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Abstract

A graph G = (V, E) is arbitrarily vertex decomposable if for any sequence 7 of positive integers
adding up to |V, there is a sequence of vertex-disjoints subsets of V whose orders are given by 7,
and which induce connected graphs. The aim of this paper is to study the recursive version of this
problem on a special class of graphs called suns. This paper is a complement of [BGW10]

1 Terminology and preliminary results

In this paper, we deal only with simple graphs, that means graphs without loops or multiple edges.
We denote by n the number of vertices, also called order of the graph and by m the number of edges.
If G=(V,E) and A CV, G[A] will denote the subgraph of G induced by A. For more definitions on
graphs, please refer to [Die05]

1.1 Arbitrarily Vertex-Decomposable Graphs

Let n, 71,...,7; be positive integers such that 7 + ... + 7 = n. 7 = (r1,...,7%) is called a
decomposition of n. If the size of the decomposition is pertinent, we would precise k-decomposition.

Let G = (V, E) be a graph of order n, and 7 a k-decomposition of n. G is 7-Vertex-Decomposable
iff it exists a partition of V' : Vi,... Vi such that for each 7,1 < < k

o [Vi[=mi
e G[V;] is connected

A graph G = (V, E) of order n is Arbitrarily Vertex-Decomposable (in short AVD) iff for each
decomposition 7 of n, G is T-Vertex-Decomposable.

1.2 Recursively Arbitrarily Vertex-Decomposable Graphs

Definition 1 A graph G = (V, E) with order n is Recursively Arbitrarily Vertex-Decomposable (in
short R-AVD) iff
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or
o G is connected and for each decomposition 7 = (11,...,7) of n, k > 2, it exists a partition of
Vi Vi,..., Vi such that for alli,1 <i<k
- Vil=m
— GV;] is R-AVD

Remark 2 A graph G = (V, E) of order n is R-AVD iff for each integer 1 < X\ < [ 3], it exists a
subset V of V' such that

° |V)\| =A
e G[V4] is R-AVD
e G[V\Wy] is R-AVD

1.3 Families of graphs

We present here some families of graphs and their notations, used in the further sections.

Let a be a positive integer. P, denotes the path of order a, C, the cycle of order a (cp. Fig-
ures la and 1b) .

A k-pode Ty (ty,...,tx) is a tree of order 1 + Zle t; composed by k paths of order respectively
t1,...,tr, connected to a unique node, called the root of the k-pode (cp. Figure 1c).

Let a and b be two positive integers. A caterpillar Cat(a,b) is a tree of order a + b, composed by
three paths of order a, b and 2, sharing exactly one node, called the root of the caterpillar. Cat(a,b)
is isomorphic to T5(a — 1,b — 1,1) (cp. Figure 1d).

A sun with 7 rays is a graph of order n > 2r with r hanging vertices ug, ..., u, whose deletion
yields a cycle C),_,., and each vertex v; adjacent to u; is of degree three. If the sequence of vertices
v; is situated on the cycle C),_, in such a way that there are exactly a; > 0 vertices, each of degree
two, between v; and v;4+1, ¢ = 1,...,r (the indices taken modulo r), then this sun is denoted by
Sun(ai,...,a,), and is unique up to isomorphism (cp. Figure le).

Note that the order of Sun(aq,...,a,) equals n = 2r +ay + ... + a,.

1.4 On-line Arbitrarily Vertex-Decomposable Graphs

The notion of on-line arbitrarily vertex decomposable graph has been introduced by Horndk and al.
in [HTWO07].

Let G = (V, E) be a graph. Imagine now the following decomposition procedure consisting of k
stages, where k is a random variable attaining values from [1,7n]. In the i** stage, where i € [1,k], a
positive integer 7; arrives and we have to choose a subset V; of V' of order 7; that is disjoint from all
subsets of V' chosen in previous stages (without a possibility of changing the choice in the future).
More precisely, for every partial sequence (7,...7;) whose sum is less than n, there is a sequence
(Vi,...,V;) of disjoint subsets of V such that for 1 < j <4, |V;| = 75, with the following property:
for all sequences (71,...,7,) with k > ¢ and summing to n, such that 7. = 7, for 1 < r <, there is
a decomposition of V' into disjoint subsets V7, ..., Vi with [V/| = 7] and G[V]] connected, for all j,
ande’:ijorlgjgi.

Definition 3 [HTWO07] If the decomposition procedure can be accomplished for any (random) se-
quence of positive integers (71, ...,Tk) adding up to n, the graph G is said to be On-Line Arbitrarily
Vertex-Decomposable, (in short OL-AVD ).

