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Abstract
For the multi-peg Tower of Hanoi problem with k > 4 pegs, so far the best solution is
obtained by the Stewart’s algorithm [[L5] based on the the following recurrence relation:

Sk(n) = lr%qtignp -Sk(n —t) + Sk-1(t)}, S3z(n)=2" —1.

In this paper, we generalize this recurrence relation to

Gg(n) = 1%ign{pk -Gr(n —t) + qp - Gp-1(t)}, Ga(n) =ps-Gsz(n—1) + g3,
for two sequences of arbitrary positive integers (p;)i>3 and (¢;);>3 and we show that
the sequence of differences (Gg(n) — Gg(n — 1))p>1 consists of numbers of the form
(Hf:3 qi) - (Hf:3 pi®), with o; > 0 for all ¢, lined in the increasing order. We also
apply this result to analyze recurrence relations for the Tower of Hanoi problems on
several graphs.

Keywords: multi-peg Tower of Hanoi, Tower of Hanoi on graphs, Frame-Stewart
numbers, generalized Frame-Stewart numbers, recurrence relations, smooth numbers.

MSC2010: 11A99, 68R05.

1 Introduction

The Tower of Hanoi problem was introduced by Edouard Lucas in 1883 [ for the case of
3 pegs and n disks of different sizes. Initially, n disks are placed on one of the 3 pegs with
the largest at the bottom. Then, at each time one of the topmost disks is moved to a peg
with a larger disk on the top. The goal of the problem is to transfer all the disks from the
initial peg to the peg of destination with the minimum number of moves. A simple recursive
argument shows that 2" — 1 moves are necessary and sufficient to carry out this task. This
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Tower of Hanoi problem was then extended to the case of 4 pegs by Dudeney in 1907 [f]
and to arbitrary k& > 3 pegs by Stewart in 1939 [14]. In 1941, Frame [[] and Stewart [[L5]
independently proposed algorithms which achieve the same numbers of moves for the k-peg
Tower of Hanoi problem with k& > 4 pegs. Klavzar et al.[]] showed that seven different
approaches to the k-peg Tower of Hanoi problem, including those by Frame and Stewart, are
all equivalent, that is, achieve the same numbers of moves. Thus, these numbers are called
the Frame-Stewart numbers [§].

Somewhat surprisingly, the optimal solution for the multi-peg Tower of Hanoi problem
with k£ > 4 pegs is not known yet. So far, the best upper bounds are achieved by the Frame-
Stewart numbers and the best lower bounds are obtained by Chen et al.[Jf]. Since the upper
bounds are believed to be optimal, they are called the “presumed optimal” solution.

The Stewart’s recursive algorithm for the k-peg Tower of Hanoi problem is summarized
as follows. For integer ¢ such that 1 <t < n,

1. recursively transfer a pile of n — ¢t smallest disks from the first peg to a temporary peg
using k pegs;

2. transfer the remaining pile of ¢ largest disks from the first peg to the final peg using
k — 1 pegs, ignoring the peg occupied by the n — ¢ smallest disks;

3. recursively transfer the pile of n —t smallest disks from the temporary peg to the final
peg using k pegs.

The algorithm chooses the integer ¢t such that the number of moves 2 - Sy(n — t) + Sg_1(%)
is minimized. Thus, the Frame-Stewart numbers Si(n) satisfy the following recurrence rela-
tions:

Sk(n) = min {2 Sp(n —t) + Sp_1(t)}, forn > 1, k>4,

1<t<n
Ss(n) =2"—1, forn > 1, and S,(0) =0, for k& > 3.

When k = 4 for instance, S4(n) is obtained by the following simple formula:
' : 1
S4(n) — Sy(n —1) =271 for (;) <n< (ZJ; ),

where (}) is the binomial coefficient equal to i(i — 1)/2. In the general case k > 4, S(n) is
obtained by several different approaches, e.g., [, [1, B, [d, [T

In [IT], the following general recurrence relation was considered to clarify the combina-
torial structure latent in the recurrence relation for Sg(n) and to cope with the recurrence
relations for the Tower of Hanoi on graphs in which pegs are placed on vertices of a given
graph and disks are only moved along the edges:

