N

N

Calculation of direct correlation function for hard particles
using a virial expansion
Michael Allen, Matthew Dennison, Andrew Masters, David Cheung

» To cite this version:

Michael Allen, Matthew Dennison, Andrew Masters, David Cheung. Calculation of direct correlation
function for hard particles using a virial expansion. Molecular Physics, 2009, 107 (04-06), pp.375-382.
{10.1080/00268970902784934). <hal-00513261)

HAL Id: hal-00513261
https://hal.science/hal-00513261v1

Submitted on 1 Sep 2010

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-00513261v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Molecular Physics

Calculation of direct correlation function for hard particles
using a virial expansion

Journal: | Molecular Physics

Manuscript ID: | TMPH-2008-0447.R1

Manuscript Type: | Special Issue Paper - Dr. Jean-Jacques Weis

Date Submitted by the

Author: 28-Jan-2009

Complete List of Authors: | Allen, Michael; University of Warwick, Department of Physics
Dennison, Matthew; University of Manchester, School of Chemical
Engineering and Analytical Science

Masters, Andrew; University of Manchester, School of Chemical
Engineering and Analytical Science

Cheung, David; University of Warwick, Department of Chemistry

Monte Carlo, virial expansion, liquid structure, direct correlation

e function

Note: The following files were submitted by the author for peer review, but cannot be converted
to PDF. You must view these files (e.g. movies) online.

paper_revised.tex

& scholarone"

Manuscript Central

URL: http://mc.manuscriptcentral.com/tandf/tmph




January 28, 2009 12:9 Molecular Physics paper revised
Page 1 of 15 Molecular Physics

Molecular Physics

1 Vol. 00, No. 00, Month 200x, 1-11
2
3
4
5
6
! RESEARCH ARTICLE
9 . . . . . .
10 Calculation of direct correlation function for hard particles using
11 a virial expansion
12
ii Matthew Dennison®, Andrew J. Masters®, David L. Cheung? and Michael P. Allen®*
15 @ School of Chemical Engineering and Analytical Science, University of Manchester,
16 Sackville Street, Manchester, M60 1QD, UK,
17 b Department of Chemistry and Centre for Scientific Computing,
18 University of Warwick, Coventry, CV4 7TAL, UK,
20 ¢Department of Physics and Centre for Scientific Computing,
21 University of Warwick, Coventry, CV4 TAL, UK
22 (Received 00 Month 200z; final version received 00 Month 200z)
23
24 We have calculated the direct correlation function, ¢(1,2), via a high order virial expansion,
25 for systems of hard spheres and spheroids, in both the isotropic and nematic phases. For

hard spheres, we find that truncation at 6'® order in density gives good agreement with
26 simulation data. Close to freezing, the virial series still appears to converge to the simulation
27 results, but there are significant discrepancies, particularly at very small separations. In the
28 non-overlap region, the virial theory begins to capture the features found from simulation.

We also calculate the pair distribution function, g(1,2), from our estimates of ¢(1,2), and
29 find good agreement with simulation data at all densities up to freezing. For hard, prolate
30 spheroids of aspect ratio 3 : 1, we calculate ¢(1,2) and ¢(1,2) in the isotropic phase, again
31 finding good agreement with simulation data at moderate densities. Finally, we present the
32 result of our calculations on ¢(1,2) for 3:1 spheroids in the nematic phase.
gi Keywords: Monte Carlo; virial expansion; liquid structure; direct correlation function.
35
36
37 1. Introduction
38 . . . . . .
39 The direct correlation function, ¢(1,2), plays a fundamental role in liquid state
40 theory [1]. Firstly, a knowledge of this function allows one to calculate the pair
41 distribution function via the Ornstein-Zernike relation. Secondly, it provides infor-
42 mation as to how the Helmholtz free energy of a system changes in the presence of
43 small spatially and orientationally dependent density fluctuations. This allows one
jg to calculate stability limits of various phases and also leads to exact expressions
46 for elastic constants involving integrals over ¢(1,2) [2]. Finally one can use one’s

