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Abstract 

The design of logistic distribution systems is one of the most critical and strategic issues in 

industrial facility management. The aim of this study is to develop and apply innovative mixed 

integer programming optimization models to design and manage dynamic (i.e. multi-period) multi-

stage and multi-commodity location-allocation problems (LAP).  

LAP belong to the NP-hard complexity class of decision problems, and the generic occurrence 

requires simultaneous determination of the number of logistic facilities (e.g. production plants, 

warehousing systems, distribution centers), their locations, and assignment of customer demand to 

them.   

The proposed models use a mixed integer linear programming solver to find solutions in complex 

industrial applications even when several entities are involved (production plants, distribution 

centers, customers, etc.).  Lastly, an application of the proposed models to a significant case study 

is presented and discussed.   

  

Keywords: location allocation problem (LAP), multi-period facility location, logistic network 

design, supply chain management (SCM). 
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1 Introduction 

A very large set of studies regarding facility management in several engineering areas can be found 

in the literature e.g. transportation, manufacturing, logistics, computer research, etc. These studies 

specifically reveal that facility location (FL) decisions are one of the most critical elements in 

strategic logistics planning and in control of logistic distribution networks. The major logistical 

components of a generic distribution systems are: a number of manufacturing plants; either zero, 

one, or more than one distribution echelon composed of so-called distribution centers (DCs); 

customers, i.e. points of demand; raw material and component suppliers; and lastly, the 

transportation network. Consequently, logistics managers are frequently asked the following 

questions: in which plant and in which country is it most profitable to manufacture a specific 

product?  Which transportation modes best serve the customer points of demand (located 

worldwide)?  Which is the optimal location and storage capacity of a DC?  In response, this study 

aims to develop and apply a set of models capable of supporting these management decisions.  

In particular, the purpose of this manuscript is to design, test, and compare innovative models for 

the dynamic (i.e. multi-period) location allocation problem (LAP). The paper is organized as 

follows: Section 2 discusses the main FL and LAP contributions to be found in the literature. 

Sections 3, 4, 5, and 6 present four different innovative mixed integer linear models applied to the 

dynamic LAP of a generic company that operates worldwide.  Then Section 7 describes the 

application of the proposed models to a significant case study, and lastly, the final section presents 

conclusions and suggestions for further research.  

 

 

2 Review of the literature  

Various studies on logistical FL are to be found in the literature. They examine the main strategies 

companies use to compete in global markets (Chakravarty 1999):  
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• high profit margin strategy i.e. aggressive investment in new plants located worldwide (e.g. 

warehouses, DCs, manufacturing plants);  

• process improvement strategy i.e. increasing the effective capacity of existing plants, 

reducing manufacturing costs, increasing plant life cycle, and rationalizing the logistic 

distribution network. 

The generic FL problem in logistic systems can be defined as the taking of simultaneous decisions 

regarding design, management, and control of a generic distribution network (Manzini et al. 2005 

and 2006):  

1. location of new supply facilities in a given set of demand points.  The demand points 

correspond to existing customer locations; 

2. demand flows to be allocated to available or new suppliers; 

3. configuration of a transportation network i.e. design of paths from suppliers to customers, 

management of routes and vehicles in order to supply demand needs simultaneously.  

The problem of finding the best of many possible locations can be solved by several qualitative and 

efficiency site selection techniques e.g. ranking procedures and economic models (Byunghak and 

Cheol-Han 2003, Manzini et al. 2004). These techniques are still largely influenced by subjective 

and personal opinions (Love et al. 1988, Sule 2001). Consequently, the problems of location 

analysis are generally and traditionally categorized into one of the following broad classes of 

quantitative and quite effective methods (Francis et al. 1983, Love et al. 1988, Francis et al. 1992, 

Sule 2001, Yurimoto and Katayama 2002, Klose and Drexl 2005, Manzini et al. 2006): 

• Single facility minimum location problems: they support the choice of the optimal location 

of a single facility designed to serve a pool of existing customers.  Young and Hwan (2003) 

present an example. 

• Multiple facility location problems (MFLP). This class of problems extends the analysis to 

encompass multiple facilities, which are capable of serving the customers in the same or in 

different ways, the aim being to find the optimum site for each facility. Examples of classes 
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of MFLPs discussed in the literature (Manzini et al. 2006) are the following: p-Median 

problem (p-MP), p-Centre problem (p-CP), uncapacitated facility location problem 

(UFLP), capacitated facility location problem (CFLP), quadratic assignment problem 

(QAP), and plant layout problem (Sule et al. 2001, Catena et al. 2003, Ferrari et al. 2003). 

