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Introduction

The lowest Rydberg states of 1 Σ u + symmetry of N 2 are the prime extreme ultraviolet absorbers in the Earth´s atmosphere [1]. The most prominent EUV emission features in the airglow of Titan and Triton originate from the v = 0 level of the c 4 ´ 1 Σ u + Rydberg state of N 2 . The VUV emission by N 2 , observed by Voyager 1, was mainly assigned by Strobel and Shemansky [2] to transitions from the v = 0 level of the Rydberg state c 4 ´

1 Σ u + to the v = 0 and v = 1 levels of the X 1 Σ g + ground state, together with emission from the b´ 1 Σ u + and b 1 Π u valence states. The primary excitation mechanism in these atmospheres is due to electron collisions. It happens that the relative strengths of the c 4 ´

1 Σ u + (v = 0) atmospheric emissions are consistent with the fact that the c 4 ´ 1 Σ u + (v = 0) -

X 1 Σ g + (v = 0
) band is the most intense feature produced by electron-impact excitation of N 2 in an optically thin source [3]. In contrast to what happens in Titan and Triton, the

observed UV c 4 ´ 1 Σ u + (v = 0) -X 1 Σ g + (v = 0) and c 4 ´ 1 Σ u + (v = 0) -X 1 Σ g + (v = 1)
emission bands are weak relative to their excitation rates in the Earth´s atmosphere. In order to resolve the discrepancy between laboratory findings and observation data, Stevens et al. [4] developed a comprehensive model for the bands quoted above. Their results suggest that the c 4 ´ 1 Σ u + (v = 0) -X 1 Σ g + (v = 0) emitted photons are radiatively trapped and undergo resonant fluorescence scattering accompanied by substantial loss in the terrestrial atmosphere. An important loss process in the model is the absorption by

the 100% predissociate b 1 Π u (v = 2)-X 1 Σ g + (v = 0) band of N 2 which overlaps c 4 ´ 1 Σ u + (v = 0) -X 1 Σ g + (v = 1) emission. Recently, the c 4 ´ 1 Σ u + (v = 0) -X 1 Σ g + (v = 0) band,
has also been identified in the stellar spectrum of HD 124314, in the constellation of Centaurus [5], through data supplied by NASA´s Far Ultraviolet Spectroscopic Explorer (FUSE) satellite. The quantitative interpretation of atmospheric and interstellar observations and, in particular, the modelling of upper atmospheric processes requires a detailed knowledge of the spectroscopy of the existing molecular species in a specific region. This includes line positions, line strengths, predissociation probabilities, and radiative branching ratios as the most significant features [6]. Aditionally, EUV transmission models through the N 2 -rich atmospheres, as well as radiative transfer models for the interpretation of upper atmospheric airglow observations, require a comprehensive database of line positions, line oscillator strengths, and linewidths [7]. A consequence that has derived from these demands is the need for information on the spectra arising from the ground state to the lowest excited states, for which the transitions are electricdipole allowed. The rovibronic transition energies are presently rather well known.

Nonetheless, a thorough literature search for the c 4 ´ 1 Σ u + -X 1 Σ g + band system of N 2 , has revealed a scarcity of related fundamental parameters, such as individual rotational lineintegrated cross sections and oscillator strengths.

The c 4 ´ 1 Σ u + -X 1 Σ g + emission band system of N 2 is particularly difficult to analyse at a quantitative level in the laboratory because the large transition probability, is mainly

confined to the c 4 ´ 1 Σ u + (v = 0) -X 1 Σ g + (v = 0) band, labelled as c 4
´(0) -X(0). This feature gives rise to significant opacity effects which are difficult to avoid [8]. The rotational structure of the band is very closely spaced and, thus, requiring high resolution in spectral observations. The only reported data, to our knowledge, of line absorption oscillator strengths of the c 4 ´ 1 Σ u + -X 1 Σ g + band system, are those of Stark et al. [6] and Liu and Shemansky [9] for the c 4 ´ (0,0) band. For the c 4 ´ (0,1) band which is also the object of the present work, neither experimental nor theoretical line f-values have been found in the literature. In a recent study [10], we reported oscillator strengths and Einstein emission coefficients for electronic transitions involving Rydberg states of N 2 . The main goal of the present calculations is focused on the generation of model absorption spectra for the