knowledge of ¢(1,2) in a uniform isotropic phase to create approximate Helmholtz

47 g
48 free energy density functionals that can cater for inhomogeneous situations [3].
49 Despite this central role, in most cases it is not easy to calculate ¢(1,2) either by
50 simulation or theory, and so little is known about its behaviour. To our knowledge,
51 no successful method has yet been proposed for directly measuring ¢(1,2) from
52 a simulation. Instead the two-particle distribution function is obtained, and then
53 ¢(1,2) is obtained by inverting the Ornstein-Zernike equation. Hard spheres [4]
gg and hard spheroids (including the infinitely thin plate limit) [5-11] are among the
56 systems studied in this way.
57
58
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Theoretically the most common way to calculate ¢(1,2) is via integral equation
theory [1]. Apart from the Percus-Yevick (PY) result for hard spheres, which is
known analytically [12, 13], these equations must be solved numerically, at least
for the classes of hard particles upon which we will focus in this article. When
solutions to these integral equations exist, the agreement with simulation is often
quite respectable, but an unfortunate problem is that all too often these equations
fail to have a real solution in the most interesting regions of the phase diagram
[14]. Thus the hypernetted chain (HNC) equation [15, 16], applied to the isotropic
phase of hard spheroids, cannot predict the density at which the isotropic phase
becomes unstable with respect to nematic fluctuations, as the solution is lost at a
substantially lower density. Almost always, one cannot get close to phase transitions
using these methods, and these are often the very thing in which one has the most
interest.

A fundamental approach for calculating fluid properties, however, is that of using
a virial expansion. This has most commonly been used to calculate the equations
of state of isotropic fluids (for a recent review, see [17]). The pressure is expressed
as a power series in the density and the virial coefficients are given in terms of
multi-dimensional integrals involving the potential of interaction. For various hard
bodies this expansion has been carried out to 10" order for spheres [18], and gth
order for other shapes [19, 20]. An unsolved theoretical question is for what range of
densities this expansion converges, but for hard spheres, at least, numerical studies
indicate that the series converges well up to the freezing transition density and
arguably is still convergent for higher densities. For example, at a packing fraction
of 0.49, very close to freezing, the tenth virial prediction of the pressure is in error
by 2%, whereas the eighth virial prediction is in error by 6%. For aspherical hard
particles the radius of convergence would appear to be considerably less than that
of spheres, but the indications are that for systems which undergo an isotropic-
nematic liquid crystal transition, the series converges up to this transition density
[21].

One may also apply the virial expansion to nematic and cubatic liquid crystalline
phases [22, 23]. This permits both a prediction of the isotropic — liquid-crystal
transition density and the prediction of liquid crystalline properties, such as its
equation of state and the value of the liquid crystalline order parameters. The
indications are that nematic phase properties converge over a wide density range.

It is also possible, however, to calculate other properties using a virial expansion.
An example is the prediction of Frank elastic constants in the nematic phase, which,
formally, are given as integrals over the nematic direct correlation function [24].

Despite this progress, these virial calculations give no structural information.
One way of obtaining this is to use the virial expansion to calculate the bridge
function and this yields ¢(1,2) as a result of solving integral equations. This has
been carried out to 8th order in the density for hard spheres [25], and to second
order in the density for spheroids [8-11, 26]. For hard spheroids, at least, this
approach still suffers from the problem that the integral equations do not have real
solutions in the vicinity of the phase transition. In this article we present results
obtained by directly using the virial series to calculate ¢(1,2). We present results
for hard spheres and for hard spheroids in both isotropic and nematic phases and
consider how well the predictions converge.