• Facility location allocation problem (LAP). In an operating context where there is more 

than one new facility to be located, part of the location problem is often composed of 

determining the flows between the new facilities and the existing facilities (i.e. demand 

points). By this definition the LAP is an MFLP with unknown allocation of demand to the 

available facilities (the so-called allocation sub problem).  The number of new facilities 

may also be part of the problem, and the cost of adding a new facility (i.e. high profit 

margin strategy) could be balanced by the transportation cost saved and process 

improvement policies.  In general, the number of facilities may be known or unknown.  The 

problem is to determine the optimal location for each of the m new facilities and the optimal 

allocation of existing facility requirements to the new facilities so that all requirements are 

satisfied, that is, when the set of existing facility locations and their requirements are 

known. The literature presents several models and approaches to treating location of 

facilities and allocation of demand points simultaneously. In particular, Love et al. (1988) 

discuss the following site-selection LAP models: set-covering (and set-partitioning 

models); single-stage, single-commodity distribution model; and two-stage, multi-

commodity distribution model which deals with the design for supply chains composed of 

production plants, DCs, and customers. 

• Network location problem (NLP). This class of problems belongs to the previously 

described facility LAP.  However, instead of somehow approximating the transport network 

by using a planar multi-facility location based approach (i.e. distance, time, and cost 

between new and existing facilities), the model is applied to the network directly and so 

involves the additional onerous effort of constructing and configuring the network itself. In 
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other words, one of the main aims of this problem is to select specific paths from different 

nodes in the available network. 

Sule (2001) presents and discusses advanced extension classes of the LAP and NLP including the 

tours development problem (Jalisi and Cheddad 2000), the vehicle routing problem (e.g. assignment 

procedures for the travelling salesman problem and the truck routing problem), and the multi-period 

dynamic facility location problem. Ambrosino and Scutellà (2005) present two different kinds of 

mathematical formulations for the integrated distribution network design problem. These 

contemplate several types of decision such as locations, allocation, routing and inventory decisions. 

However, despite this recent contribution (Ambrosino and  Scutellà 2005), the models presented 

below in this paper consider various aspects of practical importance such as production and delivery 

lead times, penalty cost for unfulfilled demand, and response times different customers are willing 

to tolerate.  

The subject of this manuscript is the multi-period LAP problem and not the NLP. Consequently, in 

this paper the term network is synonymous with distribution system (i.e. supply chain): construction 

and configuration of the network are intentionally omitted.   

Previous discussion of FL problems show that they can be classified as supply chain management 

(SCM) problems as demonstrated by the theoretical framework introduced by Chen and Paularaj 

(2004). In particular, they discuss the so-called supply network coordination that focuses on the 

mathematical modeling approach to SCM.  

So-called “dynamic location models” consider a multi-period operating context where the demand 

varies between different time periods. This configuration of the problem aims to answer three 

important questions. Firstly, where i.e. the best places to locate the available facilities.  Secondly, 

what size i.e. which is the best capacity to assign to the generic logistic facility.  Thirdly, when i.e. 

with regard to a specific location, which periods of time demand a certain amount of production 

capacity (Jacobsen, 1990). Furthermore, Wesolowsky (1973), Wesolowsky and Truscott (1975), 

and Sweeney and Tatham (1976) deal with the multi-period location-allocation problem: the 
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starting point is the static LAP, after which dynamic programming is applied to introduce dynamic 

considerations in order to find the optimal multi-period solution. Van Roy and Erlenkotter (1982) 

propose a dual approach to solving the dynamic uncapacitated facility location problem (DUFLP), 

whose aim is to minimize total discounted costs when demand at various customer locations 

changes between time-periods. Canel et al. (2001) introduce an algorithm for the capacitated, multi-

commodity, multi period facility location problem. Gen and Syarif (2005) recently proposed a 

spanning tree-based genetic algorithm for multi-time period production/distribution planning. All 

these studies propose algorithms to solve the dynamic location problems but neither focus on nor 

apply the models to real logistic networks, whose complexity easily compromises the efficacy of 

the proposed solving approaches.  

Several manuscripts discuss facility location in conditions of uncertainty (ReVelle 1989, Owen and 

Daskin 1998, Current et al. 1998, Chiyoshi et al. 2003, Lin and Chen 2003, Lodree et al. 2004, 

Blackhurst et al. 2004). Daskin (2003) in particular classifies these approaches into two main 

categories: 

• stochastic programming: discrete scenarios are used to describe the uncertain parameters, 

each scenario having a given probability of occurrence; 

• robust optimization: the typical objective is to minimize the worst-case cost. 

