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Introduction

Clathrate hydrates are crystalline inclusion compounds in which a water host lattice encages small guest atoms or molecules [1,2]. Gas hydrates exist naturally in permafrost and deep ocean regions [3]. Methane hydrates are the most widespread type of clathrate, and constitute a possible significant energy source, although there are concerns with respect to climate change in relation to their large-scale exploitation [3,4]. Clathrate hydrates usually adopt a type I, II or H structure [1,2], and methane hydrates exist in Nature as type I, and at temperatures and pressures of practical interest. The anomalous, glasslike behavior of the thermal conductivity of gas hydrates distinguishes them from ice and other molecular crystals [5]. It is thought that the low thermal conductivity in gas hydrates is attributable to the phononscattering processes from energy transfer between the localized guest rattling modes and the host lattice acoustic modes [5][6][7][8][9][10]. Tse and White have suggested that guesthost coupling is responsible for the anomalous behaviour of thermal conductivity below around 150 K, but that at higher temperatures all of the guest rattling modes would be excited, leading to a constant and relatively short mean free path (vis-à-vis the lattice constant) and a thermal conductivity relatively insensitive to temperature [5]. A detailed understanding of the mechanisms leading to this behavior, in addition to characterization of hydrate thermophysical properties, would enhance the viability of large-scale methane production from hydrates [3,4].

The estimation of thermal conductivity from molecular dynamics (MD)

simulations by the linear-response, equilibrium-fluctuation approach, in which the Green-Kubo integral of the autocorrelation function (ACF) of the heat flux vector is evaluated [11], has been used extensively for a variety of pure or binary atomic and molecular systems [6,[12][13][14][15][16][17][18]. The non-equilibrium approach of Evans [11,19], and the the thermal conductivity between the equilibrium and non-equilibrium approaches suggest that the simulations were of insufficient duration for adequate statistical sampling. Rosenbaum et al. [18] carried out further equilibrium MD simulation to estimate the thermal conductivity of 2x2x2 and some 3x3x3 systems of methane hydrate using the equilibrium Green-Kubo approach, using a variety of polarisable and non-polarisable water models and the Lekner method [23][24][25] to treat long-range electrostatics, and reasonable agreement with high-quality experimental data of compressed methane hydrate samples was obtained.

Although the Lekner technique is the definitive mathematical solution to the electrostatic potential in infinitely-periodic atomic or molecular systems, requiring no adjustable parameters, its rather inefficient pairwise implementation is required to evaluate the heat flux vector for an equilibrium Green-Kubo estimation of the thermal conductivity (vide infra). The recent reformulation of the expression for the heat flux vector for molecular systems for use with Ewald electrostatics [26][27][28][29][30] by Petravic [17] allows the use of this popular electrostatics method for equilibrium Green-Kubo treatment of thermal conduction; long-range periodic electrostatics had been neglected by the majority of workers using the Green-Kubo approach until recently [17,18]. This has as a consequence that the more computationally efficient Ewald approach (relative to a pairwise Lekner implementation) may be employed to obtain a Green-Kubo estimate of hydrate thermal conductivity, and this is a further goal of the present study. Given that infinitely periodic electrostatics is more appropriate for MD simulation of molecular crystals such as hydrates, the effect of 'cut-off' schemes might be expected to affect the accuracy of the simulation and any computed properties, and this has been highlighted previously for liquid water properties [30] and methane hydrate kinetics [31]. Considering this, together with the popularity of such schemes which attempt to mimic periodic long-range electrostatics, such as reaction field [33][34][35], shifted-force and Fennell-Gezelter techniques [36], another objective of this study is to appraise the suitability of these approaches to model thermal conduction. To aid this, the heat flux vector was also been decomposed by various types of contribution in this work, to assess the importance of electrostatic and other terms with respect to thermal conduction. A further goal was to assess the impact of system size upon the results for each electrostatics methodology, given that Inoue et al. [7] and Rosenbaum et al. [18] used mostly 2x2x2 methane hydrate systems for their estimates, and there is evidence that larger systems affect the accuracy of methane hydrate kinetics [31].

Methodology

The TIP4P water model was used for water-water interactions [37] and the OPLS-AA potential for methane-methane interactions [38]. The bond lengths and angles in methane were constrained to their experimental values, i.e. a C-H length of 1.09 Å and an H-C-H angle of 109.47°. To obtain the best accuracy possible for methane hydrate simulation, in which water and methane molecules are in close contact, the water-methane interaction parameters of Sun and Duan were used [39]. Briefly, these authors found that an accurate fit to their ab initio water-methane energy surface could be obtained if the experimental methane geometry was used along with the geometry and partial charges of TIP4P water. The partial charges which were fit to the methane sites were -0.48e (C) and 0.12e (H), and appropriate Lennard-Jones interaction parameters were also fit to the ab initio data [39]. In work to be published shortly [40], Mastny and de Pablo have validated the use of TIP4P, rigid OPLS-AA methane and the Sun-Duan interaction parameters by a prediction of the melting point of (type I) methane hydrate at 400 bar to be within 287 and 302 K, via-à-vis the experimental value of 297 K. Although English and MacElroy [41] and Jiang et al. 6 [42] have demonstrated previously that polarisable water models tend to be quantitatively superior for the treatment of methane hydrates, both of these studies used a methane potential [43] and water models which had not had their interaction parameters optimised for water-methane mixtures. There have been few attempts made to date in hydrate simulation to use water and guest models for which interaction parameters have been parameterised specifically for these water-guest mixtures.

In the reaction field method, the potential term of each pair interaction within the cavity radius was taken as
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using a cut-off based on centre-of-mass separations of molecules. Here, the cavity radius c R was set at 11.5 Å, and the parameter 0 B is expressed as
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where RF ε and ε ∞ are estimates of the static and infinite-frequency dielectric constants for methane hydrate. Since results for the reaction field model are typically weakly dependent on the dielectric constant used therein, a value of 58 was used for the static constant, corresponding to the experimental value at 273 K [44].

For the shifted-force approach, the 1/ r potential was truncated at c R , and a linear term was added to the potential to make both the pairwise energy and force zero at the cut-off:
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The undamped pairwise form of the shifted-force potential proposed by Fennell and Gezelter [36] was taken as: 
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The undamped form was selected for the present study, as it was shown by Fennell and Gezelter that mild damping using the error function, similar to real space Ewald, did not lead to any real improvement in the estimation of forces or torques vis-à-vis

Ewald [36]. The cut-off distance was also set to 11.5 Å for the shifted-force and

Fennell-Gezelter schemes.

The real-space cut-off distance for the Ewald method was set to 11.5 Å, and the screening parameter and the number of wavevectors were set such that the relative error in the Ewald summation was less than 1 x 10 -6 for each different system size.

This resulted in a screening parameter of around 0.28 Å -1 for each case, and approximately 300 to 1,000 wavevectors, depending on the system size. No attempt was made to optimise the Ewald parameters with respect to the Lekner summation [45], as it was desired to use an Ewald approach typical of that used by the community, with cognisance of balancing efficiency between the real-and reciprocalspace components with increasing system size and number of wavevectors; in practice, it was found that the Ewald electrostatic energy and forces varied very little with the screening parameter and increasing number of wavevectors about the values selected for each system size.

A pairwise implementation of the Lekner method was used, employing threedimensional cubic spline interpolation to evaluate the energy and force terms on precomputed grids; this is described in Ref. [46]. Since a pairwise implementation is necessary for the computation of the heat flux vector (vide infra), and scales as N 2 , the calculation of Lekner pairwise terms by interpolation was performed in single precision, but each pairwise force and energy term was converted to double precision when used in the accumulators for the heat flux vector and to propagate the dynamics. The multiple time step scheme described in Ref. [46] was also used, in which minimum image interactions were found every short time step (1 fs), and a full Lekner evaluation was carried out every long time step (5 fs), and the difference between the Lekner and minimum image interactions used as the slowly-varying, long-range interaction for multiple time step integration. It was found in tests that the single precision Lekner evaluation led to atomic forces and an electrostatic energy for snapshots to within 0.2 % of the double precision values, and that the combination of this with multiple time step integration led to thermal conductivities within around 1 % of that found using double precision Lekner evaluation and a single time step of 1 fs, over a 1 ns production run. The Lekner method was implemented in parallel, and parallel efficiencies of over 95 % were achieved for the Lekner evaluation on up to 64 processors.