Lemma 4 [HTWO07] A graph G = (V, E) of order n is OL-AVD iff for each integer 1 < A <n —1,
it exists a subset V\ of V' such that

o |V)\|:)\
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) Path Ps b) Cycle C5 ) 3-pode T3(3,2,2)

) Cat(3

Figure 1: Examples of Graphs

(e) Sun(2,3,1)

e G[V,] is connected
o G[V\VA] is OL-AVD

Remark 5 A straightforward consequence of Lemma 4 and Remark 2 is that every R-AVDgraph is
OL-AVD.

The opposite is not true. For example, the caterpillar Cat(8,11) is OL-AVD [HTWO07], but not
R-AVD [BGW10].
The next result gives a complete characterization of OL-AVD suns.

Theorem 6 [KPWZ08]
A sun with one ray is always OL-AVD.
A sun with two rays Sun(a,b) is OL-AVD iff a and b take values given in Table 1a.
A sun with three rays Sun(a,b,c) is OL-AVD iff a, b and ¢ take values given in Table 1b.
A sun with four rays is OL-AVD iff it is isomorphic to Sun(0,0,1,d), where d = 2,4 (mod 6).
A sun with five or more rays is never OL-AVD.

1.5 Recursively Arbitrarily Vertex-Decomposable trees

Theorem 7 [BGW10] A tree T is R-AVD if and only if either T is a path or T is a caterpillar
Cat(a,b) with a and b given in Table 2 or T is the 3-pode T5(2,4,6).



’ a ‘ b ‘ ’ a ‘ b ‘ c

0 arbitrary (1) 57162 ( (mde;%)

1,3 =0 (mod 2 — 0

’ (mod 2) 2 | =2,4 (mod 6), 3, 6, 7, 11, 18, 10

2 # 3 (mod 6), 3, 9, 21 03 =34 (mod 6)

4 | =24 (mod 6), [4, 19\{15} 1 1.5,6,8, 10, 11, 12, 14, 16

5 = 2,4 (mod 6), 6, 18 5 — 76’8 1% —

6 | 6,78, 10,11, 12, 14, 16 6 10

7 8, 10, 12, 14, 16 é é 9

8 8, 9, 10, 11,12 1] 2 =2,4 (mod 6), 6, 18

9 10, 12 3 4,8, 16
(a) Values a, b (b > a), such that Sun(a,b) — .
N (b) Values a, b, ¢ (¢ > b > a), such that Sun(a,b,c) is
is OL-AVD OL-AVD

Table 1: Values for OL-AVD Suns

o | b |
2,4 =1 (mod 2)
= 1,2 (mod 3)
6,7,9,11, 14, 19
7
8,9, 11, 13, 15

| O O W

Table 2: Values a, b (b > a), such that Cat(a,b) is R-AVD



2 Recursively Arbitrarily Vertex-Decomposable Suns

This section presents the main result of this paper, a complete characterization of R-AVD suns.

Theorem 8

A sun with one ray is always R-AVD.

A sun with two rays Sun (a,b) is R-AVD if and only if a and b take values given in Table 3a.

A sun with three rays Sun (a, b, c) is R-AVD if and only if a, b and ¢ take values given in Table 3b.
A sun with four rays is R-AVD if and only if it is isomorphic to Sun (0,0, 1,2) or to Sun (0,0,1,4).
A sun with five or more rays in never R-AVD.

La] b | [a]?] c |
0 arbitrary 0 = 1,2 (mod 3)
1 =0 (mod 2) 1 =0 (mod 2)
2 | 20 (mod3), 3, 6, 9, 12, 18, 21, 24, 36 0212 3,4,6,7,8,10, 11, 14, 16, 18, 19
3 =0 (mod ?2) 3 4,8, 10
4 4 < b <19 except for b = 15, 4 4,5, 6, 8,10, 11, 12, 14, 16
= 2,4 (mod 6) with 20 < b < 46 5 6
5| =2,4 (mod6) with 8 < b < 32,6, 18 1]2 2,4, 6,8, 10, 14, 16, 18
6 6, 7,8, 10, 11, 12, 14, 16 213 4
(a) Values a, b (b > a), such that Sun(a,b) is R-AVD (b) Values a, b, ¢ (¢ > b > a), such that Sun(a,b,c) is
R-AVD

Table 3: Values for R-AVD Suns
Proof.
Since every R-AVD graph is also OL-AVD, so, we shall use the complete characterization of

OL-AVD suns given in Theorem 6, and Remark 2.
The labelling used in the proof follows that one from Figure 2.