Whereas robust facility location models deal with uncertainty of the available input data, reliability 

models treat uncertainty in the solution itself e.g. stochastic availability of logistic facilities  

(Lawrence and Daskin 2005). 

Furthermore, regarding the integration of tactical decision in the distribution network design 

problem, Shen et al. (2003) propose a joint location-inventory model that incorporates demand 

uncertainty and focuses on minimizing the facility location costs, the inventory management costs, 

and the distribution costs. More recently Miranda and Garrido (2004) have developed a model to 

find the optimal configuration of a distribution network which also considers the inventory control 
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decisions and the risk pooling effect. Nevertheless, both these models are non-linear and therefore 

very difficult to solve without using heuristic approaches.  

The aim of this study is to present and apply an innovative set of linear-integer programming 

models to the dynamic LAP in order to incorporate tactical decisions regarding inventory control, 

production rates, and service levels. These models significantly extend a previous study carried out 

by Manzini et al. (2006) which focused on the design of a single period multi-stage distribution 

system. As a result, the models proposed by Manzini et al. (2006) deal with the strategic activity of 

planning and design a distribution system, while the new study presented here introduces original 

models capable of supporting both strategic and tactical management decisions.  

In particular, the solutions obtained identify the facilities to be kept open, the allocation of regional 

demands to these facilities, the optimal product flow along the supply chain in any time period t, the 

optimal production level in t, and finally, the optimal inventory level of each available logistic 

facility. The proposed models aim to minimize the total network costs and, at the same time, to 

maximize the customer service level by respecting delivery due dates and minimizing stock-outs.  

The importance of the proposed models essentially lies in the ability of a linear programming solver 

to solve optimally large complex instances of the dynamic LAP within acceptable computational 

times. Authors of recent papers (Amiri 2006 and Shen 2005) address the distribution network 

design problem by developing heuristic solutions procedure to reduce the prohibitive CPU time 

required to find the optimal solution using commercial optimization software. This requirement 

underlines the importance of formulating the problem as a mixed integer model that can also be 

optimally solved for real instances involving a large number of constraints and variables. The 

solvability of the dynamic LAP is demonstrated by applying the proposed models to a significant 

case study which involves several entities (e.g. production facilities, warehouses, points of 

demands) and products in a complex distribution system.  
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3 Single-commodity, multi-period, 2-stage model (SCMP2S)  

This section presents an innovative single-commodity, multi-period, two-stage facility location and 

allocation model. This model is suitable for a logistic network composed of two different stages 

(Figure 1) and which involves three types of nodes (i.e. levels): a production plant or a central 

distribution center (CDC), a pool of regional distribution centers (RDCs), and finally, a set of 

customers (i.e. points of demand). 

 

[Insert Figure 1 about here] 

 

The proposed model is able to simultaneously identify the following set of variables: 

• number and locations of regional distribution centers (RDCs) to be kept open during a 

planning horizon of time T (e.g. a year); 

• the optimal product flows along the logistic network in any time period t belonging to T; 

• the optimal production level in any time period t; 

• the optimal inventory level in any available DC in any t. 

The previously defined variables are determined by minimizing the total network logistical costs 

and delays. Because the logistic network is composed of two stages, there are two different kinds of 

product flows to consider: 

• from the production plant to the RDCs through the CDC. The CDC acts as a transit point for 

delivering products that must go to both RDCs and final customers; 

• from RCDs to customers. 

The planning horizon time T is divided into shorter periods, and the proposed multi-period model 

provides the trend of each variable through time. This means that several lead times need to be 

identified along the supply chain so that efficient production, inventory, and delivery activities can 
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be planned. The different kinds of lead time managed by the dynamic model are as follows (see 

Figure 1): 

• production lead time from production level to CDC; 

• delivery lead times from CDC to RDCs; 

• delivery lead times from RDCs to customers. 

Prior to mathematical formulation of the SCMP2S, consideration needs to be given to the following 

assumptions: 

• the capacity of the warehousing system is neglected: this choice is consistent with the 

objective of minimizing a logistic function which measures the number and location of the 

facilities adopted; 

• the inventory holding unit cost is constant and assumes the same value for all DCs; 

• the cumulative available productive capacity during the planning period T meets the total 

amount of demand. Nevertheless, the productive capacity in any time period t could be 

incapable of satisfying the customer demand. As a result, the system generally needs to 

produce products in advance and to store quantities of product in inventory systems located 

at various points in the distribution logistic network. In fact demand is not constant through 

the different periods t, especially in cases with considerable seasonal effects. 