= mi . - (9t — > =
T(n) lréltgnn{a T(n—t)+ 8- (2" = 1)}, forn>1, and T(0) =0,

where « and 3 are arbitrary positive integers. It was shown that the sequence of differences
(T(n) — T(n — 1)),>1 consists of numbers of the form 3 -2 - a7, with 4, j > 0, lined in the
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increasing order. When a = 3, 2° - o/ increases as 1,2,3,22,2-3,23.32,22.3,242.32 ...,
These numbers are called “3-smooth numbers”[13] and have been studied extensively in
number theory, in relation to the distribution of prime numbers [f] and to new number
representations [, d]. The formulation and analysis of T(n), however, has some defects such
that (i) it is only focused on the 4-peg case with no consideration for the general case k > 3;
and (ii) even in the 4-peg case, term 2° - o/ consists of constant 2 and parameter o, which
might admit further generalization.

In this paper, we fully generalize the recurrence relations for the previous Sy(n) and T'(n)
and obtain the exact formulas. Namely, we define the following recurrence relations for two
sequences of arbitrary positive integers (p;),~; and (¢;),~5:

Gi(n) = min {p - Gr(n —t) + g - Ge_1 (1)}, forn > 1, k > 4,

1<t<n

Gs(n) =p3 - Gg(n — 1)+ ¢, for n > 1, and G,(0) =0, for k > 3.

Then, we show that the sequence of differences (Gg(n) — Gg(n — 1)),>1 consists of numbers
of the form (Hf:3 ) (Hf:3 pi®), with a; > 0 for all 4, lined in the increasing order. In other
words, we show the following theorem.

Theorem 1. For every positive integer n and for two sequences of arbitrary positive integers
(pl)zz.?, and (ql)zzg); we hCL'Ue

Gr(n)=q- Zuf
j=1

where q = Hf:g q; and uf 1s the jth term of the sequence (U?)pl of integers Hf:g P&, with

a; > 0 for all i, lined in the increasing order.

We call Gg(n) the generalized Frame-Stewart numbers. Note that Gg(n) is equal to Sg(n)
when (p;, q;) = (2,1) for all i > 3 and is equal to T(n) when (p3,q3) = (2,1) and (p4, q4) =
(a, B).

The remaining of the paper is organized as follows. In Section 2, we show some basic
properties of the sequence (u;‘?)j> | defined from (pi);>3- In Section 3, we prove Theorem [I|,
the main result of this paper. In Section 4, application of these numbers in obtaining upper
bounds of the number of moves for the Tower of Hanoi problem on several graphs is provided.

2 Basic results on smooth numbers sequences

Let (p;);~5 be a sequence of positive integers. We consider the sequence (u”

])j>1 of all

the integers of the form Hf:3 p;%, where a; > 0 for all 7, lined in the increasing order.

For instance, for (ps,ps) = (2,2) and (ps3,ps) = (2,3), the first few terms of (u?)jzl are

(1,2,2,22,22 22 23 ...) and (1,2,3,2%,2-3,23, 32 -- ), respectively. When there is some i
k

such that p;, is equal to 1, then by definition (“j)j> | 1s the constant sequence of 1’s, for



every k > 15. We note that ( )]>1
explored extensively in number theory. A positive integer is called B-smooth if none of its

prime factors are greater than a positive integer B. The sequence (u;‘?)j> , then consists of

is closely related to smooth numbers which have been

B-smooth numbers for B = maxs<;<x {pi}

In this section, we restrict to the case where all the p;’s are greater than 1 and prove a
simple lemma on a certain “recursive” structure of the smooth numbers sequence (u;‘?)j>1,
which will be used to prove Theorem [[ in the next section. -

Lemma 1. Let k > 4 and let (k; ) 1 be the sequence of positive integers defined by ki = 1
and k; = min {l > ki ’ uf = uk 1} for j > 2. Then, for every integer n such that k; <
k

n < k]H, we have uf = py, - u’fb_j.