c 4 ´ 1 Σ u + (0) -X 1 Σ g + (0) and c 4 ´ 1 Σ u + (0) -X 1 Σ g + (1) bands in N 2 .
In order to meet this goal, we have first determined oscillator strengths and, from the former, integrated cross sections for each of the individual rotational lines. Since the molecular-adapted quantum defect orbital (MQDO) approach [11,12] was first formulated and implemented, a fairly large number of intensity calculations have proven the method to be a quantitatively good tool for supplying a large body of oscillator strengths for Rydberg transitions in a variety of molecular species [13][14][15]. Very recently, an extension of the MQDO procedure has been successfully formulated and applied to the study (at rotational resolution) of the δ (0,0) and γ (0,0) bands of nitric oxide [16]. We are hopeful in that the achieved results may be of some use to other scientists in this field.

Method of calculation

In diatomic molecules, the line strength for a rotational line is defined by Whiting et al. [17,18] as follows:

, S " M Ḿ " M Ḿ " J J 2 ∑ = ψ µ ψ (1)
where µ is the total transition operator and ψ M´ and ψ M" are the wavefunctions for the magnetic substates of the upper and lower electronic states, respectively.

We shall restrict the treatment to the electric dipole approximation. If the total wave function is separated into independent electronic and nuclear factors (Born-Oppenheimer approximation) and the nuclear term can usually be closely approximate by a product of rotational and vibrational wave functions [17], the line strength can be written as a product of independent vibrational, electronic and rotational factors:

F o r P e e r R e v i e w O n l y 5 , R q S " J J e " v v " J J ℑ = 2 (2)
where q v´v" is the Franck-Condon factor, R e is the electronic transition moment (in atomic units), and ℑ J´J" is the Hönl-London factor.

An adequate model of the rovibronic structure in the absorption spectra requires taking into account the perturbation some of the excited states exert on each other. To this end, we have followed a theoretical model of Rydberg-valence mixing [19, and references therein], which extends the treatment of vibronic interactions performed by Stahel et al. [20] for N 2 , by including rotational terms in the calculations. Each perturbed electronic state of a rovibrational level is the appropriate linear combination of diabatic unperturbed basis states. Consequently, the expression for the line strength of a rovibronic transition is:

( ) 2 2 1 ∑ ℑ = k / " J J k e k k " J J R " v v C S , (3) 
where R e k is the electronic transition moment between the lower state and the upper kth diabatic state; <v k ´v"> is the vibrational overlap integral and C k is the coefficient of the kth basis state.

In our calculations we have taken into account the homogeneous interaction between the Rydberg c 4 ´ 1 Σ u + (0) and valence b´ 1 Σ u + (1) states. The perturbation coefficients, C k , are presently obtained by diagonalization of the interaction matrix for each value of J. The off-and diagonal elements of matrix are the c 4 ´ 1 Σ u + (0) -b´ 1 Σ u +

(1) coupling parameter and the energies of unperturbed states, respectively. The coupling parameter and molecular constants necessary to calculate the above energies have been taken from Levelt and Ubachs [21]. particle can be defined in the following form [22]:

, " J S h mca f " J J " J " v ´, J v " J " v ´, J v 1 2 3 8 2 0 2 + = ν π (4)
where f v´J´,v"J" is dimensionless, and the line frequency, ν v´J´,v"J" , is introduced in cm -1 .

Common practice in molecular spectroscopy has been adopted, so that we write the upper electronic state quantum numbers (v´J´) first, even though (v"J") is the initial state in the absorption.

The achievement of accurate transition intensities for rotational lines strongly depends on the use of good quality electronic transition moments as well as the appropriate Hönl-London factors. The use of accurate vibrational overlap integrals is also important to achieve good overall values. The vibrational overlap integrals have been presently determined from wavefunctions derived from a Morse´s potential. The equations reported by Kovács [START_REF] Kovács | Rotational Structure in the Spectra of Diatomic Molecules[END_REF] have been employed to obtain the Hönl-London factors for each branch of the studied bands. The molecular quantum defect orbital (MQDO) method has supplied the electronic transition moments.

The MQDO method has been described in detail elsewhere [11,12], and just a brief mention to its major features will be made now. The MQDO radial wave functions are the analytical solutions of a one-electron Schrödinger equation that contains a model potential of the form

( )( ) r r c l c r V a a 1 2 1 2 ) ( 2 - + - + - = δ δ (5)
where a stands for the set of quantum numbers that define a given molecular state, including a symmetry label. Solutions of this equation are related to Kummer functions.

