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Ab initio potential energy curve for the helium atom pair and thermophysical properties of the dilute helium gas. II. Thermophysical standard values for low-density helium

Introduction

Hurly and Moldover [1] as well as Hurly and Mehl [2] stated that standard values of the thermophysical properties of helium at low densities which can be used for different applications in metrology and for the calibration of measuring instruments are derived best from the helium-helium interatomic potential energy curve.

For that purpose the interatomic potential has to be determined from quantummechanical ab initio calculations and should be described by a suitable analytical representation. Then the thermophysical properties at low density should follow from calculations using the kinetic theory of gases together with standard formulae from quantum-statistical mechanics. Furthermore, Hurly, Moldover, and Mehl Eckard Bich, Robert Hellmann, and Eckhard Vogel established that the uncertainties of the calculated thermophysical property values, such as second pressure and dielectric virial coefficients, viscosity and thermal conductivity coefficients, speed of sound, and further properties, are smaller than the corresponding uncertainties of the experimental data, even for temperatures at which high-precision measurements can comparably easily be performed.

In our paper I [3] a new helium-helium interatomic potential energy curve was determined for a comparably large number of interatomic separations from quantummechanical ab initio calculations using very large atom-centred basis sets, including a newly developed d-aug-cc-pV8Z basis set supplemented with bond functions, and ab initio methods up to Full CI. The diagonal Born-Oppenheimer corrections as well as corrections for relativistc effects were also enclosed. An improved analytical representation of the interatomic potential energy was fitted to the new ab initio calculated values and to some from the literature. Hurly and Mehl constructed their potential from literature values only. Some of these values are nearly as accurate as the new values from paper I, but they are only available for very few interatomic separations. Hence Hurly and Mehl had to use significantly less accurate values for most of the helium-helium distances. It should also be stressed that their analytical representation of the potential function is less flexible than the one used in our paper I. As a result the analytical potential of Hurly and Mehl is characterized by comparably large fitting errors in the regions of the potential to which the thermophysical properties are most sensitive. For the potential of paper I the fitting errors are nearly negligible in these regions (see table 5 

of paper I).

In this contribution the new helium-helium interatomic potential model has been used in the framework of the quantum-statistical mechanics and of the corresponding kinetic theory to calculate the most important thermophysical properties of helium governed by two-body and three-body interactions. In a second series of papers the investigation shall be extended to neon in order to generate standard values of the thermophysical properties for a second substance to be used for the calibration of measuring instruments.

2 Analytical helium-helium potential function

The ab initio calculated interatomic potential energy values V (R) including some relativistic corrections and the diagonal Born-Oppenheimer corrections, but without retardation, which were chosen for the fit of the analytical potential function, and the fitted unretarded potential values have been listed in Table 5 of paper I [3].

A modification of the potential function given by Tang and Toennies [4] was used as potential model:

V (R) = A exp(a 1 R + a 2 R 2 + a -1 R -1 + a -2 R -2 + d 1 sin(d 2 R + d 3 )) - 8 n=3 f 2n (R) C 2n R 2n 1 -exp(-bR) 2n k=0 (bR) k k! . ( 1 
)
Whereas the details of the fit (with f 2n (R) = 1 for all n) were communicated in paper I, the potential parameters are repeatedly given for convenience in Table 1.

The retardation effects, which change for asymptotic separations the C 6 /R 6 behaviour of the potential into C 7 /R 7 as demonstrated by Casimir and Polder [5] and which are also of importance for the only vibrational state of 4 He [6][7][8], have to be included into the representation of the helium-helium interaction potential used for the calculation of the thermophysical properties under discussion. The functions f 2n (R) take into consideration for all separations the relativistic retardation of the dipole-dipole term as well as of the next higher dispersion terms with n = 3 -5 [9][10][11]. The approximation f 2n (R) = 1 was used for the further n > 5.

The f 2n (R) values given in [11] were interpolated using Lagrange's polynomial for 5 points and implemented for the potential after the fit. The retardation correction (i.e. the difference between the retarded and the unretarded potentials) is also listed in Table 5 of paper I. The potential parameters ε/k B , R ε , and σ for the retarded potential are given in Table 1, too.

3 Quantum-mechanical calculation of thermophysical properties

Very accurate values for the thermophysical properties of helium can only be gained by a fully quantum-mechanical treatment of the elastic scattering considering the interatomic potential V (R). The eigenfunction of a particle with the reduced mass µ = (m 1 m 2 )/(m 1 + m 2 ) related to the centre of mass can be expressed as the infinite sum over partial waves, each of them corresponds to a particular state of the angular momentum of the system. The Schrödinger equation for the radial factor ψ l (R) of the lth partial wave with the angular momentum quantum number l and the wave number k = (2µE) 1/2 / is given as

d 2 dR 2 + k 2 - 2µ 2 V (R) - l(l + 1) R 2 ψ l (R) = 0 . ( 2 
)
Here E is the energy of the incoming wave, is Planck's constant h divided by 2π.

It is to be stressed that the reduced mass results from the atomic masses in the framework of the Born-Oppenheimer approximation following the discussion by Handy and Lee [12] as well as Kutzelnigg [13]. 