In order to avoid computational complexity in cases of instances involving a large problem, the 

models proposed in this paper do not incorporate stochastic demands.  Nevertheless, the uncertainty 

can be simulated by processing multi-scenario analyses (i.e. what-if analysis). 

The linear model is: 

 

( )
1 1 1 1 1 1 1 1 1

K T K L T K T K T
delay p s

k k kt kl kl klt klt kt kt

k t k l t k t k t
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0≥kltx      tlk ,,∀        (1.14) 

0≥delay

kltx      tlk ,,∀        (1.15) 

0≥kltS      tlk ,,∀        (1.16) 

0≥ktI       tk ,∀       (1.17) 

{ }1,0, ∈kltk yz      tlk ,,∀       (1.18) 

 

where: 

1,...,k K=  RDC belonging to the logistic network second level; 

1,...,l L=   demand point belonging to the third level of the network; 

1,...,t T=   unit period of time along the planning horizon T; 

ktx′    product quantity from the CDC to the RDC k in t; 

kltx  on time delivery quantity i.e. product quantity from the RDC k to the point of 

demand l in t; 

kltS   product quantity not delivered from the RDC k to the point of demand l in t. 

The admissible period of delay is one unit of time: consequently, this quantity 

must be delivered in the period t + 1;  
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delay

kltx  delayed product quantity delivered late from the RDC k to the point of 

demand l in t. The value of this variable corresponds to 1, −tklS ;  

ktI    storage quantity in the RDC k at the end of the period t; 

t
P    production quantity in time period t. It is available after the lead time prod

lt ;  

klty   1 if the RDC k supplies the point of demand l in t; 0 otherwise; 

kz    1 if the RDC k belongs to the distribution network; 0 otherwise; 

kc′    unit cost of transportation from the CDC to the RDC k; 

kd ′    distance from the CDC to the RDC k; 

klc    unit cost of transportation from the RDC k to the point of demand l; 

kld    distance from the RDC k to the point of demand l; 

W    additional unit cost of stock-out; 

p
c    production unit cost; 

s
c    unit inventory cost which refers to t. If t is one week, the cost is the weekly 

   unit storage cost; 

kf     fixed operative cost of the RCD k; 

kv    variable unit (i.e. for each unit of product) cost  based on the product quantity 

   which flows through the RDC k; 

ltD    demand from the point of demand l in the time period t; 

begin

klS   starting stock-out at the beginning (t = 0) of the horizon of time T; 

begin

kI   starting storage quantity in RDC k; 

p    maximum number of points of demand supplied by a generic RDC in any 

   time period; 

∑∑
= =

=
L

l

T

t
lttot DD

1 1

  total amount of customer demand during the planning horizon T; 

P

tC   productive capacity available in t; 

NNull

ltD   1 if demand from the customer l in t is not null; 0 otherwise;  

lT   delivery time required by the point of demand l; 

prod
lt    production lead time; 

deliv

kt   delivery lead time from the CDC to the generic RDC k; 

ev

klt    delivery lead time from the RDC k to the point of demand l. 

 

The objective function is composed of various contributions (seven addends): 

1. total cost of transportation from the first level (CDC) to second level (RDCs); 

2. total cost of transportation from the second level (RDCs) to third level (points of demand); 
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3. total production cost; 

4. total storage cost; 

5. total amount of fixed costs for the available RDCs; 

6. total amount of variable costs for the available RDCs; 

7. total amount of extra stock-out cost. The parameter W is a large number so that solutions 

capable of respecting the customer delivery due dates can be proposed. 

The more significant constraints are expounded as follows: 

• (1.2) states that the starting time of production of the CDC output quantity in t is ; 

• (1.3) guarantees the conservation of logistic flows to each facility in each period of time t; 

• (1.5) states that the product quantity from the RDC k to the point of demand l is delivered 

according to a lead time ev

kl
t  in order to satisfy the demand of period ev

kl
t t+ . Stock-outs are 

backlogged and supplied in the following period;  

• (1.9) guarantees the individual sourcing requirement: if the demand of node l in t is not null 

( NNull

lt
D = 1), only one RDC must serve the point of demand l ; otherwise ( NNull

lt
D = 0) the 

point of demand l is not assigned to any facilities;  

• (1.10) ensures that a demand node is only assigned to an RDC if it is possible to carry out 

the order by the customer delivery due date.  

