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A Simple Trick to Speed Up and Improve the Non-Local Means

Laurent Condat

I. INTRODUCTION

Images are often corrupted by noise during acquisition [START_REF] Foi | Practical Poissonian-Gaussian noise modeling and fitting for single-image rawdata[END_REF], so that effective noise suppression methods are required. The Non-local means (NL-means) is a popular technique developed by Buades et al. [START_REF] Buades | A non-local algorithm for image denoising[END_REF], [START_REF]A review of image denoising algorithms, with a new one[END_REF]. Its efficiency and conceptual simplicity have made it very popular, but its main drawback is its high computational complexity. For an image of size N × M , patches of size 7×7 and a search window of size 21×21, which is a typical use setting [START_REF] Buades | A non-local algorithm for image denoising[END_REF], the complexity is 7 2 .21 2 .N.M . This makes accelerations necessary to maintain low computation times. Numerous methods have been proposed to accelerate the NL-means, such as preselection of the contributing neighborhoods based on average value and gradient [START_REF] Mahmoudi | Fast image and video denoising via nonlocal means of similar neighborhoods[END_REF], average and variance [START_REF] Coupé | An optimized blockwise nonlocal means denoising lter for 3-D magnetic resonance images[END_REF], higher-order statistical moments [START_REF] Dauwe | A fast non-local image denoising algorithm[END_REF], cluster tree arrangement [START_REF] Brox | Efcient nonlocal means for denoising of textural patterns[END_REF], mean values at different resolutions [START_REF] Karnati | Fast non-local algorithm for image denoising[END_REF], or probabilistic early termination [START_REF] Vignesh | Fast non-local means (NLM) computation with probabilistic early termination[END_REF]. The use of a data-driven lower dimensional subspace of the space of image neighborhoods has been investigated as well [START_REF] Azzabou | Image denoising based on adapted dictionary computation[END_REF]- [START_REF] Tasdizen | Principal neighborhood dictionaries for nonlocal means image denoising[END_REF]. Also, the computation of the distance between different neighborhoods can be optimized using the fast Fourier transform [START_REF] Wang | Fast non-local algorithm for image denoising[END_REF], [START_REF] Liu | A robust and fast non-local means algorithm for image denoising[END_REF], a moving average filter [START_REF] Goossens | An improved nonlocal denoising algorithm[END_REF] or integral images of certain error terms [START_REF] Karnati | Fast non-local algorithm for image denoising[END_REF], [START_REF] Darbon | Fast nonlocal ltering applied to electron cryomicroscopy[END_REF]. Finally, Adams et al. proposed clever data structures which are used to perform multi-dimensional smoothing, including NL-means filtering [START_REF] Adams | Gaussian KD-trees for fast high-dimensional filtering[END_REF], [START_REF] Adams | Fast high-dimensional filtering using the permutohedral lattice[END_REF].

In this work, we show that there exists an easy and exact implementation of the NL-means using convolution routines, which accelerates the method significantly in comparison with the classical naive implementation. Despite its simplicity, this observation has not been made so far in the literature, to the best of the author's knowledge. In Section II, we briefly describe the NL-means method and we present our new implementation based on convolutions in Section III. In Section IV, we show that the use of infinite-size nonbinary patches improves the quality while further decreasing the computation time.

II. THE NON-LOCAL MEANS METHOD

We consider the following observation model. We have at our disposal the image y = (y[k]) k∈Ω , where Ω ⊂ Z 2 is the L. Condat is with the Image Team of the GREYC laboratory, a joint CNRS-UCBN-ENSICAEN research unit in Caen, France. Contact: see http://www.greyc.ensicaen.fr/∼lcondat/. image domain, of size N × M ; y is a noisy version of the unknown image x corrupted by additive white Gaussian noise (AWGN):

y[k] = x[k] + e[k], ∀k ∈ Ω, (1) 
where e[k] ∼ N (0, σ 2 ) for every k ∈ Ω and σ 2 is the noise variance. The denoised image z, which is an estimate of x, is formed as follows:

z[k] = n∈Z 2 w[k, n]y[k + n] n∈Z 2 w[k, n] (2) 
with the weights

w[k, n] = f (n) exp -m∈Z 2 h(m) y[k+n+m] -y[k+m] 2 λ m∈Z 2 h(m) (3) 
for every n = 0, where λ controls the amount of smoothing.

The weight attached to the current pixel is computed differently [START_REF]A review of image denoising algorithms, with a new one[END_REF]:

w[k, 0] = max n =0 w[k, n] (4) 
Let us call the set of pixels {y[m+k] ; m ∈ [-P, . . . , P ] 2 } the patch of the image y centered at the pixel k. The NL-means consists in blending every pixel of y with other pixels, based on the similarity of their surrounding patches. Typically, the search for the similar patches is limited to the neighborhood of the local pixel so that f is the indicator function of the search region: f = 1 1 1 [-S,...,S] 2 . f can be a more complex symmetric function decaying away from zero, like a Gaussian function in [START_REF] Buades | A non-local algorithm for image denoising[END_REF]. h is an indicator function, which characterizes the size of the patches: h = 1 1 1 [-P,...,P ] 2 .