F

Evaluation of the phase shifts

To calculate the thermophysical properties of helium the relative phase shifts δ l are needed. They correspond to the difference in the relative phase of the radial part of the outgoing wave functions ψ l (R) and ψ (0) l (R). Here ψ l (R) is perturbed by the influence of the interatomic potential V (R), whereas ψ (0) l (R) is unperturbed, i.e. V (R) = 0. The phase shifts δ l have to be evaluated as asymptotic limiting values of the relative phases of the perturbed and unperturbed waves. For that purpose nodes of the outgoing waves located at R n of the nth zero far from the scattering centre have to be used. McConville and Hurly [14] discussed problems in the evaluation of the phase shifts in connection with two codes available in the literature [START_REF] Leroy | Computer Program for Calculating Phase Shifts and Time Delays for Scattering on a Spherical Potential[END_REF][START_REF] Hurly | Algorithms and Fortran Programs to Calculate Quantum Collision Integrals for Realistic Intermolecular Potentials[END_REF] and recommended to determine the phase shifts using the relation

δ l (k, n) = arctan j l (k, R n ) n l (k, R n ) . ( 3 
)
Here j l (k, R n ) and n l (k, R n ) are Bessel and Neumann functions for the angular momentum quantum number l and the wave number k. In the asymptotic limit the phase shift becomes independent of the node number. The numerical integration was performed from node to node and was stopped when the change of the phase shifts |∆δ l (k, n)| between two successive nodes became smaller than 10 -9 . Because of the restricted range of the arctan function the phase shifts δ l (k) resulting from Eq. ( 3) have to be corrected by an integer multiple of π in order to get the true values:

δ l (k) = δ l (k, n) + n π π . ( 4 
)
The value n π follows from

n π = n - θ l + δ l π + 0.5 (5) 
with

θ l ≈ x - 1 2 l + 1 4 π + λ -1 2(4x) + (λ -1)(λ -25) 6(4x) 3 + (λ -1)(λ 2 -114λ + 1073) 5(4x) 5 + (λ -1)(5λ 3 -1535λ 2 + 54703λ -375733) 14(4x) 7 + • • • (6)
and

λ = 4l 2 x = kR n .
θ l represents the phase of the partial wave ψ (0) l (R) in the asymptotic limit (Eq. 9.2.29 in [START_REF] Abramowitz | Handbook of Mathematical Functions[END_REF]) of the ideal system. The fully quantum-mechanical calculation of the phase shifts at a multiplicity of wave numbers k for a large number of l values is very expensive with respect to the computing time. Hence it is reasonable to minimize this time by using suitable approximations, such as the JWKB method. In this semi-classical approximation the phase shifts result from

δ l (k) = (2µ) 1 2 R2 R1 2 k 2 2µ - l(l + 1) 2 2µR 2 -V (R) 1 2 dR + ∞ R 3 2 k 2 2µ - l(l + 1) 2 2µR 2 -V (R) 1 2 dR - ∞ R0 2 k 2 2µ - l(l + 1) 2 2µR 2 1 2 dR . ( 7 
)
Here R 1 , R 2 , and R 3 correspond to the three roots of the separation after equating the energy with the effective potential characterized by a centrifugal barrier at small and medium l values. In the case that the centrifugal barrier disappears at high l values as well as in the case that the energy is higher than the centrifugal barrier, only one root occurs and the first integral in Eq. ( 7) can be neglected. This corresponds to the usual procedure in the classical treatment of the scattering to use only the outer root. R 0 is the smallest separation in the case that there is no influence of the interatomic potential V (R).

The calculation of the phase shifts δ l (k) was performed for 585 values of the energy E in the range from zero to 250,000 K and for a number of l values increasing with rising energy. The phase shifts were determined fully quantum-mechanically using Eqs. (3) to (6) as long as their values did not become too small. Parallel to it phase shifts according to the JWKB approximation using Eq. ( 7) were calculated, and their results were compared with those of the fully quantum-mechanical evaluation. In the case that the values of both procedures came into close agreement for certain values of the angular momentum quantum number l, the fully quantummechanical evaluation (QM) was replaced by the semi-classical JWKB procedure at the higher l values. The number of phase shifts which were evaluated according to both procedures and used in the further calculations are listed for some reduced energies E * = E/ε in Table 2. The large number of phase shifts has been chosen to avoid uncertainties in the results of the calculated thermophysical properties. This applies particularly to the second virial coefficient discussed next.

