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Introduction

One of the most important tasks in modern quantum chemistry is to extend the applicability of computational methods to larger and larger molecular systems. This can be achieved only by reducing the computational cost of these calculations, for example by developing more efficient algorithms and/or less expensive methods, together with use of the latest computer technology, such as parallel computing.

In the majority of quantum chemical calculations the most time consuming step involves computation and handling of the electron-electron repulsion integrals. This is true not only for Self-Consistent-Field (SCF) methods such as Hartree-Fock (HF) or Density Functional Theory (DFT) but also for some post-SCF methods such as Möller-Plesset second-order perturbation theory (MP2). The computational cost of SCF (HF and DFT) and MP2 methods increases very quickly with the basis set size (the number of basis functions, N). Formally, these methods scale as N 4 and N 5 , respectively.

Much effort has been focused on reducing the computational cost of quantum chemistry calculations while at the same time controlling the (inevitable) loss of accuracy. Efficient procedures for the selection (and neglect) of small, i.e., unimportant, two-electron integrals have been proposed. Such integrals do not have to be calculated. Efficient two-electron integral prescreening reduces the computational cost in SCF methods to about N 2 -N 3 for larger molecules [1]. Further savings have been obtained by using fast numerical techniques, the so-called linear scaling methods. Among these, the fast multipole [2], resolution of identity or density fitting [3] and pseudospectral [4] methods seem to be very successful. These methods, as well as methods based on plane waves [5], e.g., the Fourier Transformed Coulomb method [6], eliminate the necessity of calculating most of the classical Coulomb two-electron integrals. Some of these methods can be applied also at the MP2 level. Here, the use of localized orbitals (instead of canonical ones) (LMP2) [7] as well as the resolution of identity approach (RI-MP2) [8] have been very successful. It should be emphasized that calculations of the MP2 correlation energy for larger molecules are often less expensive than the preceding SCF step.

All of these techniques significantly reduce the computational cost of quantum chemical calculations. At the SCF level even linear scaling can be achieved. However, this is true only with respect to the molecular size and with relatively small basis sets, e.g., polarized double-ζ [9]. With larger basis sets the molecular size scaling of these methods is much higher, mostly because the overlap matrix loses its sparsity. On the other hand, basis sets larger than polarized double-ζ are required in order to achieve highly accurate results, e.g., close to the complete basis set limit [10]. For typical molecules this is approached with roughly a 6-311++G(3df,3pd) basis set in SCF methods. Using such basis sets for larger molecular systems leads to a very high computational cost.

The situation is even worse in the case of electron correlation where convergence towards the basis set limit is much slower. An accurate description of dynamical correlation requires orbitals with many angular and radial nodes, i.e., higher angular momentum functions. Such functions are necessary for a correct representation of virtual orbitals. However, they do not contribute significantly to the occupied orbitals and are not really needed in the preceding SCF calculations.

This was first realized by Jurgens-Lutovski and Almlöf [11] in MP2 dynamical electron correlation calculations. These authors proposed to use a relatively small basis set for the SCF step in order to obtain the occupied orbitals and then an extended basis to describe the virtual 4 orbitals for the correlation calculations. At the SCF level this idea of a dual basis set was first introduced by Havriliak and King [12] for Rydberg states.

In this study we explore the accuracy of the dual basis set approach in HF and MP2 calculations involving first and second energy derivatives with respect to nuclear positions, i.e., the molecular gradient and Hessian. The method is also applied to the calculation of electrical properties such as dipole moments and polarizabilities. All energy derivatives were calculated numerically. The gradient and Hessian results will be shown via geometry optimization and vibrational frequencies for a set of 40 molecules. We present results obtained with two versions of the dual basis approach (1) as originally proposed by us [13] and (2) by Steele et al. [14].

The dual basis set approach

In the dual basis set (DBS) method SCF calculations are first carried out in a small basis set, yielding converged solutions of the HF equations, i.e., eigenvectors, eigenvalues and the density matrix d. It is assumed that the small basis set is of sufficient quality to describe the occupied orbitals accurately. Following this, an extended basis set is introduced and the small basis set density d is transformed into the extended basis set density D. In the general case this can be done using the corresponding orbital transformation [15].

The choice of the larger basis set with respect to the small one may be quite arbitrary. However, it is very convenient to ensure that the small basis is a subset of the large one. In such a case transformation of the small basis set density d into the large basis set density D can be done by simply expanding the dimension of d and setting the new matrix elements to zero.

The large basis set density D is then used to construct the Fock matrix F(D). In the SCF case, the large basis Fock matrix is given by where µ,ν,λ,σ denote basis functions and h is the one-electron core Hamiltonian. The whole procedure is equivalent to a single SCF iteration in the large basis set starting from the small basis set guess. The Fock matrix F(D) is a source of new eigenvectors and eigenvalues in the large basis set. They are needed for successive MP2 correlation energy calculations and are also used to correct the small basis SCF energy E scf with respect to the basis set extension according to

)] | ( 2 
SCF scf scf DSCF E E E / ∆ + = (2)
The energy correction ∆E scf/SCF as well as the large basis set eigenvectors C and eigenvalues ε may be determined in various ways. Two different versions of the DBS method have been proposed so far.

In the first version (type 1, hereafter called T1) [13] the occupied eigenvectors and eigenvalues are taken from the fully converged, small basis set SCF run. The virtual subspace is obtained by diagonalizing the projected Fock matrix. The large basis set Fock matrix F(D) is first projected onto the virtual subspace
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(where S denotes the overlap matrix) and then diagonalized to give a set of eigenvectors with as many zero eigenvalues as there are occupied orbitals in the molecule. The remaining eigenvectors constitute our virtual subspace. In some cases, the virtual orbitals may have lower energies than occupied ones. If this occurs, it is advised to discard these orbitals from the calculations [16]. Note that the extension basis functions contribute only to the virtual orbitals while the occupied orbitals are expressed exclusively in the small basis set.

In the DBS T1 method, the energy correction ∆E scf/SCF is calculated in a perturbational manner [13,16]. Since in a single SCF iteration with a large basis set convergence is not reached, the Brillouin theorem is not satisfied leaving the occupied-virtual block in the MO Fock matrix (O T FV) non-zero. These matrix elements are used in a perturbational sense and the energy correction is calculated for double occupancy as
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where i and a denote occupied and virtual orbitals, respectively. The same correction to the small basis set SCF energy has been used by Nakajima and Hirao at the DFT level [16].

At the MP2 level, the eigenvectors and eigenvalues generated as described above are used to transform the AO integrals into the MO basis. The MP2 correlation energy is calculated in the usual way
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An alternative way of correcting a small basis set SCF energy and generating eigenvectors and eigenvalues in a larger basis set was suggested recently by Steel et al. [14]. Those authors calculate the energy lowering using changes in the density matrix resulting from a single Roothaan step

] [ Tr / D)F(D) (D / - = ∆ SCF scf E ( 6 
)
where the new density D ' is obtained via diagonalization of F(D). Direct diagonalization of the Fock matrix F(D) also gives both the occupied and virtual eigenvectors and eigenvalues. Note that the extension basis contributes not only to the virtual orbitals but also to the occupied ones, thus modifying the fully converged solution from the small basis SCF. This second type of DBS approach will be called here the T2 method. With a reasonable and appropriate choice of small and large basis sets, DBS methods approximate absolute, large basis set energies fairly well. The dual basis set SCF energy E DSCF and MP2 correlation energy E DMP2 may agree to within a few dozen micohartrees (10 -6 E h ) with the results of the full, large basis set calculations [13,14] underestimated while E DMP2 are overestimated (in absolute magnitude), which leads to error cancellation for the total MP2 energies [13,16].

The accuracy of relative energies is even better. For example, the dual basis set binding energies of the water dimer and trimer agree within 0.004 kcal/mol with the corresponding large basis sets results [13] (using truncated aug-cc-pV5Z as the small and aug-cc-pV5Z as the large basis set). With the truncated and full aug-cc-pVQZ basis sets the dual basis sets results for the heat of reaction and barrier height for the decomposition of C 3 H 6 O 3 into three CH 2 O has an error of only a few hundredth of a kcal/mol as compared to full basis results [13]. Similar accuracy in dual basis set calculations of rotational barriers and atomization energies have been reported for a wide range of molecules in ref. [14]. It should be emphasized that the energetics obtained with DBS methods are always much closer to the large basis set results than to the small. In other words, the dual basis set method always improves the small basis set energetics, both relative and absolute, towards those of the large basis, even when the two basis sets differ quite noticeably.

The dual basis approach yields accurate energies at much lower computational cost as compared to the full, large basis set calculation. In both versions of the DBS method (T1 and T2) the savings are the same at the SCF level. However, at the MP2 level only the T1 method offers significant savings, while the T2 method is as expensive as the full, large basis set calculation [14]. (The authors concentrate on the RI-MP2 approximation which already brings huge savings.)

