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Abstract

Some points about the search for analytical expressions for the equation of state of
the hard-disk fluid are discussed in the light of the most recent advances in the field.

New and accurate equations of state for this fluid are proposed.
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1. Introduction

As is well known, the hard-disk (HD) system is defined by an interaction potential
that considers only the repulsive forces between molecules [1]. The simplicity of this model
allows one to calculate its thermodynamic properties by obtaining analytical solutions of
some theories or by performing computer simulations. Nevertheless, the results given by
the various methods can be analytically and numerically different. In particular, the equa-
tion of state (EOS) of a system is perhaps its most important thermodynamic relationship.
Unfortunately, there is no exact theoretical solution for the EOS of this two-dimensional
system. As a consequence, different equations of state for the hard-disk fluid there have
been proposed for many years, and the situation continues nowadays, as from time to time
new equations of state are proposed for this fluid [2, 3].

There are different methods to propose a new EOS. Thus, sometimes the proposed
equations of state have a theoretical basis. More frequently the proposed equations of
state are approximants based on the known virial coefficients. Often, the reported equa-
tions are empirical or semiempirical in character. In any case, and given the great number
of proposals, some efforts have been made in order to study their applicability and accu-
racy [2, 3, 4, 5]. In particular, Mulero et al. [3] have recently collected more than thirty
expressions for the HD EOS proposed in the literature. The main features or some inter-
esting aspects of each of the expressions were reported and, for an important number of
them, some studies to test their accuracy to reproduce the compressibility factor of the
system by comparing with available computer simulation data were described in detail.

Almost simultaneously a new proposal was published [6], which was not included in the
above mentioned study. Unfortunately, the four new expressions proposed by Khanpour
and Parsafar, were only compared with the one of Santos et al. [4], and therefore some
other more recent proposals [2, 7, 8, 9] were not taken into account.

In this paper, the EOS for HDs is revisited and the comparisons performed by Mulero

et al. [3] and by Khanpour and Parsafar [6] are actualized. To do this, the recent com-
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puter simulation data obtained by Kolafa and Rottner [9] are taken as a reference, and
then results for the compressibility factor are compared in different density ranges. In
addition, new accurate expressions are proposed. The viewpoint adopted throughout this
paper is that any new proposed equation of state should meet at least one of the following
conditions: 1) It is more accurate than any other previously proposed equation of state in
reproducing the available simulation data for the same property. 2) The new equation of
state is more accurate than any other in reproducing the know virial coefficients for this
kind of fluid and at the same time provides reasonable agreement with the simulation data
for the equation of state. 3) The proposed equation has a sounded theoretical basis and
provides reasonable accuracy as compared with the simulation data for the equation of
state and with the known virial coefficients. 4) The new equation is simple and provides
good agreement with simulation data and virial coefficients and considering together sim-
plicity and accuracy is advantageous with respect to other equations of state previously
reported. Obviously, other equations of state not fulfilling any of these conditions might
be proposed, and in fact they are, but their usefulness is doubtful.

In the next sections we will analyze the state of the art with regard to these points be-
fore presenting the new proposals, but first we will summarize the present knowledge about
simulation data for the equation of state and exact or accurate numerical calculations of

the virial coefficients.

2. Virial coefficients for the hard-disk fluid and simulation

data for the equation of state

As is well known, the EOS of a pure substance is usually given in terms of the density
and temperature dependence of the compressibility factor Z = p/pkT, where p = N/V
is the number density. For HDs the compressibility factor is temperature-independent
and its density dependence is commonly expressed using the so-called packing fraction,

n = npo?/4 = mp* /4, where o is the diameter of the disks [3] and p* = po? is the reduced
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density. The maximum value of 7 is the so-called closest-packing fraction, n. = ”T‘/g, which
correspond to a reduced density, p} = 2/ V3 &~ 1.1547.