Calculation of the second pressure virial coefficient

The second virial coefficient is given following Boyd et al. [START_REF] Boyd | [END_REF] 

B direct = B even + B odd , ( 8 
)
B exch = 1 2s + 1 B even -B odd - N A Λ 3 16 (9)
following from the relationship:

B l (T ) = - N A Λ 3 2   nmax n=0 l max (n) l (2l + 1) e -βE - nl -1 + ∞ 0 ∞ l (2l + 1) δ l (E) π e -βE d(βE) . ( 10 
)
Here Λ is the thermal wave length:

Λ = h 2 β 2πµ 1 2 , β = 1 k B T .
The spin quantum number is s = 1/2 for 3 He and s = 0 for 4 He, hence 3 He is a Fermion and 4 He is a Boson. The third term in Eq. ( 9) represents the ideal-gas term which is only important at low temperatures. B exch , considering spin and quantum statistics, goes rapidly to zero with increasing temperature. The first term of Eq. ( 10) corresponds to the contribution of the bound states, where E - nl is the negative eigenvalue of the nth state with the angular-momentum quantum number l which is obtained from the solution of the Schrödinger equation for the radial factor of a partial wave. It is to note that there exists no bound state for the 3 He-3 He pair, whereas only one bound state occurs for 4 He- 4 He about 1 mK below the dissociation limit [6][7][8]. The bound state contribution is only of importance at very low temperatures in the case of 4 He. The second term of Eq. ( 10) is the most important contribution at medium and higher temperatures and is related to the scattering resulting from binary collisions and to the phase shifts δ l .

The term B direct which corresponds to the complete summation over all l values in Eq. ( 10) corresponds to the Boltzmann statistics:

B B = B direct , ( 11 
)
whereas for particles with spin s according to the Bose-Einstein (BE) or to the Fermi-Dirac (FD) statistics holds: The sum over l and the integral in Eq. ( 10) have limits from 0 to ∞ and could lead to serious errors in the computation when truncated inadequately. Hence it was tested that the energies for which the calculations were performed and particularly the number of the phase shifts were chosen largely enough (see Table 2).

B BE = B direct + B exch , ( 12 
)
B FD = B direct -B exch . ( 13 

Calculation of the third pressure virial coefficient

To obtain the third virial coefficient the three-body interatomic interaction potential V 3 (R 12 , R 13 , R 23 ) is needed. If it is assumed that apart from the pairwise additivity of the two-body interatomic potentials an extra genuine term C non-add for the non-additivity ∆V 3 (R 12 , R 13 , R 23 ) occurs and quantum effects as a first-order correction C qm,1 are taken into account, the third virial coefficient is calculated as a sum of three contributions [19,[START_REF] Lucas | Angewandte Statistische Thermodynamik[END_REF]:

C add = -6b 2 0 ∞ 0 (e -βV (R12) -1)R 2 12 ∞ 0 (e -βV (R13) -1)R 2 13 1 -1 (e -βV (R23) -1)dXdR 13 dR 12 , (14) 
C non-add = -6b 2 0 ∞ 0 e -βV (R 12 ) R 2 12 ∞ 0 e -βV (R 13 ) R 2 13 1 -1
e -βV (R23) (e -β∆V3(R12,R23,R13) -1)dXdR 13 dR 12 , (15)

C qm,1 = 18b 2 0 2 β 12mR 2 ε ∞ 0 e -βV (R 12 ) d 2 βV (R 12 ) dR 2 12 + 2 R 12 dβV (R 12 ) dR 12 R 2 12 ∞ 0 (e -βV (R13) -1)R 2 13 1 -1 (e -βV (R23) -1)dXdR 13 dR 12 (16) 
with

b 0 = 2 3 πN A R 3 ε , R 23 = R 2 12 + R 2 13 -2R 12 R 13 X , X = cos θ 1 . ( 17 
)
Here the integration has to be performed for reduced distances.

The genuine three-body potential for the interaction between three atoms 1, 2 and 3 with the angles θ 1 , θ 2 and θ 3 between the distance vectors R Axilrod and Teller [START_REF] Axilrod | [END_REF]22]:

∆V AT 3 (R 1 , R 2 , R 3 ) = C 9 R 3 12 R 3 23 R 3 31 (1 + 3 cos θ 1 cos θ 2 cos θ 3 ) = C 9 R 3 12 R 3 23 R 3 31 1 + 3 8 (R 2 12 + R 2 31 -R 2 23 )(R 2 31 + R 2 23 -R 2 12 )(R 2 23 + R 2 12 -R 2 31 ) R 2 12 R 2 23 R 2 31 = C 9 R 3 12 R 3 23 R 3 31 1 -3 (R 12 • R 23 )(R 12 • R 31 )(R 23 • R 31 ) R 2 12 R 2 23 R 2 31 . ( 18 
)
The non-additivity coefficient of the triple-dipole term was calculated for helium by Kumar and Meath [23] to be C 9 = 1.472 hartree a 9 0 (1 hartree = 3.1577465 • 10 5 K).