III. THE NL-MEANS EXPRESSED USING CONVOLUTIONS

The proposed acceleration consists in letting convolutions appear in the computation process. For this, let us define the images u n and v n by

u n [k] = (y[k + n] -y[k]) 2 (5) and v n = u n * h, (6) 
where * indicates the convolution, for every n ∈ [-S, . . . , S] 2 and k ∈ Ω, using symmetric boundary conditions for pixel values outside Ω. Next, we assume that f and h are arbitrary but symmetric functions and that f has a compact support included in [-S, . . . , S] 2 . Then, we have

w[k, n] = f (n) exp -v n [k]/C , (7) 
where

C = λ m∈Z 2 h(m) is a constant. Moreover, w[k, -n] = w[k -n, n]. (8) 
Hence, the proposed implementation simply consists in interchanging the loops with respect to k and n, which yields the following algorithm: Proposed Algorithm 1) for every n = [n x , n y ] ∈ [-S, . . . , S]×[-S, . . . , 0] such that (2S + 1)n y + n x < 0, 2) compute the image of squared pixel values u n defined in (5); 3) perform the convolution v n := u n * h; 4)

for every k ∈ Ω, update the pixel values 5)

z[k] := z[k] + f (n) exp(-v n [k]/C)y[k + n] and 6) z[k + n] := z[k + n] + f (n) exp(-v n [k]/C)y[k]; 7 
) end for; 8) add the contribution of the noisy pixel values to their denoised versions:

9) ∀k ∈ Ω, z[k] := z[k] + max n =0 w[k, n]y[k]; 10) normalize the pixel values: ∀k ∈ Ω, z[k] := z[k]/ n∈Z 2 w[k, n];
For the classical NL-means with h = 1 1 1 [-P,...,P ] 2 , the convolution with h is separable, so that the complexity of the proposed algorithm is O((2P + 1)(2S + 1) 2 N.M ) instead of O((2P + 1) 2 (2S + 1) 2 N.M ). A non-optimized C implementation of our algorithm running on a 2.4 GHz Macbook Pro yields a computation time of 15.4s versus 50.2s for the naive implementation, when denoising a 512 × 512 grayscale image, with P = 3 and S = 10.

Further on, we define the Z-transform of a 1-D filter g as G(z) = k∈Z g[k]z -k . Then, the moving average convolution with the 1-D filter

H(z) = z -P + • • • + z P (9) 
can be simplified, using the equality

H(z) = -z -P -1 + z P 1 -z -1 , (10) 
which yields the moving average implementation given in [START_REF] Goossens | An improved nonlocal denoising algorithm[END_REF] and [START_REF] Darbon | Fast nonlocal ltering applied to electron cryomicroscopy[END_REF]. Using this recursive implementation of moving averages, the complexity is reduced to O((2S + 1) 2 N.M ).

IV. THE NL-MEANS WITH NON-BINARY PATCHES

The proposed algorithm opens the door to the use of a non-binary filter h, yielding "fuzzy" patches. For instance, a Gaussian filter h can be employed, using the fast recursive implementations available for Gaussian filtering [START_REF] Deriche | Recursively implementing the gaussian and its derivatives[END_REF], [START_REF] Van Vliet | Recursive gaussian derivative filters[END_REF]. In this work, we propose to use the tensor product of the simple two-poles recursive filter

H(z) = (1 -α) 2 (1 -αz -1 )(1 -αz) . (11) 
A convolution with such a filter can be performed using a recursive algorithm as fast as a 3-tap FIR convolution [START_REF] Unser | B-spline signal processing: Part I: Theory & Part II: Efficient design and applications[END_REF]. Experimentally, we found out that the value α = 0.75 gives good results, for a noise level σ = 20. It is known that the NL-means works better with a relatively small search window [START_REF] Salmon | On two parameters for denoising with non-local means[END_REF]; that is, S = 6 is a good choice. It turns out that, with the filter h proposed in this section, an even smaller search region, as depicted in Fig. 1, works well. The complexity of the proposed algorithm is then reduced to O(56N.M ). In Tab. I, we present the results of denoising experiments on four images. The average improvement with the proposed modifications of h and the search window is 0.5 dB, for a significant reduction of computation time. We don't illustrate the results with images since the visual differences between the naive NL-means and the proposed variant are very small. Hence, the proposed algorithm should be seen, first and foremost, as a convenient and efficient way to accelerate the popular NL-means. We note that the idea of swapping the two loops in combination with the use of non-binary patches was proposed independently in [START_REF] Deledalle | Non-local methods with shape-adaptive patches[END_REF].

TABLE I PSNR

 I AND COMPUTATION TIMES FOR DENOISING CLASSICAL GRAYSCALE 512 × 512 IMAGES CORRUPTED BY ADDITIVE WHITE GAUSSIAN NOISE OF STANDARD DEVIATION σ = 20. THE SAME NOISE REALIZATION AND VALUE λ = 200 ARE USED IN ALL EXPERIMENTS. FORTHE NAIVE ALGORITHM, P = 3 AND S = 6. In grey, the set of indices n used in line 1. of the proposed algorithm, for the variant presented in section IV with a non-binary h. This set defines a diamond-shaped search window for the similar patches, instead of a classical square window.

	Algorithm	Lena	Barbara	Boats	Peppers
	Naive	31.79 dB	30.60 dB	29.55 dB	31.70 dB
		25.6 s	25.6 s	25.6 s	25.6 s
	Proposed	32.37 dB	31.02 dB	30.12 dB	32.16 dB
		1.8 s	1.8 s	1.8 s	1.8 s
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