The cut-off radius for Lennard-Jones (LJ) interaction parameters was 11.5 Å. The velocity Verlet scheme was used, and the RATTLE method used to impose constraints [47]. For relaxation by extended system dynamics in the NVT ensemble, a light coupling to a Nosé-Hoover thermostat was used, with a thermostat relaxation time of 1 ps [48]. For initial NPT relaxation, a light coupling was applied with Melchionna's modified form of the Hoover barostat using isotropic cell fluctuations [49], with thermostat and barostat relaxation times of 1 and 2.5 ps, respectively. MD was carried out in parallel for all electrostatics schemes, using between 8 and 64 processors for simulations.

The starting coordinates of the oxygen atoms were taken from x-ray diffraction data of type I ethylene oxide hydrate, with a lattice constant was 12.03 Å [50]. The initial orientations of the water molecules were selected in a random manner so as to conform to the Bernal-Fowler rules [51], and so that the total dipole moment of the system would be vanishingly small [52]. Methane molecules were placed in the cavities of each unit cell to allow for full occupation, i.e. 8 methane molecules. This was done as the previous MD simulation work of Rosenbaum et al. [18] has shown that methane hydrate thermal conductivity is only weakly dependent on cage occupancy in the 80 to 100% range (as a proportion of the maximum possible occupation). To assess the effects of system size upon heat conduction, simulation boxes were constructed by replication, composed of 2x2x2, 3x3x3 and 4x4x4 unit cells.

A 1 fs time step was used for all simulations, except for the Lekner method, in which a multiple time step scheme was employed with 1 fs steps for LJ and minimum image interactions and 5 fs for a full Lekner evaluation [46]. These time steps were tested for energy conservation in the NVE ensemble and found to be satisfactory; the percentage relative drift in energy, defined as the ratio of the energy drift (expressed as a linear regression coefficient) to the average kinetic energy during the simulation [53], was less than 0.1 % over 100 ps in all cases. 0.25 ns of MD was carried out in the NPT case for each starting structure and electrostatics régime, with the set temperature at 265 K and the set pressure at 1 bar: this is below the melting temperature for methane hydrate for the potential models used, i.e. 287 to 302 K [40].

After this relaxation, the system volumes reached steady values, with mean pressures at the set value, and the structures were observed to be stable. 0.5 ns of relaxation was then performed in the NVT ensemble at these volumes, and the mean pressures were found to match the desired pressure of 1 bar to within 1 %.

Following relaxation, three configurations were taken for each system, sampled randomly from the last 0.2 ns of the NVT relaxation, and the coordinates and velocities were used as input to separate NVE simulations, to allow for independent estimates of the thermal conductivity. Each NVE simulation was 1 ns in duration, as it was desired to sample the heat flux vector to allow its autocorrelation function (ACF) to be defined for up to 20 ps. The work or Rosenbaum et al. [18] have shown that 20 ps constitutes sufficient length of the ACF to provide a reliable estimate of the thermal conductivity of methane hydrate, whilst a sampling ratio for the ACF of 50:1 provides a robust definition of the ACF. In the NVE production simulations, the mean pressure remained steady to within 2 % of the desired level, while the temperature, averaged over 5 ps windows, remained within 5 K of 265 K throughout.

The heat flux vector J was evaluated by the microscopic expression in the molecular representation [54]:
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where N is the total number of molecules, and υ denotes the species (water or methane). In the diffusive term, e i refers to the internal energy of molecule i (i.e. the sum of its kinetic energy and its interaction energy with the rest of the system). In the interactive term, there is a pairwise summation over the forces exerted by atomic sites on one another. The species enthalpy correction term (needed for binary systems [12]) requires that the total enthalpy of the system is decomposed into contributions from each species (water and methane), and this is described below. It can be seen readily from inspection of eqn. 5 that the computation of the interaction energy component of components. The reformulation of Petravic in the molecular representation [17] was implemented in the present study for this purpose.

The instantaneous enthalpy was decomposed between the host and the guest molecules by defining the enthalpy of species 1 (taken in this work to be water) in terms of contributions to the potential energy and virial arising from interactions between water molecules (1-1) and between water and methane molecules (1-2) [12]:
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In eqn. 6, K 1 denotes the kinetic energy of the water molecules. The average enthalpy per molecule of each species, h υ , is then found as
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where H is the total enthalpy of the system. The averaged enthalpies per molecule may then be used in the enthalpy correction term of eqn. 5 to define the heat flux vector. The heat flux vector was sampled every 1 fs in the production simulations.

In order to assess the relative importance of individual contributions to the heat flux vector, the heat flux vector was decomposed as follows 
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where the terms denote, respectively, contributions arising from kinetic energy (in the overall diffusive term), diffusive LJ, diffusive real-and reciprocal-space electrostatics, interactive LJ, interactive real-and reciprocal-space electrostatics, and the binary enthalpic correction. As the Lekner and non-periodic 'cut-off' schemes are inherently real-space methods, the reciprocal-space contributions are zero in these cases.

The thermal conductivity, k, was evaluated by the Green-Kubo time-correlation integral [11] Page 
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Romberg integration was then carried out to evaluate eqn. 8 [55], and smooth cubic spline interpolation was applied to generate the required artificial ACF values in between the sampling intervals of 1 fs. As mentioned previously, the duration of the ACF was 20 ps. ACF's were also constructed for each of the individual heat flux vector terms of eqn. 8, and a de facto contribution to the thermal conductivity estimated by integration. This was done to appraise further the importance of each type of contribution towards thermal conduction in hydrates.

According to kinetic theory, the thermal conductivity is related to the average phonon mean free path, L, density, ρ, and the isochoric heat capacity, C V [11,56]
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where the speed of sound v has been replaced with the expression

T 1 v ρβ = .
Although this formulation is strictly valid in the harmonic approximation at low temperatures [57], and the temperature of 265 K considered in this study is approximately 90 % of the Debye temperature of methane hydrate [58], this treatment is reasonable in order to estimate approximately an average of the mean free path distribution. This will allow a comparison of the average mean free path with the lattice constant to investigate the suggestion of Tse and White [5] ( )
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The mean densities were determined from those sampled during the initial 0.25 ns NPT relaxations runs from the initial x-ray diffraction coordinates, conforming to 265 K and 1 bar. The mean densities in the above runs to determine the isothermal compressibility (following the NVT relaxation) were within 0.3 % of those found in the initial 0.25 ns of NPT relaxation.

The isochoric heat capacity was estimated in 0.25 ns simulations in the NVT ensemble, immediately following the 0.5 ns NVT relaxation runs, using the fluctuation formula [30] ( )
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where U is the potential energy.

Results and Discussion

In order to demonstrate the sensitivity of the heat flux vector to electrostatics for each system size, the percentage deviation of the heat flux vector vis-à-vis the Lekner method is specified for each electrostatics scheme in Table 1, in terms of both magnitude and orientation. This was determined by evaluation of the heat flux vector by each method for 100 position/velocity configurations selected randomly from Lekner production runs for each system size. It can be seen that the Ewald method is quite close to the Lekner magnitudes for each system size, usually within around 6 %, and that the orientation of J is within approximately 4 %. Given that the Lekner method is the definitive mathematical solution to infinitely-periodic electrostatics, and is the most appropriate technique for the crystal state, this suggests that the Ewald method is also a reasonably accurate approach to adopt for hydrate simulation. An optimisation of the Ewald parameters to minimise RMS deviations in the forces [45] would presumably yield closer agreement with the Lekner heat flux vector; in this case, though, the agreement with the Lekner method is judged to be acceptable.