2. Theory

We consider a classical system of rigid particles. The combined position and orien-
tation of particle i is denoted by 4. In general the system may be inhomogeneous,
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either as a result of an external field or because we are considering a structured
phase, so the one-particle density, p(i), may be positionally and orientationally de-
pendent. The Ornstein-Zernike relation links ¢(1,2) to the total correlation func-
tion, h(1,2), via

h(1,2) = e(1,2) + /0(2, 3)p(3)h(3,2)d3 (1)
and the pair distribution function, g(1,2), is given by
9(1,2) = h(1,2) +1. (2)

In the isotropic phase, the one-particle density is just the overall number density,
p = N/V, where N is the number of particles and V' is the volume. For spherical
particles, particle orientations play no role and the direct correlation function be-
comes simply a function of particle separation r15 = |r; — raf, i.e. ¢(1,2) — c(r12).
In this case one may readily obtain h(r12) from ¢(r12) using standard Fourier trans-
form techniques.

For aspherical particles in an isotropic phase, the procedure is more complex.
Due to the orientational dependence of ¢(1,2), we must expand the pair functions
(c(1,2) and h(1,2)) using a spherical harmonic expansion. For axially symmetric
particles, this expansion for a general function f(1,2) is

FL2) =47 > frrtam (r12) Vi (ua) Yy, ™ (us) (3)

lezm

where u; is the unit vector along the axis of particle ¢ and Y;"(u;) is a spherical
harmonic function. In this case, polar angles in the spherical harmonic functions
are measured relative to the separation vector r12. To find h(1,2), we must now use
Hankel transforms [27] of the expansion coefficients ¢z, g,m (r12), which we denote
Cy,0,m(k). The Ornstein-Zernike relation then takes the form

ﬁfl£2m(k) = éfl£2m(k) + pz éfl£3m(k)ﬁ£3£2m(k) (4)
43

and taking the inverse Hankel transforms of Hy, g, (k) gives hy, pum(712).
Finally, in a nematic liquid crystal phase, the one-particle density takes the form

p(1) = pf(1) ()

where f(1) is the one-particle orientational distribution function. For axially sym-
metric particles, this depends solely on the angle made between the symmetry axis
of the particle and the direction of average alignment, or director, n. In this case
¢(1,2) depends on n as well as the orientations of particles 1 and 2 and their sepa-
ration. The spherical harmonic expansion of a function f(1,2) then takes the more
general form

FA2) =4 D fottmman(r12) Y (1) Y] () YV (w12) (6)

51 £2Zm1 maom

where w12 = r12/r12, and all angles are measured relative to an axis system based
on 1. The procedure for inverting the Ornstein-Zernike equation to get the compo-

URL: http://mc.manuscriptcentral.com/tandf/tmph



January 28, 2009

©CoO~NOUTA,WNPE

12:9 Molecular Physics paper revised
Molecular Physics

4

nents of (1, 2) is similar to, but more complicated than, that given for the isotropic
phase [28].
To calculate ¢(1,2), we consider the density expansion

c(1,2) =) nBn(1,2)p" 2. (7)
n=2

The coefficient, B, (1,2) is related to the standard virial coefficient, B,,, by

1
Bu= e /Bn(1,2)d1d2 (8)

where = 47 for linear particles, and 872 for non-linear ones. We calculate these
expansion coefficients using the standard Ree-Hoover Monte Carlo methodology
[29-31]. In the isotropic phase, we generate configurations of particles with random
orientations. In the nematic phase we choose the orientational distributions from
Onsager’s trial function [32]

f(1) = f(cos(8)) = (a/4m sinh(cr)) cosh(a cos ) . (9)

« is a parameter that gives the nematic ordering of the system along the director
n. It ranges from 0 for isotropic ordering to oo for ‘perfect’ nematic ordering. 8 is
the angle that each particle makes with this director.

The value used for « should, for a self-consistent calculation, be that value which
minimises the virial expansion for the Helmholtz free energy of the nematic phase
[17]. If one wishes to compare results with simulation, however, another choice
would be to choose a value of « that reproduces the observed simulation nematic
order parameter.