Calculation of the MP2 correlation energy (5) requires two-electron MO integrals (ia|jb). In the T2 method both the occupied i,j and virtual a,b MOs are expressed in the large basis set just like in a full MP2 calculation. In contrast, in the T1 method only the virtual orbitals a,b require the large basis set while the occupied orbitals are represented in the small basis. Thus, for the DBS MP2 T1 method we need to calculate only those (µν|χσ) AO integrals with µ, χ belonging to the small and ν, σ to the large basis set. If the number of basis functions in the large and small basis sets is N and n, respectively, then the number of AO integrals is reduced from N 4 to N 2 n 2 . The same saving is achieved for the first quarter integral transformation from the AO to the MO basis. In the second quarter transformation the saving is more modest: from n occ N 3 to n occ N 2 n. There are no further savings for the third and fourth quarter transformations involving virtual orbitals. Thus, the total time saving in MP2 correlation energy calculations with the T1 method is as follows 
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The saving here is mostly in the calculation of the AO integral which takes about four times longer than the first half-transformation to the MO basis. Assuming a molecular system with 20 electrons, i.e., with n occ =10 and basis sets with N=500 and n=200 functions, the dual basis method should be over six times faster than the full large basis set MP2 calculation. In practice, the situation is even better because the real number of AO two-electron integrals to be calculated is always smaller than N 4 and N 2 n 2 due to integral screening. The computational saving at the MP2 level can be up to a factor of eight.

The computational savings offered by the DBS approach at the MP2 level could also be utilized in the RI-MP2 method [8]. The number of three-center integrals N 2 N fit (N fit = fitting basis set dimension) would be reduced to NnN fit and the cost of the three-index transformation should decrease by the same factor of (N/n). The MP2 energy evaluation which is the dominant part of 2 n 2 N fit , i.e., by a factor of (N/n) 2 . Savings are even more pronounced at the SCF level. In this case both methods, T1 and T2, offer the same saving. The SCF step with the small basis should be (N/n) 4 times faster than with the large one assuming the same number of iterations (It) in both cases. An additional cost in DBS methods arises from a single build of the large-basis Fock matrix, Eq. ( 1), needed for the ∆E scf/SCF correction and expansion of the virtual subspace. This costs formally 1/8N 4 , just the same as a single, large basis SCF iteration. However, if the small basis set is a subset of the large one then D is non-zero in the small basis subspace only. Integrals corresponding to zero density elements in (1) do not have to be calculated. Formally, the total number of two-electron integrals needed to construct the Fock matrix (1) is given by
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where the numerical factors derive from permutational symmetry. The three terms above give the number of 2-electron integrals of types (ss|ss), (ls|ss), (ll|ss) and (ls|ls) where s and l denote basis functions in the small and in the extension basis set, respectively. Integrals with three and four functions from the extended basis set are not needed because the corresponding density matrix elements are zero. The number of integrals given by ( 8) should be compared with the I large = 1/8N 4 integrals formally needed for a full, large basis set Fock matrix construction. In the case of N=500 and n=200 one obtains I large /I dual =625/328=1.9.

The total saving at the SCF level is given by the ratio 
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In our example with N=500 and n=200 and 10 SCF iterations, the dual basis set SCF should be about 12.8 times faster than the full, large basis set SCF.

The high accuracy and significant savings offered by the dual basis set methods in energy calculations make them potentially attractive techniques for geometry optimization. The first paper with the analytic gradient of dual basis HF and DFT energies was published recently by Steele et al. [18]. Calculation of the gradient of the dual basis SCF energy (2) with energy correction (6) (or (4)) requires solution of the corresponding coupled-perturbed SCF equations. Despite this, the savings reported in [18] in gradient calculations was up to 75% of the cost of the large basis calculation.

In this paper we extend applications of the DBS methods to vibrational frequency (Hessian) calculations at the SCF and MP2 levels. However, in order to compare the two different versions of the DBS method, we also include energy and geometry optimization calculations for a set of 40 molecules. These two methods (T1 and T2) are also used to calculate electric dipole moments and polarizabilites. This paper focuses on the accuracy of DBS methods, not on their efficiency.

Computational details

In the dual basis set method the choice of the two basis sets is very important because it determines both the accuracy and the potential computational saving. These two quantities are 8 determined here with respect to the full, large basis set calculation. As usual, these two factors oppose each other. For a given target (large) basis set, the closer in size the small basis is to the large one, the higher the accuracy that will be achieved. On the other hand, with more drastic truncation of the large basis set, greater computational savings are obtained. Thus, some kind of compromise has to be made. Experience gained from energy calculations shows that the optimum size ratio for the large/small basis set combination is about 2.5 [13,16]. It should also be emphasized that the degree of acceptable truncation of a target basis set depends on the level of theory: more conservative truncation is required for MP2 than for SCF calculations. Moreover, DBS methods perform better if both basis sets are more complete. For instance, the trancatedaug-cc-pV5z/aug-cc-pV5z basis set combination performs much better than 6-311G(d,p)/6-311++G(3df,3pd) for systems where the basis size ratio was roughly the same (2.5 and 2.4) [13]. On the other hand, rather modest basis sets (like 6-311G(d,p)) are routinely used in calculations for larger molecular systems. Therefore in this study we examine the performance of DBS methods using three medium size basis sets: (1) 6-311G, (2) 6-311G(d,p) and (3) 6-311G(3df,3pd) and all three dual combinations of them. Basis set information is given in Table I together with the method nomenclature used throughout this paper. In Tables II-XI, when different basis sets results are compared, we use the following convention: |target-small| or |target-dual| to show relative errors.

[Insert Table I about here]

All energy first and second derivatives were calculated by numerical differentiation. For the gradient we used the following central-differences formula
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with the finite-difference step size h equal to 0.005 au. For geometry optimization we implemented a numerical gradient module that was added to the PQS program package [START_REF]PQS, version 3.3; Parallel Quantum Solutions: 2013 Green Acres Road[END_REF]. The Hessian was evaluated by first differentiation of the gradient using the numerical Hessian module already available in the PQS package with the finite-difference step size equal to 0.02 au.

Components of the dipole moment vector were calculated according to (10) using energies computed in the presence of an external electric field (ε x , ε y , ε z ). Second energy derivatives with respect to an external electric field defining the polarizability tensor were calculated by
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In practice we used the same finite electric field strength in all three directions ε x = ε y = ε z =h. In calculations of the first and second energy derivatives with respect to an external electric field we used a finite-difference step size of 0.005 au.

Fully analytical reference results with a single basis set were obtained in order to estimate the error arising from numerical differentiation. For the molecules considered here the error was negligible. The energies and molecular properties -vibrational frequencies, electric dipole moments and polarizabilities -were calculated at geometries optimized at the MP2/6-311G(3df,3pd) level.

All calculations were performed using the PQS ab initio package [START_REF]PQS, version 3.3; Parallel Quantum Solutions: 2013 Green Acres Road[END_REF] at the HF and MP2 levels. The SCF calculations were converged so that the maximum Brillioun-violating Fock matrix element had magnitude less than 10 -6 au using integral threshold of 10 -10 . In calculations of the MP2 correlation energy only valence orbitals were correlated. Core orbitals (with energies lower than -3.0 au) were frozen. A given geometry was considered optimized if the maximum gradient component was less than 0.0003 au, and either the maximum geometry displacement was smaller then 0.0003 au or the energy change from the previous cycle was less than 10 -6 au.

Detailed results will be shown for selected molecules (H 2 O 2 , CH 3 OH, NH 2 OH and HCOCl) with statistics provided for the full set of 40 molecules. All molecules studied are listed in Table I.

Results and discussion

In the following sections we present our results for energy, geometry optimization, vibrational frequency, dipole moment and polarizability calculations. These results were obtained at the HF and MP2 levels. Results for the two versions of the DBS method, T1 and T2, are shown and compared.

Three basis sets (6-311G, 6-311G(d,p) and 6-311G(3df,3pd)) were used in traditional single-basis set calculations and three dual basis set combinations were applied for the dual basis sets methods. The smallest basis set, 6-311G which does not contain any polarization functions, is not good enough even for SCF calculations. However, it is interesting to see if the DBS methods can recover decent results in such a case, i.e., when a poor basis set is used as the small basis.

4A. Energy

The total SCF and MP2 energies for H 2 O 2 , CH 3 OH, NH 2 OH and HCOCl are shown in Table II. For the DBS methods the corrected SCF energies (eq. 2) are presented.

[Insert Table II about here]

First of all, the remarkable improvement in the energy with DBS methods should be noted even with the smallest 6-311G basis set. For CH 3 OH, for instance, the absolute SCF energy difference between the single-basis sets 2 and 1 of 0.0560 au is reduced to 0.0055 au with the DBS T1/12 method, i.e., by more than an order of magnitude. At the MP2 level the improvement is even greater, from 0.1851 to 0.0023 au, about a factor of 80. Similar improvements occur for all three dual basis set combinations and with both versions of the DBS method. At the SCF level the DBS methods underestimate the full, large basis set results. MP2 electron correlation energies are usually overestimated which typically results in error cancellation for total MP2 energies. However, this is not always the case.

The two DBS methods perform similarly at the SCF level with the T1 version being slightly more accurate. However, the DBS T2 method is overall somewhat superior to T1 at the MP2 level. This can be seen in Table III were the mean absolute errors based on our set of 40 molecules are presented. As expected, the best results are obtained with the 6-311G(d,p)/6-311G(3df,3pd) basis sets combination (23) where the average absolute error is about 1 10 millihartree (10 -3 E h ) with both methods. When the two basis sets used in the DBS calculations differ more, the accuracy decreases. The largest error occurs with the 6-311G/6-311G(3df,3pd) basis set combination (13) and is about 5.9 and 2.6 milihartrees (MP2) for T1 and T2 (Table III), respectively.