The problem of obtaining an EOS for any fluid could be solved apparently if one
could determine the coefficients in the infinite virial series expansion of the compressibility

factor in powers of the density, i.e.
[e.e]
Z=1+) B,p"" (1)
n=2

B,, being the nth virial virial coefficient. Although the convergence of the virial
series is not guaranteed for all state points, the fact is that the more virial
coefficients are known, the more accurate is the equation of state obtained
from the virial expansion. In any case, only the first few virial coefficients of this
expansion are known at best and, since the virial series converges slowly, frequent use is
made of several types of approximants in order to accelerate the convergence of the series
(some of these approximants are described in the following sections). In particular, for the
hard-disk system, the first ten virial coefficients are known, although important statistical
uncertainties must be taken into account beyond the fourth [8, 9, 10]. Their values are as

follows [8]

By=(1/2)m0® ; By/Bi=4/3-V3[r 5 By/Bi=2-(9/2)V3/x+10/x*

Bs/B3 = 0.33355604 (1) ; DBg/B35 =0.1988425(42) ; Br/BS=0.1148728(43) ;

Bg/B} = 0.0649930 (34) ; By/BS =0.0362193(35) ; Bio/Bj = 0.0199537 (80).
(2)
In the preceding expressions, the numbers between parenthesis indicate the uncertainty
in the last decimal places. Estimations of the virial coefficients from the eleventh to the
sixteenth have been performed recently [9, 10], obtained on the basis of approximants

constructed from the lower order virial coefficients and simulation data.
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With respect to computer simulations, many have been carried out in order to obtain
values of the compressibility factor for different density ranges, and a summary of them
can be seen in Ref. [3]. Until recently, the most accurate simulation data available for
the equation of state of the hard-disk fluid were those reported by Erpenbeck and Luban
[13] for the range 1/30 < p/p. < 1/1.4. Nevertheless, simulation data for the fluid in
the range 0.40 < p* < 0.90 have been recently reported by Kolafa and Rottner [9]. At
intermediate densities very good agreement with Erpenbeck and Luban’s data is found.
Due to the advanced techniques used, the Kolafa and Rottner values are considered as
the most accurate simulation data for the equation of state of the hard-disk fluid available
at present for the above-mentioned density range. Because of that, they are taken here
as reference to study the accuracy of several expressions for the HD EOS. The same au-
thors have noted that their results in the region close to the phase transition agree quite
accurately with other extensive Monte Carlo simulation data [11, 12], with the exception
of the value obtained at reduced density 0.9. In relation to this, the authors pointed out
that this datum could be affected by finite size effects. Therefore, we have not considered

here this last value in our calculations.

As mentioned above, a great number of analytical expressions have been proposed for
the EOS of HDs, being the values of the virial coefficients and computer simulation data
the main sources of information in order to build them. We consider here a number of
these equations, which we have classified, in agreement with the desirable requirements
mentioned in Section 1, as: a) Accurate analytical expressions; b) EOSs accurately repro-
ducing the virial expansion; ¢) Theoretically based EOSs; d) Simple EOSs. In the next
sections those EOSs are described and two new proposals are included. All of them are
compared with the computer simulation data of Kolafa and Rottner [9] for the compress-

ibility factor.
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3. Accurate analytical expressions for the HD EOS

We include here those EOSs giving an excellent agreement with computer simulation
data for Z, which has been possible because of the use of adjustable parameters. Thus,
Kolafa and Rottner [9] have fitted their own simulation data to three different analytical
expressions depending on the maximum density considered. They are reproduced here for
reference.

For p* < 0.88

Zrm =1+ 22+ 1.128017752% + 0.001818952912> — 0.05261347372* + 0.05049516682°

—0.032543384625 + 0.013394653127 + 0.001742656042° — 0.009446322022°

+0.008511117682'% — 0.00359635252" + 0.0005773451062'2

—1.06399127 x 10~ "z!?, (3)

For p* <0.89

Zipre = 1+ 22 + 1.128017752% 4 0.001818952912° — 0.0526134737x* + 0.05049639152°

—0.03255785812° + 0.0134816028z" + 0.001291874842% — 0.008088816282

+0.00669011963z° — 0.00250795961z'" + 0.0003360364422 2

—5.15282664 x 10922 + 5.57730095 x 10~ 2357, (4)

And, for p* < 0.90

Zrrs =14 22+ 1.128017752% + 0.001818952912> — 0.05261347372z* + 0.05049601682°
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—0.03255377922% + 0.0134578632z" + 0.00140888182x% — 0.00834273601 "

+0.0069412736720 — 0.002622547232 ' + 0.0003557463522 2

—5.24672938 x 1079222 4 5.88054639 x 102327, (5)

where 2 = 1/(1 —n). These equations where obtained as the best fitting to the simulation
data reported by the same authors [9], in the mentioned ranges, on condition that the
virial coefficients B,, of Eq. (2) must be reproduced exactly up to n = 5.