In a standard virial calculation, one checks whether a current configuration of
particles corresponds to one of the graphs that contribute to the overall virial. If it
does, one accumulates the correct Ree—Hoover weighting for that graph. Repeating
this step a large number of times and then averaging gives an estimate of the overall
virial coefficient (either in the isotropic or nematic phase). Here we wish to calculate
the expansion coefficients of B, (1,2) in a spherical harmonic expansion. To do this,
we use histograms, each one corresponding to a term in the angular expansion. For
a configuration of particles that contributes to a Ree—Hoover graph, we loop over
all possible pairs of particles. For each pair we accumulate data in the histogram
bin corresponding to the pair separation. The data accumulated are the products
of the Ree-Hoover weighting factor with the particular combination of spherical
harmonic functions required. Again after many iterations, the histogram data can
be normalized to give the required expansion coefficients.

It should be noted that in the isotropic phase, this procedure duly yields the
required expansion coefficients of ¢(1,2). In the nematic phase, however, the fact
that all particles are placed with orientations taken from the Onsager trial func-
tion means that one instead end up with a spherical harmonic expansion of
F()e(1,2)£(2).

A final consideration is the statistical errors in our calculations, which are in-
versely proportional to the square root of the number of iterations. At low-level
virial theory, these errors can be negligible, but at high order, the errors become
much more pronounced. This can lead to noise in our expansion at high densities,
when these high-order virials become more important.

In our calculations, we use a bin width of drio = 0.05, calculating the expansion
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Figure 1. ¢(1,2) for hard spheres, at n = 0.209. Dotted lines are results from virial theory truncated at
levels B to By. Simulation results from [4].

coefficients up to £,,q, = 6. Typically, 107 configurations are used for the 8" order
calculations, while at 2°4 order, we can use up to 10'° configurations.

3. Results

Using the above method, the contributions to ¢(1,2) for hard spheres of diameter
o were calculated from 2" to 8" virial level. These were then used to calculate
¢(1,2), h(1,2) and g¢(1,2), truncated at each virial level, for a range of packing
fractions. These were then compared to data obtained from simulation, as well as
to the Percus-Yevick (PY) approximation. These results are shown in figures 1 to
3.

Figure 1 shows the plot of ¢(1,2) at n = 0.209, where packing fraction n = pvy
(vo is particle volume). This is a moderate packing fraction at which an 8*"-order
virial expansion of the equation of state gives good agreement with simulation re-
sults (about 0.02% difference). Truncation at 2"-order virial theory (By) gives a
poor estimate of ¢(1,2), compared to simulation results, and it takes the higher-
order virials to give good agreement, with the virial series converging rapidly to
the simulation values. PY also gives good agreement at this packing fraction. At
a higher packing fraction of n = 0.367, shown in Figure 2, we still obtain very
good agreement with simulation results, although the virial series converges much
less rapidly, and it is only at Bg level that the theory approaches the simulation
values. However, the Bg-level theory does give better agreement than the PY ap-
proximation. At a packing fraction close to freezing, n = 0.4712, shown in figure 3,
the virial series has not yet converged on the simulation results, and significantly
underestimates the magnitude of ¢(1,2), especially at small separations. This level
of discrepancy is not unexpected, as at a packing fraction close to freezing, Bg-
level theory underestimates the pressure by 6% and higher-order virial coefficients
are needed. The PY approximation gives better agreement with simulation at this
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Figure 2. ¢(1,2) for hard spheres, at n = 0.367. Dotted lines are results from virial theory truncated at
levels B to By. Simulation results from [4].

packing fraction for the range of r1o = 0 to r13 = 0.

It is interesting, however, to look at ¢(1,2) for r12 > o. This behaviour is shown
in the insets of figures 1 to 3. The PY approximation gives ¢(1,2) = 0 in this range.
Simulation results, however, show that this is not true [4, 33]. ¢(1,2) has a positive
value as one approaches rio = o from above. At high packing fraction, one finds that
this function oscillates. The virial expansion gives zero values for ¢(1,2) at the By
and Bg levels, but the higher-order terms give non-zero contributions. Adding more
terms increasingly improves agreement between theory and simulation, though at
the higher packing fractions, the differences are still significant and the predicted
oscillations are out of phase with the simulation results. We would anticipate that
the addition of a few more higher-order terms would remedy this.