However, it can be seen that the discrepancies of the non-periodic 'cut-off' approaches with respect to Lekner are larger, in the range of 15 to 25 % for magnitudes and 7 to 13 % for angular direction, increasing somewhat with larger system sizes. The Fenell-Gezelter scheme is marginally closer to the Lekner values than the reaction field and shifted-force schemes. However, it is clear that the use of non-periodic electrostatics methods compromises the accuracy of evaluation of the heat flux vector, notwithstanding that the underlying sampled trajectories during MD would not be as accurate as with periodic techniques.

[ insert Table 1 about here ]

The importance of the individual heat flux vector terms described in eqn. 8 to both the heat flux vector and the thermal conductivity was gauged by calculation of their proportional contribution to the heat flux vector, together with the definition of ACF's for these individual components, followed by evaluation of the Green-Kubo integral of eqn. 9 for each ACF. However, the 'contribution' of each term to the thermal conductivity is non-additive; nonetheless, this serves as a reasonable quantitative guide as to the importance of each term in determining the thermal conductivity. A typical example of results is provided in term is also influential. The respective diffusive electrostatic and LJ terms are each around 5 to 7 time lower in their contribution to the heat flux vector than their interactive analogues, while the (diffusive) kinetic and binary enthalpic correction terms are relatively unimportant; since there is no bulk diffusion in crystalline solids, then the kinetic term contributes little to the heat flux vector [57]. In the Ewald case, it is interesting to note the decomposition between real-and reciprocal-space electrostatics: both contribute roughly evenly to the heat flux vector in the 3x3x3 example in Table 2, although the reciprocal space component increases in importance

as the system size increases, as the real-space cut-off distance remains fixed at 11.5 Å but the number of wavevectors increases to achieve the desired level of accuracy in the Ewald summation. The Lekner and Ewald results are in reasonable agreement as to the importance of each term in the heat flux vector, including the interactive and diffusive electrostatic contributions (when the real-and reciprocal-space Ewald contributions are considered together). Since the interactive electrostatic term is clearly of primary relevance to the evaluation of J, the accurate evaluation of (longrange, periodic) electrostatic interactions is important for realistic modelling of thermal conduction.

[ insert Table 2 about here ]

A typical example of the ACF's of the heat flux vector is depicted in Figure 1 zero within a couple of picoseconds, after which 'noise' about zero is present, albeit the 50:1 sampling ensures that entire ACF has been defined with robust statistics.

[ insert Figure 1 about here ]

Results for thermal conductivity are shown in Table 3 for each system size and electrostatic scheme, and they are plotted against the total number of water and methane molecules in each system in Figure 2. Although the integration of the ACF was performed over the entire 20 ps, the estimates for the thermal conductivity were found to converge within about 1 ps, as found by Rosenbaum et al. [18]. The mean and standard deviation were estimated over three independent simulations, as described above. It can be seen that the periodic methods exhibit the least dependence on system size, particularly with respect to Lekner results of 0.561 ± 0.039, 0.603 ± 0.041 and 0.611 ± 0.046 W/m•K for 2x2x2, 3x3x3 and 4x4x4 systems, respectively.

The Ewald results are within 2 to 7 % larger than the corresponding Lekner data, with the disparity growing for larger system sizes. It can be seen that the Lekner results for the 3x3x3 and 4x4x4 cases are in essential agreement, whilst the mean Ewald results

for the 3x3x3 and 4x4x4 systems are within 2.5 % of each other. Therefore, it appears that a 3x3x3 system is sufficiently large for thermal conductivity estimation for type I hydrates in conjunction with periodic electrostatics methods. Given that 2x2x2 Lekner result of 0.561 ± 0.039 W/m•K is some 7 % lower than the corresponding 3x3x3 value %. The increasing system size allows a greater number of phonon modes of larger mean free path to propagate through the simulation box, allowing these to contribute to the heat flux vector, and fluctuations thereof, thereby increasing the estimate for the thermal conductivity. Distributions of phonon mean free paths over the length range of the unit cell (circa. 11.9 Å) would be expected to emphasise this increase for the system sizes considered in this study. However, cut-offs in electrostatics appear to increase artificially the fluctuations in the heat flux vector vis-à-vis periodic Ewald and Lekner electrostatics, resulting in larger thermal conductivities for the 3x3x3 and 4x4x4 systems.

[ insert Table 3 and Figure 2 about here ]

The thermal conductivities of 0.61-0.65 W/m•K predicted by periodic techniques were in reasonable agreement with experimental results of 0.62 [59] and 0.68 W/m·K [18] for compressed methane hydrate samples at 276 K. The experimental temperature dependence was found to be very weak in this temperature region [18,59]. Although the compacted samples possess essentially the lowest extent of porosity attainable experimentally [18,59], there are still defects present in the real hydrate crystal structure. The crystal structures used in the molecular simulations contain no porosity or structural defects, which would serve to decrease the efficiency with which phonons conduct thermal energy in the host lattice, hence reducing the thermal conductivity. This is a limitation of the relatively small system sizes that can be investigated with molecular simulation. Many simulations with varying defect geometry and porosity would be required to assess quantitatively the degree to which thermal conductivity would be reduced.

The densities for each system size and electrostatics method are reported in Table 4. The densities increase weakly for the periodic techniques, with increases of 0.85 % and 1.3 % for 4x4x4 relative to 2x2x2 systems with the Lekner and Ewald schemes, respectively. The density increases are somewhat larger for the cut-off schemes, with corresponding results of 2, 1.85 and 2.25 % for the reaction field, Fennell-Gezelter and shifted-force schemes, respectively. The use of long-range electrostatics results in less dependence of density on system size, especially in the Lekner case, and in larger densities; this is due to the long-range nature of electrostatic interactions changing substantially less than in the case of cut-off methods with increasing system size, and for these additional interactions being present in the virial. Although the densities estimated by periodic techniques are larger by some 1-2.5 % and 0.6-1.8 % vis-à-vis cut-off schemes for the 2x2x2 and 3x3x3 cases, respectively, the difference is 0.3-1 % for 4x4x4 systems: the cut-off methods appear to approach the periodic techniques for reliable density estimation, but only for larger systems, which require substantially more CPU capacity to simulate. The density is less sensitive with respect to electrostatics in the limit of large systems, in contrast to the thermal conductivity.

[ insert Results for the isothermal compressibility are given in Table 5. The Lekner results

exhibit the least dependence on system size, with results of 0.175, 0.164 and 0.160

GPa -1 for 2x2x2, 3x3x3 and 4x4x4 cases, respectively. A tentative experimental estimate for the adiabatic compressibility, β S , of structure I hydrates at 273 K is 0.14 GPa -1 [44]. An estimate for the experimental value of β T was taken to be 0.153 GPa -1 ,

from 2 S T P T C β β α ρ = - (13) 
where the experimental value for the isobaric specific heat, C P , of methane hydrate at 265 K is 2.13 kJ kg -1 K -1 [59] and the coefficient of volumetric thermal expansion, α, has been estimated as three times 0.104×10 -3 K -1 , the experimental value of the linear expansion coefficient at 273 K for type I hydrates [44]. A temperature of 265 K and a density of 950 kg/m 3 was used in equation 13. The Lekner results are in better accord with the rough estimate for the experimental value of β T than the other schemes (within 5-15 %), with agreement improving for larger system sizes. The Ewald method also provides results close to that of Lekner, whilst the shifted-force method results are in poorer agreement with the approximate experimental estimate. Docherty et al have estimated the isothermal compressibility recently of methane hydrate as around 0.108 GPa -1 at atmospheric pressure, using molecular simulation with the TIP4P/2005 water model and a Lennard-Jones particle for methane [60]. Given the difference with respect to potential models employed in this study, in particular the use of a fully atomistic methane model in this study, this serves to explain the difference in results observed in this work with that of Ref. 60.