U2
xa—i—l

e (%) g

|
Latb (O (5} Uy
\
U3
u3©/OO La1bt1 v Latbtc+...

Figure 2: Sun (a,b,...)

Sun with one ray A sun with one ray is traceable. Thus, it is R-AVD.



Sun with two rays Without loss of generality, we consider Sun (a,b) with b > a.

Sun (0,b) is traceable and then is R-AVD.
Sun (1,b) contains Cat (2, b+3) as partial graph. Thus, Sun (1, ) with b = 0 (mod 2) is R-AVD.
Sun (2,b) is OL-AVD only for b # 3 (mod 6) or b = 3,9,21.

— Sun (2,b) contains Cat (3,b + 3) as spanning tree and thus is R-AVD for b # 0 (mod 3).

— If b = 6k with kK = 5 or k& > 7, it is not possible to find a partition into two R-AVD
subgraphs of size 18 and n — 18.

—If b € {3,6,9,12,18,21,24,36}, then Sun(2,b) is R-AVD and the values of G[V,] and
G[V\V,] are given in Table 4.

Sun (3,b) contains Cat(4,b+ 1) as a spanning tree. Thus, it is R-AVD for b = 0 (mod 2).
Sun (4,b) is OL-AVD only for b = 2,4 (mod6) or b € {4,...,19}\{15}.

— Sun (4, b) contains Cat(5, b+3) as a spanning tree. Thus, it is R-AVD for b € {4,6,8,11,16}.

— Similarly, Sun (4,b) contains Cat(7,b 4+ 1) as a spanning tree. Thus, it is R-AVD for
be {7,10,12,14)}.

— Let us consider the case where b = 2,4 (mod 6).

x If b > 50, then n = b+ 8 > 58. Then, we have to consider the case A = 30 with
n — A > 28. Because there is no caterpillar with order 30, G[V)] must be a path and
G[V\V,] a caterpillar Cat(5,x) or Cat(7,x). But such a caterpillar has a maximum
order 24. Thus, if b > 50, Sun(4,b) cannot be R-AVD.

% For b = 2,4 (mod6),20 < b < 46, all the Sun(4,b) are R-AVD and the values of G[V)]
and G[V\V,] are given in Table 5.

— For the last possible values of b, that is b € {5,9,13,17,18,19}, Sun(4,b) is R-AVD and
the values of G[V,] and G[V'\V,] are given in Table 5.

Sun (5, ) is OL-AVD only for b = 2,4 (mod 6) or b € {6, 18}.

— Consider the case b = 2,4 (mod 6). For A = 18, the only possibility is that G[Vig] = Pis.
But in that case, G[V'\Vig] must be a caterpillar Cat(6, z) or Cat(8,x), which is impossible
for n — 18 > 14, that is n > 32 and b > 23. Thus Sun (5,b) may be R-AVD only for
b=2,4 (mod6) with 8 < b < 22 or b € {6, 18}.

— For all the remaining values of b, that is b € {6, 8, 10, 14, 16, 18, 20, 22}, Sun (5,b) is R-AVD
and the values of G[Vi] and G[V'\V,] are given in Table 6.

Sun (6,b) is OL-AVD only for b € {6,7,8,10,11, 12,14, 16}.

— Observe that Sun (6,b) contains, as a spanning tree, the caterpillar Cat (7,0 + 3). Thus,
Sun (a, b) is R-AVD for b € {6,8,10,12}.

— For all the remaining values of b, that is b € {7,11, 14,16}, Sun (6,b) is R-AVD and the
values of G[V,] and G[V'\V,] are given in Table 7.

Sun (7,b) is OL-AVD only for b € {8,10,12,14,16}. For all of these values of b, it is not possible
to find an edge {wy,ws} such that G[V\{w;, w2}] is R-AVD.
Sun (8,b) is OL-AVD only for b € {8,9,10,11,12}.

— For b € {8,10, 11,12}, it is not possible to find a set of size 3 V3 such that both G[V5] and
G[V\Vs] are R-AVD.

— For b =9, it is not possible to find an edge {wy,ws} such that G[V\{wy, w2}] is R-AVD.