Equations (4) and (5) predict a van der Waals loop for p* > 0.89, whereas Eq. (3)
predicts a maximum in the same region. On the other hand, Eq. (5) may be affected
by finite-size effects [9] in that region. Therefore, Eq. (4) can be considered as the most
accurate EOS in the range were those effects are not present. In particular, the absolute
average deviation (AAD) of Eq. (4) with respect to the Kolafa and Rottner simulation
data is of only 0.0003%. As Egs. (3)-(5) are the most accurate available at present for
the hard-disk fluid in their respective ranges, there is little more to say with regard to the

above-mentioned point 1) of the introduction.

4. Analytical HD EOSs accurately reproducing the virial

expansion

As mentioned above, Equations (3)-(5) reproduce exactly the virial coefficients B,, for
n < 5. They reproduce also the virial coefficients for 6 < n < 10 quite accurately, but
not exactly. If one wishes to reproduce all the known virial coefficients one has to resort
to some kind of approximant. These are functions depending on a number of parameters
that are determined from the condition that their series expansion must reproduce the

known virial virial coefficients.
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Many kinds of approximants have been proposed in the literature, and practically all

of them have been recently compiled [1]. Three of the most popular are the following.

Padé approzimants (PA):

L
1+ 3 pi (Bap)

ZpalL/M)(p) = ——7" : (6)

1+ Z dm (B2p>m

m=1

with the condition that L + M < k — 1, where k is the number of virial coefficients that

are to be reproduced exactly.

This kind of approximants have the drawback that we don’t know in advance if a
particular approximant will be accurate. Neither the use of a greater number of virial
coefficients guaranties a greater precision. In general the more symmetric approximants,
that is those for which L = M, are reasonably accurate. Another drawback is that some
PA approximants may diverge at inappropriate densities.

Classical HD EOSs based on PA are those of Erpenbeck and Luban (EL) [13] and
Sanchez [14], obtained on the basis of six and eight ’exact’ virial coefficients, respec-
tively. More recently, Clisby and McCoy (CM) have reported [8] the coefficients of the
Padé approximants [4/5] and [5/4], as defined in Eq. (6), reproducing the first ten virial
coefficients. They are as follows.

For the PA [5/4]

p1 = — 0.062894522 ; po = 0.13851476 i p3 = 0.0067699403 ;
p4 = 0.0039942056 ; ps = 0.00047760798 ;g1 = — 1.0628945 ;
g2 = 0.41940485 ; g3 = — 0.11367848 ;0 qa = 0.021846467. (7)

For the PA [4/5]
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p1 = 0.69939247 ; py = —0.33033017 i ps = 0.11294457 ;
pg = —0.012320562 ; g1 = —0.300607528 ;g2 = —0.81172709 ;
g3 = 0.62751627 ; g4 = —0.17862580 ;g5 = 0.021359218. (8)

It is to be noted that the uncertainty in the virial coefficients for n > 5 gives rise to an

uncertainty in the p; and g; coefficients of the order of the coefficients themselves [8].

In Table 1, the AAD of EL, Sanchez and the two CM approximants (CM54 and CM45),
with respect to the Kolafa and Rottner simulation data are given for three different density
ranges (low and intermediate density, high density, and full density range). The aim is to
test to what extent the use of a greater number of ’exact’ virial coefficients to construct the
PA results in an improved accuracy. As can be seen, the CM45 approximant can be con-
sidered as the most accurate of the PAs in the three ranges, with only a minor difference
with respect to the CM54 one. Moreover, both PA are more accurate than all the other
expressions considered in this work, with the logical exceptions of the KR ones, in the low
and intermediate density range (0.4 < p* < 0.75). As expected, in the high-density range