[ insert The results for the constant-volume heat capacity are presented in Table 6. Again, the results for periodic electrostatics display less size dependence. The Lekner and Ewald values are 5-17 % lower than those predicted by the cut-off schemes. An estimate for the experimental value of C V was made at 1.95 kJ kg -1 K -1 , using the relationship

2 T P V C C T α ρβ -= (14) 
where the experimental values for quantities were the same as in equation 13, and the rough estimate of 0.153 GPa -1 was used for β T . The Lekner results of 2.02 and 2.00 kJkg -1 K -1 for the 3x3x3 and 4x4x4 cases, respectively, agree very well with the rough estimate of the experimental value, while the corresponding respective Ewald estimates of 2.14 and 2.06 kJ kg -1 K -1 are also in good agreement with experiment. It appears that the cut-off schemes overestimate the fluctuations in the system energy, leading to a larger value for the heat capacity (cf. equation 12).

[ insert Table 6 about here ]

Estimates for the averaged phonon mean free path are provided in Table 7, computed using equation 10. The Lekner and Ewald results display the least dependence on system size and are essentially in agreement with a value in the 3.7-3.9

Å range, while the cut-off schemes result in larger average mean free paths for the 3x3x3 and 4x4x4 systems. Although it would appear that the larger thermal conductivities computed for the 3x3x3 and 4x4x4 cases using cut-off methods may be rationalised in terms of averaged mean free paths which are some 17-25 % larger than those estimated from periodic electrostatics, such a conclusion is necessarily limited by the harmonic approximation implicit in, and low-temperature nature of, equation 10. However, it is clear from Table 7 that the distribution of phonon mean free paths is about short distances near the lattice constant of the hydrate (circa 11.9 Å). As Che et al [13] have noted, the relatively short mean free paths of the phonon modes relative to the simulation box sizes implies that numerical integration over the well-converged heat flux ACF in the Green-Kubo integral of equation 9 is justified to estimate the thermal conductivity, and that no fitting of the ACF to model decay is necessary. This was found to be the case, when results for thermal conductivity estimates were found to converge well within a few picoseconds during integration of the ACF.

[ insert Table 7 about here ]

Conclusions

The thermal conductivity of methane clathrate hydrate has been estimated at 265 K, using the Green-Kubo approach in conjunction with equilibrium MD, for the periodic Ewald and Lekner techniques, as well as the reaction field, Fennell-Gezelter and shifted-force schemes, which employ cut-offs. It was found that the Lekner and Ewald approaches resulted in similar heat flux vectors, but that use of the cut-off schemes led to considerable deviations in the heat flux vector vis-à-vis the more appropriate periodic techniques (cf. Table 1). The sensitivity of the heat flux vector to electrostatic interactions was also highlighted with respect to the principal importance of the interactive electrostatic term in the heat flux vector, as well as its largest contribution to the thermal conductivity (cf. Table 2). The importance of adequate system size for a reliable estimate of the thermal conductivity was emphasised for the various electrostatic methods (cf. Table 3, Figure 2), and the use of long-range, periodic electrostatics led to a markedly lower extent of dependence on system size for estimates of the thermal conductivity. The larger predictions for the thermal out using this approach. Given that the Ewald method is substantially faster than a pairwise implementation of the Lekner technique for more than a few hundred point charges, and that 3x3x3 periodic results for the thermal conductivity were essentially the same as those for the 4x4x4 case, then it is recommended to use the Ewald approach for thermal conductivity estimates with the Green-Kubo method for crystalline solids, after validation with respect to system size. Optimisation of the Ewald parameters with respect to the definitive Lekner summation for each system would be expected to render the Ewald method more accurate [45].

The averaged phonon mean free path of 3.7-3.9 Å is relatively short, meaning that the distribution of phonon mean free paths is over the length scale of the unit cell, thereby confirming the suggestion of Tse and White [5] in relation to phonon length scales at temperatures of practical interest. However, given that the kinetic theory approach of equation 10 is strictly valid in the harmonic approximation at low 
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Clathrate hydrates are crystalline inclusion compounds in which a water host lattice encages small guest atoms or molecules [1,2]. Gas hydrates exist naturally in permafrost and deep ocean regions [3]. Methane hydrates are the most widespread type of clathrate, and constitute a possible significant energy source, although there are concerns with respect to climate change in relation to their large-scale exploitation [3,4]. Clathrate hydrates usually adopt a type I, II or H structure [1,2], and methane hydrates exist in Nature as type I, and at temperatures and pressures of practical interest. The anomalous, glasslike behavior of the thermal conductivity of gas hydrates distinguishes them from ice and other molecular crystals [5]. It is thought that the low thermal conductivity in gas hydrates is attributable to the phononscattering processes from energy transfer between the localized guest rattling modes and the host lattice acoustic modes [5][6][7][8][9][10]. Tse and White have suggested that guesthost coupling is responsible for the anomalous behaviour of thermal conductivity below around 150 K, but that at higher temperatures all of the guest rattling modes would be excited, leading to a constant and relatively short mean free path (vis-à-vis the lattice constant) and a thermal conductivity relatively insensitive to temperature [5]. A detailed understanding of the mechanisms leading to this behavior, in addition to characterization of hydrate thermophysical properties, would enhance the viability of large-scale methane production from hydrates [3,4].

The estimation of thermal conductivity from molecular dynamics (MD)

simulations by the linear-response, equilibrium-fluctuation approach, in which the Green-Kubo integral of the autocorrelation function (ACF) of the heat flux vector is evaluated [11], has been used extensively for a variety of pure or binary atomic and molecular systems [6,[12][13][14][15][16][17][18]. The non-equilibrium approach of Evans [11,19], and the 'direct method' [20][21][22], in which a temperature gradient is imposed across the simulation cell, have also been applied to a range of systems. The key advantage of the equilibrium Green-Kubo approach vis-à-vis non-equilibrium methods is that one may gain insight into the contribution of the various phonon modes to heat conduction from analysis of the heat flux ACF [6,13,15,16]. In evaluating the Green-Kubo integral of the heat flux ACF, a knowledge of the distribution of phonon mean free paths acts as a useful guide of whether numerical integration may be performed over the entire duration of a well-converged ACF, or of whether consideration should be taken of a fit for an exponential decay of the ACF beyond a few picoseconds; typical mean free paths near the length scale of the simulated system would indicate that fitting to a well-converged ACF would not be required, although significantly larger mean free paths would suggest that fitting should be considered [13]. Therefore, one of the objectives of this study is to estimate approximately the averaged phonon mean free path of methane hydrate, partly to assess an adequate treatment method for the heat flux ACF, as well as to investigate the suggestion of Tse and White [5] that the mean free path is relatively short (near the lattice constant) at temperatures of practical interest, e.g. 265 K.

Inoue et al. performed molecular dynamics (MD) simulations of a system of 2x2x2

type I xenon hydrate unit cells to estimate the thermal conductivity, and found that guest-host interactions are influential in determining glass-like behaviour of the thermal conductivity, and suggested that the large hydrate unit cell is important in understanding this behaviour [7]. The thermal conductivity was found in the linearresponse, equilibrium-fluctuation formulation by evaluation of the Green-Kubo integral of the autocorrelation function of the heat flux vector [11], and also by the non-equilibrium approach of Evans [11,19]. However, the pairwise interaction potentials were truncated at 8.655 Å, and the substantial differences in estimates for the thermal conductivity between the equilibrium and non-equilibrium approaches suggest that the simulations were of insufficient duration for adequate statistical sampling. Rosenbaum et al. [18] carried out further equilibrium MD simulation to estimate the thermal conductivity of 2x2x2 and some 3x3x3 systems of methane hydrate using the equilibrium Green-Kubo approach, using a variety of polarisable and non-polarisable water models and the Lekner method [23][24][25] to treat long-range electrostatics, and reasonable agreement with high-quality experimental data of compressed methane hydrate samples was obtained.