[Insert Table III about here] It should be emphasized that the superiority of T2 over T1 at the MP2 level is not general. Table II shows that the best MP2 results for H 2 O 2 , CH 3 OH and NH 2 OH are obtained with the T1/13 method. These results are more accurate than those obtained with the T2/13 method. The corresponding errors are: 0.030 versus 2.382, 0.825 versus 4.455 and 1.384 versus 4.293 milihartrees. This could be considered accidental because the T1/13 MP2 energies are even better than the T1/23 ones. However, the same thing occurs in all cases where dynamical electron correlation effects are small, i.e., for molecules without multiple bonds and lone electron pairs. In all these cases the T1/13 DBS SCF energy is almost as much underestimated as the MP2 correlation energy is overestimated and therefore the total MP2 energy error is very small.

4B. Geometry optimization

Geometry optimization is perhaps the most important task in applied quantum chemistry. Almost every computational project begins with geometry optimization for systems of interest. The standard method routinely used nowadays for this is DFT. For larger molecules the 6-31G(d,p) or at most the 6-311G(d,p) basis set is usually applied. It is well known, however, that in some cases DFT is not appropriate. For systems where dispersion effects or van der Waals interactions are important, MP2 is often better. At this level the 6-31G(d,p) and 6-311G(d,p) basis sets are usually not good enough and one should use an extended basis set such as 6-311G(3df,3pd). For large systems MP2/6-311G(3df,3pd) calculations are still prohibitively expensive. The DBS method offers a very promising solution to this problem. It has already been shown that the DBS/DFT method with analytical gradients [18] is very successful. In this study we focus on geometry optimization with the DBS/MP2 method. DBS/HF calculations were also performed, however the detailed results will not be shown here. First of all, the HF method is not an appropriate tool for geometry optimization and secondly, both versions of the DBS method yield essentially the same results at this level. DBS/HF geometry optimization results will be shown only in terms of their overall statistics.

Optimized geometrical parameters for H 2 O 2 , CH 3 OH, NH 2 OH and HCOCl are presented in Table IV. The mean absolute and maximum errors for our set of 40 molecules are given in Table V.

The single-basis set results show the importance of polarization functions. The first set of polarization functions (d,p) is of course the most important and significantly shortens bond lengths between heavy atoms (by as much as 0.12Å for C-Cl in HCOCl). Also O-H and N-H bonds get shorter by about 0.02Å and 0.002Å, respectively, while C-H in CH 3 OH and HCOCl is elongated by 0.002Å and 0.008Å. The second set of polarization functions (2df,2pd) makes all bonds slightly shorter. On average, the mean absolute change in bond length due to the first and the second set of polarization functions is about 0.06Å and 0.006Å, respectively.

[Insert Table IV ), 0.008Å for O-N (NH 2 OH) and 0.012Å for C-Cl (HCOCl) with the T1/13 method. However, with the best basis set pairing (23) these errors are significantly reduced to 0.003Å, 0.001Å and 0.005Å, respectively. Slightly better results for bond lengths are obtained with the T2/23 method. The target basis set results for bond angles and dihedral angles are well reproduced with both T1 and T2 methods. On average (for the set of 40 molecules considered here), for the two DBS methods T1/23 and T2/23, the mean absolute error (relative to a full, large basis calculation) in bond lengths is about 0.001Å, in bond angles about 0.1° and in dihedral angles about 1.1° at the MP2 level. Results are even better with the HF method (see Table V). It should be noted that all three basis set combinations used in the DBS calculations reproduce the target, large basis set geometrical parameters with acceptable accuracy. It is perhaps surprising that even the 13 basis combination, in which the small basis set does not have any polarization function, performs so well. It looks like most of these missing polarization effects is recovered in the DBS/13 calculations.

[Insert Table V about here]

4C. Vibrational frequencies

As the geometry optimization results show, DBS methods provide a good approximation to the molecular forces. It is consequently justified to go one step further and examine the accuracy of these methods in calculations of second-order energy derivatives such as the Hessian matrix.

In this study we calculated molecular Hessians for our set of 40 molecules at the HF and MP2 levels using two versions of the DBS method (T1 and T2) and three dual basis set combinations. The accuracy of these calculations is evaluated by comparing vibrational frequencies with respect to the single-basis set results. Detailed results for H 2 O 2 , CH 3 OH, NH 2 OH and HCOCl are reported in Tables VIa-d. Table VIe compares our results for diatomic molecules with those obtained by Nakaijama and Hirao [16] using the dual basis set DFT/B3LYP method with the (truncated cc-pVQZ)/cc-pVQZ basis set combination . Statistical errors for the full set of 40 molecules are shown in Table VII.

[Insert Tables VIa-VIe about here] As was the case with geometry optimization, the single-basis results demonstrate the importance of polarization functions in Hessian calculations. At the SCF and MP2 levels the lowest frequencies are affected most by the lack of polarization functions. The first set of polarization functions (d,p) results in quite dramatic changes in the lowest frequencies. For H 2 O 2 for example, the lowest frequency increases from 624 to 707 cm -1 (SCF), and from -194 to +408 cm -1 (MP2). Addition of the second polarization set (2df,2pd) brings a further increase at the HF 12 level (but only by 5 cm -1 ) while at the MP2 level this frequency decreases by 4 cm -1 . These changes due to the basis set extension are very well recovered by the DBS methods.

At the SCF level both DBS methods (T1 and T2) with the 12 basis set combination reproduce the effect of the first set of polarization functions giving a frequency of about 706 cm -1 (versus 707 cm -1 ). The effect of the second set of polarization functions is also very well recovered by both methods (T1 and T2) with the 13 and 23 basis sets yielding the lowest frequency value about 713 and 716 cm -1 , respectively, versus 712 cm -1 .

At the MP2 level the DBS T2 method recovers the polarization effect better than the T1 method. The single-basis set 2 result of 408 cm -1 is reproduced by the T1/12 method with a 14% error (351 cm -1 ), while the T2/12 method has a 6% error (383 cm -1 ). However, the effect of the second set of polarization functions is reproduced slightly better in the T1/23 than in the T2/23 calculations (410 cm -1 and 412 cm -1 versus 404 cm -1 ).

Higher frequencies are not so sensitive to polarization functions. The highest frequency in H 2 O 2 changes at the HF level from 3838 cm -1 to 3864 cm -1 with 6-311G(d,p) and 6-311G(3df,3pd) basis sets, correspondingly. At the MP2 level these changes are from 3813 cm -1 to 3854 cm -1 . All the DBS calculations reproduce the target, large basis set high frequency results very well within 0.1% of error.

[Insert Table VII about here]

In calculations over the full set of 40 molecules the mean relative error (with respect to the target calculations) is less than 1% with both methods and the maximum relative error is about 3% as can be seen from Table VII. Our DBS HF and MP2 results for diatomic molecules remain quite close to those obtained at the DBS DFT/B3LYP level [16] as shown in Table VIe. Thus, DBS methods, in general, perform very well for vibrational frequency calculations.

4D. Electric properties

Finally, we examined the use of DBS methods in dipole moment and polarizability calculations. Dipole moments are shown in The reference, single-basis set 2 and 3 results for dipole moments are reproduced very well in the DBS calculations with the 12 as well as with the 13 and 23 basis set combinations. It can be seen from Table VIII that for the four molecules presented there the two DBS methods perform equally well at both the HF and MP2 level. However, in calculations for 32 molecules, the T2 method yields slightly more accurate results than the T1 method at the MP2 level (Table IX). The mean relative error at the MP2 level is 4.5% with the T1/23 and 2.9% with the T2/23 method. At the HF level this error is less than 2% with both methods.

[Insert Tables VIII and IX about here] Tables Xa-d present dipole polarizability calculations for the four molecules * . DBS methods with the 12, 13 and 23 basis set combinations significantly improve results obtained using small basis sets 1 and 2. However, the relative errors in individual tensor components are Xa), the T1/13 and T2/13 HF results for the zz-tensor component are in error by of over 5% as compared to the target 6-311G(3df,3pd) value of 9.666 au. At the MP2 level these errors are even higher: 8.6% and 6.1% with the T1/13 and T2/13 methods, respectively. The situation is even worse with the off-diagonal xy-component which has an error of almost 18%. The best T1 and T2 calculations with the 23 basis set combination reduce these errors to about 12% and 7%, correspondingly. Depending on the molecular orientation, some of the off-diagonal elements of the polarizability tensor may be very small and then it is easy to see their sensitivity to basis set quality. This is illustrated in Table Xc for NH 2 OH where the xy-component is close to zero at the HF level and its value even changes sign upon addition of the second set of polarization functions (2df,2pd). This sign change is reproduced only with the best 23 basis set combination by both DBS methods. At the MP2 level this xy-component is consistently positive with all basis sets, however, the DBS results with the 13 and 23 basis sets have about a 30% error.

It can be seen from the results presented in Tables Xa-Xd that, in the case of polarizabilities, the second set of polarization functions (2df,2pd) is much more important than the first set. Contributions from these polarization functions are only partially included in the DBS calculations which is why the errors are so large.

[Insert Tables Xa-Xd about here] Table XI shows the mean absolute relative errors in the mean polarizability (defined as one third of the tensor trace) for the set of 40 molecules. Errors in the DBS calculations with respect to the target basis set results are about 4% and 5% at the SCF and MP2 levels, respectively.