Proof. If kjy1 = k; + 1, then the lemma is trivial. Suppose now that k;;; — k; > 2 and
let n be a positive integer such that k; < n < k;;;. First, consider a term Hle p;® of the
sequence (uf);>1. If ag = 0, then Hle P = Hi:f p;® belongs to (uﬁl)lzl by definition of
(k1)i>1. Otherwise, if ag, > 1, then H?Zl P = py- (pko‘k_l . Hf:_ll pio‘i> belongs to (py,-uf);>1.
Now, since k; < n < kj4q, it follows that u’,j < uf < uf - by the growth of the sequence

(uf)i1. So the first n terms of (uj);>1 exactly contains the first j terms of (uf )i>1. We
already know that a term of (uf);>; belongs to (uk )i>1 or to (pg - uf);>1. This leads to the
decomposition

{uf [1<t<n} ={u [1<t<Udpewr [1<0<n -}
and to the equality uf = p; - uF_ _j» by the maximality of uk O

Lemma [I] can be also used for computing (uf)j21 explicitly for special sequences (pi)iZS'
k
J
p =2, (u;‘?)j> | 1s the sequence for the original k-peg Tower of Hanoi problem).

Here, we compute (u )j> | in the simple case p; = p > 2 for all ¢ > 3 (we note that when

Proposition 1. Let p; =p > 1 for all 3 < i < k. Then, for all integers 7 > 0 and n > 1

k+j—3 k+j—2 L ,
< =p.
suchthat< b9 )<n_< b9 ),wehaveun i

Proof. For p =1, the result is clear. Suppose now that p > 2 and that the result is verified
forto =k—1and n > 1, and for : = k and n < (k+]0 3) for some j, > 1. By hypothesis of
recurrence, we know that

pjo = ul(gjrlj 74)“ , for1 <[} < (
5 1

‘ oy -
pﬂ’_l:ui, for <k+]0 )<l2§(k+30 3).

k+ jo — 4
k—4 )

and

k—2 k—2



By definition of the sequence (k;);>1, we have

k4 jo—3 bt 4
k(k?‘i);;)_’_ll — ( Jo )—|—l1, for1 < [ < ( Jo )

k—2 k—4
Moreover,
) ) — ) k k-1 — jo+1
Feer ety TRy A M T Yy TP

+10

By Lemma [l], we know that, for every positive integer n such that k<k+]0 2 <n< k(lc+]0 2)
k-3

the equality ‘
P = UZ =Pk~ U — (FH0 3 =p- uif(kﬂ'o*ii)

3 k-3

holds. This leads to
ui (kﬂo 3) p70 1 for k(k«:ji);?;) <n< k(k«:ji);3>+1.

Since uf, = p/*~! if and only if (H]O 4) <l < (kﬂo 3) by hypothesis of recurrence, it follows
that
(k40— 3 k+jo—3 ~(k+g0—2
Ko 9y = ( k—2 )+( k-3 )T ke )T

k+jo—3 k+jo—2 ;
E o )<n§( E_ o , and u’EkHO_Q)H:pJoH.

Therefore,

k—2

uf =p, for (

This completes the proof. O

3 Proof of Theorem

Let Gj(n) denotes the special case of Gg(n) associated with arbitrary sequence (p;);-5 and
with the constant sequence (g;) >3 With ¢; = 1 for ¢ > 3. There exists a simple relationship
between numbers G (n) and Gi(n).

Proposition 2. For every nonnegative integer n and for every sequence of integers (qi)i23,
we have

Gi(n) = q- Gy(n),
where ¢ = Hf:g qi-

Proof. By recurrence on k£ and n. For k = 3, we can prove by simple induction on n that
G3(n) = g3 - Gi(n) for all n. Suppose the result is true for ¥ — 1 and all n > 0, and k and



all [ such that [ < n — 1. By the recursive definition of Gg(n) and by the assumption of
induction, we obtain

Gi(n) = min {py - Ge(n —t) + g - Ge-1(8)}

1<t<n

k k—1
= min {pk : :[!C_Ii Gr(n—t) + g - ll Gi - Gil(t)}

k
= Hqi - min {pk ~Gi(n —1t) + Gll»cfl(t)}
i=3

1<t<n

=q-Gj(n).
O

By Proposition [, it is sufficient to prove Theorem [l for Gi(n) instead of Gy (n). Now,
we show at which argument G} (n) = 1rgl<n {pr- Gi(n —1t) + G4_,(t)} takes its minimum.

Lemma 2. Let n be a positive integer. Suppose that p; > 1 for all 3 < i < k. Suppose also
that AGH(1) = GH1) =Gl —1) =i for3<i<k—1andl > 1 and that AG}(l) = uf
for 1 <1 < n—1. Let j be the integer such that k; < n < kjp1. Then, for 1 <t < n,
Gin(t) = pr - Gi(n —t) + Gi_,(t) takes its minimum at t = j.