 

 

4 Multi-commodity, multi-period, 2-stage model (MCMP2S)  

The main assumption of the previous model is that the production plant only distributes one type of 

product to the pool of customers. In reality most industrial companies produce and distribute a wide 

mix of different products: consequently the logistic network has to manage more than one product 

family.  
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The problem can be formulated as the following mixed integer linear model:  
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0≥fkltx      tlkf ,,,∀       (2.14) 
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fkltx      tlkf ,,,∀       (2.15) 

0≥fkltS      tlkf ,,,∀       (2.16) 

0≥fktI      tkf ,,∀      (2.17) 

{ }1,0, ∈fkltk yz      tlkf ,,,∀      (2.18) 
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where: 

1,...,f F=  product family; 

fkt
x′   quantity of product family f from the CDC to the RDC k in t; 

fkltx   on time delivery quantity of product family f from the RDC k to the point of 

demand l in t; 

fkltS   quantity of product family f not delivered from the RDC k to the point of 

demand l in t. This quantity has to be delivered in the period t + 1;  

delay

fkltx   quantity of product family f delivered late from the RDC k to the point of 

demand l in t. The value of this variable corresponds to 1, −tklS ; 

fktI  storage quantity of product family f in the RDC k at the end of period t; 

fklty  1 if the RDC k supplies the point of demand l with product family f in t; 0 

otherwise; 

fkc′    unit cost of transportation for product family f from the CDC to the RDC k; 

klc   unit cost of transportation for product family f from the RDC k to the point of 

demand l; 
p

fc    unit cost of production for product family f;  

s

fc    inventory storage cost of product family f. This cost refers to t (e.g. one  

   week); 

fltD  demand for product family f from the point of demand l in the period of time 

t; 
begin

fklS   starting stock-out of the product family f (t = 0); 

begin

fkI   starting storage quantity in the RDC k of the product family f (t = 0); 

∑∑
= =

=
L

l

T

t
flt

tot

f DD
1 1

 total amount of customer demand for product family f during the planning 

   horizon T; 
NNull

fltD  1 if demand for product family f from the customer l in t is not null; 0 

otherwise. 

 

The meaning of the previously introduced variables (e.g. 
k

z , k, t, etc.) and parameters (e.g. kd ′ , W , 

etc.) is that of Section 3. The objective function (2) minimizes the same costs described in the 

previously discussed model, but by introducing the new index f the contributions of different 

families of product can be separated.  
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5 Single-commodity, multi-period, 2-stage open/closed model 

In the previous models the generic facility is kept open or closed for the whole length of the 

planning horizon of time T.  In this section the SCMP2S model is extended by allowing the status of 

each facility to change during T: the available facilities can be opened (i.e. reopened) or closed in 

different periods of time t. 

The proposed model is: 
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subject to 

constraints (1.1) – (1.13) 

kttkkt zzw −≥ −1,     1, >∀∀ tk      (3.1) 

ktk zw −= 11      k∀       (3.2) 

1, −−≥ tkktkt zza     1, >∀∀ tk      (3.3) 

01 =ka      k∀       (3.4) 

0≥kltx      tlk ,,∀        (3.5) 

0≥delay

kltx      tlk ,,∀        (3.6) 

0≥kltS      tlk ,,∀        (3.7) 

0≥ktI       tk ,∀       (3.8) 

{ }1,0,,, ∈kltkltkltkt awyz    tlk ,,∀       (3.9) 

 

The new introduced decision variables are: 

kt
z    1 if the RDC k belongs to the distribution network in t; 0 otherwise; 

ktw    1 if the RDC k is closed in t; 0 otherwise; 

kta    1 if the RDC k is opened in t; 0 otherwise. 

The new set of input data is: 

ktf    fixed operating cost of the RDC k in t; 

cl

kc    cost of opening RDC k; 
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op

kc    cost of closing RDC k. 

A new set of constraints are introduced: (3.1) - (3.9). In particular, the relationship (3.1) identifies 

whether or not RDC k closes in the period t. The binary variable ktw is equal to 1 only if 1, −tkz  = 1 

and ktz  = 0 (i.e. if RDC k is open in t-1 and close in t); otherwise ktw  is equal to 0.   

It is assumed that all available facilities are operating (i.e. open) at the beginning of the planning 

horizon (constraint 3.4): as a result, constraint (3.2) states that in the first period the RDC k is only 

closed if it is not selected by the optimal solution of the LAP ( 1kz  = 0). 

Constraint (3.3) concerns the opening of RDC k in t: the value of kta  is equal to 1 only if 01, =−tkz  

and ktz  = 1 (opening in t); in all other situations the variable kta  is equal to 0.  