Although the Lekner technique is the definitive mathematical solution to the electrostatic potential in infinitely-periodic atomic or molecular systems, requiring no adjustable parameters, its rather inefficient pairwise implementation is required to evaluate the heat flux vector for an equilibrium Green-Kubo estimation of the thermal conductivity (vide infra). The recent reformulation of the expression for the heat flux vector for molecular systems for use with Ewald electrostatics [26][27][28][29][30] by Petravic [17] allows the use of this popular electrostatics method for equilibrium Green-Kubo treatment of thermal conduction; long-range periodic electrostatics had been neglected by the majority of workers using the Green-Kubo approach until recently [17,18]. This has as a consequence that the more computationally efficient Ewald approach (relative to a pairwise Lekner implementation) may be employed to obtain a Green-Kubo estimate of hydrate thermal conductivity, and this is a further goal of the present study. Given that infinitely periodic electrostatics is more appropriate for MD simulation of molecular crystals such as hydrates, the effect of 'cut-off' schemes might be expected to affect the accuracy of the simulation and any computed properties, and this has been highlighted previously for liquid water properties [30] and methane hydrate kinetics [31]. Considering this, together with the popularity of such schemes which attempt to mimic periodic long-range electrostatics, such as reaction field [33][34][35], shifted-force and Fennell-Gezelter techniques [36], another objective of this study is to appraise the suitability of these approaches to model thermal conduction. To aid this, the heat flux vector was also been decomposed by various types of contribution in this work, to assess the importance of electrostatic and other terms with respect to thermal conduction. A further goal was to assess the impact of system size upon the results for each electrostatics methodology, given that Inoue et al. [7] and Rosenbaum et al. [18] used mostly 2x2x2 methane hydrate systems for their estimates, and there is evidence that larger systems affect the accuracy of methane hydrate kinetics [31].

Methodology

The TIP4P water model was used for water-water interactions [37] and the OPLS-AA potential for methane-methane interactions [38]. The bond lengths and angles in methane were constrained to their experimental values, i.e. a C-H length of 1.09 Å and an H-C-H angle of 109.47°. To obtain the best accuracy possible for methane hydrate simulation, in which water and methane molecules are in close contact, the water-methane interaction parameters of Sun and Duan were used [39]. Briefly, these authors found that an accurate fit to their ab initio water-methane energy surface could be obtained if the experimental methane geometry was used along with the geometry and partial charges of TIP4P water. The partial charges which were fit to the methane sites were -0.48e (C) and 0.12e (H), and appropriate Lennard-Jones interaction parameters were also fit to the ab initio data [39]. In work to be published shortly [40], Mastny and de Pablo have validated the use of TIP4P, rigid OPLS-AA methane and the Sun-Duan interaction parameters by a prediction of the melting point of (type I) methane hydrate at 400 bar to be within 287 and 302 K, via-à-vis the experimental value of 297 K. Although English and MacElroy [41] [42] have demonstrated previously that polarisable water models tend to be quantitatively superior for the treatment of methane hydrates, both of these studies used a methane potential [43] and water models which had not had their interaction parameters optimised for water-methane mixtures. There have been few attempts made to date in hydrate simulation to use water and guest models for which interaction parameters have been parameterised specifically for these water-guest mixtures.

In the reaction field method, the potential term of each pair interaction within the cavity radius was taken as
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using a cut-off based on centre-of-mass separations of molecules. Here, the cavity radius c R was set at 11.5 Å, and the parameter 0 B is expressed as

( ) 0 RF RF 2 2 B ε ε ε ε ∞ ∞ = - + (2) 
where RF ε and ε ∞ are estimates of the static and infinite-frequency dielectric constants for methane hydrate. Since results for the reaction field model are typically weakly dependent on the dielectric constant used therein, a value of 58 was used for the static constant, corresponding to the experimental value at 273 K [44].

For the shifted-force approach, the 1/ r potential was truncated at c R , and a linear term was added to the potential to make both the pairwise energy and force zero at the cut-off:

, SF 2 1 2 ij ij i j ij c c r U q q r R R   = + -       (3) 
The undamped pairwise form of the shifted-force potential proposed by Fennell and Gezelter [36] was taken as:
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The undamped form was selected for the present study, as it was shown by Fennell and Gezelter that mild damping using the error function, similar to real space Ewald, did not lead to any real improvement in the estimation of forces or torques vis-à-vis

Ewald [36]. The cut-off distance was also set to 11.5 Å for the shifted-force and

Fennell-Gezelter schemes.

The real-space cut-off distance for the Ewald method was set to 11.5 Å, and the screening parameter and the number of wavevectors were set such that the relative error in the Ewald summation was less than 1 x 10 -6 for each different system size.

This resulted in a screening parameter of around 0.28 Å -1 for each case, and approximately 300 to 1,000 wavevectors, depending on the system size. No attempt was made to optimise the Ewald parameters with respect to the Lekner summation [45], as it was desired to use an Ewald approach typical of that used by the community, with cognisance of balancing efficiency between the real-and reciprocalspace components with increasing system size and number of wavevectors; in practice, it was found that the Ewald electrostatic energy and forces varied very little with the screening parameter and increasing number of wavevectors about the values selected for each system size.

A pairwise implementation of the Lekner method was used, employing threedimensional cubic spline interpolation to evaluate the energy and force terms on precomputed grids; this is described in Ref. [46]. Since a pairwise implementation is necessary for the computation of the heat flux vector (vide infra), and scales as N 2 , the calculation of Lekner pairwise terms by interpolation was performed in single precision, but each pairwise force and energy term was converted to double precision when used in the accumulators for the heat flux vector and to propagate the dynamics. The multiple time step scheme described in Ref. [46] was also used, in which minimum image interactions were found every short time step (1 fs), and a full Lekner evaluation was carried out every long time step (5 fs), and the difference between the Lekner and minimum image interactions used as the slowly-varying, long-range interaction for multiple time step integration. It was found in tests that the single precision Lekner evaluation led to atomic forces and an electrostatic energy for snapshots to within 0.2 % of the double precision values, and that the combination of this with multiple time step integration led to thermal conductivities within around 1 % of that found using double precision Lekner evaluation and a single time step of 1 fs, over a 1 ns production run. The Lekner method was implemented in parallel, and parallel efficiencies of over 95 % were achieved for the Lekner evaluation on up to 64 processors.

The cut-off radius for Lennard-Jones (LJ) interaction parameters was 11.5 Å. The velocity Verlet scheme was used, and the RATTLE method used to impose constraints [47]. For relaxation by extended system dynamics in the NVT ensemble, a light coupling to a Nosé-Hoover thermostat was used, with a thermostat relaxation time of 1 ps [48]. For initial NPT relaxation, a light coupling was applied with Melchionna's modified form of the Hoover barostat using isotropic cell fluctuations [49], with thermostat and barostat relaxation times of 1 and 2.5 ps, respectively. MD was carried out in parallel for all electrostatics schemes, using between 8 and 64 processors for simulations.

The starting coordinates of the oxygen atoms were taken from x-ray diffraction data of type I ethylene oxide hydrate, with a lattice constant was 12.03 Å [50]. The initial orientations of the water molecules were selected in a random manner so as to conform to the Bernal-Fowler rules [51], and so that the total dipole moment of the system would be vanishingly small [52]. Methane molecules were placed in the cavities of each unit cell to allow for full occupation, i.e. 8 methane molecules. This was done as the previous MD simulation work of Rosenbaum et al. [18] has shown that methane hydrate thermal conductivity is only weakly dependent on cage occupancy in the 80 to 100% range (as a proportion of the maximum possible occupation). To assess the effects of system size upon heat conduction, simulation boxes were constructed by replication, composed of 2x2x2, 3x3x3 and 4x4x4 unit cells.

A 1 fs time step was used for all simulations, except for the Lekner method, in which a multiple time step scheme was employed with 1 fs steps for LJ and minimum image interactions and 5 fs for a full Lekner evaluation [46]. These time steps were tested for energy conservation in the NVE ensemble and found to be satisfactory; the percentage relative drift in energy, defined as the ratio of the energy drift (expressed as a linear regression coefficient) to the average kinetic energy during the simulation [53], was less than 0.1 % over 100 ps in all cases. 0.25 ns of MD was carried out in the NPT case for each starting structure and electrostatics régime, with the set temperature at 265 K and the set pressure at 1 bar: this is below the melting temperature for methane hydrate for the potential models used, i.e. 287 to 302 K [40].