The parameter δ a is the quantum defect corresponding to the a-labelled state, and c is The transition moment for an absorption transition between two electronic states i> and j> may be expressed as follows

{ } ( ) , r R j i Q R ij e 2 2 → = (6) 
where Q{i→j} results from the integration of the angular part of the MQDO´s and that of the transition operator, determined through Racah algebra. R ij is the radial part of the electric-dipole electronic transition moment, that is,

. r ( R r ) r ( R R j i ij = (7) 
The radial transition moments ( 6) within the MQDO model also result in closedform analytical expressions, which offers, in our view, an important computational advantage, as all calculations are free from numerical errors and convergence problems.

Results and discussion

The nitrogen molecule has the following closed-shell electronic configuration in its

ground state: 1σ g 2 1σ u 2 2σ g 2 2σ u 2 1π u 4 3σ g 2 X 1 Σ g + .
The molecular orbital and state notations correspond to a D ∞h symmetry. 

(3pσ u ) 1 Σ u + .
The Rydberg states of N 2 can be considered, to some extent, to be atomic-like, given the fact that the orbital quantum number, l, for the Rydberg electron is well-defined along a given series. The nl notation refers to the "semiunited atom orbital" in the early

Mulliken´s definition [28]. Mulliken observed that the pattern of energy levels for N 2 significantly resembles that of the atomic levels of its "semi-united atom", Mg [28].

A few comments concerning the nature of the c 4 ´ 1 Σ u + state of N 2 may be appropriate at this point. The c 4 ´ state appears to exhibit some mixing with the strongest occurring with the near-lying valence b´ 1 Σ u + state. From an analysis of the homogeneous perturbations, that is to say, interaction between states of the same symmetry, Yoshino et al. [27] remarked that the mutual perturbation between the b´ and c 4 ´ states reaches a maximum at c 4 ´ (v = 2), and is also of considerable magnitude for the v = 1, 3, 4 vibrational levels that belong to the c 4 ´ electronic state. Yoshino and Tanaka [29] analyzed the "homogeneous" mixing between the c 4 ´ 1 Σ u + (0) and b´ 1 Σ u + (1) states using spectroscopic data from classical radiation sources, to find that the largest perturbation occurs between the J = 10 and 11 rotational levels, to then diminish rapidly at higher rotational levels. More recently, with high-resolution laser spectroscopy, Levelt and Ubachs [21] studied the lowest Rydberg states of Π and Σ symmetry in N 2 , as well as local perturbations exerted on them by nearby valence states.

Levelt and Ubachs [21] reached the conclusion that the c 4 ´ 1 Σ u + (0) state exhibits practically a pure Rydberg character, with only a minor admixture of the b´

1 Σ u + (1)
vibronic state of valence nature. The former authors also remark that the above "homogeneous" local perturbation in between J = 10 and 11, results in a typical anticrossing pattern that is clearly apparent when the term values of the c 4 ´ (0) and b´ (1) rotational states are plotted against J(J+1). An extended analysis, including "homogeneous" and "heterogeneous" effects, between all Rydberg and valence states of the 1 Σ u + and 1 Π u symmetries of N 2 was performed by Edwards et al. [30]. Their conclusion was that the "heterogeneous" interactions between states of different symmetry become important only at relatively high values of J. In this work, we have studied transitions involve values of J≤20, for which the line strengths are not significantly affected by heterogeneous interactions [6]. Therefore, in our calculations, we have only considered the homogeneous interaction between the Rydberg c 4 ´ 1 Σ u + (0) and valence b´ 1 Σ u + (1) states.

In the present MQDO calculations we have adopted the ionization energy value of 125667.032±0.065 cm -1 , obtained by Huber and Jungen [31] through supersonic jet expansion techniques in conjunction with the multichannel quantum defect theory. A quantum defect of 0.727 for the c 4 ´ 1 Σ u + Rydberg state has been derived from the experimental energy value reported from Huber and Jungen [31] for N 2 . We have considered the positions of the different rotational lines as the ones reported by Yoshino

and Tanaka [29], Edwards et al. [30,32], and Levelt and Ubachs [21]. The Franck-Condon factors were presently obtained from a Morse´s potential based on spectroscopic data by Huber and Herzberg [START_REF] Huber | Molecular Spectra and Molecular Structure IV. Constants of Diatomic Molecules[END_REF]. According to Allen and Lin [START_REF] Allen | [END_REF], the alluded potential should be accurate for the very low vibrational states, as are the states involved in the transitions studied in this work. The

X 1 Σ g + (0) -c 4 ´ 1 Σ u + (0) Franck-
Condon factor is close to unity. This happens because the potential curves of the X 1 Σ g + and c 4 ´ 1 Σ u + electronic states exhibit nearly identical equilibrium internuclear distances.