the accuracy is not so good.
The y-expansion [15]

k
1 ,
Z==-% Cy (9)
=
where y = = /(1 — n) and the coefficients C; are obtained from the virial coefficients

through the relationships

i 1—1 .
ci=Y <n ) 1) (—1) " By, (10)
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in which B} = B,,/v™%" !, with v, = (7/4)0? being the "volume’ (area) of a disk. This kind
of approximant has the drawback that if we wish to reproduce all the virial coefficients (2)
currently known, we will have high powers of y, which gives rise to extremely high values

of Z at high densities, so that it is accurate only for p* < 0.65.
The rescaled virial expansion (RVE) [16]:

k
1+ > e
—1
7 = —(1"_ 77)2 , (11)

in which
2 j
Z (12)
_ |
= (2-5)Y!
with the condition that B} = 0 for n < 0, and B = 1. As can be seen, in expression (11)
the singularity is found at n = 1.
Baus and Colot (BC) reported [16] the coefficients ¢, up to n = 6. However, here we

have obtained the coefficients up to n = 9 from the virial coefficients (2). As can be seen in

Table 1, the BC EOS gives similar accuracy as the Padé approximants CM at all densities.

To improve the accuracy in the high density region, while reproducing exactly all

known virial coefficients, we propose here a new EOS of the form

9
24+ > ain' + aisn®® + agon®® + azn®

Zsmc1 = =1 @) (13)
o —

where coefficients a; for 1 < § < 9 are determined from the condition that the virial

coefficients, Eq. (2), must be reproduced, and with ag, a15, ag, and ags obtained from

the fitting of the simulation data. The results are

ap = 0.83908560190 ; a1 = —0.27004190916 3 ag = —0.15401569249 ;

11
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as = —0.25154451976 ;a4 = —0.25987073612  ; a5 = —0.21843661442

ag = —0.16505544817 ; a7 = —0.11753138009  : as = —0.080835032006

ag = —0.048203974532 ; aj5 = —10.2069062842  : as = 200.567428335
a5 = —966.7004411299648. (14)

As can be seen in Table 1, the new EOS, Eq. (13), gives excellent accuracy in the
whole density range, with a maximum deviation of only 0.2% (AZ = 0.021 at p* = 0.89),
and with a significant improvement when compared with other proposals. Obviously, this
success is due to the use of a greater number of virial coefficients and of four adjustable

coefficients.

We will end this section mentioning the so-called Asymptotic Expansion Method, re-
cently proposed [6]. This is a new kind of approximant, although does not reproduces
exactly all the virial coefficients known at present, because it is based on the first few
virial coefficients. In particular, Khanpour and Parsafar (KP) proposed four analytical
expressions, depending on the number of virial coefficients that are exactly reproduced, as

follows:

—1+n—0.1282 4+ 0.12617°

Zrpn = =17 (15)
—1.331 + 0.9687n — 0.2034%? + 0.0874n3
Zrpi2 = (Z]_ g 1 L (16)
0.9983 — 0.00177 + 0.126172
4 = 17
Kpi (n — 0.9992)2 (a7)
12

URL: http://mc.manuscriptcentral.com/tandf/tmph



Page 13 of 28

©CoO~NOUTA,WNPE

Molecular Physics

—1.467 4+ 0.9392n — 0.2511n2 + 0.05167>
(n —1.1363)3

ZKpie = (18)

As can be seen, the poles of several of these equations are different and near to n = 1.
The AADs of the KP EOSs with respect to the Kolafa and Rottner data are compared
with those given by other EOSs in Table 1. As can be seen in that Table, only the KP12
EOS, Eq. (16), has a very good accuracy at low and intermediate densities at the same
time that at high densities it improves the results obtained from all the other approxi-
mants considered here. The obtained AAD with this EOS in the whole density range is
slightly lower than the given by the CM45 EOS, but clearly higher than the obtained with

the new SMCI1 expression proposed here, Eq. (13)

In Figure 1 the results from several equations of state are compared. To enhance the
differences, instead of plotting the compressibility factor Z as a function of the reduced
density p we have plotted the difference AZ between a given equation of state and the
computer simulation data of Ref. [9]. For the same reason, only the region p* > 0.70
has been considered. One can see that the Padé approximants [5/4] and [4/5], given by
Eq. (6) with coefficients (7) and (8) respectively, deviate from the simulation data for
p* 2 0.82. In the same Figure one can also see that the KP12 expression, Eq. (16), is
slightly less accurate than the CM45 and CM54 ones for p* < 0.82, where it under-predicts

the simulation data, but clearly more accurate at higher densities.