After this relaxation, the system volumes reached steady values, with mean pressures at the set value, and the structures were observed to be stable. 0.5 ns of relaxation was then performed in the NVT ensemble at these volumes, and the mean pressures were found to match the desired pressure of 1 bar to within 1 %.

Following relaxation, three configurations were taken for each system, sampled randomly from the last 0.2 ns of the NVT relaxation, and the coordinates and velocities were used as input to separate NVE simulations, to allow for independent estimates of the thermal conductivity. Each NVE simulation was 1 ns in duration, as it was desired to sample the heat flux vector to allow its autocorrelation function (ACF) to be defined for up to 20 ps. The work or Rosenbaum et al. [18] have shown that 20 ps constitutes sufficient length of the ACF to provide a reliable estimate of the thermal conductivity of methane hydrate, whilst a sampling ratio for the ACF of 50:1 provides a robust definition of the ACF. In the NVE production simulations, the mean pressure remained steady to within 2 % of the desired level, while the temperature, averaged over 5 ps windows, remained within 5 K of 265 K throughout.

The heat flux vector J was evaluated by the microscopic expression in the molecular representation [54]:
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where N is the total number of molecules, and υ denotes the species (water or methane). In the diffusive term, e i refers to the internal energy of molecule i (i.e. the sum of its kinetic energy and its interaction energy with the rest of the system). In the interactive term, there is a pairwise summation over the forces exerted by atomic sites on one another. The species enthalpy correction term (needed for binary systems [12]) requires that the total enthalpy of the system is decomposed into contributions from each species (water and methane), and this is described below. It can be seen readily from inspection of eqn. 5 that the computation of the interaction energy component of components. The reformulation of Petravic in the molecular representation [17] was implemented in the present study for this purpose.

The instantaneous enthalpy was decomposed between the host and the guest molecules by defining the enthalpy of species 1 (taken in this work to be water) in terms of contributions to the potential energy and virial arising from interactions between water molecules (1-1) and between water and methane molecules (1-2) [12]:

1 1 1,1 and 1,2 1 1 1,1 and 1,2 1,1 and 1,2 3 H K U PV K U W = + + = + + (6) 
In eqn. 6, K 1 denotes the kinetic energy of the water molecules. The average enthalpy per molecule of each species, h υ , is then found as

1 1 1 / h H N = , / h H N = , 2 1 h h h = - (7) 
where H is the total enthalpy of the system. The averaged enthalpies per molecule may then be used in the enthalpy correction term of eqn. 5 to define the heat flux vector. The heat flux vector was sampled every 1 fs in the production simulations.

In order to assess the relative importance of individual contributions to the heat flux vector, the heat flux vector was decomposed as follows , LJ ,
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where the terms denote, respectively, contributions arising from kinetic energy (in the overall diffusive term), diffusive LJ, diffusive real-and reciprocal-space electrostatics, interactive LJ, interactive real-and reciprocal-space electrostatics, and the binary enthalpic correction. As the Lekner and non-periodic 'cut-off' schemes are inherently real-space methods, the reciprocal-space contributions are zero in these cases.

The thermal conductivity, k, was evaluated by the Green-Kubo time-correlation integral [11] 
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Romberg integration was then carried out to evaluate eqn. 8 [55], and smooth cubic spline interpolation was applied to generate the required artificial ACF values in between the sampling intervals of 1 fs. As mentioned previously, the duration of the ACF was 20 ps. ACF's were also constructed for each of the individual heat flux vector terms of eqn. 8, and a de facto contribution to the thermal conductivity estimated by integration. This was done to appraise further the importance of each type of contribution towards thermal conduction in hydrates.

According to kinetic theory, the thermal conductivity is related to the average phonon mean free path, L, density, ρ, and the isochoric heat capacity,

C V [11, 56] V V T 1 1 3 3 k C Lv C L ρ ρ β = = (10) 
where the speed of sound v has been replaced with the expression

T 1 v ρβ = .
Although this formulation is strictly valid in the harmonic approximation at low temperatures [57], and the temperature of 265 K considered in this study is approximately 90 % of the Debye temperature of methane hydrate [58], this treatment is reasonable in order to estimate approximately an average of the mean free path distribution. This will allow a comparison of the average mean free path with the lattice constant to investigate the suggestion of Tse and White [5] that these are close at temperatures of practical interest, e.g. the temperature of 265 K in this study. In order to estimate the average phonon mean free path from eqn. 10, it is necessary to calculate the density, heat capacity and the isothermal compressibility, T β , of the hydrate systems, in addition to the thermal conductivity. The isothermal compressibility was estimated for each system size and electrostatics method from ( )
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The mean densities were determined from those sampled during the initial 0.25 ns NPT relaxations runs from the initial x-ray diffraction coordinates, conforming to 265 K and 1 bar. The mean densities in the above runs to determine the isothermal compressibility (following the NVT relaxation) were within 0.3 % of those found in the initial 0.25 ns of NPT relaxation.

The isochoric heat capacity was estimated in 0.25 ns simulations in the NVT ensemble, immediately following the 0.5 ns NVT relaxation runs, using the fluctuation formula [30] ( )
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where U is the potential energy.

Results and Discussion

In order to demonstrate the sensitivity of the heat flux vector to electrostatics for each system size, the percentage deviation of the heat flux vector vis-à-vis the Lekner method is specified for each electrostatics scheme in Table 1, in terms of both magnitude and orientation. This was determined by evaluation of the heat flux vector by each method for 100 position/velocity configurations selected randomly from Lekner production runs for each system size. It can be seen that the Ewald method is quite close to the Lekner magnitudes for each system size, usually within around 6 %, and that the orientation of J is within approximately 4 %. Given that the Lekner method is the definitive mathematical solution to infinitely-periodic electrostatics, and is the most appropriate technique for the crystal state, this suggests that the Ewald method is also a reasonably accurate approach to adopt for hydrate simulation. An optimisation of the Ewald parameters to minimise RMS deviations in the forces [45] would presumably yield closer agreement with the Lekner heat flux vector; in this case, though, the agreement with the Lekner method is judged to be acceptable.

However, it can be seen that the discrepancies of the non-periodic 'cut-off' approaches with respect to Lekner are larger, in the range of 15 to 25 % for magnitudes and 7 to 13 % for angular direction, increasing somewhat with larger system sizes. The Fenell-Gezelter scheme is marginally closer to the Lekner values than the reaction field and shifted-force schemes. However, it is clear that the use of non-periodic electrostatics methods compromises the accuracy of evaluation of the heat flux vector, notwithstanding that the underlying sampled trajectories during MD would not be as accurate as with periodic techniques.

[ insert Table 1 about here ]

The importance of the individual heat flux vector terms described in eqn. 8 to both the heat flux vector and the thermal conductivity was gauged by calculation of their proportional contribution to the heat flux vector, together with the definition of ACF's for these individual components, followed by evaluation of the Green-Kubo integral of eqn. 9 for each ACF. However, the 'contribution' of each term to the thermal conductivity is non-additive; nonetheless, this serves as a reasonable quantitative guide as to the importance of each term in determining the thermal conductivity. A typical example of results is provided in Table 2 for both Lekner and Ewald electrostatics for the 3x3x3 system; other system sizes and electrostatics exhibited similar trends. The percentage contribution to the heat flux vector was averaged over the absolute value in each Cartesian direction. It can be seen readily that the most term is also influential. The respective diffusive electrostatic and LJ terms are each around 5 to 7 time lower in their contribution to the heat flux vector than their interactive analogues, while the (diffusive) kinetic and binary enthalpic correction terms are relatively unimportant; since there is no bulk diffusion in crystalline solids, then the kinetic term contributes little to the heat flux vector [57]. In the Ewald case, it is interesting to note the decomposition between real-and reciprocal-space electrostatics: both contribute roughly evenly to the heat flux vector in the 3x3x3 example in Table 2, although the reciprocal space component increases in importance

as the system size increases, as the real-space cut-off distance remains fixed at 11.5 Å but the number of wavevectors increases to achieve the desired level of accuracy in the Ewald summation. The Lekner and Ewald results are in reasonable agreement as to the importance of each term in the heat flux vector, including the interactive and diffusive electrostatic contributions (when the real-and reciprocal-space Ewald contributions are considered together). Since the interactive electrostatic term is clearly of primary relevance to the evaluation of J, the accurate evaluation of (longrange, periodic) electrostatic interactions is important for realistic modelling of thermal conduction.