If it is assumed that all facilities are closed at the beginning of the planning horizon, then constraints 

(3.2) and (3.4) must change as follows: 

( ) ( )01 11 =→−= kktk wzw           (3.2) 

( ) ( )111 0 kkk zaa =→=          (3.4) 

 

 

6 Single-commodity, multi-period, 3-stage model 

The previously described SCMP2S model has been extended in order to include another type of 

nodes: the production plants.  

The proposed model is: 
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   (4) 
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subject to: 

constraints (1.3) - (1.18) 
P

itit Cx ≤′′      ti,∀       (4.1) 
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==
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    t∀       (4.2) 

The new inputs are: 

1,....,i I=   production plant;  

ic ′′    unit transportation cost from production plant i to the CDC; 

id ′′    distance from production plant i to the CDC; 

CDCf    fixed operating cost of the CDC; 

CDC
v   variable unit cost based on the quantity flowing through the CDC. 

The new decision variable itx ′′  represents the product quantity from production plant i to the CDC in 

t. 

 

Finally, a more general problem in which there are different CDCs was examined.  

In this case the new objective function is: 
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α    (5) 

where: 

Ii ,....,1=   production plant; 

Jj ,....,1=  central distribution center (CDC); 

ijc ′′    unit cost of transportation from the production plant i to the CDC j; 

ijd ′′    distance from production plant i to the CDC j; 

jkc′    unit cost of transportation from the CDC j to the RDC k; 

jkd ′   distance from the CDC j to the RDC k; 

jf    fixed operating cost of the CDC j; 

ijtx ′′    product quantity from production plant i to the CDC j in t; 
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jktx′    product quantity from the CDC j to the RDC k in t; 

jα    1 if the CDC j belongs to the distribution network; 0 otherwise.  

 

The following new addends have been introduced into the objective function: 

• global cost for the distribution of products from the first level to the CDCs level; 

• costs (fixed and variable) associated with managing the pool of CDCs. 

 

 

7  Case study 

The models described above were used to rationalize and optimize a logistic network distributing 

components from a leading electronics company. The Actual configuration (i.e. AS IS) of the 

distribution network is based on the existence of four different levels (Figure 2): 

1. Production plants; 

2. 1 CDC located in Italy; 

3. 5 RDCs located in the UK, France (FR), Germany (D), Taiwan (TW), and the USA; 

4. more than 1100 customers. 

 

[Insert Figure 2 about here] 

 

Application of the proposed two-stage model was justified because more than 90% of the delivered 

products actually flow through the CDC (less than 10% of the products are shipped directly from 

the production plants to customers). Therefore, only the section of the logistic network below the 

CDC is considered, with the production level being omitted (Figure 2). 

As the company supplies a large number of customers, the customers were aggregated by 

calculating a barycentric point of demand for each geographical area in order to simplify the 
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particular instance and to quantify the distance between two generic nodes.  The procedure adopted 

to find the barycentric locations of demand is based on the following steps: 

• Determination of the longitude and latitude for each customer in each geographic area. 

• Determination of the Cartesian coordinates of each customer using the Mercator Projection, 

whose equations are: 

 x a λ= ⋅            (6) 

 

21 sin
ln

1 sin 4 2

e

e
y a tg

e

ϕ π ϕ
ϕ

  −   = ⋅ +   +    

       (7) 

where: 

 λ  longitude (radians); 

   ϕ  latitude (radians); 

  a  semi-major axis of the Earth  (about 6.378 Km); 

  e  eccentricity of the Earth  (about 0,08182); 

  x, y Cartesian coordinates. 

• Determination of the barycentric point of demand for each geographic area g: 

∑

∑
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ii
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B
w

wx

x            (8) 

 

∑

∑
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ii
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B
y

wy

y            (9) 

 where: 

g  geographic area; 

i
w  product quantity delivered to the customer i that belongs to the geographic 

area g. 
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Application of the proposed procedure identified about 50 barycentric points of demand. Each one 

represents a cluster of customers tolerating different delivery lead times. Thus, the generic 

barycentric point of demand has been segmented according to the pre-defined response time ( lT ) of 

each customer.  As a result, the total number of modeled virtual points of demand is 254.  

Products number several thousand, but the product mix could be reduced to a single product 

because the amount for each type of product is so small that individual quantities are unimportant: 

the flow of products through the system is measured in kilograms or tons. 

To allow direct shipments from the CDC to the end customer, the so-called “virtual DC” has been 

introduced: products that flow through this DC are shipped directly from Italy to the demand points 

located throughout the world. 