5. Theoretically-based analytical EOSs

The availability of analytical equations of state for the hard-disk fluid with a sounded
theoretical basis is very scarce. It stands out the result provided by the scaled particle

theory (SPT) [17]
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As can be seen in Table 1, this very simple expression gives the highest AAD in the low
and intermediate density range. In fact, it provides quite poor accuracy for reduced den-
sities p* 2 0.5 (see Fig. 2). Nevertheless, we can consider that this EOS is well balanced,
in the sense of that it gives practically the same AAD at low and intermediate densities
as at high densities. In fact, at high densities it gives a lower AAD than that obtained

from a significant number of the, analytically more complex, EOSs included in the Table.

Santos et al. [4] proposed an EOS that has not a sound theoretical basis, but which
can be considered as semi-theoretical because it does not include any adjustable coeffi-
cient. This EOS was obtained by merely imposing an exact reproduction of the second
virial coefficient and the existence of a pole singularity at the close-packing fraction. Its

analytical expression is:

Mme—1 ,\ "
Zsgy = <1 —2n+ ;2 772> (20)

c
As can be seen, it is a very simple expression which has another pole at 7./(2n. — 1), and
which will be referred to as the SHY EOS.

Recently, Mulero et al. [3] have compared the virial coefficients obtained from Eq.
(20) with the exact values given in Eq. (2). The obtained results confirm that the SHY
EOS provides reasonable estimates of the virial coefficients, performing better than some
of the more complex expressions. Santos et al. also noted that the value that Eq. (20)
predicts for the seventh virial coefficient is more accurate than that obtained from other
expressions which explicitly include up to the sixth coefficient in their construction.

Due to its simplicity, the SHY equation only improves the accuracy of the SPT EOS
at densities p* < 0.85, but it gives greater deviations at higher densities (see Fig. 2). In
particular, the maximum error found is 13.4% at the highest density, whereas it is 7% for

the SPT EOS.

Quite recently, Rusanov [7] derived a new family of theoretically-based EOSs on the

14
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basis of the concept of the exclusion factor (volume or area), which was already used
by Boltzmann and van der Waals. As is well known, the exclusion volume is defined as
the volume that must be subtracted from the actual volume of a system due to the fact
that particles in the system have their own volumes. The family of equations for the HD

proposed by Rusanov obey to the general form:

(

SR S— 1— k)" —1+ n—1k]} 21
et Ll e v yerd (G0 -kt 1)
with n > 3 being an integer providing different degrees of approximation and &k being an

adjustable parameter. In particular, for n = 3, Eq. (21) reduces to

g _1=-2(k-1n

(1—kn)? 22)

and for n =4
@ _ 1=Bk=2)n+k(k-2/3)n

(1 —kn)’
Rusanov [7] determines parameter k from the fitting of the simulation data of Ref.

VA

(23)

[13], so that Eqgs. (22) and (23) may be considered as semiempirical in character. In
particular, Rusanov proposed the value & = 1.0145 for n = 3, founding a maximum
deviation of about 1% with respect to the Erpenbeck and Luban computer simulation
data [13]. If the equation is developed until the fourth approximation, i.e. with n = 4,
then k ~ 0.876677 and the maximum deviation is reduced to 0.46%. Rusanov noted that
the fifth approximation fits a little worse than the formers so that higher degrees should
not be considered. However, at that time there were not available simulation results at
high densities for comparison.