Calculation of the transport properties

The transport properties of dilute gases are formulated in different approximations of increasing order in dependence of quantum cross sections Q (m) (E) and quantum collision integrals Ω (m,s) (T ). The numbers m and s are connected with certain approximations of the solution of the Boltzmann equation. The quantum cross sections are given by Meeks et al. [24] in analogy to the second virial coefficient for particles with spin s according to the Bose-Einstein (BE) or to the Fermi-Dirac (FD) statistics as:

Q (m) BE = s + 1 2s + 1 Q (m) even + s 2s + 1 Q (m) odd (19) 
Q (m) FD = s + 1 2s + 1 Q (m) odd + s 2s + 1 Q (m) even . ( 20 
)
Q (m) odd and Q (m)
even are again given in the following relationships as sums over the phase shifts δ l , either over only the odd l values or over only the even l values:

Q (0) = Q (1) = Q (3) = • • • = l (2l + 1) sin 2 δ l , ( 21 
)
Q (2) = l (l + 1)(l + 2) (2l + 3) sin 2 (δ l -δ l+2 ), (22) 
Q (4) = l 2(l + 1)(l + 2)(2l 2 + 6l -3) (2l -1)(2l + 3)(2l + 7) sin 2 (δ l -δ l+2 ) + (l + 1)(l + 2)(l + 3)(l + 4) (2l + 3)(2l + 5)(2l + 7) sin 2 (δ l -δ l+4 ) . ( 23 
)
It is to point out that Eqs. ( 22) and ( 23) for even m values can be applied for the Bose-Einstein and Fermi-Dirac statistics as well as for the Boltzmann statistics, whereas for the latter one the complete sums have to be used. But the simple Eq. ( 21) for odd m values is valid only for the Bose-Einstein and Fermi-Dirac statistics, if the summation is to be performed either over the odd or over the even l values. In the case of the Boltzmann (B) statistics more complicated relations are to be applied for the different odd m values:

Q (1) B = l (l + 1) sin 2 (δ l -δ l+1 ), (24) 
Q (3) B = l 3(l + 1)(l 2 + 2l -1) (2l -1)(2l + 5) sin 2 (δ l -δ l+1 ) + (l + 1)(l + 2)(l + 3) (2l + 3)(2l + 5) sin 2 (δ l -δ l+3 ) . ( 25 
)
Analogous relationships for m = 5 and m = 6 were given by Meeks et al. [24]. A factor 4π/k 2 , where k is again the wave number, has been dropped in this paper in all expressions for the quantum cross sections Q (m) compared with the relationships of Meeks et al. This factor is taken into account in the quantum collision integrals Ω (m,s) defined as

Ω (m,s) (T ) = 4π 2 2µk B T (s + 1) ∞ 0 Q (m) (E), e -βE (βE) s d(βE).
The viscosity and the thermal conductivity coefficients of a monatomic gas in the limit of zero density can be expressed in the nth-order approximation as

[η] n = 5 16 (2πµk B T ) 1 2 Ω (2,2) (T ) f (n) η , (26) 
[λ] n = 75 64

(2πµk 3 B T ) 1 2 2µ Ω (2,2) (T ) f (n) λ . ( 27 
)
The Ω (2,2) collision integral is related to the first-order approximations for the viscosity and thermal conductivity, whereas f

(n) η and f (n)
λ represent the correction factors needed in nth-order approximations of the kinetic theory. Explicit expressions up to the fifth order approximations including computer programs were prepared by Viehland et al. [25] and used for the calculations in this paper.

It is to point out that according to our calculations the effect of the fifth-order corrections to the viscosity and to the thermal conductivity compared with the fourth-order corrections is below ±0.01%. In this connection we refer to Figure 2 of the paper by Hurly and Moldover [1] who obtained the same results for their potential in the temperature range 10-10,000 K. [START_REF] Berry | [END_REF] resulting from constant-volume gas thermometry, but also for the dielectric constant isotherms by Gugan and Michel [28]. The B values by Kemp et al. [30] obtained also by constant-volume gas thermometry between 27 K and room temperature fall into line at low temperatures with the mentioned data by Berry as well as Gugan and Michel. Figure 1 also reveals a very close agreement between the B values calculated with the potential model by Hurly and Mehl [2] and those obtained from the new interatomic potential of the present paper. There exists only a very small difference at the lowest temperatures.

In figure 2 and Lösch-Will, but also of the potential and of the statistical-mechanical calculation of the second virial coefficients. It is further illustrated that the data of Kemp et al. [30] agree at the higher temperatures with the second virial coefficients determined by Blancett et al. [33] and by Holste et al. [37]. Above room temperature the data by Schneider et al. [31,32], Waxman [34], and Kell et al. [36] are in close agreement up to about 500 K.

Even at high temperatures above 1000 K the differences between the experimental data by Schneider et al. [31,32] and the calculated values are not large. It is to be stressed that the calculated values are more reliable at such high temperatures.

The comparison in the case of 3 He is shown in Figure 3. It becomes evident that the results of four measurement series of the constant-volume gas thermometry between 1.5 K and 20.3 K performed by Matacotta et al. [40] are in close agreement with the calculated values for the interatomic helium potential. Surprisingly, the older data by Keller [39] are also reasonably consistent with the calculated values. al. [41], Hoover et al. [42], Blancett et al. [33] as well as Vogl and Hall [44]. This makes evident that the calculation procedure for the third pressure virial coefficient predicts excellent values.

Viscosity

In principle, the initial density dependence of the experimental data for the transport properties should be considered in the discussion, since many measurements were performed at atmospheric pressure, whereas the theoretical results correspond to the limit of zero density. But this effect is comparably small (< 0.1%) for most temperatures, apart from the very low temperatures near to the normal boiling point of helium. On the other hand, the experimental uncertainty is rather high at these low temperatures so that the initial density dependence was taken into account only in one case for the thermal conductivity.