Proof. Since
Grn(t+1) = Gpp(t) =pi - Gi(n —t = 1) + G (t+1) — i Gi(n — t) = G, (t)
==+ (Gr(n = 1) = Gi(n —t = 1)) + (Gy 1 (t + 1) = G4 (1))
=1—pr-AGL(n —t) + AG;_,(t+ 1)
for every 1 <t < n — 1, it follows by hypothesis that
Gin(t+1) = Gp,(t) = —pp-ub_, +ufy for 1<t<n-—1.

First, when 1 <t < 7 — 1, the growth of the sequences (uf’c

and (ufﬁfl)l>1 yields the
following inequalities a

)121

k k k k—1 k—1 k
Up g 2 Uy jyy 2 g jy1y Ui S UG = U
Let m = min{{ > 0 | kj 41 — kj > 2}, Such m always exists. By definition of k;;, we
have kj iy = kj + 1 for 0 <1 < m and kjqp < kj + m+1 < kjpn1. So we deduce from

|;e|l|l|la m tha(
uk — p . 'U/k — p . 'U/k
k]'+m+l k (kj+m+l)f(7'+m) k kj*j+l'

Thus,
Glo(t+1) = Gi(t) = —pi - ugy + uft! < —uf, i +up, <O
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for 1 <t < j — 1. Therefore, G, (t) > Gy ,(j) for all 1 <t < 5.
Similarly, when j <t <n — 1, we have

k k k k—1 k-1 _  k
Upy S Uy < Ui —j—10 Upg1 2 Ujyy = Up;yy-

Let m = min{l > 0 | kj_j41 — kj—; > 2}. If such m does not exist, then n = k; = j and
we already know that G,lﬁ,n(t) takes its minimum at ¢ = j. Suppose now that the integer
m exists. By definition of k;_;11, we have k;_;41 = kjp1 — L for 0 <1 < m and k;_,,, <
kjv1 —m —1 < kj_pi1. So we deduce from Lemma [[ that

Lk ok
Uky i1 —m—1 = Pk Uy —m—1)—(j—m) = Pk~ Ukj 1 —j—1-

Thus,

Gt +1) = Gp,(t) = —pr - ub_y +ufi! > —up, oy +ug,, >0

i+ =
for j <t <n— 1. Therefore, Gy, (t) > Gy ,(j) for all j <t < n.
Consequently, Gy, ,(t) takes its minimum at ¢t = j. O

We are now ready to prove the main result of this paper.

Proof of Theorem []. From Proposition [l it is sufficient to prove that

Gj(n) = Z ul
=1

for every positive integer n.

First, suppose that p; > 1 for all integers 3 < ¢ < k. We proceed by induction on k
and n. It is clear that for all k¥ > 3, GL(1) = 1 = u}. It is also clear that AGi(n) =
Gi(n) — Gi(n — 1) = py~! =« for all n > 1. Now assume that AG(l) = u} for all
3<i<k-—1landalll>1and that AGL(l) = u} for all 1 <1 < n —1. Then, we show that
AG}(n) = uk holds. For n, there exists some j > 1 such that k; < n < k;1. It is divided
into two cases: when n = k; (Case 1) and when k; < n < k;j;; (Case 2).

Case 1. When n = k;, we obtain

AGy(n) = Gi(k;) — Gi(k; — 1)
= Gllﬁ,k;j (J) — Gilﬁ,kj_1<]' —1) (since k1 < k; —1 < k; and by Lemma )
=i (Gi(k; = 5) = Gi((k; = 1) = (7 = 1)) + (Gi_1(J) = Giy (G = 1))

= AG; 4 (4)

= u?‘l (by assumption of induction)
= u’,jj (by definition of k;)

= ul.

Thus, the proof is shown in this case.