Thus, the c 4 ´ 1 Σ u + (v´) -X 1 Σ g + (v"=0) band system is expected to be composed of a very strong c 4 ´(0)-X(0) band and by several weak bands (v´,0), which decrease rapidly in The c 4 ´(0)-X(0) band is a strong band consisting of well-resolved R an P branches and a zero gap at 95.8565 nm [29]. Its relevance is due to the fact that it contains roughly 62% of the emission-excitation cross section of the c 4 ´ band system, and half the intensity in the EUV (80-102 nm) spectral range [3]. The MQDO-determined line absorption oscillator strengths for the rovibronic transitions that involve the c 4 ´(0)-X(0) band of N 2 , together with the data determined by Stark et al. [6] through vacuum ultraviolet photoabsorption spectra, are collected in Table 1. The results of the calculations performed by Liu and Shemansky [9] with a model based on fitting experimental energy term values have also been included in Table 1. Liu et al. [35] have reported emission Einstein coefficients for the c 4 ´(0)-X(0) band. Since their values have been derived from the adjusted line oscillator strengths reported by Stark et al. [6] and that a direct comparison with our results is not possible, we have not considered necessary to include them in Table 1.

Stark et al. [6] have derived line oscillator strengths from integrated cross sections of individual rotational lines, determined with a least-squares fitting procedure. These authors estimate uncertainties in their individual line f-values that range from ∼10% to ∼20%. The present MQDO values conform rather well with the comparative data for the R-branch lines. As it happens in the comparative data, our f-values undergo an irregular decreasing in the R(9) and R(10) lines due to the strong interaction between c 4 ´ 1 Σ u + (0) and b´ 1 Σ u + (1) states, as it is seen in Table 1. The MQDO results for the P-branch lines originating in the J" < 13 rotational levels fall within the error limits of the experimental results by Stark et al. [6]. The P branch exhibits a perturbation near the P (11) and P (12) rotational lines [21]. determined f-values adequately account for the mixing valence-Rydberg states for the two latter lines of the P branch. In our view, the discrepancies from experiment observed for P-branch lines comprised in the range J" = 13-21 cannot be attributed to interactions between the c´4(0) and b´(1) vibronic states. The largest difference between experimental and the presently calculated f-values corresponds to P(17); Stark et al. [6] pointed out that P( 17) is overlapped with the much weaker P( 13) line of b´(1) -X(0).

This feature may explain the discrepancy between the MQDO f-value and the one experimentally determined for P(17) line.

Presently, absorption oscillator strengths for the c 4 ´(0)-X(1) band have also been calculated. The c 4 ´(0)-X(1) band at 98.05 nm was early observed and analyzed by Tilford and Wilkinson [36] in emission and more recently by Yoshino and Tanaka [29] in absorption. The MQDO results for this band are displayed in Table 2. No comparative f-values of either experimental or theoretical character have been found in the literature for these lines.

In order to model the absorption spectra for the bands studied in this work, we have determined integrated absorption cross section for individual rotational lines with the expression given by Herzberg [START_REF] Herzberg | Molecular Spectra and Molecular Structure. I. Spectra of Diatomic Molecules[END_REF],

( )

. f N N mc e d " J " v ´, J v tot " J " J ' J ´2 2 π ν ν σ = ∫ - (8) 
In Equation 7, the ratio N J" /N tot denotes the relative population of the rotational level J" that belongs to the lower electronic state. The normalization factor, N tot , is obtained by summing over all values of N J" . For the calculations, the fractional population of N 2 molecules in the J" rotational level has been determined by taking into account the 2:1 ratio of the statistical weights of even-and odd-numbered lines, as originated by the nuclear spin. 3, the MQDO line-integrated photoabsorption cross sections calculated at 295 K, for the rotational lines of the c 4 ´(0)-X(0) and c 4 ´(0)-X(1) bands, respectively, are collected.