[Insert Table XI about here]

Conclusions

In this study we examined the accuracy of the dual basis set method in HF and MP2 calculations of energies, gradients and Hessians as well as dipole moments and polarizabilities using modest quality basis set combinations. Previously published results showed that the DBS method is very efficient in energy and gradient calculations providing reliable results and large computational savings [13,14,16,17,18]. In this paper we extend DBS applications to Hessian, dipole moment and polarizability calculations.

The key point in DBS calculations is an appropriate choice of the two basis sets. It has been shown [13,14,16,17,18] that a reasonable size ratio between the target and the small basis sets is about 2.5. Moreover, within a given size ratio, the DBS method performs better if the target basis set is more complete (e.g. 6-311++G(3df,3pd), cc-pVQZ or aug-cc-pV5Z) [13,14]. Since for larger molecular systems calculations with such big basis sets are still very expensive, we focused in this paper on the modest 6-311G(d,p) basis set. Its natural extension is the 6-311G(3df,3pd) basis set. Going in the opposite direction, a reasonable truncation of the 6-311G(d,p) basis set should retain at least d polarization orbitals on heavy atoms. However, it was interesting to examine more drastic basis set reductions, namely the 6-311G basis set as a small basis in DBS calculations. Three basis sets 6-311G, 6-311G(d,p) and 6-311G(3df,3pd) and all 14 resulting dual combinations were used in the DBS calculations reported in this paper. The large/small basis set size ratio changes very much in these basis combinations. For CH 3 OH, for instance, this ratio is 1.3, 2.8 and 3.6, respectively, in 6-311G/6-311G(d,p), 6-311G(d,p)/6-311G(3df,3pd) and 6-311G/6-311G(3df,3pd). Our calculations show that regardless of the ratio the DBS method always significantly improves a small basis set result. Even very poor results obtained with the 6-311G basis set are improved in the DBS 6-311G/6-311G(3df,3pd) calculations by more than an order of magnitude compared to the full 6-311G(3df,3pd) target results. It should be, however, remembered that this improvement comes at a cost, as the single correction step in DBS calculations can often be more expensive than the entire underlying small basis set calculation (but still much cheaper than the target basis calculation).

In the energy calculations this error is on average reduced from 0.070 au to 0.005 au (SCF) and from 0.266 au to 0.006 au (MP2) (Table III). The mean absolute error in bond length decreases from 0.02A to 0.001A (SCF) and from 0.04A to 0.002A (MP2), in bond angle from 1.6 deg to 0.3 deg (SCF) and from 1.9 deg to 0.6 deg (MP2). Improvement is more modest in dihedral angles where the mean absolute error changes from 1.7 deg to 1.1 deg (SCF) and from 1.9 deg to 1.1 deg (MP2) (Table V). The mean relative error in vibrational frequencies obtained with the smallest 6-311G basis set with respect to the 6-311G(3df,3pd) results is 4.0% (SCF) and 6.2% (MP2). DBS methods with the 6-311G/6-311G(3df,3pd) basis reduce these errors to 0.4% and 0.6%, respectively (Table VII), i.e. by an order of magnitude. The situation is similar in the case of dipole moments. The mean relative error in dipole moments diminishes from 25% to 3% (SCF) and from 28% to 2.8% (MP2) (Table IX). The improvement is not so marked with dipole polarizabilities. Table XI shows the mean relative errors in the mean polarizability values for 40 molecules. The mean relative error for the single 6-311G basis set calculations is about 26% (SCF) and 28% (MP2) as compared to the target 6-311G(3df,3pd) results. DBS calculations with the 6-311G/6-311G(3df,3pd) basis set combination reduce these errors to 4% and 5%, respectively. There is essentially no further improvement when the 6-311G(d,p)/6-311G(3df,3pd) basis set is used.

The DBS results for polarizabilities are noticeably poorer than for other properties. The reason for this lies behind the very strong dependence on the basis set quality. Here, the second set of polarization functions (2df,2pd) is more important for polarizabilities than for any of the other properties. For H 2 O 2 for example, moving from the 6-311G(d,p) to the 6-311G(3df,3pd) basis changes the dipole moment by 12% (from 2.07 to 1.85) (Table VIII) while the mean polarizability (defined as one third of the tensor trace) is changed by 18.5% (from 10.4 to 12.7) and its zz-component by 30% (from 6.8 to 9.7) (Table Xa).

Not surprisingly, even the presence of diffuse functions (s and p) makes a significant difference to the polarizability while it is much less important for the dipole moment. For example, the SCF results with 6-311G, 6-311G(d,p) and 6-311G(3df,3pd) for the xy-component of the NH 2 OH polarizability: +0.070, +0.054 and -0.075 (Table Xc) change to: -0.347, -0.461 and -0.673 when the diffuse ("++" -sp) functions are added to the basis sets. At the MP2 level the "++" diffuse functions change the xy-component from: +0.433, +0.404 and +0.359, to: -0.286, -0.273 and -0.439. This example shows that the basis sets used in this study are not appropriate for polarizability calculations and therefore both the single-basis set and the DBS results are quite poor in this case. With the 6-311++G(d,p)/6-311++G(3df,3pd) basis set combination the HF/DBS methods give much better results (-0.622 compared with -0.673). One of the goals of this study was to compare two different versions of the DBS method. These methods differ in the way the small SCF energy is corrected for the basis set extension and also in the generation of the eigenvectors and eigenvalues of the large basis set.

All results presented here show the equivalence between the two DBS methods T1 and T2 at the SCF level. The small SCF energy correction (2) calculated according to (4) yields essentially the same values as result from ( 6) and both have a similar dependence on molecular geometry and external electric field.

At the MP2 level the second T2 version of the DBS method seems to be more accurate. The T2 method gives in general better total MP2 energies than the T1 method. As the results from Table III show, on average, the T2 energy error is smaller at the MP2 level than at the SCF level while this is not always the case with the T1 method.

The error in the total MP2 energy is the sum of the errors in the SCF and the correlation energy. The SCF energy is usually underestimated to the same degree by both DBS methods. In the present study this was always the case. With the basis sets used, the MP2 correlation energy may be either over-or under-estimated by both DBS methods. However, in most cases the MP2 correlation energy is overestimated. Together with the underestimated SCF energy, this often leads to error cancellation. Indeed, as Table III shows, this is the case with the T2 method. The T1 method, however, overshoots the MP2 correlation energy too much which results in an increasing error with the 6-311G/6-311G(d,p) and 6-311G/6-311G(3df,3pd) basis set combinations. Only with the 6-311G(d,p)/6-311G(3df,3pd) basis set, the T1 MP2 correlation energy overestimation is balanced with respect to underestimation of the SCF energy, and the total MP2 energy error is smaller than the corresponding SCF error. Overestimation of the MP2 correlation energy in DBS calculations is not a surprise. The eigenspectrum used in the DBS methods is not a full solution of the HF equation and orbital energy gaps are smaller than obtained with the target basis set SCF. For example, in HCOCl the HOMO-LUMO gap with the single basis set 6-311G(3df,3pd) is 0.576 au while in DBS calculations with the 6-311G/6-311G(3df,3pd) combination it is 0.551 and 0.562 au with the T1 and T2 methods, respectively. The same is true regarding the average gap between occupied and virtual orbitals. Excluding core orbitals, average gaps in the target and DBS calculations are as follows: 7.6105, 7.6041 (T1) and 7.6099 au (T2). As a consequence, both DBS methods overestimate the MP2 correlation energy. The occupied orbitals are most likely responsible for the larger overestimate in the case of the T1 method. Although the T1 method at the MP2 level performs slightly worse than T2, it offers significant computational savings as discussed earlier in this paper.

In our opinion, the most promising application of DBS methods is geometry optimization. Even the necessity of solving the CPHF equations for the corrected SCF energy gradient should not be a major obstacle especially at the MP2 level where a similar CPHF for the energy gradient must be solved anyway. It will probably be possible to calculate these two contributions to the total gradient at the same time. There is another possibility for geometry optimization with DBS methods. It should be in principle possible to provide an approximate gradient that would not require a solution of the CPHF equations. Performing geometry optimizations with such a gradient would result in an approximate equilibrium geometry, hopefully good enough to achieve final convergence in a few cycles in full calculations with the target basis set. 
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  Table VIII for H 2 O 2 , CH 3 OH, NH 2 OH and HCOCl and Table IX contains statistical errors for the 32 molecules in our test set with a non-zero dipole moment. Polarizability tensor calculations are presented in Tables Xa-d and XI.

Table I .