Sun (9,b) is OL-AVD only for b € {10,12}. For these two values of b, it is not possible to find
an edge {wy, w2} such that G[V\{w,wy}] is R-AVD.



b IR Vi | G | GIV\W ]
3,6,9,12, 18, 21,24, 36 | 1 {u1} P Sun with one ray
2 {a:l,xg} P2 Pb+4
3 {x3, 24,25} Py Py
6, 12, 18, 24, 36 3 {2, v2,u2} P; Cat(2,b+1)
9, 21 {Tatb-2; Tatb—1, Tatb} Py Cat(5,b —2)
3,6,9,12, 18,21, 24,36 | 4 {u1, 19,21, 22} Py Pyio
6, 97 12, 18, 21, 24, 36 b {xl,xQ,UQ,UQ,.Tg} C’at(2,3) Pb+1
6 {ul,vl,xl,xg,vz,uz} P@- Pb
9, 12, 18, 21, 24, 36 7 {ul,vl,xl,mg,vg,uQ,xg,} Cat(2,5) Pb,1
12, 18, 21, 24, 36 8 {ul,1)1,%1,1‘2,1)2,U2,$3,$4} Cat(3,5) Pb,Q
9 {Ul,’()1,.I1,$2,’U2,U2,5L'3,CL‘4,$5} Cat(4, 5) Pb—3
10 {$1,$2,U2,U2,$3,...,.§L‘8} Cat(3,7) Pb_4
18, 21, 24, 36 11 {$1,$2,1)2,UQ,:II3,...,.T9} Cat(3,8) Pb,5
12 {ul,vl,xl,xQ,UQ,UQ,l’g,...,{L‘g} C(Zt(5,7) Pb—6
21, 24, 36 13 {$1,$2,U2,U2,1‘3,. . .,xn} Cat(3, 10) Pb_7
24, 36 14 {.1‘1,:E2,U2,U2,£L’3,. . .,wlg} Cat(3,11) Pb_g
15 {z2,v2,u2,3,..., 214} Cat(2,13) Cat(2,b—11)
16 {1, 22,02, u2,23,...,T14} Cat(3,13) Pyg
17 {.1‘1,:E2,U2,U2,£L’3,. . .,$15} Cat(3, 14) P25
36 18 {z21,..., 238} Pig Cat(5,19)
19 {.171,:E2,U2,U2,£L’3,. o ,x17} C’at(3, 16) P23
20 {xl,xQ,UQ,UQ,Jig,...,l‘lg} Cat(3, 17) PQQ
21 {za,v9,u2,z3,..., 220} Cat(2,19) Cat(2,19)

Table 4: Values of G[V)] and G[V'\V},] for some Sun (2, b)