The photoabsorption cross sections for the above rotational lines (i.e., those belonging to the c 4 ´(0)-X(0) and c 4 ´(0)-X(1) bands at 295 K) are depicted in Figures 1 and2, respectively. We have associated a Voigt profile with each rotational line [START_REF] Armstrong | [END_REF],

given that this accounts for the combined effects of predissociation, that yields a Lorentzian line shape, and of Doppler broadening, of which a Gaussian line shape results. We have presently adopted the Gaussian and Lorentzian width values established by Ubachs [39] and Stark et al. [6].

The c 4 ´(0, 0) and c 4 ´(0, 1) bands pertaining to molecular nitrogen are both in the spectroscopic window covered by the high resolution spectrometer aboard the new NASA Far Ultraviolet Spectroscopic Explorer (FUSE) satellite, in orbit since mid-1999 [40]. We hope that the presently reported MQDO data may be of some use as regards the FUSE project. The present results may also provide a guide to analyze the spectroscopic data of Titan, which is now being obtained by the Cassini Ultraviolet Imaging Spectrograph Subsystem experiment. 
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  within a narrow range of allowed values, that ensures the normalizability of the molecular radial orbitals and their correct nodal pattern.The angular part of the MQDO functions is expressed as a symmetry-adapted linear combination of the spherical harmonics in a way such that the complete MQDO´s form bases for the different irreducible representations of the specific symmetry group to which the molecule under study belongs. This allows us to formulate separately the radial and angular contributions to the transition moment, both as closed-form analytical expressions.

  v´ increases. This behavior is exhibited by the c 4 ´(v´) -X(0) band system within the vibrational levels v´ = 0-2, according to Yoshino et al.[27].

Figure 1 .

 1 Figure captions:

Figure 2 .

 2 Figure 2. MQDO photoabsortion cross sections for rotational lines belonging to the c 4 ´ 1 Σ u + (0) -X 1 Σ g + (1) band at 295 K.
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Table 1 .

 1 Absorption oscillator strengths for the R and P branches belonging to the c 4 ´

	1

Table 2 .

 2 MQDO absorption oscillator strengths for the R and P branches belonging to the c 4 ´ 1 Σ u

	J"	c
	P(J")	

a MQDO results b Liu and Shemansky

[9] 

c Stark et al.

[6]

. Estimated uncertainties (in parentheses) in units of last quoted decimal place.
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Table 3 .

 3 Line-integrated MQDO photoabsorption cross sections (c.s.) for the R and P branches belonging to the c 4 ´ 1 Σ u + (0) -X 1 Σ g + (0) and the c 4 ´ 1 Σ u + (0) -X 1 Σ g + (1) bands of N 2 in units of cm 2 cm -1

	Page 19 of 21				
		c 4 ´ 1 Σ u	+ (0) -X 1 Σ g + (0)	c 4 ´ 1 Σ u	+ (0) -X 1 Σ g + (1)
	J"	c.s. R(J")	c.s. P(J")	c.s. R(J")	c.s. P(J")
	0	1.51E-15		4.51E-17
	1	1.48E-15	7.40E-16	4.42E-17	2.23E-17
	2	4.27E-15	2.85E-15	1.28E-16	8.58E-17
	3	2.68E-15	2.01E-15	8.03E-17	6.07E-17
	4	6.20E-15	4.97E-15	1.85E-16	1.50E-16
	5	3.37E-15	2.82E-15	1.01E-16	8.51E-17
	6	6.99E-15	6.01E-15	2.09E-16	1.82E-16
	7	3.46E-15	3.06E-15	1.03E-16	9.23E-17
	8	6.53E-15	5.96E-15	1.94E-16	1.80E-16
	9	2.68E-15	2.80E-15	7.87E-17	8.46E-17
	10	4.52E-15	5.02E-15	1.41E-16	1.51E-16
	11	2.44E-15	1.96E-15	7.49E-17	5.83E-17
	12	4.29E-15	3.16E-15	1.31E-16	9.99E-17
	13	1.81E-15	1.63E-15	5.52E-17	5.06E-17
	14	2.96E-15	2.73E-15	9.05E-17	8.47E-17
	15	1.18E-15	1.10E-15	3.62E-17	3.42E-17
	16	1.84E-15	1.73E-15	5.66E-17	5.36E-17
	17	7.01E-16	6.61E-16	2.16E-17	2.06E-17
	18	1.04E-15	9.88E-16	3.23E-17	3.06E-17
	19	3.81E-16	3.61E-16	1.18E-17	1.13E-17
	20			5.16E-16		1.62E-17
	21			1.80E-16		5.68E-18
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