After accurate simplification of the distribution network, the SCMP2S model was applied to the 

rationalization of the aforementioned supply chain using a linear programming solver and assuming 

a one-year time horizon (i.e. T equals one year).  In particular, the data available for the distribution 

activities of the company in this case study refer to the year 2004. The unit time-period t within the 

planning horizon is assumed to be 2-weeks.  

The first step was to quantify the optimal product flows along the “Actual” supply chain and the 

annual logistic and production costs by applying the model introduced in Section 3 to the AS-IS 

configuration. Thus, in this first simulation, by assigning  the value 1 to kz  for each DC, all of the 

available RDCs are forced to stay open. Figure 3 illustrates the locations of the distribution centers 

in the Actual network. 

 

[Insert Figure 3 about here] 
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Secondly, the SCMP2S model was applied in order to minimize the global logistic cost by selecting 

the optimum number of plants, locations, and connections.  In this case the solution suggested is to 

keep only three DCs open: the CDC in Italy, and the RDCs in the USA and Taiwan (Figure 4). 

 

[Insert Figure 4 about here] 

 

The solution to the problem is generated by applying the MPL Modeling System (Maximal 

Software, Inc.) using a personal computer (Pentium IV 3.2 GHz), which took a CPU time of about 2 

hours and 5 minutes.  The number of variables is about 183 276 (of which 42 678 are binary), and 

the number of constraints is 331 680. 

Figure 5 illustrates the product flows between the different levels in the logistic network in an 

example unit time period t. 

 

[Insert Figure 5 about here] 

 

The SCMP2S model results revealed that three of the five Actual RDCs can be kept closed: D, TR, 

and the one in the UK. During the unit time period t, approximately 195 tons of products are 

shipped directly from the CDC to the end customer, and the company has a storage quantity of 23 

tons to manage in the DC located in Italy at the end of time period t. During t, about 9 tons of 

product are transported to the RDC located in Taiwan and delivered directly to the customers in the 

same period of time. In the case of the RDC located in the USA, about 12 tons are delivered to 

customers in t and a stock of approximately 4 tons is built up by the end of the analyzed time 

period.  Similar conclusions can be drawn for each period of time t belonging to the horizon T, 

which can effectively support the management of logistic material flows. 
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Figure 6 shows the optimal production level and the available production capacity in each time 

period t during the planning horizon T: the system capacity is saturated in several unit time periods 

t. 

 

[Insert Figure 6 about here] 

 

Figure 7 illustrates the trend in storage quantities for the DCs kept open (ITA, the USA, and TW) 

during the planning time T. 

 

[Insert Figure 7 about here] 

 

Table 1 presents the annual logistic reduction costs, expressed in percentages, passing from the AS-

IS configuration to the optimal one (called “Best” configuration).  

 

[Insert Table 1 about here] 

 

As expected, the global transportation cost from the CDC to the RDCs is lower in the Best 

configuration (the number of open RDCs is smaller than the Actual configuration). On the other 

hand, the global transportation cost from the RDCs to the points of demand increases (in the Actual 

configuration all five available RDCs are kept open to serve less distant markets). 

The cost associated with managing the set of RDCs is reduced by 69%.  In fact, the Best 

configuration closes three RDCs out of the five “Actual” DCs. The annual production cost is 

unchanged because the overall demand is the same in both configurations. The annual inventory 

holding cost is slightly increased in the Best configuration. On the whole, cost savings of more than 

€ 900 000 could be achieved by adopting the Best configuration. 
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In order to evaluate the effectiveness and robustness of the optimal solution, a sensitivity analysis 

was performed in order to quantify how the outcome of the model varies when demand is higher or 

lower than expected. Further simulations considered 3% and 5% increments/decrements in demand 

during the generic time period t: all the solutions obtained indicate that the optimal configuration of 

the logistic network is always composed of the 3 warehouses (the CDC in Italy, and two RDCs in 

Taiwan and the USA).  Similar trends in inventory level were found in all the simulated scenarios. 

An interesting solution was obtained by applying the proposed SCMP2S model to new potential 

locations (site generating problem): the set of candidate facility sites was extended to some of the 

more significant barycentric points of demand. The optimal solution is made of DCs located in 

Italy, Taiwan, the USA, and also Turkey (as illustrated in Figure 8). 

 

[Insert Figure 8 about here] 

 

A much more accurate rationalization of the logistic network requires a multi-commodity approach. 