 I Basis sets, methods and molecules H 2 F 2 N 2 CO HCl HF CH 4 H 2 O H 2 S F 2 O HClO NH 3 NH 2 Cl HOCN HNCO HNO 2 H 2 CO 3 HCHO CH 3 F CH 3 CN C 2 H 4 N 2 H 4 CH 2 NOH HCOOH CH 3 OH NH 2 OH H 2 O 2 CH 2 NH HBO 2 AlH 3 CH 3 Cl CH 2 S BH 3 NH 2 F HFO 2 BH 2 Cl HSCl HCOCl BH 2 OH NHClOH
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	Basis set Basis set type Table III. Mean absolute errors (MAE) [au] in energy calculations for a set of Method 40 molecules
	1 2 3 Table II. Total SCF and MP2 energies [au] for selected molecules 6-311G SCF/1 6-311G(d,p) SCF/2 6-311G(3df,3pd) SCF/3 H 2 O 2 MAE Basis set/method Basis set/ method SCF MP2	MP2/1 MP2/2 MP2/3 CH 3 OH	NH 2 OH	HCOCl
	|2-1|	Dual basis set pairing and the approach type T1 and T2 SCF MP2 SCF 0.056984 0.181597		MP2	SCF	MP2	SCF	MP2
	|3-1| |3-2|	12	0.069725 6-311G/6-311G(d,p) 0.012741	SCF/T1/12 0.266226 SCF/T2/12 0.084629	MP2/T1/12 MP2/T2/12
	13 |2-T1/12|	6-311G/6-311G(3df,3pd) 0.003992	SCF/T1/13 SCF/T2/23 0.005905	MP2/T1/13 MP2/T2/13
	|3-T1/13| 23 |3-T1/23|	0.004880 6-311G(d,p)/6-311G(3df,3pd) 0.001343	SCF/T1/23 0.005919 SCF/T2/23 0.001291	MP2/T1/23 MP2/T2/23
	Set of 40 molecules: |2-T2/12|	0.003992	0.001927		
	|3-T2/13|		0.004880	0.002628		
	|3-T2/23|		0.001367	0.001016		
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 IV Selected geometry parameters (bond lengths in Å , angles in degrees) for H 2 O 2 , CH 3 OH, NH 2 OH and HCOCl optimized at the MP2 level
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				H2O2				CH3OH *					NH2OH	HCOCl
	Basis set/method												
		OO	HO	HOO HOOH	OC	H 2 C	OH 1	OCH 2 H 2 CH 3 H 1 OC	H 1 N	ON	OH 2 H 1 NH 2 NOH 2 H 2 ONH 1 OC	HC	CCl	OCH OCCl HCCl
	1	1.5522 0.9799 97.26 179.81 1.4674 1.0877 0.9724 105.31 109.32 110.41 1.0184 1.4984 0.9735 109.86 102.77 122.51 1.2145 1.0876 1.8932 128.63 123.07 108.30
	2 3 T1/12 T1/13 T1/23 T2/12 T2/13 T2/23 Absolute differences 1.4458 0.9621 99.29 120.39 1.4178 1.0903 0.9580 106.85 108.14 106.40 1.0168 1.4364 0.9578 105.15 101.09 125.11 1.1881 1.0960 1.7747 126.70 123.61 109.68 1.4424 0.9623 99.81 111.48 1.4161 1.0853 0.9568 106.66 108.43 107.97 1.0144 1.4340 0.9579 105.40 101.78 124.98 1.1846 1.0922 1.7648 126.51 123.65 109.83 1.4487 0.9643 98.65 116.87 1.4189 1.0912 0.9598 106.88 108.12 105.58 1.0186 1.4421 0.9597 104.62 100.25 125.59 1.1867 1.0978 1.7793 127.01 123.62 109.36 1.4480 0.9644 98.85 108.81 1.4161 1.0868 0.9582 106.78 108.23 106.85 1.0161 1.4423 0.9596 104.95 100.59 125.44 1.1827 1.0945 1.7772 127.19 123.67 109.13 1.4450 0.9619 99.46 114.61 1.4150 1.0858 0.9564 106.73 108.27 107.58 1.0142 1.4352 0.9573 105.41 101.47 124.97 1.1849 1.0925 1.7700 126.70 123.66 109.64 1.4495 0.9631 98.99 116.61 1.4195 1.0904 0.9586 106.85 108.18 106.10 1.0174 1.4411 0.9587 104.95 100.71 125.34 1.1896 1.0961 1.7772 127.05 123.58 109.37 1.4463 0.9631 99.38 106.55 1.4169 1.0859 0.9571 106.70 108.40 107.49 1.0150 1.4402 0.9585 105.24 101.19 125.24 1.1851 1.0929 1.7715 127.11 123.61 109.28 1.4440 0.9620 99.63 112.83 1.4158 1.0856 0.9566 106.67 108.37 107.76 1.0144 1.4350 0.9575 105.42 101.62 124.99 1.1849 1.0923 1.7679 126.63 123.64 109.73 |2-1| 0.1064 0.0179 2.03 59.43 0.0496 0.0025 0.0144 1.53 1.18 4.01 0.0016 0.0620 0.0157 4.71 1.68 2.59 0.0264 0.0084 0.1186 1.92 0.54 1.38 |3-1| 0.1098 0.0176 2.55 68.33 0.0513 0.0025 0.0156 1.34 0.89 2.44 0.0040 0.0644 0.0156 4.46 0.99 2.46 0.0300 0.0046 0.1284 2.11 0.58 1.53 |3-2| 0.0034 0.0003 0.52 8.91 0.0017 0.0050 0.0012 0.19 0.29 1.57 0.0024 0.0024 0.0001 0.25 0.70 0.13 0.0036 0.0039 0.0098 0.19 0.04 0.15 |2-T1/12| 0.0029 0.0022 0.64 3.52 0.0011 0.0009 0.0018 0.03 0.02 0.82 0.0018 0.0057 0.0020 0.54 0.84 0.49 0.0014 0.0018 0.0047 0.31 0.01 0.32 |3-T1/13| 0.0056 0.0020 0.96 2.67 0.0000 0.0015 0.0014 0.12 0.20 1.12 0.0017 0.0083 0.0017 0.45 1.19 0.46 0.0019 0.0023 0.0124 0.68 0.02 0.70 |3-T1/23| 0.0026 0.0005 0.35 3.13 0.0011 0.0005 0.0004 0.08 0.16 0.40 0.0002 0.0013 0.0006 0.01 0.31 0.01 0.0003 0.0003 0.0052 0.19 0.00 0.19 |2-T2/12| 0.0036 0.0010 0.29 3.78 0.0017 0.0002 0.0006 0.01 0.04 0.30 0.0006 0.0047 0.0009 0.20 0.37 0.24 0.0014 0.0001 0.0026 0.34 0.03 0.31 F o r P e e r R e v i e w O n l y
	|3-T2/13|	0.0039 0.0008 0.43	4.93 0.0008 0.0006 0.0003 0.05	0.03	0.48 0.0006 0.0063 0.0006 0.16	0.59	0.26 0.0006 0.0007 0.0067 0.59	0.04	0.55
	|3-T2/23|	0.0016 0.0003 0.18	1.35 0.0003 0.0003 0.0002 0.01	0.06	0.21 0.0000 0.0011 0.0004 0.03	0.16	0.01 0.0004 0.0002 0.0031 0.12	0.01	0.11
	* the dihedral angle H 1 OCH 2 ( 61.2 deg) remains unchanged in all calculations						
														21
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Table V .

 V Mean absolute errors (MAE) and maximum absolute error (MAX) in the bond lengths (BL) [ Å], bond angles (BA) [deg] and dihedral angels (DA) [deg]. Calculations for a set of 40 molecules Table VIa. Vibrational frequencies [cm -1 ] and relative errors (RE) [%] for H 2 O 2 (6 normal modes)
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	Basis set/ method Basis set/method	BL [Å]	SCF BA [deg ] Frequency [cm -1 ]	DA [deg]*	BL [Å] Basis set/method		MP2 BA [deg] RE[%]	DA [deg]*
		MAE	MAX SCF	MAE	MAX	MAE MP2	MAX	MAE	MAX	MAE SCF	MAX	MAE MP2	MAX
	|2-1| 1	0.0213 624.1 1635.4	0.0884 1030.6 3837.8	1.69 1493.1 3838.0	8.07 -193.7 1455.0	1.18 985.9 3810.2	3.67 1287.1 3812.8	0.0317 |(2-1)÷2| 0.1232 11.8 4.1 2.0 147.5 2.17 7.71 0.2 1.1 1.2 0.2	1.52 4.2 1.4	3.2 1.4	6.14
	|3-1| |3-2| 2	0.0236 0.0035 707.3 1631.4	0.1030 0.0146 989.8 3882.3	1.61 0.33 1523.8 3885.8	7.44 2.11 407.9 1452.6	1.66 0.55 946.4 3863.5	6.93 3.27 1329.0 3867.3	0.0355 0.0049 |(3-1)÷3| 0.1405 0.0201 12.4 3.6 2.3 148.0 1.85 6.96 0.48 2.12 0.6 0.6 0.7 1.1	1.89 0.39 4.4 1.1	3.8 1.1	8.44 2.30
	|2-T1/12| 3	0.0009 712.1 1625.1	0.0046 994.7 3860.6	0.22 1527.6 3864.0	0.77 403.6 1439.7	0.55 944.7 3852.5	2.38 1338.0 3854.3	0.0018 |(3-2)÷3| 0.0049 0.7 0.4	0.50 0.5 0.3 0.6 0.6	1.47 1.1 0.9	0.50 0.2 0.3	0.7 0.3	2.08
	|3-T1/13| |3-T1/23| T1/12	0.0010 0.0003 705.8 1631.9	0.0062 0.0015 986.2 3877.9	0.29 0.06 1531.5 3882.9	1.23 0.46 350.8 1439.4	1.08 0.14 955.9 3872.9	4.69 0.66 1330.0 3877.8	0.0026 0.0010 |(2-T1/12)÷2| 0.0084 0.0051 0.2 0.0	0.60 0.10 0.4 0.5 0.1 0.1	1.61 0.35 14.0 0.9	1.13 0.26 1.0 0.2	0.1 0.3	5.44 1.46
	|2-T2/12| T1/13	0.0010 712.8 1627.0	0.0050 992.4 3854.1	0.20 1535.8 3860.0	0.71 347.9 1424.4	0.55 960.1 3851.8	2.40 1329.9 3859.3	0.0017 |(3-T1/13)÷3| 0.1 0.0083 0.1	0.27 0.2 0.5 0.2 0.1	0.88 13.8 1.1	0.51 1.6 0.0	0.6 0.1	2.47
	|3-T2/13| |3-T2/23| T1/23 *Values without the dihedral angle for H 2 O 2 0.0014 0.0158 0.0003 0.0015 715.7 995.2 1626.8 3860.9 T2/12 705.8 986.4 1632.2 3877.7	0.29 0.06 1527.5 3864.8 1531.5 3882.7	0.90 0.46 410.0 1436.6 383.3 1444.6	1.08 0.14 951.5 3849.4 949.0 3865.3	4.71 0.67 1332.7 3856.0 1334.7 3865.8	0.0020 0.0008 |(3-T1/23)÷3| 0.0095 0.0032 0.5 0.1 0.2 |(2-T2/12)÷2| 0.0	0.39 0.09 0.1 0.0 0.0 0.0 0.3 0.5 0.1 0.1	1.24 0.97 1.6 0.2 6.0 0.5	1.13 0.22 0.7 0.1 0.3 0.0	0.4 0.0 0.4 0.0	5.48 1.08
	T2/13	712.9 1627.3	992.5 3854.0	1535.7 3859.8	384.1 1432.5	949.2 3849.2	1341.3 3851.0	|(3-T2/13)÷3|	0.1 0.1	0.2 0.5 0.2 0.1	4.8 0.5	0.5 0.1	0.2 0.1
	T2/23	715.7 1626.8	995.2 3861.0	1527.5 3864.8	411.6 1439.3	947.3 3853.8	1336.5 3857.0	|(3-T2/23)÷3|	0.5 0.1	0.1 0.0 0.0 0.0	2.0 0.0	0.3 0.0	0.1 0.1
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Table VIb .