b [ A | Vi [ G [ GVl |

5,9, 13, 17, 18, 19 Sun with
b=2,4(mod6),20 <b<46 | 1 {u1} Py one ray
5,13, 17, 19
b=2,4 (m0d6)720§b§46 {xl,xg} Py Cat(3,b+3)
9 2 {5, z6} P Cat(7,8)
18 {ul,’ul} P2 C’at(5, 19)
5, 13, 17 {$5,$6,$7} P3 Cat(?,b — 2)
9,19 3 {ua, va, x5} Py Cat(5,b)
18
b=2,4(mod6),20 < b < 46 {z1, 22, 23} Py Cat(2,b+ 3)
5,9, 13,17, 18, 19
b52,4(m0d6),20§b§46 4 {.%'1,...,.%‘4} P4 Pb+4
5,13, 17,19 {3, x4,v9,u2,25} Cat(2,3) Cat(3,b)
9 5! {1‘5, coey :Eg} P5 C’at(5, 7)
18
b=2,4(mod6),20 < b <46 {4, v2,u2, 25,26} Cat(2,3) | Cat(4,b—1)
5,9, 13,17, 18, 19
b=2,4(mod6),20 <b<46 | 6 {ur,vi,21,..., 24} Py Pyio
9,13, 19 {3, 24,02, u2, 5, T6, T7} Cat(3,4) | Cat(3,b—2)
17 7 {I15,...,.’E21} P7 C’at(?,ll)
18
b=2,4(mod6),20 < b <46 {z4,v9,u9,z5,...,28} Cat(2,5) | Cat(4,b—3)
9,13, 17, 18, 19
b=2,4(mod6),20 <b<46 | 8 {ur,v1,x1,..., 24,02, u2} P B,
13, 17, 18, 19 9 {331, ..y L4,0V2,U2,T5,Tg, 337} C’at(4, 5) Pb,1
b=2,4(mod6),20 < b <46 | 10 {u1,v1,21,...,T4,02,u2, T5, T6} Cat(3,7) Py_s
17, 18, 19 11 {z1,..., 24,09, u2,25,...,29} Cat(5,6) P,_5
b=2,4(mod6),20 < b <46 | 12 {z1,...,24,02,u2,25,...,210} Cat(5,7) Py_4
18, 19
b=2,4(mod6),20 <b<46 | 13 | {uy,v1,21,...,2T4,02,u2,T5,...,29} | Cat(6,7) Py_s5
552,4(m0d6),20§b§46 14 {1‘1,...,x4,U2,UQ,JZ5,...,:B12} Cat(5,9) Pb_()
b=2,4(mod6),22 <b<46 | 15 {z4,v2,u2,25,...,216} Cat(2,13) | Cat(4,b—11)
16 {:L‘l,...,x4,UQ,UQ,(IZ5,...,JZ14} Cat(5,11) Pb78
26, 28, 32, 34, 38, 40, 44, 46 | 17 {z4,v9,u2,T5,..., 18} Cat(2,15) | Cat(4,b— 13)
28, 32, 34, 38, 40, 44, 46 18 {ul, V1yLlye- 3 L4,V2,U2,T5, ... ,:L'14} C(lt(7, 11) Pb_10
19 {z4,v2,u2,25,...,22} Cat(2,17) | Cat(4,b— 15)
32, 34, 38, 40, 44, 46 20 {ul, V1,T1y.-.,24,0V2,U2,T5,- .. 71’16} Cat(?, 13) Pb712
34, 38, 40, 44, 46 21 {z4,v2,u2,T5,..., 229} Cat(2,19) | Cat(4,b—17)
22 | {uy,v1,21,...,24,02,u2,T5,...,218} | Cat(7,15) Py_q4
38, 40, 44, 46 23 {z4,v2,u2,25,...,224} Cat(2,21) | Cat(4,b—19)
40, 44, 46 24 {3}1, cee s L4,V2,U2,T5, - - - ,1'22} Cat(5, 19) Pb716
25 {x4,v,u2,25,...,29} Cat(2,23) | Cat(4,b—21)
44, 46 26 {3, 24,02, u2,T5,...,T2%} Cat(3,23) | Cat(3,b— 21)
46 27 {zy4,v9,u9,5,..., 228} Cat(2,25) Cat(4,23)

Table 5: Values of G[V)] and G[V'\V},] for some Sun (4, b)
8



b A Vi | GV | GIV\V)] \
1 {u1} Py Sun with one ray
6, 8, 10, 14, 16, 18, 20, 22 | 2 {71, 22} Py Cat(4,b+7)
6, 18 {U1,1)1,$1} Py Cat(5,b+1)
8, 10, 14, 16, 20, 22 3 {:L’l, x9, 1‘3} P Cat(?), b+ 3)
4 {1, 22,3, 24} Py Cat(2,b+5)
6, 8, 10, 14, 16, 18,20, 22 | 5 {z1...,25} P Pyiy
6 {$2...,$5,U2,u2} P Cat(2,b+ 1)
7 {ul,vl,xl...,x5} P7 Pb+2
8, 10, 14, 16, 18, 20, 22 8 {zg...,25,v2,u2, x6, x7} Cat(3,5) Cat(2,b—1)
10, 14, 16, 18, 20, 22 9 {ur,v1,21 ..., 25, v2,uz} Py b,
10 {xy4, 5,09, u2, Tg,...,T11} Cat(3,7) Cat(4,b—5)
14, 16, 18, 207 22 11 {ul,vl,xl ,335,’1}271@,1'6,%'7} Cat(?), 8) Pb,Q
16, 18, 20, 22 12 {z2,...,25,v2,u2,%6,...,T11} Cat(5,7) Cat(2,b—5)
18, 20, 22 13 {.261,...,.%'5,U2,U2,1’6,...,£C11} Cat(6, 7) Pb,4
20, 22 14 {za,...,x5,v2,u2,x6,...,213} Cat(5,9) Cat(2,b—17)
22 15 | {uy,v1,21..., 25,02, u2, %, ..., 211} | Cat(7,8) Pig
Table 6: Values of G[V)] and G[V'\V},] for Sun (5,b)
b | A Vy | G ] GIV\V)] \
7,11,14,16 | 1 {u1} Py Sun with one ray
7, 14 {ul,vl} P2 Cat(?,b—i— 1)
11, 16 2 {z1, 22} P Cat(5,b+ 3)
7 {z7, 28,29} Py Cat(5,9)
11 3 {UQ,UQ,Z’7} P3 Cat(?, b)
14, 16 {z1, 2,23} Ps Cat(4,b+ 3)
7,11,14,16 | 4 {z1,..., 24} Py Cat(3, b+3)
7,11 {5, ¢, V2, u2, 7} Cat(2,3) Cat(5,b)
14, 16 5 {z1,... 25} j2 Cat(2,b+ 3)
7, 11, 14, 16 6 {561,...,.%6} P6 Pb+4
7, 11 {z3,...,x6,v2,u2,x7} Cat(2,5) Cat(3,b)
14, 16 7 {.Z’Q,...,JZ(;,’UQ,UQ} P7 C’at(2,b+ 1)
7, 11, 14, 16 8 {.’L’l,...,xﬁ,’l)g,UQ} Pg Pb+2
9
11, 14,16 |10
11 {xl,...,x6,v2,uQ,x7,...,x,\,g} Cat(/\—7, 7) Pb+10,)\
14, 16 12
16 13