Case 2. When k; < n < kji1, we obtain
AGy(n) = Gi(n) — Gi(n — 1)
= Gj.,(j) = Gp,_1(j)  (since k; <n —1 < kjy1 and by Lemma J)
=i (Gi(n — ) = Gi(n — 1= ) + (G4 (4) — Gi1 (7))
= pr - AGy(n — j)
=pp-ub_ ; (by assumption of induction)
=u* (by Lemma[I).
Thus, the proof is shown in this case, too.
Next, suppose that p; = 1 for some integer i < k. When p3 = 1, it is clear that G1(n) = n
for all n > 0. Suppose now, without loss of generality, that p;, = 1 for some 4 < iy < k and

p; > 1 for all 3 < i <iy— 1. We proceed by induction on n. Assume that G}O(l) = [ for
0 <1< n—1. For n, by definition,

G, (n) = min {G; (n—1t)+ G _,(t)} = min {(n—1t)+ G} _,()}.

1<t<n 1<t<n

Since p; > 1 for all 3 < i < iy — 1, we know that G} _,(I) = S udlfor 1 > 1. It

is clear that u~' > 1 for all 1 < m < I. Therefore we have G} _;(I) > [ for { > 1. So
Gin(t) = (n —t) + G} _;(t) takes its minimum at t = 1 and G} (n) = (n—1)+1=n

10, io—1
as announced. Finally, suppose that, for some integer i > 3, G}(I) = [ for all I > 0 and

Gl () =1forall 1 <1 <n—1. For n, we obtain

Gipi(n) = min {G/ (n—t)+ G} (t)} = min {(n—1t) +t} =n.

1<t<n 1<t<n
This concludes the proof of Theorem [I. O
Corollary 1. Let k> 4 and j > 1. For every integer n such that k; <n < kjiq,
Gi(n) = pr - Gr(n = J) + @ - Ge-1(J)-
Proof. From Proposition B}, Theorem [[] and Lemma P. O
We end this section in considering the special case where p; = p > 1 for all 7.

Proposition 3. Let p; =p > 1 for all 3 < i < k. Then, for all integers 7 > 0 and n > 1

such that P Lo
+J - +J -
<
(7227) <= (F1727)

Gi(n) can be computed as follows:

- (- (1)

=0



Proof. By induction on n. First, we know by Proposition [ that u*® = p/. Moreover,
G}(n) = GL(n — 1) + u* from Theorem I
When n = (HJ 3) + 1, we obtain by the assumption of induction

G,lﬁ(n):G(n—l)ﬂLp’
_j k+m—3\ ,, k+j—4 j— j
-2 (0 e (omn= () e
2 (k+m=3\ ,  (k+j-—
2 (0 e (e
j—1 :
B E+m—3\ ,, k+j5—3 ~
_m:0< 3 )p +<n—< b9 ))p]

When (k:f;?’) +1<n< (k;:SQ), we obtain
Gi(n) = Gi(n—1) +p/

(0 (o0 (15

k+m—3\ ,, k+j7—3\\ .
(L (- (0)r

3
=}

—

<

m=

4 Application: the Tower of Hanoi on graphs

Let G = (V, E) be a simple graph with the set of vertices V' = {vy,..., v} and the set of
edges E. A k-peg Tower of Hanoi problem can be considered on G: the k pegs are placed on
the vertices vy, ..., v and transfer of disks is allowed between the pegs v; and v; only if there
is an edge between v; and v;. The original k-peg Tower of Hanoi problem then corresponds
to the Tower of Hanoi problem on the complete graph K. The cases of k = 3 and k = 4 are
illustrated in Figure [l.

The main application of the generalized Frame-Stewart numbers is in giving upper bounds
of the number of moves for the Tower of Hanoi problem on some simple graphs. For the
Tower of Hanoi problem on the complete graph with k > 3 vertices and n > 0 disks, we
retrieve the Frame-Stewart numbers Si(n) stated in Section 1. In the sequel of this section,
we consider other special cases where G is the path graph P3 or the star graph Si.

4.1 On the path graph Pj

The following theorem shows that the optimal number of moves for the Tower of Hanoi
problem on the path graph Pj is given by the generalized Frame-Stewart numbers.

9



Figure 1: The original Tower of Hanoi problem with 3 pegs (K3) and 4 pegs (Ky).
()
O—0—O

Figure 2: The path graph Pj.

Theorem 2. Consider the Tower of Hanoi problem on Ps, as depicted in Figure J. The
minimum number of moves to transfer n > 1 disks

e from peg 1 to peg 3 is Gz(n) =2 - Z?:_ol 3%, where (p3,q3) = (3,2);
o from peg 1 to peg 2 is Gi(n) = S04 3%, where (p3,q3) = (3,1).