We have re-calculated the k values by using the Kolafa and Rottner computer simu-
lation data [9], obtaining k = 0.8733984 for n = 4. Using this new parameter, the AADs
found for n = 4, Eq. (23), are clearly lower than the ones from the SPT and SHY EOSs

in the three density ranges considered (see Table 1), which is obviously because of the use

15
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of the adjustable coefficient. In particular, in Fig. 2 it is shown that the Rusanov EOS
gives clearly better results than the SPT one for p* < 0.8 but it gives similar results at
higher densities. When the whole density range is considered, the AAD obtained by using
Eq. (23) is even lower than those given by the KP12 EOS, Eq. (16), which is analytically

similar.

6. Simple and accurate EOSs for the hard-disk fluid

Let us consider now equations of state of the kind mentioned in the point 4) of those
quoted in Section 1, that is, equations of state derived on a heuristic basis, reasonably
simple and providing satisfactory accuracy as compared with the simulation data and the
virial expansion.

The Henderson equation [18]

1+n? / 8
(1—n)?*
can be considered as belonging to this kind of equations. As shown in Table 2, the predicted

HT5 = (24)

virial coefficients from this equation are quite reasonable despite its simplicity.

As can be seen in Table 1, its accuracy at low and intermediate densities is even
better than that obtained with the simple SPT and SHY EOSs, but the contrary occurs
at high densities. Specifically, the accuracy of this EOS is quite satisfactory for p* < 0.70
(with |[AZ| < 0.04) where it gives even slightly better results than the Rusanov EOS,
which includes an adjustable coefficient. Moreover, it must be noted that the AADs
obtained with the H75 EOS are of similar order as that obtained with the more recent
and analytically slightly more complex KP11 and KP14 EOSs in the three density ranges
considered.

In order to obtain a better accuracy at high densities, Henderson [19], proposed a

further modification by including an additional term, as follows

16
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14+n*/8  0.043n
Zpm = - 25
(1-n)? (L-n)? (25)

As can be seen in Fig. 2, this new EOS reproduces the simulation data almost exactly

for p* < 0.83 (with [AZ| < 0.012). Results in Table 1 show that this EOS clearly improves
those of the previous one, with similar results as the more complex KP12 expression (the
most accurate of those proposed recently by Khanpour and Parsafar [6]).

Following the same idea, and trying to reproduce better the virial coefficients, a new

small correction to Eq. (24) has been proposed by Solana, in the form [2]

5 L+ /8—n'/10
(1—n)?
As Table 2 shows, this equation provides the same values of the virial coefficients B,,

(26)

as Eq. (24) for n = 3 and 4; slightly worse for n = 5 and considerably better for n > 5,
although Eq. (25) provides a still better estimation of the virial coefficients for n < 5.
Moreover, as can be seen in Table 1, Eq. (26) gives slightly higher AADs than Eq. (25)
does.

In order to improve the accuracy in the region 0.80 < p* < 0.90 we can add to the

previous expression an ’ad hoc’ term with the result

P n°/8 = n*/10 50000,
(1—n)? (1—-n)°
This equation, still considerably simple, provides excellent agreement with the simulation

(27)

data, as seen in Fig. 2 and in Table 1. The AAD at high densities (p* > 0.8) is of the
same order as that from the analytically more complex Eq. (13), whereas at low and
intermediate densities is slightly higher. In any case, it must be taken into account that
Eq. (13) includes four coefficients obtained by a fitting procedure, and moreover that it
reproduces better the virial coefficients. These results indicate that the new EOS, Eq.
(27) can be considered as the most accurate of the simple expressions for the HD EOS in

order to reproduce the simulation data available for the compressibility factor. When a
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greater accuracy is needed at densities below 0.8, the Padé approximants CM54 and CM45,
and the RVE give better results, with the latter two being the most accurate. When a
greater accuracy is needed in the whole density range, then the analytically complex EOS

proposed by Kolafa and Rottner, Egs. (3) to (5) must be used.

7. Conclusions

Let us now revise the four points quoted in the first section in light of the preceding
results.

1) As far as accuracy is concerned, the most accurate analytical equation of state for
the hard-disk fluid available at present for the whole density range (p* < 0.90) is Eq. (5),
although Egs. (3) and (4) are the most accurate for p* < 0.88 and p* < 0.89, respectively.