 VIb Vibrational frequencies [cm -1 ] and relative errors (RE) [%] for CH 3 OH (12 normal modes) Table VIc. Vibrational frequencies [cm -1 ] and relative errors (RE) [%] for NH 2 OH (9 normal modes)
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	Basis set/method Basis set/method		SCF	Frequency [cm -1 ] Frequency[cm -1 ]	MP2	Basis set/method Basis set/method		SCF	RE[%] RE [%]	MP2
	1	568.5	1159.3 SCF	1206.2	-63.5	1045.7 MP2	1155.0		6.0	SCF	3.1		0.7	121.1 MP2	3.3	3.8
	1 T1/12 2 3 T1/13 T1/23 T2/12 T2/13 2 3 T1/12 T1/13 T1/23 T2/12 T2/13 T2/23	1290.6 1661.8 3126.6 650.6 605.0 1270.3 1620.4 3164.4 609.0 1275.0 1625.3 3134.7 609.6 1270.3 1624.7 3155.8 618.4 1274.6 1629.2 3127.9 612.1 1275.0 1624.6 3137.4 609.6 1270.4 1624.9 3155.7 618.5 1478.4 3529.4 672.4 1473.9 3561.5 686.4 1472.8 3535.2 667.2 1477.5 3557.4 677.3 1476.2 3530.6 687.4 1472.9 3536.5 667.3 1477.5 3557.3 677.4 1476.2 3530.6 687.4	1543.6 1670.6 3192.8 1059.3 1124.5 1532.7 1630.2 3228.8 1113.2 1535.8 1632.0 3197.1 1122.9 1540.4 1635.8 3220.0 1112.2 1543.4 1638.3 3190.9 1114.0 1536.2 1632.0 3200.2 1123.2 1540.6 1635.9 3219.9 1112.5 1605.7 3591.8 1035.5 1584.2 3629.3 1028.3 1580.7 3601.3 1033.7 1588.8 3622.5 1028.9 1585.4 3593.8 1029.3 1582.0 3602.7 1033.8 1589.1 3622.3 1028.9 1585.8 3593.7 F o r P e e r R e v i e w O n l y 1646.4 1197.3 1408.2 1546.3 1.6 0.7 2.2 3081.2 1549.1 1568.9 3034.4 2.6 2.5 1.2 3912.8 3097.6 3167.8 3898.9 1342.5 258.0 1009.1 1199.9 3.2 2.3 2.0 |(2-1)÷2| 1.2 1.1 0.8 1197.3 300.9 1081.8 1113.2 6.7 4.1 0.6 1611.3 1186.0 1387.4 1508.4 1.2 0.5 2.4 3117.6 1513.3 1530.9 3093.4 2.2 2.4 0.4 3945.2 3163.3 3231.1 3941.4 |(3-1)÷3| 0.3 0.1 0.3 1199.6 299.2 1069.7 1102.7 0.7 1.0 0.2 1607.5 1188.9 1379.9 1499.7 0.4 0.2 0.2 3093.0 1527.8 1537.5 3048.9 0.3 0.1 0.8 3924.5 3118.3 3181.0 3926.5 |(3-2)÷3| 0.9 1.0 0.5 1199.7 260.5 1077.2 1112.5 0.8 0.1 0.2 1612.2 1179.8 1382.9 1506.7 0.0 0.5 0.1 3110.6 1508.3 1527.6 3091.8 0.3 0.3 0.2 3942.4 3162.1 3228.2 3945.0 |(2-T1/12)÷2| 0.3 0.3 0.1 1202.2 290.7 1064.7 1101.0 1.5 0.1 0.2 1609.7 1181.9 1374.8 1500.4 0.0 0.5 0.1 3087.7 1520.0 1533.5 3046.1 0.2 0.4 0.2 3920.6 3114.8 3178.3 3923.6 |(3-T1/13)÷3 0.2 0.2 0.1 1200.2 320.6 1070.5 1102.0 0.5 0.1 0.1 1609.0 1187.8 1380.8 1502.3 0.0 0.0 0.1 3095.0 1522.7 1535.2 3048.3 0.0 0.0 0.1 3925.1 3117.1 3181.2 3923.0 |(3-T1/23)÷3| 0.1 0.1 0.0 1199.8 284.1 1081.8 1112.9 0.8 0.1 0.2 1612.5 1184.8 1389.3 1509.1 0.0 0.5 0.1 3110.5 1514.8 1533.7 3087.4 0.3 0.4 0.2 3942.4 3156.7 3222.5 3940.1 |(2-T2/12)÷2| 0.3 0.3 0.1 1202.2 305.4 1068.5 1102.1 1.6 0.1 0.2 1910.7 1335.7 1462.9 1771.3 0.3 1.4 4.5 3893.3 3486.7 3572.2 3871.8 |(2-1)÷2| 0.9 1.0 1.0 1315.9 420.3 981.2 1171.1 5.2 3.0 2.2 1828.4 1339.9 1426.1 1674.6 0.4 1.6 4.9 3931.3 3534.9 3627.0 3920.4 |(3-1)÷3| 0.2 0.3 0.4 1313.6 431.8 961.9 1157.1 2.0 0.7 0.2 1821.5 1344.0 1405.1 1671.5 0.1 0.2 0.4 3909.6 3509.8 3598.7 3902.7 |(3-2)÷3 0.7 0.8 0.6 1320.3 373.7 984.3 1167.9 0.8 0.2 0.3 1838.5 1339.6 1418.5 1679.8 0.2 0.3 0.6 3927.9 3535.2 3630.4 3922.9 |(2-T1/12)÷2| 0.1 0.2 0.1 1321.0 381.3 968.6 1158.7 1.3 0.1 0.6 1834.9 1342.5 1401.4 1685.0 0.2 0.3 0.7 3904.5 3504.7 3596.8 3898.8 |(3-T1/13)÷3| 0.1 0.2 0.1 1314.8 438.0 964.1 1158.7 0.2 0.1 0.1 1823.0 1343.5 1408.1 1675.0 0.0 0.1 0.1 3910.4 3505.9 3595.0 3898.8 |(3-T1/23)÷3| 0.0 0.0 0.0 1320.6 397.2 980.7 1174.0 0.8 0.2 0.4 1838.8 1342.7 1424.6 1683.1 0.2 0.3 0.6 3927.7 3531.5 3621.9 3916.4 |(2-T2/12)÷2| 0.1 0.2 0.1 1321.3 403.7 963.9 1165.5 1.3 0.1 0.6 1835.3 1347.5 1405.8 1686.2 0.2 0.3 0.8 3904.3 3504.1 3591.6 3896.4 |(3-T2/13)÷3| 0.1 0.2 0.1 1029.3 1314.8 436.9 963.3 1159.7 0.2 0.1 0.1	1.0 2.4 2.1 121.2 38.6 0.7 1.4 0.7 0.6 0.2 1.0 1.4 13.4 0.5 0.3 0.0 2.8 0.6 0.5 0.1 7.2 0.1 0.3 0.0 5.6 0.1 0.1 0.2 2.1 0.3 1.4 40.2 0.6 0.7 2.7 0.3 0.7 11.1 0.0 0.0 11.7 0.1 0.1 1.4 0.0 0.1 5.5 0.2 0.1 6.5 0.3 0.2 1.2	2.8 2.6 1.5 4.9 4.1 0.7 2.0 1.5 0.8 0.3 0.5 0.1 0.7 0.3 0.1 0.2 0.2 0.1 0.0 0.1 0.1 0.2 0.0 0.2 0.1	1.5 2.5 2.0 2.2 2.1 2.0 0.4 1.1 0.6 0.4 1.6 0.4 0.3 0.2 0.1 0.5 0.4 0.3 0.1 0.1 0.1 0.1 0.0 0.0 0.1 0.2 0.3 0.1	2.5 5.8 1.2 3.7 6.0 0.8 1.2 0.2 0.5 0.3 0.3 0.1 0.1 0.8 0.1 0.1 0.2 0.1 0.3 0.5 0.1 0.7 0.9 0.2 0.2	2.5 1.9 1.1 4.7 3.1 0.5 0.7 1.0 0.6 1.5 0.4 0.1 0.1 0.0 0.1 0.1 0.0 0.1 0.1 0.1 0.2 0.0 0.1 0.0 0.0 0.2 0.0 0.0
		1274.8 1629.4 1472.9 3536.5	1543.6 1638.5 1582.0 3602.7	1610.0 3087.6 1823.0 3910.4	1187.8 1528.4 1345.0 3509.8	1381.4 1541.6 1406.6 3599.2	1501.5 3042.9 1674.1 3902.6	|(3-T2/23)÷3| |(3-T2/13)÷3|	0.0 0.2 0.0 0.0	0.5 0.4 0.1 0.1 0.0 0.0	0.2 0.2	0.1 0.0	0.1 0.0	0.1 0.0	0.1 0.3	0.2 0.0	0.1 0.2
		3127.8	3190.9	3920.6	3110.9	3173.5	3923.3		0.2		0.2		0.1		0.2		0.2	0.1
	T2/23	612.1	1114.0	1200.2	311.8	1070.4	1102.4		0.5		0.1		0.1		4.2		0.1	0.0
		1275.0 1624.6	1536.2 1632.0	1609.0 3095.0	1188.9 1525.0	1380.4 1537.0	1501.0 3050.1	|(3-T2/23)÷3|	0.0 0.0		0.0 0.0		0.1 0.1		0.0 0.2		0.0 0.0	0.1 0.0
		3137.4	3200.2	3925.1	3119.7	3183.1	3927.1		0.1		0.1		0.0		0.0		0.1	0.0
					URL: http://mc.manuscriptcentral.com/tandf/tmph							
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	Table IX. Mean absolute relative errors (MARE) in dipole				
	moment . Calculations for 32 molecules	Frequency[cm -1 ]				RE[%]
	Basis set/method 1 Basis set /method Basis set/method Basis set/method Basis set/method 2 3 T1/12 T1/13 T1/23 T2/12 T2/13 T2/23 3 T1/13 T1/23 T2/13 T2/23 DBS B3LYP [16] Experiment [16] |(2-1)÷2| |(3-1)÷3| |(3-2)÷3| |(2-T1/12)÷2| |(3-T1/13)÷3| |(3-T1/23)÷3| |(2-T2/12)÷2| |(3-T2/13)÷3| |(3-T2/23)÷3 1 2 3 T1/12 T1/13 T1/23 T2/12 T2/13 T2/23 Absolute relative errors[%] 510.3 H 2 O 2 SCF 822.8 H 2 SCF SCF 1544.9 1882.6 MARE[%] 1113.9 CH 3 OH 470.5 N 2 Dipole moment [D] MP2 762.9 Frequency[cm -1 ] 976.4 CO MP2 NH 2 OH MP2 3141.6 1474.2 1858.3 3081.1 507.7 836.6 1093.0 473.0 763.7 955.1 1475.2 1853.1 3187.6 1383.1 1838.3 3149.4 501.9 828.4 1103.6 464.2 753.3 961.0 1467.9 1835.6 3163.7 1344.6 1815.0 3123.4 506.7 835.5 1090.2 475.5 770.9 952.8 1477.1 1847.9 3176.4 1386.0 1832.2 3145.1 503.3 831.4 1099.4 468.9 762.6 960.7 1470.0 1827.2 3155.7 1358.5 1803.1 3118.8 502.9 829.6 1102.6 463.8 753.1 961.5 1469.7 1836.4 3166.6 1358.5 1811.7 3121.1 506.9 835.5 1090.4 473.9 765.5 959.7 1477.6 1848.4 3176.2 1385.8 1833.5 3142.1 503.6 831.5 1099.8 466.8 757.7 964.5 1470.9 1827.7 3155.5 1354.8 1805.0 3116.4 502.9 829.6 1102.6 463.5 753.7 961.0 1469.8 1836.4 3166.6 1355.1 1813.3 3123.5 SCF MP2 SCF MP2 SCF MP2 4549 4522 2334 2201 2178 2137 4543 4515 2332 2193 2179 2143 4552 4522 2336 2193 2179 2134 4543 4514 2332 2196 2179 2139 4552 4523 2336 2201 2179 2136 4505 2526 2286 4401 2360 2170 MRE MAX MRE MAX 3.5 13.7 6.1 26.3 4.0 11.7 6.2 26.6 0.9 3.5 1.4 2.7 0.4 1.3 0.7 2.8 0.4 1.5 0.7 2.9 0.1 1.5 0.3 1.2 0.4 1.3 0.5 1.7 0.4 1.5 0.6 2.6 0.1 1.2 0.3 3.4 SCF MP2 SCF MP2 SCF MP2 2.43 2.34 2.30 2.15 0.87 0.74 2.07 1.96 1.89 1.73 0.77 0.62 1.85 1.71 1.71 1.56 0.66 0.55 2.07 1.95 1.91 1.73 0.78 0.62 1.87 1.77 1.75 1.61 0.70 0.56 1.89 1.80 1.74 1.61 0.68 0.56 2.07 1.96 1.91 1.74 0.78 0.63 1.87 1.73 1.76 1.60 0.70 0.57 1.89 1.76 1.74 1.60 0.68 0.57 |(2-1)÷2| 14.9 15.9 17.9 19.3 12.2 15.6 |(3-1)÷3| 31.0 36.8 35.0 38.0 31.5 33.9 |(3-2)÷3| 11.5 15.0 10.8 11.4 15.5 13.0 |(2-T1/12)÷2| 0.0 0.6 0.9 0.0 1.5 0.8 |(3-T1/13)÷3| 0.7 3.9 2.7 3.5 4.9 1.2 |(3-T1/23)÷3| 1.9 5.5 2.1 3.6 2.7 1.1 F o r P e e r R e v i e w O n l y Basis set/method SCF 0.5 1.6 1.9 HF HCOCl |(2-1)÷2| 4.7 1.6 1.4 1.7 0.7 0.9 |(3-1)÷3| 5.2 2.6 0.7 1.2 1.0 1.0 |(3-2)÷3| 0.5 1.0 0.8 0.2 0.1 0.3 |(2-T1/12)÷2| 0.1 0.3 0.3 0.3 0.4 0.4 |(3-T1/13)÷3| 0.1 0.5 0.3 0.2 0.1 0.1 |(3-T1/23)÷3| 0.1 0.0 0.1 0.2 0.1 0.2 |(2-T2/12)÷2| 0.2 0.3 0.4 0.3 0.4 0.3 |(3-T2/13)÷3| 0.2 0.4 0.3 0.2 0.1 0.1 |(3-T2/23)÷3| 0.1 0.0 0.1 SCF MP2 SCF 4234 4240 1020 4228 4240 1012 4232 4237 1018 4228 4237 1013 4232 4239 1018 4229 1064 0.5 F 2 6.6 1.4 9.6 1.9 2.9 0.5 0.2 1.0 1.0 0.1 1.0 0.2 0.2 0.6 0.8 0.2 0.8 MP2 1012 1026 1024 1017 1014 4139 891 SCF MP2 2.49 2.03 2.29 1.82 2.14 1.73 2.31 1.77 2.19 1.68 2.16 1.72 2.31 1.84 2.19 1.77 2.17 1.74 8.1 10.4 16.2 17.0 6.8 4.8 0.9 2.3 2.0 2.8 1.0 0.6 |(2-1)÷2| 14.50 17.20 |(3-1)÷3 25.26 28.24 |(3-2)÷3|| 9.68 12.24 | |(2-T1/12)÷2| 0.93 3.97 |(3-T1/13)÷3| 3.05 6.95 |(3-T1/23)÷3| 1.85 4.49 |(2-T2/12)÷2| 0.87 2.23 |(3-T2/13)÷3| 2.93 4.90 |(3-T2/23)÷3| 1.82 2.88 F o r P e e r R e v i e w O n l y	MP2 0.1 1.1 1.3 2.4 1.4 1.3 0.9 0.3 1.2 0.7 0.0 0.2 0.2 0.3 0.6 0.5 0.0 0.1	2.2 2.2 1.6 1.4 0.6 0.8 0.2 0.1 0.0 0.1 0.0 0.1 0.5 0.2 0.4 0.2 0.0 0.0
	|(2-T2/12)÷2|	0.0	0.4	0.9	0.3	1.6	0.6	0.9	1.5
	|(3-T2/13)÷3|	0.9	1.4	2.9	2.5	5.1	4.0	2.1	2.2
	|(3-T2/23)÷3|	1.9	3.1	2.1	2.5	2.7	2.6	1.0	0.6
										29 30
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Table Xa .