Figures 4 and 5 show the calculated g(1,2), for both theory and simulation, at
two of the same packing fractions as above. At n = 0.209 (figure 4), the agreement
between simulation and theory is again excellent. The virial series converges rapidly
to the simulation results, with only Bs-level theory giving particularly poor agree-
ment. The agreement with simulation is also good at the higher packing fraction
of n = 0.471 (figure 5), with the convergence of the virial series being less rapid,
but still approaching the simulation results for high-order virial theory. Figure 5
shows that the predicted values are slightly out of phase with the simulation values,
but the theory does predict the general behaviour particularly well. The value at
contact is underestimated, consistent with the underestimation of the equation of
state at this order theory.

An n*-order density expansion of ¢(1,2) yields a prediction for g(1,2) also correct
to n'" order. g(1,2), however, also contains higher order terms in the packing
fraction which are not exact. These incorrect terms may violate the core condition,
i.e. the condition that g(1,2) = 0 when two hard particles overlap. Looking at
figures 4 and 5 we see that the core condition is indeed violated, but, as expected,
the situation improves, the more coefficients are used. What is pleasing is that
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Figure 3. ¢(1,2) for hard spheres, at n = 0.4712. Dotted lines are results from virial theory truncated at
levels B to By7. Simulation results from [4].

outside the overlap region, the predictions are really rather good.

Also calculated were the expansion coefficients of ¢(1,2) and h(1,2) for hard,
prolate spheroids of aspect ratio a/b = 3, where a and b are the length of the major
and minor axes respectively. As for the hard spheres, these were calculated for
truncation at different levels of virial theory, and for a variety of packing fractions.
For this system, the isotropic — nematic transition is at a packing fraction of n =
0.507 [34]. Figures 6 and 7 show the comparison of the predicted values of copp(712)
and cg90(r12) at a packing fraction of n = 0.148. Here, it can be seen that the
theory provides excellent predictions of these expansion coefficients, with the virial
series rapidly converging towards the simulation results. Figures 8 and 9 show
these same coefficients calculated at a higher packing fraction of n = 0.444. At this
packing fraction the predicted values still agree somewhat with simulation, giving
good predictions of the behaviour of cpoo(r12) and ca0(r12), although they are
somewhat off at low values of r12. However, statistical error grows more severe for
high order virials and for angular coefficients of high angular momentum number.
We have not attempted to smooth these data here but this is an option that we
will consider in future publications.

Using these ¢(1,2) expansion coefficients, the expansion coefficients of h(1,2)
were calculated. Figures 10 and 11 show the predicted values of hggp(r12) and
haooo(r12) at a packing fraction of n = 0.148, compared to values obtained froom
simulation. At this packing fraction, the agreement between simulation and theory
is again very good for both, although as for hard spheres, the core condition is again
violated (the condition in this case is that hggg(r12) = —1). The plot of hago(r12)
(Fig. 11) shows that the predicted values are somewhat off from simulation results,
most likely due to the truncation of the expansion coefficients at £,,,, = 6. It would
be hoped that calculating to a higher ¢,,,, would help overcome this problem.
The effects of truncation at ¢,,,, = 6 becomes more pronounced at higher packing
fractions, as can be seen in Figures 12 and 13. Here, at n = 0.444, the series appears
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Figure 4. g¢(1,2) for hard spheres, at n = 0.209. Dotted lines are results from virial theory truncated at
levels By to Br