Table 7: Values of G[V)] and G[V'\V},] for some Sun (6, b)



Sun with three rays Without loss of generality, we consider Sun (a,b,c) with ¢ > b > a.

e Sun (0,0,c) is OL-AVD only for ¢ = 1,2 (mod 3). Because Sun (0,0,c) contains Cat(3,c + 3) as
a spanning tree, thus it is also R-AVD for ¢ = 1,2 (mod 3).

e Sun (0,1,c) is OL-AVD only for ¢ = 0 (mod 2). Because Sun (0,1,c) contains Cat(4,c + 3) as a
spanning tree, thus it is also R-AVD for ¢ = 0 (mod 2).
e Sun (0,2,c) is OL-AVD only for ¢ = 2,4 (mod6) or ¢ € {3,6,7,11,18,19}.
— Sun (0,2,c) contains Cat(5,c+ 3) as a spanning tree, thus it is R-AVD for ¢ € {3,6,11}.
— For ¢ € {7,18,19}, Sun (0,2, ¢) is R-AVD and the values of G[V)] and G[V\V,] are given
in Table 8.
— For ¢ = 2,4 (mod 6), we first eliminate values of ¢ such that Sun (0,2,c) is not R-AVD.
* ¢ =2 (mod6),c+#2,8,14,26
Consider A = 10. The two possibilities for G[Vio] to be R-AVD are
- Cat(3,7) with Vig = {usg, va, v1,u1, Teya, - . ., Te—s}, and thus G[V\Vig] = Cat(3,c—
5). Cat(3,¢—5) is not R-AVD for ¢ = 2 (mod 6).
- Pig with Vig = {u1,v1,%ct2,...,2c—5}. Then G[V\Vig] = Cat(s,c — 7). If we
consider only the cases where ¢ > 20 and ¢ = 2 (mod 6), G[V'\Vio] is R-AVD only if
c = 26.
* c=26
Consider A\ = 13. The possibilities for G[Vi3] to be R-AVD are
- Cat(3,10) with Viz = {ug,v9,v1,u1,Tct2,...,Te—g}. If ¢ = 26, then G[V\Vi3] =
Cat(3,18) which is not R-AVD.
. P13 with V13 = {Ul,’Ul, Led2y - ,Ic_g}. If c = 26, G[V\‘/l:;] = C’at(5, 16) which is
not R-AVD.
* ¢ =4 (mod6),c> 22
First, observe that because n = ¢+ 8 and ¢ = 4 (mod 6), we have n = 0 (mod 6) and
then n = 0 (mod 3).
We consider A = 15. Both 15 and n — 15 = 0 (mod 3). Therefore, both G15 and
G[V\Vi5] cannot be realized as a R-AVD caterpillar of the form Cat(3,b). Because
Cat(5,10) is not R-AVD the only remaining possibility is that Gi5 is a path Pj5 and
G[V\Vi5] is a caterpillar Cat(5,c—12). But Cat(5,c—12) is not R-AVD for ¢ = 22,28
or ¢ > 34.
In conclusion, for ¢ = 2,4 (mod 6), the only remaining values are 2, 4, 8, 10, 14 and 16. For
all of these values, Sun (0,2,c) is R-AVD and the values of G[V)] and G[V'\V,] are given in
Table 8.

e Sun (0,3,c) is OL-AVD only for ¢ = 2,4 (mod 6).
Consider first A = 6. Because there is no R-AVD caterpillar of order 6, G[V;] must be a path

of length 6. The two possibilities are that Vg = {u1,v1,Zct3,...,2ct or {us,vs, Tq,...T7}.
If Vs = {us, vs, x4, ...27}, GIV\Vg] is R-AVD if and only if G[V'\ V5] is a caterpillar Cat(3, 4)
and ¢ = 4.