 Xa Polarizability tensor [au] of H 2 O 2 . Table Xb. Polarizability tensor [au] of CH 3 OH
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					SCF											MP2
		Basis set/method			Component* SCF								Component* MP2
	Basis set/method	XX		YY Component* ZZ		XY		XX		YY		ZZ Component*	XY
		1	8.083 XX	15.825 YY	5.495	ZZ	2.508	XY	8.365	XX	13.070	YY	5.874	ZZ	2.101	XY
	1	2	8.826 16.487	15.576 15.088	6.755 13.245 2.250	0.892	9.161 16.652 13.226 15.642	7.104 13.615 1.930	0.905
	2	3	11.133 17.142	17.415 16.149	9.666 14.451 2.235	0.941	12.011 17.389 15.808 16.683 10.535 14.750 2.079	1.007
	3		19.419		19.196	17.190	1.385	20.176	20.157	17.965	1.516
		T1/12	8.735	15.405	6.698		2.249		9.059		12.500	7.075	1.843
	T1/13 T1/12	10.544 17.021	16.566 15.949	9.156 14.407 2.138	0.888	10.929 17.14	13.736 16.46	9.629 14.67	1.710	0.92
	T1/23 T1/13	10.685 18.723	16.955 18.164	9.172 16.648 2.180	1.139	11.090 18.94	14.678 18.81	9.628 17.06	1.834	1.17
	T1/23	18.923		18.531	16.673	1.251	19.28		19.22	17.13	1.32
		T2/12	8.731	15.407	6.692		2.250		9.069		12.714	7.056	1.854
	T213 T2/12	10.522 17.018	16.561 15.942	9.123 14.402 2.141	0.889	11.229 17.22	14.252 16.47	9.890 14.70	1.825	0.93
	T2/23 T213	10.682 18.704	16.953 18.131	9.168 16.624 2.180	1.139	11.396 19.26	14.992 18.98	9.913 17.32	1.942	1.20
	Relative errors [%] T2/23	18.920		18.528	16.671	1.251	19.52		19.39	17.36	1.34
	|(2-1)÷2| Relative errors [%]	9.19	1.58	22.93			10.32		9.52		1.20	20.94	8.16
	|(3-1)÷3| |(2-1)÷2|	27.40 3.97	9.13 7.03	43.15	9.11	12.25	5.49	30.36	4.43	17.32 6.66	44.24	8.33	1.06	11.28
	|(3-2)÷3| |(3-1)÷3|	20.72 15.10	10.56 21.40	30.12 22.95	0.67	35.58	23.73 17.47	16.33 22.40	32.57 24.21	7.19	40.32
	|(3-2)÷3|	11.73		15.87	15.93		32.04	13.81		17.23	17.90	33.58
		|(2-T1/12)÷2|	1.03	1.10	0.83				0.03		1.11		5.49	0.41	4.48
	|(3-T1/13)÷3| |(2-T1/12)÷2|	5.29 0.71	4.88 1.24	5.28	0.31		4.33	5.66	9.01	1.42	13.11 1.34	8.60	0.54	17.73	8.25
	|(3-T1/23)÷3| |(3-T1/13)÷3|	4.02 3.59	2.64 5.38	5.10	3.16		2.45	17.78	7.67	6.13	7.15	6.68	8.61	5.03	11.77	23.08
	|(3-T1/23)÷3|	2.56		3.46		3.01			9.67		4.46			4.66	4.65	13.22
		|(2-T2/12)÷2|	1.07	1.08	0.93				0.04		1.01		3.87	0.68	3.92
	|(3-T2/13)÷3| |(2-T2/12)÷2|	5.49 0.72	4.91 1.28	5.61	0.34		4.19	5.55	6.51	0.95	9.84	1.30	6.12	0.35	12.20	7.77
	|(3-T2/23)÷3| |(3-T2/13)÷3|	4.05 3.69	2.65 5.54	5.15	3.29		2.44	17.74	5.12	4.52	5.17	5.84	5.90	3.60	6.60	21.06
	*YZ and XZ components equal zero |(3-T2/23)÷3| 2.57	3.48		3.02			9.69		3.24			3.80	3.39	11.39
	*YZ and XZ components equal zero												
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n l y 32Table Xc .

