason planes or by glide perpendicular to them. During 

the climb motion new phason planes are created (or dissolved) behind the 

dislocation core. A large number of metadislocations moving through the 

$\xi'$- or $T$-phase could even lead to a phase transformation to the 

$\xi'_{n}$- or $T_{n}$-phases making the phasonic degree of freedom 

continously excitable. This is affirmed by HRTEM images of phase boundaries 

between the $\xi'$- and the $\xi'_{2}$-phase formed by metadislcations 

\cite[]{itapdb:Heggen2005}. 

 

On the other side, glide motion does not change the number of phason 

planes. At least in the $\xi'$- and the $T$-phase glide motion seems 

unprobable, since the phason planes running out of the dislocation core would 

have to be dragged along, while climb motion only needs a reconstruction of 

the tiling near the dislocation core. (Similar arguments leading to the same 

conclusion, as well as newer experimental work are presented in 

\cite{itapdb:Feuerbacher2005}.) We have to note, that there are no direct 

observations of metadislocation motion in approximants yet, although in the 

i-phase dislocations with identical Burgers vectors have been shown by in-situ 

observations to move by climb \cite[]{itapdb:Mompiou2004}. 

 

\newpage 
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{\large{Figure captions}} 

 

\begin{enumerate} 

\item Calculated tilings for various approximants of the AlPdMn i-phase. (a) 

  1.6~nm phases: The tiling of the d-phase is the T\"ubingen Triangle Tiling 

  (TTT). (b) 1.2~nm phases: The D' centres lie on a $\tau^{2}$ inflated 

  TTT. (c) The tiles can be substituted with Penrose rhomb tiles. The 

  substitution is different for the 1.6~nm phases and the 1.2~nm phases. 

\item Tilings of the $\xi'_{3}$- (left) and the $T_{3}$-phase (right) with 

  $m=4$ metadislocations. $2F_{m}$ new phason planes are inserted from the 

  left, ending at the triangular shaped dislocation core. 

\end{enumerate} 
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