If Vs = {u1,v1,Zeq3,... 2}, G[V\V5] is R-AVD if and only if G[V\Vg] is a caterpillar Cat(5,
6) or Cat(6, 7) and then ¢ = 8 or ¢ = 10.
For ¢ € {4,8,10}, Sun(0,3,c) is R-AVD and the values of G[V,] and G[V\V,] are given in
Table 9.

e Sun (0,4,c) is OL-AVD only for ¢ € {4,5,6,8,10,11,12,14, 16}.
For all of these values of ¢, Sun (0,4,c) is also R-AVD and values of G[V,] and G[V'\V,] are given
in Table 10.
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c | A Vy | G | Gv\Va] |
2,4, 7,8, 10, 14, 16, 18, 19 | 1 {us} P, Prorr
2.4, 7, 8, 10, 14, 16, 19 {ut, 1} P Cat(3,c+ 3)
18 2 {:Ul,xg} PQ CCLt(5, 19)
2, 4, 8,10, 14, 16, 18 {ug,ve, 1} Ps Cat(2,c+ 3)
7,19 3 {u1,v1, Teta} Py Cat(5,c)
2, 4, 7, 8, 10, 14, 16, 18, 19 4 {UQ,UQ,:L’l,CCQ} P4 Pc+4
2,4, 8,10, 14, 16, 18 {u1,v1,v9,u2, 21} Cat(2,3) | Cat(2,c+1)
7,19 5 {Zcq2,v1,u1,v2, u2} Cat(2,3) Cat(3,¢)
4, 7, 8, 10, 14, 16, 18, 19 6 {UQ,UQ,iL'l,xQ,Ug,u:g} P(; PC+2
7, 8, 10, 14, 16, 18, 19 7 {UQ,UQ,.’L'l,.%'Q,Ug,u:g,mg} C’at(2,5) PC_|_1
8, 10, 14, 16, 18, 19 8 {uy,v1,v2,u, 1, x2, V3, U3} Cat(3,5) P,
10, 14, 16, 18, 19 9 {uQ,vg,xl,mg,vg,u;J,,:1:3,:/64,:65} C’at(4, 5) Pc—l
14 {ui,v1,x16,...,29} Py Cat(5,7)
16, 18, 19 10 | {ug,v2,v1, U1, Teq2y .oy Tes} Cat(3,7) | Cat(3,c—5)
14, 16, 18, 19 11 {UQ, v2,21,22,V3,U3,T3, ... ,1’7} C’at(5, 6) Pc_g
16, 18, 19 12 {UQ, v2,21,X2,V3,U3,T3, ... ,:L'g} C’at(5, 7) PC_4
18, 19 13 | {ug,v2,v1,u1,Teq2,y ... g}t | Cat(3,10) | Cat(3,c—8)
Table 8: Values of G[V)] and G[V'\V},] for some Sun (0,2, c)
c | A] Vi | GW] | GIV\Va] |
1 {U3} P1 Pc+8
2 {UQ, Ug} Py CCLt(4,C + 3)
4,810 | 3 {ug,ve, 1} Py Cat(3,c+3)
4 {UQ,UQ,:L’l,J}Q} Py C’at(2,c—|— 3)
5 {uz,vg,xl,xg,xg} P5 PC+4
4 {ug, V3, T4,y .. .%'7} P@' Cat(3, 4)
8,10 | 6 {u1,v1, Teq3, ..., T} Ps Cat(6,c — 3)
8, 10 7 {UQ,UQ,xl,.TQ,:Eg,’Ug,Ug} P7 PC+2
8,10 | 8| {ug,vo,v1,u1,Teqs, ... 2} | Cat(3,5) | Cat(4,c—3)
10 9 | {x1, 2, x3,v3,u3,T4,...,27} | Cat(4,5) Cat(3,7)