In particular, the company production was differentiated into two different product families (Direct 

Current – DC, and Alternating Current – AC products) and the MCMP2S model was applied.  The 

solution specifies the optimal material flows throughout the supply chain for both families. By 

discriminating between the AC and the DC families in an example unit time period t, Figure 9 is 

able to show the inventory levels and the product flows between the different logistic nodes in the 

distribution network. 

 

[Insert Figure 9 about here] 

 

Figure 10 illustrates the optimal production levels for both the AC and the DC family during the 

planning horizon T. 
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[Insert Figure 10 about here] 

 

Finally, the solution found by applying the open/closed model also suggests the RDC in Germany 

should only be open for the four central months of the year.  

 

 

 

8 Conclusions and further research 

This study presents and discusses the application of a set of innovative models for the single 

commodity and multi-commodity dynamic (i.e. multi-period) location allocation problem (LAP). 

The proposed models are able to support the best management of weekly and daily product 

fulfillment in long and large scale supply chain operating worldwide. As a result, they are capable 

of replacing any multi-facility Material Requirement Planning instruments and techniques because 

they are cost based models, and by generating the optimal solution, they minimize the global 

logistic cost.  

The effectiveness of these mixed integer linear models is demonstrated by the ability of a standard 

programming solver to identify the optimal solution and support management in designing and 

controlling the distribution network, which minimizes the management costs by controlling delay 

times, as well as the production and storage capacities of the plant and warehousing facilities, and 

customer service levels.  

As a result, in contrast to several FL studies in the literature based on different problem modeling, 

the proposed models do not need to design ad-hoc solving algorithms. The models presented in this 

paper easily and rapidly identify the optimal location of logistic facilities in a worldwide 

distribution network and the allocation of customer demand to them, and also support some 

important tactical decisions. 
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The case study presented in this paper is composed of more than 330 000 constraints and 180 000 

variables, and demonstrates the efficacy and the efficiency of the proposed SCMP2S and MCMP2S 

models.  Compared to the so-called Actual configuration (AS-IS) of the network, the best solution 

of the problem guarantees a cost reduction of approximately € 900 000/year. 

Lastly, further research needs to concentrate on introducing additional new constraints. A few 

examples: 

� safety stock optimization capable of measuring, controlling, and optimizing the customer 

service levels; 

� stochastic demand; 

� economies of scale in terms of transportation and production; 

� inventory pooling; 

� reverse logistics (e.g. product recovery activities for the purposes of recycling, 

remanufacturing, reuse, etc.); 

� decisions regarding requirements for components, subassemblies, and raw materials as 

commonly described by the bill-of-materials. 
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Figure 1. 2-stage logistic network 
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Figure 2. Case study: Distribution network 
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Figure 3. SCMP2S, AS-IS: Actual configuration of the logistic network 
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Figure 4. SCMP2S, TO-BE: Optimal configuration of the logistic network 
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Figure 5. SCMP2S: Example of optimal product flows in a unit time period t 
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Figure 6. SCMP2S: Optimal production level vs production capacity in T 
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Figure 7. SCMP2S: Storage quantities in ITA, the USA, and TW during T  
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Figure 8. SCMP2S: Site generating problem.  
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Figure 9. MCMP2S: Optimal product flows in an example unit time period t 

 

 

 

 

 

 

Stock AC 0 tons

Stock DC 0 tons
AC 24 tons

DC 14 tons

TW

TW

TW

AC 24 tons

DC 14 tons

AC 99 tons

DC 92 tons
Stock AC 60 tons

Stock DC 0 tons

Stock AC 0.1 tons

Stock DC 0 tons

AC 24 tons

DC 14 tons

AC 0.3 tons

DC 0.2 tons

TW - OPEN

USA - OPEN

VIRTUAL RDC

AC 0.2 tons

DC 0.2 tons

D - CLOSED

FR - CLOSED

UK - CLOSED

Stock-out
= 0

CDC 

North

America

South

America

Europe

Far East

Middle 

East

Page 37 of 39

http://mc.manuscriptcentral.com/tprs  Email: ijpr@lboro.ac.uk

International Journal of Production Research

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

38 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1. SCMP2S: AS-IS vs Best configuration. Reduction in annual logistic costs 

 

 

Costs of logistics  ∆ % 

   Transportation cost (CDC-RDCs) - 47% 

   Transportation cost (RDCs-points of demand) + 43% 

Total transportation cost - 5% 

   Cost of RDCs - 69% 

   Cost of CDC - 

Total cost of warehouses - 44% 

Inventory holding cost  + 1% 

Total cost of logistics - 17% 
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Figure 10. MCMP2S: Production levels for AC and DC product families 
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