For the viscosity the situation is complicated by the fact that it is difficult to perform genuine absolute measurements of the gas viscosity with an uncertainty < ±0.1%, even at ambient temperature. This is demonstrated in Figure 5 for 4 He.

The measurements by Kestin and Leidenfrost [45], approved as one of the most accurate and additionally one of the few absolute measurements on gases, can only partly be considered as absolute ones. Kestin and Leidenfrost applied the theory by Newell [54], developed for absolute measurements with an oscillating-disk viscometer, and calculated first the so-called Newell's constant from the geometric dimensions of the viscometer. Then the value of Newell's constant was changed by 0.16% in order to take into account a paddle effect of the mirror used in the measurements.

But for that purpose Kestin and Leidenfrost utilized a value for the viscosity of air at 20 • C and at atmospheric pressure determined by Bearden [55] in an absolute measurement with a rotating-cylinder viscometer. Hence the genuine absolute measurement is that of Bearden. The measurements by Kestin and Nagashima [46] were analogously evaluated, but the change in Newell's constant was 0.5%. In 1972 The situation changes further to the disadvantage of the experiment, if the measurements are carried out away from ambient temperature. In Figure 6 experimental data at low temperatures down to 1.3 K and at medium temperatures up to 374 K are compared with the values calculated for the new potential energy curve. A close agreement within ±0.5% is only found for the absolute capillary measurements of Flynn et al. [48], Gracki et al. [49] and Kao and Kobayashi [60] as well as for the absolute measurements by Evers et al. [51] with their rotatingcylinder viscometer. All other measurements are relative measurements in which the value used for the calibration plays the decisive role. Johnston and Grilly [56] (oscillating-disk viscometer) as well as Clarke and Smith [61] and Gough et al. [62] (capillary viscometers) based their measurements on reasonable values for air and nitrogen at ambient temperature resulting in deviations within ±2%. On the contrary, Becker et al. [57] and Becker and Misenta [58] used an old value for 4 He at 77.3 K from Keesom [START_REF] Keesom | Helium[END_REF] for calibration in their measurements with an oscillatingcylinder viscometer so that the differences amount to about +5%. Similarly, the measurements with an oscillating-disk viscometer by Coremans et al. [59] based on an even older value for 4 He at 20 K from Kamerlingh Onnes and Weber [START_REF] Onnes | [END_REF] show positive deviations up to 5%. All these results could be much better, if they would have been based on more reliable values for calibration. It is to be mentioned that in the case of measurements at atmospheric pressure a consideration of the initial density dependence of the viscosity would increase the values in the limit of zero density which means the differences would become somewhat larger. In addition, figure 6 shows only at the lowest temperatures small differences to the calculated values by Hurly and Mehl [2]. Although the values of the best estimate by Kestin et al. [47] and the experimental data of a further paper by Kestin et al. [65] were not recalibrated, Figure 7 reveals a systematic trend in the data by Kestin et al. to higher values with increasing temperature. But this tendency is well-known for all the measurements by Kestin and his co-workers with the oscillating-disk viscometer developed by Di Pippo et al. [68]. These systematic deviations are a consequence of a temperature measurement error with thermocouples extensively discussed by Vogel et al. [69] and are still relatively small for helium due to the large thermal conductivity coefficient compared with those of other common gases. The relative measurements of Guevara et al. [66] and of Dawe and Smith [67] with capillary viscometers based on a reasonable calibration at room temperature make obvious that they are influenced by systematic errors and that the theoretical calculation is distinctly superior to the experiment at these high temperatures.

Figure 8 displays the deviations of the experimental viscosity data by Becker et al. [57] and Becker and Misenta [58] from the theoretically calculated values for 3 He. These differences are not too large with respect to the uncertainty of ±5% estimated by those authors. quantum-mechanical effects. The experimental data by Kestin et al. [71] and Assael et al. [72] as well as by Johns et al. [74] differ from the calculated values by < ±0.1% and < ±0.2%, less than the uncertainties estimated by those authors themselves (±0.3%). The deviation of the first experiment with this method by

Haarman [70] is only somewhat larger, whereas that of Mustafa et al. [73] is distinctly increased.

It is to note that the differences between the calculated values by Hurly and

Mehl [2] and those of the present paper are too small to become obvious in figures 9 -11.