[ insert Table 2 about here ]

A typical example of the ACF's of the heat flux vector is depicted in Figure 1 zero within a couple of picoseconds, after which 'noise' about zero is present, albeit the 50:1 sampling ensures that entire ACF has been defined with robust statistics.

[ insert Figure 1 about here ]

Results for thermal conductivity are shown in Table 3 for each system size and electrostatic scheme, and they are plotted against the total number of water and methane molecules in each system in Figure 2. Although the integration of the ACF was performed over the entire 20 ps, the estimates for the thermal conductivity were found to converge within about 1 ps, as found by Rosenbaum et al. [18]. The mean and standard deviation were estimated over three independent simulations, as described above. It can be seen that the periodic methods exhibit the least dependence on system size, particularly with respect to Lekner results of 0.561 ± 0.039, 0.603 ± 0.041 and 0.611 ± 0.046 W/m•K for 2x2x2, 3x3x3 and 4x4x4 systems, respectively.

The Ewald results are within 2 to 7 % larger than the corresponding Lekner data, with the disparity growing for larger system sizes. It can be seen that the Lekner results for the 3x3x3 and 4x4x4 cases are in essential agreement, whilst the mean Ewald results

for the 3x3x3 and 4x4x4 systems are within 2.5 % of each other. Therefore, it appears that a 3x3x3 system is sufficiently large for thermal conductivity estimation for type I hydrates in conjunction with periodic electrostatics methods. Given that 2x2x2 Lekner result of 0.561 ± 0.039 W/m•K is some 7 % lower than the corresponding 3x3x3 value (0.603 ± 0.041 W/m•K), notwithstanding overlapping error bars in Figure 2, it is expected that the 2x2x2 Lekner thermal conductivity values of Rosenbaum et al. [18] may be perhaps 5-10 % too low, although different potential models were used in that %. The increasing system size allows a greater number of phonon modes of larger mean free path to propagate through the simulation box, allowing these to contribute to the heat flux vector, and fluctuations thereof, thereby increasing the estimate for the thermal conductivity. Distributions of phonon mean free paths over the length range of the unit cell (circa. 11.9 Å) would be expected to emphasise this increase for the system sizes considered in this study. However, cut-offs in electrostatics appear to increase artificially the fluctuations in the heat flux vector vis-à-vis periodic Ewald and Lekner electrostatics, resulting in larger thermal conductivities for the 3x3x3 and 4x4x4 systems.

[ insert Table 3 and Figure 2 about here ]

The thermal conductivities of 0.61-0.65 W/m•K predicted by periodic techniques were in reasonable agreement with experimental results of 0.62 [59] and 0.68 W/m·K [18] for compressed methane hydrate samples at 276 K. The experimental temperature dependence was found to be very weak in this temperature region [18,59]. Although the compacted samples possess essentially the lowest extent of porosity attainable experimentally [18,59], there are still defects present in the real hydrate crystal structure. The crystal structures used in the molecular simulations contain no which phonons conduct thermal energy in the host lattice, hence reducing the thermal conductivity. This is a limitation of the relatively small system sizes that can be investigated with molecular simulation. Many simulations with varying defect geometry and porosity would be required to assess quantitatively the degree to which thermal conductivity would be reduced.

The densities for each system size and electrostatics method are reported in Table 4. The densities increase weakly for the periodic techniques, with increases of 0.85 % and 1.3 % for 4x4x4 relative to 2x2x2 systems with the Lekner and Ewald schemes, respectively. The density increases are somewhat larger for the cut-off schemes, with corresponding results of 2, 1.85 and 2.25 % for the reaction field, Fennell-Gezelter and shifted-force schemes, respectively. The use of long-range electrostatics results in less dependence of density on system size, especially in the Lekner case, and in larger densities; this is due to the long-range nature of electrostatic interactions changing substantially less than in the case of cut-off methods with increasing system size, and for these additional interactions being present in the virial. Although the densities estimated by periodic techniques are larger by some 1-2.5 % and 0.6-1.8 % vis-à-vis cut-off schemes for the 2x2x2 and 3x3x3 cases, respectively, the difference is 0.3-1 % for 4x4x4 systems: the cut-off methods appear to approach the periodic techniques for reliable density estimation, but only for larger systems, which require substantially more CPU capacity to simulate. The density is less sensitive with respect to electrostatics in the limit of large systems, in contrast to the thermal conductivity.

[ insert 

where the experimental value for the isobaric specific heat, C P , of methane hydrate at 265 K is 2.13 kJ kg -1 K -1 [59] and the coefficient of volumetric thermal expansion, α, has been estimated as three times 0.104×10 -3 K -1 , the experimental value of the linear expansion coefficient at 273 K for type I hydrates [44]. A temperature of 265 K and a density of 950 kg/m 3 was used in equation 13. The Lekner results are in better accord with the rough estimate for the experimental value of β T than the other schemes (within 5-15 %), with agreement improving for larger system sizes. The Ewald method also provides results close to that of Lekner, whilst the shifted-force method results are in poorer agreement with the approximate experimental estimate. Docherty et al have estimated the isothermal compressibility recently of methane hydrate as around 0.108 GPa -1 at atmospheric pressure, using molecular simulation with the TIP4P/2005 water model and a Lennard-Jones particle for methane [60]. Given the difference with respect to potential models employed in this study, in particular the use of a fully atomistic methane model in this study, this serves to explain the difference in results observed in this work with that of Ref. 60.

[ insert The results for the constant-volume heat capacity are presented in Table 6. Again, the results for periodic electrostatics display less size dependence. The Lekner and Ewald values are 5-17 % lower than those predicted by the cut-off schemes. An estimate for the experimental value of C V was made at 1.95 kJ kg -1 K -1 , using the relationship

2 T P V C C T α ρβ -= (14) 
where the experimental values for quantities were the same as in equation 13, and the rough estimate of 0.153 GPa -1 was used for β T . The Lekner results of 2.02 and 2.00 kJkg -1 K -1 for the 3x3x3 and 4x4x4 cases, respectively, agree very well with the rough estimate of the experimental value, while the corresponding respective Ewald estimates of 2.14 and 2.06 kJ kg -1 K -1 are also in good agreement with experiment. It appears that the cut-off schemes overestimate the fluctuations in the system energy, leading to a larger value for the heat capacity (cf. equation 12).

[ insert Table 6 about here ]

Estimates for the averaged phonon mean free path are provided in Table 7, computed using equation 10. The Lekner and Ewald results display the least dependence on system size and are essentially in agreement with a value in the 3.7-3.9

Å range, while the cut-off schemes result in larger average mean free paths for the 3x3x3 and 4x4x4 systems. Although it would appear that the larger thermal conductivities computed for the 3x3x3 and 4x4x4 cases using cut-off methods may be rationalised in terms of averaged mean free paths which are some 17-25 % larger than those estimated from periodic electrostatics, such a conclusion is necessarily limited by the harmonic approximation implicit in, and low-temperature nature of, equation . However, it is clear from Table 7 that the distribution of phonon mean free paths is about short distances near the lattice constant of the hydrate (circa 11.9 Å). As Che et al [13] have noted, the relatively short mean free paths of the phonon modes relative to the simulation box sizes implies that numerical integration over the well-converged heat flux ACF in the Green-Kubo integral of equation 9 is justified to estimate the thermal conductivity, and that no fitting of the ACF to model decay is necessary. This was found to be the case, when results for thermal conductivity estimates were found to converge well within a few picoseconds during integration of the ACF.