 Xc Polarizability tensor [au]of NH 2 OH

									Page 32 of 34
			SCF				MP2	
	Basis set/method		Component*			Component*	
		XX	YY	ZZ	XY	XX	YY	ZZ	XY
	1	17.252	9.065	10.011	0.070	16.272	9.329	10.299	0.433
	2	17.476	10.190	11.122	0.054	16.728 10.495	11.397	0.404
	3	20.007	13.200	13.880	-0.075	20.024 14.073	14.735	0.359
	T1/12	17.305	10.043	11.082	0.104	16.237 10.312	11.334	0.505
	T1/13	19.002	12.343	13.346	0.039	18.030 12.748	13.697	0.421
	T1/23	19.380	12.593	13.373	-0.070	18.749 13.043	13.757	0.261
	T2/12	17.305	10.036	11.078	0.103	16.359 10.334	11.347	0.481
	T2/13	18.986	12.313	13.324	0.038	18.485 13.025	14.019	0.476
	T2/23	19.377	12.589	13.370	-0.071	19.091 13.301	14.062	0.340
	Relative errors [%]								
	|(2-1)÷2|	1.30	12.41	11.09	22.41	2.80	12.50	10.66	6.70
	|(3-1)÷3|	13.77	31.32	27.87	192.99	18.74	33.71	30.10	20.64
	|(3-2)÷3|	12.65	22.80	19.87	172.15	16.46	25.43	22.65	12.55
	|(2-T1/12)÷2|	0.98	1.45	0.36	91.81	2.93	1.74	0.55	24.95
	|(3-T1/13)÷3|	5.02	6.49	3.85	152.31	9.96	9.42	7.05	17.30
	|(3-T1/23)÷3|	3.13	4.60	3.65	6.30	6.37	7.32	6.64	27.20
	|(2-T2/12)÷2|	0.98	1.51	0.40	90.82	2.20	1.54	0.44	19.10
	|(3-T2/13)÷3|	5.10	6.71	4.00	150.00	7.69	7.45	4.85	32.56
	|(3-T2/23)÷3|	3.15	4.63	3.68	5.85	4.66	5.49	4.57	5.19
	* YZ and XZ components equal zero							
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n l y 33Table Xd .

 Xd Polarizability tensor [au] of HCOCl
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			SCF				MP2	
	Basis set/method		Component*			Component*	
		XX	YY	ZZ	XY	XX	YY	ZZ	XY
	1	24.686	26.335	8.198	-8.878	27.312	27.159	8.614	-10.312
	2	25.888	26.930	11.316	-7.847	28.057	28.032	11.489	-9.042
	3	30.958	31.972	20.271	-6.068	33.271	33.396	20.676	-7.210
	T1/12	25.963	27.076	11.477	-7.729	28.272	27.773	11.875	-9.024
	T1/13	30.180	31.468	19.910	-5.732	32.658	32.375	20.566	-7.067
	T1/23	30.040	31.135	19.015	-6.230	32.414	32.456	19.448	-7.496
	T2/12	25.957	27.074	11.460	-7.735	28.086	27.720	11.715	-8.914
	T213	30.119	31.429	19.813	-5.750	32.473	32.329	20.345	-6.926
	T2/23	30.031	31.129	19.004	-6.231	32.431	32.451	19.394	-7.474
	Relative errors [%]								
	|(2-1)÷2|	4.87	2.26	38.04	11.61	2.73	3.21	33.38	12.32
	|(3-1)÷3|	20.26	17.63	59.56	46.31	17.91	18.68	58.34	43.03
	|(3-2)÷3|	16.38	15.77	44.17	29.33	15.67	16.06	44.43	25.41
	|(2-T1/12)÷2|	0.29	0.54	1.42	1.51	0.77	0.92	3.36	0.20
	|(3-T1/13)÷3|	2.52	1.58	1.78	5.53	1.84	3.06	0.53	1.98
	|(3-T1/23)÷3|	2.97	2.62	6.19	2.66	2.58	2.82	5.94	3.97
	|(2-T2/12)÷2|	0.26	0.53	1.27	1.43	0.10	1.11	1.96	1.41
	|(3-T2/13)÷3|	2.71	1.70	2.26	5.24	2.40	3.20	1.60	3.93
	|(3-T2/23)÷3|	2.99	2.64	6.25	2.69	2.53	2.83	6.20	3.66
	* YZ and XZ components equal zero							
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n l y 34Table XI .
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	Basis set/method	SCF	MP2
	|(2-1)÷2|	7.44	7.53
	|(3-1)÷3|	26.16	27.80
	|(3-2)÷3|	20.62	22.41
	|(2-T1/12)÷2|	0.60	1.44
	|(3-T1/13)÷3|	4.02	5.76
	|(3-T1/23)÷3|	3.92	5.25
	|(2-T2/12)÷2|	0.62	1.11
	|(3-T2/13)÷3|	4.35	5.17
	|(3-T2/23)÷3|	3.94	4.48
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