The experimental thermal conductivity data for 4 He below ambient temperature are compared in Figure 10 with the calculated values. It becomes evident that there exists an excellent agreement for the experimental data of Acton and Kellner [81] obtained between 3.3 K and 20 K with a parallel-plate apparatus. It is to be stressed that we extrapolated the experimental density series of Acton and Kellner to the limit of zero density for this comparison. But the experimental data between 2.08 K and 3.95 K by Kerrisk and Keller [77] resulting also from parallel-plate measurements show large positive differences. These values were not corrected, since the measurements were carried out only at one pressure of about 10 Torr. The effect of the density dependence is distinctly smaller than the deviations. The experimental data between 7.7 K and 273 K by Popov and Zarev [82] using the concentric-cylinder method show similar positive differences to the theoretically calculated values with decreasing temperature. These data could also not be corrected with respect to the initial density dependence, since details about the pressure or density of the measurements are missing. The experimental data by Zarev et al. [83] (concentric-cylinder method) and by Roder [START_REF] Roder | Thermodynamiksymposium[END_REF][START_REF] Roder | [END_REF] (parallel-plate technique) are characterized by comparably small deviations from the calculated values. Figure 12 shows for 3 He the deviations of the experimental thermal conductivity data by Kerrisk and Keller [77] between 1.5 K and 3.95 K and by Zarev et al. [83] between 79 K and 276 K from the theoretical values. approximately to those for 4 He.

Conclusion

A new potential function for helium [3] was used for the quantum-mechanical calculation of the second and third pressure virial, of the viscosity and of the thermal conductivity coefficients for 4 He and 3 He in the range from 1 K to 10,000 K. The and Lösch-Will [38]. For both viscosity and thermal conductivity the relative differences between the results obtained from the two potentials do not exceed ±0.01%

for temperatures above 15 K and increase to ±0.13% at 1 K. This shows that the transport properties are practically insensitive to small changes in the potential function. To get reliable error bars we stress that contributions from the kinetic theory beyond the fifth-order approximation are distinctly smaller than ±0.01%

(see Figure 2 of Reference [1]). In addition, all digits of the calculated values given by Hurly and Mehl for viscosity and thermal conductivity could be reproduced when applying their potential function and using our computer code. Hence the uncertainties in viscosity and thermal conductivity should be primarily due to the errors in the potential. Since our potential is more accurate than the one of Hurly and Mehl, we would suggest ±0.02% as a conservative estimate of the relative uncertainties for both properties down to 15 K. At temperatures lower than 15 K the uncertainty increases to ±0.2% at 1 K, but is still far below any experimental uncertainty. The theoretical values for all calculated thermophysical properties can safely be recommended as standard values for 3 He and 4 He in the temperature range from 1 K to 10,000 K apart from the third pressure virial coefficient, for which the quantum correction is certainly not applicable at temperatures below and Michel [28], smoothed data from Aziz [29]; Kemp et al. [30].

A (K) 0.307092338615E + 07 a 1 (a -1 0 ) -0.201651289932E + 01 a -1 (a 0 ) -0.431646276045E + 00 a 2 (a -2 0 ) -0.459521265125E -01 a -2 (a 2 0 ) 0.138539045980E + 00 d 1 0.167127323768E -02 d 2 (a -1 0 ) 0.178284243205E + 01 d 3 0.176635702255E + 01 b (a -1 0 ) 0.203625105759E + 01 C 6 (K a 6 0 ) 0.4616213781E + 06 C 8 (K a 8 0 ) 0.4460565781E + 07 C 10 (K a 10 0 ) 0.5803352873E + 08 C 12 (K a 12 0 ) 0.1031677697E + 10 C 14 (K a 14 0 ) 0.2415716766E + 11 C 16 (K a 16 0 ) 0.7191492488E + 12 ε/k B (K) 10.997898 R ε (a 0 ) 5.
Calculated values: ---Hurly and Mehl [2].

Fig. 2 Deviations of experimental and calculated second pressure virial coefficients from values calculated with the new interatomic potential for 4 He at medium and higher temperatures. Experimental data:

Kemp et al. [30]; Schneider and Duffie [31] as well as Yntema and Schneider [32]; • Blancett et al. [33]; Waxman [34]; Waxman and Davis [35]; Kell et al. [36]; Holste et al. [37]; • McLinden and Lösch-Will [38]. Calculated values: ---Hurly and Mehl [2]. Gracki et al. [49]; Vogel [50], 1st series of measurements; Vogel [50], 2nd series of measurements; Evers et al. [51]; Berg [52,53].

Calculated values: ---Hurly and Mehl [2]. de Haas [75]; Golubev and Shpagina [76]; • Kerrisk and Keller [77];

Roder [START_REF] Roder | Thermodynamiksymposium[END_REF][START_REF] Roder | [END_REF]; Shashkov et al. [START_REF] Shashkov | [END_REF]; Acton and Kellner [81];

Popov and Zarev [82]; Zarev et al. [83]. Calculated values: ---Hurly and Mehl [2]. 
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  absolute deviations B exp -B cal are presented for temperatures T > 50 K. The figure shows an excellent agreement between the very new data by McLinden and Lösch-Will [38], measured with a high-precision two-sinker densimeter between 220 K and 320 K, and the values calculated for the interatomic potential of this paper. This demonstrates the high quality of the experiments by McLinden