Though the fact of this theorem is rather well-known (e.g., see [[J]), we present a short
proof to see the connection with the generalized Frame-Stewart numbers.

Proof. We begin with the transfer between peg 1 and peg 3. In order to move the biggest
disk from peg 1 to peg 3, we have to first move it from peg 1 to peg 2 and so the n — 1
smallest disks must be on peg 3. The n — 1 smallest disks are transferred from peg 1 to peg
3in Gz(n—1) moves. Then, we move the biggest disk from peg 1 to peg 2. In order to move
this disk to peg 3, we transfer the n — 1 smallest disks from peg 3 to peg 1 in Gz(n — 1)
moves. Finally, we put the biggest disk from peg 2 to peg 3 in 1 move and the n — 1 smallest
disks from peg 1 to peg 3 in Gz(n — 1) moves. The total number of moves for n disks is then
3-Gs(n — 1)+ 2, which corresponds to G3(n) as announced. Since this is the best possible,
Gs(n) is the optimal number of moves.

For the transfer between peg 1 and peg 2, as before, in order to move the biggest disk
from peg 1 to peg 2, we have to first transfer the n — 1 smallest disks from peg 1 to peg 3.
As proved above, the minimum number of moves to do this is Gs(n —1). Moreover, we know
that Gs(n — 1) = 2- Gi(n — 1) by Proposition Pl Then, after moving the biggest disk from
peg 1 to peg 2, the n — 1 smallest disks are transferred from peg 3 to peg 2. It is done in
Gl(n — 1) moves. Thus, we conclude that the minimum number of moves for transferring n
disks from peg 1 to peg 2 is 3- Gi(n — 1) + 1 as announced. O

10



4.2 On the star graph S,

We end this section by considering the Tower of Hanoi problem on the star graph S, with
k + 1 vertices and k edges. For k = 2, the graph S, corresponds to the path graph P3;. The
star graphs for k = 3 and k = 4 are depicted in Figure B.

Figure 3: The star graphs S3 and Sy.

Stockmeyer [ considered the Tower of Hanoi problem on the star graph Ss, where all the
n disks are transferred from one leaf of the graph to another leaf (for instance, from peg 2 to
peg 3 in Figure f)). He described a recursive algorithm which achieved a good (seemingly the
best) upper bound; thus, called it the “presumed optimal” algorithm. Here, we generalize
this algorithm to the star graph Sy for arbitrary £ > 2 and show that the number of moves
for this problem is obtained exactly by the generalized Frame-Stewart numbers.

Theorem 3. Let k > 2 be an integer. Consider the Tower of Hanoti problem on the star graph
Sk in which n > 1 disks are transferred from one leaf of the graph to another leaf. Then,
an upper bound on the number of moves to solve this problem is given by the generalized
Frame-Stewart number Gy41(n), where (ps, q3) = (3,2) and (pi, ;) = (2,1) ford <i < k-+1.

Proof. By induction on k of Sp. When k = 2, as noted before, the star graph S, corresponds
to the path graph P;. So by Theorem [P, Gs(n), where (ps,q3) = (3,2), is the minimum
number of moves to transfer n disks from peg 2 to peg 3. Suppose now that the result is true
for any number of disks up to Sx_; and until n — 1 disks for Sx. n disks are then recursively
transferred from peg 2 to peg 3 as follows. For some integer ¢ such that 1 <t <n,

e transfer the n — ¢ smallest disks from peg 2 to peg k+ 1 in Gy 1(n — t) moves;

e consider the remaining k£ pegs and the subgraphs obtained after deleting the vertex of
peg k + 1, which is the star graph S;_;, and transfer the ¢ largest disks from peg 2 to
peg 3 in Gg(t) moves;

e transfer the n — ¢ smallest disks from peg k + 1 to peg 3 in Giy1(n — t) moves.

11



We choose the integer ¢ such that the number of moves 2 - Gy1(n —t) + Gg(t) is minimized.
Thus, the algorithm satisfies the following recurrence relation:

Gri1(n) = min {2 Gypi(n —t) + Gi(t) }.

1<t<n

By this equation with the assumption of induction up to £ — 1, the number of moves of
this algorithm is given by the generalized Frame-Stewart number with (ps, ¢3) = (3,2) and

(piyqi) = (2,1) for 4 <i < k+ 1. <
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