2) Regarding equations of state reproducing exactly the first ten virial coefficients, the
approximants analyzed in section 2, do not provide enough accuracy in the high density
region, and the very recently proposed Asymptotic Expansion Method neither reproduces
exactly all the known virial coefficients, so that there is room for improvements. This has
been achieved introducing a new approximant, Eq. (13) with four adjustable parameters.
This lead to an equation of state that not only reproduce exactly all B, for n < 10, but
also is very accurate for the whole density range.

3) The scarce theoretically-based equations of state available do not provide enough
accuracy in reproducing the existing simulation data nor the virial coefficients, so that
this field is open to future developments.

4) Finally, the simple equations of state derived on an heuristic basis available in the
literature are also lacking of enough accuracy in predicting these properties. In order to
attempt to remedy this situation, we propose Eq. (27) that is quite simple and extremely
accurate for the whole density range. Moreover, it gives quite good estimates of the known
virial coefficients.

From the preceding comments, it is to be expected little progress in the
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future concerning the points 1), 2), and 4). Therefore, it would be desir-
ably to focus future efforts mainly within the context of point 3). Theoret-
ical achievements for two-dimensional fluids can be often extended to their
three-dimensional counterparts. In particular, the availability of analytical
expressions for the equation of state and the radial distribution function for
the hard-sphere fluid accurate up to the high density region is of crucial im-
portance within the context of perturbation theories. The latter are widely
applied to a great variety of fluids and are the subject of continuous advances.
Two of the most recent outstanding advances in this field are the proposal of a
general perturbation theory for the thermodynamic properties of fluids based
on a coupling parameter expansion around a reference hard-sphere fluid pro-
posed by Zhou up to third order [20] and subsequently extended by the same
author up to fifth order [21], and the development of a perturbation theory

for systems with short-ranged interactions [22].

The present work has been partially supported by the Spanish Direccién General de
Investigacién (DGI) under grant FIS2006-02794 FEDER (A.M. and I.C.)
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ranges p* are considered.

Tables

Density range

EOS 04-075  08-089  0.4—0.89
EL, Eq. (6) [13] 0.005 3.27 1.64
Sanchez, Eq. (6) [14] 0.076 4.45 2.26
CM54, Eq. (6) [8] 0.003 3.22 1.61
CM45, Eq. (6) [8] 0.002 3.11 1.56
BC, Eq. (11)1 [16] 0.002 3.16 1.58
SMC1, Eq. (13) (this work) 0.040 0.087 0.064
KP11, Eq. (15) [6] 0.486 5.58 3.04
KP12, Eq. (16) [6] 0.060 2.17 1.12
KP14, Eq. (17) [6] 0.468 5.56 3.01
KP16, Eq. (18) [6] 0.371 2.05 1.21
SPT, Eq. (19) [17] 2.200 2.69 2.45
SHY, Eq. (20) [4] 1.299 4.36 2.83
RUS, Eq. (23) [7] 0.171 1.84 1.01
H75, Eq. (24) [18] 0.385 5.27 2.83
H77, Eq. (25) [19] 0.068 2.64 1.36
SOL, Eq. (26) [2] 0.117 3.25 1.68
SMC2, Eq. (27) (this work) 0.118 0.086 0.102

TWe have used the virial coefficients (2) up to n = 10
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Table 1: Average absolute deviations, AAD (%), between the results obtained from the

EOSs and computer simulation data of reference [9] for HD systems. Different density
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Table 2: Virial coefficients of the hard-disk fluid in the expansion of the compressibility

10 factor in power series of the packing fraction.

13 n B;; = Bb/l}ﬁ;l
exact Eq. (24) Eq. (25) Eq. (26)

2 2 2 2
3.1280 3.125 3.125 3.125
4.2579 4.250 4.250 4.250
5.3369 5.375 5.332 5.275
6.3630 6.500 6.371 6.300
7.3519 7.625 7.367 7.325
8.3191 8.750 8.32 8.35
9.2721 9.875 9.23 9.375
30 10 10.2163  11.000 10.097 10.400
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Figure captions

Figure 1: Differences AZ = Zgps — Z between different equations of state and the com-

puter simulation data [9] as a function of the reduced density p* in the high density region.

Figure 2: As in Fig. 1 for other set of equation of state in the medium and high density

regions.
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