[ insert Table 7 about here ]

Conclusions

The thermal conductivity of methane clathrate hydrate has been estimated at 265 K, using the Green-Kubo approach in conjunction with equilibrium MD, for the periodic Ewald and Lekner techniques, as well as the reaction field, Fennell-Gezelter and shifted-force schemes, which employ cut-offs. It was found that the Lekner and Ewald approaches resulted in similar heat flux vectors, but that use of the cut-off schemes led to considerable deviations in the heat flux vector vis-à-vis the more appropriate periodic techniques (cf. Table 1). The sensitivity of the heat flux vector to electrostatic interactions was also highlighted with respect to the principal importance of the interactive electrostatic term in the heat flux vector, as well as its largest contribution to the thermal conductivity (cf. Table 2). The importance of adequate system size for a reliable estimate of the thermal conductivity was emphasised for the various electrostatic methods (cf. out using this approach. Given that the Ewald method is substantially faster than a pairwise implementation of the Lekner technique for more than a few hundred point charges, and that 3x3x3 periodic results for the thermal conductivity were essentially the same as those for the 4x4x4 case, then it is recommended to use the Ewald approach for thermal conductivity estimates with the Green-Kubo method for crystalline solids, after validation with respect to system size. Optimisation of the Ewald parameters with respect to the definitive Lekner summation for each system would be expected to render the Ewald method more accurate [45].

The averaged phonon mean free path of 3.7-3.9 Å is relatively short, meaning that the distribution of phonon mean free paths is over the length scale of the unit cell, thereby confirming the suggestion of Tse and White [5] 2: Mean and standard deviation percentage contribution to the heat flux vector of each term for Lekner and Ewald electrostatics for the 3x3x3 system (averaged over the absolute value in each Cartesian direction), along with the contribution of each term to the thermal conductivity (W/m•K) if that term alone was taken as the heat flux vector and its ACF taken and integrated. Note that with this latter approach, the terms would not sum to the final thermal conductivity: this is shown only to illustrate the relative importance of each term in the heat flux vector towards determining the thermal conductivity. The Lekner results are specified first, with the Ewald second. 
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Table 1 :

 1 more detailed analysis of the individual phonon modes would be required to enumerate the exact distribution of the mean free paths[57,61]. Mean and standard deviation of the percentage deviation of the electrostatics methods from the magnitude and direction of the Lekner heat flux vector, sampled by evaluation of the heat flux vector by each method for 100 position/velocity configurations selected randomly from Lekner production runs for each system size.The percentage magnitude deviation is given first, and the percentage angular deviation is specified second.
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Table 2 :

 2 Mean and standard deviation percentage contribution to the heat flux vector of each term for Lekner and Ewald electrostatics for the 3x3x3 system (averaged over the

				30
	Model	2x2x2	3x3x3	4x4x4
		432 molecules	1458 molecules	3456 molecules
	Lekner	0.561 ± 0.039	0.603 ± 0.041	0.611 ± 0.046
	Ewald	0.574 ± 0.046	0.626 ± 0.049	0.648 ± 0.050
	Reaction Field	0.538 ± 0.047	0.703 ± 0.048	0.752 ± 0.052
	Fennell-Gezelter	0.545 ± 0.050	0.694 ± 0.049	0.742 ± 0.050
	Shifted-force	0.518 ± 0.049	0.725 ± 0.048	0.773 ± 0.051
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absolute value in each Cartesian direction), along with the contribution of each term to the thermal conductivity (W/m•K) if that term alone was taken as the heat flux vector and its ACF taken and integrated. Note that with this latter approach, the terms would not sum to the final thermal conductivity: this is shown only to illustrate the relative importance of each term in the heat flux vector towards determining the thermal conductivity. The Lekner results are specified first, with the Ewald second.

Table 3 :

 3 Estimates for the methane hydrate thermal conductivity (W/m•K) for the different system sizes and electrostatics methods, sampled in the NVE ensemble with temperature around 265 K.
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Table 4 :

 4 Estimates for the methane hydrate density (kg/m 3 ) for the different system sizes and electrostatics methods, obtained by NPT relaxation (265 K, 1 bar) prior to subsequent NVE production runs. These densities were used in the NVE simulations, while the standard deviations have been estimated from the volume fluctuations about this average during NPT relaxation.
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Table 5 :

 5 Estimates for the methane hydrate isothermal compressibility (GPa -1 ), sampled from volume fluctuations in the NPT ensemble, with temperature at 265 K and pressure at 1 bar.
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Table 6 :

 6 Estimates for the constant-volume heat capacity (kJ kg -1 K -1 ) of methane hydrate for the different system sizes and electrostatics methods, sampled in the NVT ensemble with temperature at 265 K, using the densities reported in Table2.
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Table 7 :

 7 Estimates for the averaged phonon mean free path (Å) in methane hydrate, using computed values for the isothermal compressibility, density and isochoric heat capacity. Typical results for normalised heat flux ACF's for 2x2x2 systems, with Lekner and reaction field results shown, sampled from NVE runs at 265 K.
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 4 Results for the isothermal compressibility are given in Table5. The Lekner results exhibit the least dependence on system size, with results of 0.175, 0.164 and 0.160 GPa -1 for 2x2x2, 3x3x3 and 4x4x4 cases, respectively. A tentative experimental estimate for the adiabatic compressibility, β S , of structure I hydrates at 273 K is 0.14 GPa -1[44]. An estimate for the experimental value of β T was taken to be 0.153 GPa -1 ,
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, Figure

2

), and the use of long-range, periodic electrostatics led to a markedly lower extent of dependence on system size for estimates of the thermal conductivity. The larger predictions for the thermal

Table 1 :

 1 in relation to phonon length scales at temperatures of practical interest. However, given that the kinetic theory approach of equation 10 is strictly valid in the harmonic approximation at low more detailed analysis of the individual phonon modes would be required to enumerate the exact distribution of the mean free paths[57,61]. Reaction Field 17.2 ± 3.8, 9.4 ± 2.9 19.5 ± 4.0, 10.6 ± 3.2 20.6 ± 4.3, 11.2 ± 3.4 Fennell-Gezelter 15.7 ± 4.0, 7.3 ± 3.1 17.8 ± 4.4, 8.9 ± 3.4 19.4 ± 4.8, 9.6 ± 3.9 Shifted-force 18.6 ± 4.4, 10.6 ± 3.4 21.6 ± 4.6, 11.5 ± 4.0 22.1 ± 4.9, 12.1 ± 4.2 Mean and standard deviation of the percentage deviation of the electrostaticsmethods from the magnitude and direction of the Lekner heat flux vector, sampled by evaluation of the heat flux vector by each method for 100 position/velocity configurations selected randomly from Lekner production runs for each system size.The percentage magnitude deviation is given first, and the percentage angular deviation is specified second.
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Table 3 :

 3 Estimates for the methane hydrate thermal conductivity (W/m•K) for the different system sizes and electrostatics methods, sampled in the NVE ensemble with temperature around 265 K.
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	Lekner	0.561 ± 0.039	0.603 ± 0.041	0.611 ± 0.046
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Table 4 :

 4 Estimates for the methane hydrate density (kg/m 3 ) for the different system sizes and electrostatics methods, obtained by NPT relaxation (265 K, 1 bar) prior to subsequent NVE production runs. These densities were used in the NVE simulations, while the standard deviations have been estimated from the volume fluctuations about this average during NPT relaxation.
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Table 5 :

 5 Estimates for the methane hydrate isothermal compressibility (GPa -1 ), sampled from volume fluctuations in the NPT ensemble, with temperature at 265 K and pressure at 1 bar.
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Table 6 :

 6 Estimates for the constant-volume heat capacity (kJ kg -1 K -1 ) of methane hydrate for the different system sizes and electrostatics methods, sampled in the NVT ensemble with temperature at 265 K, using the densities reported in Table2.

	Page 70 of 74

URL: http://mc.manuscriptcentral.com/tandf/tmph

Table 7 :

 7 Estimates for the averaged phonon mean free path (Å) in methane hydrate, using computed values for the isothermal compressibility, density and isochoric heat capacity.
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