to be converging towards the simulation data, but even at Bg level, it is still quite
a way off, although it does capture the essential behaviour of the coefficients.
Finally, the expansion coefficients of f(1)c(1,2)f(2) were calculated for the same
system as above. Taking the value of o = 13.92, corresponding to a nematic order
parameter Sy = (Py(u - n)) = 0.8 (where P, is the second Legendre polynomial),
from a virial equation of state for a packing fraction of n = 0.694, the expansion
coefficients of f(1)c(1,2)f(2) were calculated for this value, and also, for compari-
son, a = 0, which corresponds to an isotropic system. The values of copoooo(712) are
shown in figure 14. The behavior of cypopoo(r12) for the nematic system is visibly
different from an isotropic system at the same density. At low 719, the magnitude
of coooooo(r12) for the nematic system is lower than that of the isotropic system.
This is expected, due to the high orientational ordering of the system causing more
parallel particles. This in turn lowers the chance of overlapping particles of a short-
to mid-range separation. However, at larger separations, the magnitude in the ne-
matic system becomes larger than that for the isotropic system, as the ordered
nature of the system makes overlaps of particles of this separation more likely. The
inversion of these data to obtain h(1,2) for the nematic phase is work in progress.

4. Conclusions

We have calculated the virial expansion of the direct correlation function to 6"
order in the density for both hard spheres and hard prolate 3 : 1 spheroids. In the
isotropic phase, our results show that the series appears to be convergent for hard
spheres up to the freezing density and for the hard spheroids up to densities close
to the isotropic-nematic phase transition. The 6 order results compare well with
simulation data up to moderate densities, but for hard spheres close to freezing,
there are significant differences, especially at small particle separations. Given that
the pressure predicted from the pressure virial series at this level of truncation
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Figure 5. ¢(1,2) for hard spheres, at 7 = 0.4712. Dotted lines are results from virial theory truncated at
levels By to Br

is underestimated by 6%, such discrepancies are not surprising. Simulation shows
that the direct correlation function has an oscillatory behaviour in the non-overlap
region. This is reproduced by the virial expansion, though more terms are needed
in the expansion in order to get good agreement with the phase of oscillation. The
question of whether or not the asymptotic long-range behaviour of both g(1,2) and
¢(1,2) is oscillatory is also of great interest [35, 36] and merits further study.

The Ornstein-Zernike relation was used to calculate the pair distribution func-
tion, g(1,2), from our direct correlation function data. Outside the overlap region,
the agreement with simulation results is excellent, even for hard spheres close to
freezing. Within the overlap region,however, the pair distribution function is not
zero as it should be. For spheres, adding more terms in the virial expansion pro-
gressively reduces this discrepancy and at 6 order, the core condition is fairly well
obeyed. For spheroids, one must consider both the truncation of the virial series
and also the truncation of the angular expansion of ¢(1,2) in spherical harmonics.
We believe that the violation of the core condition is associated with both these
truncations and, in a future publication, we will present a systematic study of the
effects of including higher order angular terms.

In summary, we have shown that the 6" virial expansion is highly effective at
predicting accurate values for ¢(1,2) up to moderately high densities and there
is every indication that adding higher-order terms will improve the situation still
further. This function may then be used to predict high quality estimates of g(1,2),
outside the overlap region, even at high densities.As discussed earlier, an n'® order
expansion in the density for ¢(1,2) generates g(1,2) to all orders in the density,
though only the first n terms are exact. These higher-order terms cause our predic-
tions for g(1,2) to be superior to those for ¢(1,2). Unlike integral equation theory,
this method does not suffer from loss of solution near a phase transition and it
thus provides theoretical tools for studying structural changes in these interesting
regions.

We finally presented preliminary results for ¢(1,2) in the nematic phase. Again
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28 the indications are that the virial series converges well with increased number of
29 virials. To date, integral equation theory is not well-developed for use in the nematic
30 phase and reports vary as to whether nematic solutions exist [37—40]. The virial
31 expansion, however, does not suffer from such difficulties and, based on our ¢(1,2)
32 calculations, we will present virial predictions for ¢g(1,2) in the nematic phase in a
33 future publication.
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