4. 2

 2 Third pressure virial coefficientIt is to point out that experimental data for the third pressure virial coefficient are not independent of the values for the second pressure virial coefficient derived from the same experiments. Hence only third pressure virial coefficients combined with second ones, which are in reasonably close agreement with the best experimental data and with the calculated values of the present paper, are included in the comparison. Thus the experimental data determined by McLinden and Lösch-Will[38] represent a strong criterion due to their very close agreement with regard to the second pressure virial coefficient. Figure4shows a comparison between experimental data and the values calculated for the new interatomic potential. This figure elucidates that an excellent agreement of the experimental data of McLinden and Lösch-Will with the calculated values is only achieved, if the third virial coefficient corresponds to the complete sum of the contributions for the pairwise additivity C add , for the non-additivity of the three-body interatomic interactions according to Axilrod and Teller C non-add , and for the first-order quantum-mechanical correction C qm,1 . Good agreement is also found for the experimental data byPfefferle et 

Figure 7

 7 Figure7illustrates the comparison between the best experimental viscosity data and the calculated values at higher temperatures. For that purpose the data of the two measurement series of Vogel[50] were recalibrated at room temperature with the theoretically calculated values of4 He of this report. The temperature dependence of the experimental data agrees in an excellent manner with the calculated values at all other temperatures up to 650 K. The measurements by Vogel with his all-quartz oscillating-disk viscometer represent the best experiments in this temperature range.

Figure 11

 11 Figure 11 illustrates the comparison above ambient temperature. The measurement of Johns et al.[74] at 378 K agrees again within ±0.1% with the calculated value. Furthermore, the results of the measurements ofHaarman [70] between 328 K and 468 K deviate in average by -0.4%, but show nearly the same temperature dependence as the calculated values. The differences of the measurements by Mustafa et al.[73] cannot be explained with respect to the much valued transient hot-wire technique. The experimental data by Vargaftik and Zhimina[84] (common hot-wire technique) and by Le Neindre et al.[START_REF] Leneindre | Proc. 8th Conf. Thermal Cond[END_REF] (concentric-cylinder method) are characterized by not too large deviations from the calculated values, but do not allow any test of the potential and of the kinetic theory.

  extensive comparison with experimental data as well as with recent calculations by Hurly and Mehl[2] using a potential function obtained from a fit to various ab initio calculations from the literature makes evident that the theoretically calculated values of the thermophysical properties are characterized by uncertainties superior to any experiment. In the case of the second pressure virial coefficient the differences between the results obtained by our potential and the potential of Hurly and Mehl give an estimate of the uncertainties of this property. Values of the third pressure virial coefficient calculated classically including a non-additive contribution according to the Axilrod-Teller potential model and a quantum-mechanical correction are in excellent agreement with very recent experimental data by McLinden
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 1 Fig. 1 Deviations of experimental and calculated second pressure virial coefficients from values calculated with the new interatomic potential for 4 He at low temperatures. Experimental data: • Berry [27]; Gugan

Fig. 3

 3 Fig. 3 Deviations of experimental and calculated second pressure virial coefficients from values calculated with the new interatomic potential for 3 He. Experimental data: • Keller [39]; , , , , run 1 to 4, Matacotta et al. [40]. Calculated values: ---Hurly and Mehl [2].
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 45 Fig. 4 Comparison of experimental data and and of values for the third pressure virial coefficient derived from the new interatomic potential for 4 He. Experimental data: Pfefferle et al. [41]; Hoover et al. [42]; • Blancett et al. [33]; Provine and Canfield [43]; Vogl and Hall [44]; Kell et al. [36]; • McLinden and Lösch-Will [38]. Calculated values: ---classical contribution C add , -• -• -• classical and nonadditivity contributions C add + C non-add , ---sum of classical and non-additivity contributions and of the first-order quantum correction C add + C non-add + C qm,1 .Fig. 5 Deviations of experimental and calculated viscosity coefficients from values calculated with the new interatomic potential for 4 He at room temperature. Experimental data: • Kestin and Leidenfrost [45]; • Kestin and Nagashima [46]; Kestin et al. [47]; Flynn et al. [48];

Fig. 6

 6 Fig. 6 Deviations of experimental and calculated viscosity coeefficients from values calculated with the new interatomic potential for 4 He at low and medium temperatures. Experimental data: Johnston and Grilly [56];

Fig. 8

 8 Fig. 8 Deviations of experimental and calculated viscosity coefficients from values calculated with the new interatomic potential for 3 He. Experimental data: • Becker et al. [57]; • Becker and Misenta [58]. Calculated values: ---Hurly and Mehl [2].

Fig. 9

 9 Fig. 9 Deviations of experimental and calculated thermal conductivity coefficients from values calculated with the new interatomic potential for 4 He at room temperature. Experimental data: • Haarman [70]; Kestin et al. [71]; Assael et al. [72]; Mustafa et al. [73]; Johns et al. [74].Calculated values: ---Hurly and Mehl[2].
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 10 Fig. 10 Deviations of experimental and calculated thermal conductivity coefficients from values calculated with the new interatomic potential for 4 He at low and medium temperatures. Experimental data: • Ubbink and
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 114 Fig. 11 Deviations of experimental and calculated thermal conductivity coefficients from values calculated with the new interatomic potential for 4 He at higher temperatures. Experimental data: Vargaftik and Zhimina [84]; LeNeindre et al. [85]; • Haarman [70]; Faubert and Springer [86]; • Martchenko and Shashkov [87]; Jody et al. [88]; Mustafa et al. [73]; Johns et al. [74]. Calculated values: ---Hurly and Mehl [2].
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 121232 Fig. 12 Deviations of experimental and calculated thermal conductivity coefficients from values calculated with the new interatomic potential for 3 He. Experimental data: • Kerrisk and Keller [77]; Zarev et al. [83]. Calculated values: ---Hurly and Mehl [2].
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 3254 Figure 3. Deviations of experimental and calculated second pressure virial coefficients from values calculated with the new interatomic potential for 3 He. Experimental data: • Keller [39]; , , , , run 1 to 4, Matacotta et al. [40]. Calculated values: ---Hurly and Mehl [2].
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 5276 Figure 5. Deviations of experimental and calculated viscosity coefficients from values calculated with the new interatomic potential for 4 He at room temperature. Experimental data: • Kestin and Leidenfrost [45]; • Kestin and Nagashima [46]; Kestin et al. [47]; Flynn et al. [48]; Gracki et al.[49]; Vogel[50], 1st series of measurements; Vogel[50], 2nd series of measurements; Evers et al.[51]; Berg[52,53]. Calculated values: ---Hurly and Mehl[2].
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 729893110113312 Figure 7. Deviations of experimental and calculated viscosity coefficients from values calculated with the new interatomic potential for 4 He at higher temperatures. Experimental data: • Kestin et al. [47]; • Kestin et al. [65]; Guevara et al. [66]; Dawe and Smith [67]; Vogel [50], 1st series of measurements recalibrated; Vogel [50], 2nd series of measurements recalibrated. Calculated values: ---Hurly and Mehl [2].
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  B direct and B exch can be represented by means of summations over only the even l values and only the odd l values:
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				in two contribu-
		tions: B direct and B exch . This separation is reasonable, because the effects due to
		symmetry are explicitly displayed and the role of spin is demonstrated in a simple

  The calculation of the second virial coefficient requires to determine the possibly existing bound states. For that purpose the program Level 7.7 of LeRoy[START_REF] Leroy | LEVEL 7.7. A Computer Program for Solving the Radial Schrödinger Equation for Bound and Quasibound Levels[END_REF] was Robert Hellmann, and Eckhard Vogel used and only one bound state was found to be E 00 = -1.64 mK for4 He. This value is to be compared with -1 mK for the first experimental proof by Luo et al.[6]. In 2000 Grisenti et al.[8] obtained E 00 = -(1.1 + 0.3/ -0.2) mK using diffraction experiments of a molecular beam of small helium clusters.The comparison with the experimental data shown as absolute deviations B exp -B cal is restricted to the best available data. For 4 He at low temperatures figure1does not only demonstrate a very good agreement for the excellent data of Berry
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		4 Comparison with experimental data
		4.1 Second pressure virial coefficient

  Robert Hellmann, and Eckhard Vogel years, but with a change by nearly +0.1% of the value at 298.15 K in comparison with the data by Kestin and Leidenfrost as well as Kestin and Nagashima. Hence it is to expect that all measurements which are related to these best estimates for the noble gases as well as for nitrogen should be characterized by a tendency to values increased by +0.1%. This holds for two measurement series of Vogel[50] with an all-quartz oscillating-disk viscometer which were performed in a relative manner with a Newell's constant determined from the best estimates by Kestin et al. The absolute measurements by Flynn et al.[48] and Gracki et al.[49] performed with nearly the same capillary viscometer led to values differing by ±0.2%. Recently, Evers et al.[51] utilized a rotating-cylinder viscometer for absolute measurements on several gases at different temperatures and pressures. Their result for helium at 293.15 K agrees with our calculations within ±0.1% with a tendency to higher experimental data. Very recently, Berg[52,53] performed highly accurate absolute measurements with a capillary viscometer only at room temperature. The experi-
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Kestin et al.

[47] 

reported a best estimate of their measurements in the foregoing Page 11 of 47 URL: http://mc.manuscriptcentral.com/tandf/tmph mental datum by Berg at 298.15 K η = (19.842 ± 0.014) µPa s (standard deviation: 2 σ) deviates nearly +0.1% from the calculated value η = 19.8262 µPa s of this paper. On the other hand, the very recent calculations by Hurly and Mehl [2] with an improved interatomic potential for helium compared with that of Hurly and Moldover [1] led to a value of η = (19.8245 ± 0.004) µPa s at 298.15 K. The agreement between the calculations of Hurly and Mehl and that of the present paper in which the interatomic potential was further improved shows clearly that the uncertainty of the theoretical values is about one order of magnitude lower than that of the experiments.
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Table 1 .

 1 20 K. The calculated values are listed in the Appendix. Potential parameters (ε/kB, Rε, and σ for the retarded potential).
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Table 2 .

 2 Number of calculated phase shifts for some reduced
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		608068
	σ (a 0 )	4.990672
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 A2 Table continued
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Appendix A: Thermophysical properties of 4 He and 3 He calculated in this work Table A1. Thermophysical properties of 4 He and 3 He calculated in this work 4 

He

3 He