Table 9: Values of G[V)] and G[V'\V},] for Sun (0, 3, ¢)
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c [ A ] Vi [ G [ GIV\WA

|

45 6,8 10, 11, 12, 14, 16 | 1 {us} Py Prero
4, 6, 11, 16 {'LLQ,'UQ} Py Cat(5,c+ 3)
5,8, 10, 12, 14 P Tur, o1} P, | Cat(T,c+ 1)
4, 6, 8, 10, 12, 14, 16 {UQ,UQ,xl} P3 CCLt(4,C+ 3)
5, 11 3 {u1,v1, Teqat Py Cat(7,c)
4, 5,8, 10, 11, 14, 16 {21, 24} 2 Cat(3,c+ 3)
6, 12 4 {u1,v1, Teqa, Teys} Py Cat(7,¢—1)
4, 6, 8, 10, 12, 14, 16 {ug, vo, x1, 2, 23} P Cat(2,c+ 3)
5 ) {ul,vl,xg,a:g,:w} P5 Cat(3, 7)
11 {ua, v, v1,u1, 15} Cat(2,3) | Cat(b,11)
45 6,8 10,11, 12, 14, 16 | 6 {(us, v, 21, -, 24} Pe Prra
, 6, 8,10, 12, 14, 16 {u1,v1,v2,u2, 1, x2, 3} Cat(3,4) | Cat(2,c+1)
5, 11 7 {ug, V2, V1, U1, Teya, Tets, Tera} Cat(3,4) | Cat(5,c—2)
6, 8, 10, 11, 12, 14, 16 8 {ug,vo,x1,...,x4,v3,u3} P P.io
8, 10, 11, 12, 14, 16 9 {ug,vo,x1,..., 24,03, u3, 25} Cat(2,7) Py
10, 11, 12, 14, 16 10 {ug,vo,x1,...,x4,v3,u3, x5, T6} Cat(3,7) P,
12, 14, 16 11 | {ug,ve, 21, ..., 24,03, u3, 25,6, x7} | Cat(4,7) P
14, 16 12 {UQ,UQ,xl,...,$4,U3,U3,$5,...,x8} Cat(5,7) Pcfz
16 13 {UQ,UQ,.%'l,...,.1‘4,’1)3,U3,$5,...,I’9} Cat(6,7) Pc_g

Table 10: Values of G[V,] and G[V'\V,] for Sun (0,4, c)

Sun (0,5,¢) is OL-AVD only for ¢ € {6,8,16}.

Consider A = 2. There is only two possibilities for Vs, either Vo = {ug,va}, or Vo = {uq,v1}.
If Vo = {ug,va}, then G[V\Va] = Cat(6,c+ 3) which is not R-AVD for any ¢ € {6,8,16}.

If Vo = {uy,v1}, then G[V\Vz] = Cat(8, ¢+ 1) which is R-AVD for ¢ = 6 but not for ¢ = 8 or
c=16.

In fact, Sun (0, 5, 6) is R-AVD and values of G[V,] and G[V\V,] are given in Table 11.

Sun (0,6,¢) is OL-AVD only for ¢ € {8,10}.

Consider A = 3. The two possibilities for V3 are {us, ve, 21} and {u1,v1,x.16}. In the first case,
G[V\Vs] = Cat(6,c+3), in the second case G[V\V3] = Cat(9,c). In both cases, G[V\ V3] is not
R-~AVD for ¢ = 8 or ¢ = 10.

Sun (0,7,¢) is OL-AVD only for ¢ € {8,10}.

Consider A\ = 2. There is only two possibilities for V, either Vo = {ug,va}, or Vo = {uq,v1}.
If Vo = {ug,v2}, then G[V\Vz] = Cat(8,c+3). If Vo = {uq,v1}, then G[V\Va] = Cat(10,c+1).
Both Cat(8, ¢+ 3) and Cat(10, ¢+ 1) are not R-AVD for ¢ = 8 and ¢ = 10.

Sun (0,8,c) is OL-AVD only for ¢ € {8,9}.

Consider again A = 2 and the two possibilities for Va: Vo = {ug,v2}, or Vo = {uq,v1}.

If Vo = {us,va}, then G[V\Vs] = Cat(9,c+3). If Vo = {uy,v1}, then G[V\V3] = Cat(11,c+1).
Both Cat(9,c+ 3) and Cat(11,c+ 1) are not R-AVD for ¢ =8 and ¢ = 9.

Sun (1,2,c) is OL-AVD only for ¢ = 2,4 (mod 6) or ¢ € {6,18}.

Consider first A = 11. That means that n > 22 and thus ¢ > 13. We consider four possibilities
to obtain a R-AVD graph with order 11:

- V11 = {UQ,UQ,Il,Ul,U1,$C+3, . 71’6_2}. In that case, G[V\Vll} = Cat(g, C— 5)
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By Vi | GV | GIV\VA] |

1 {us} Py Pig

2 {ul,vl} P2 Cat(?, 8)
3 {UQ,’UQ,Q,’l} P3 Cat(5,9)
4 {1@,’02,1‘1,1‘2} P4 Cat(4, 9)
5 {uy,v1,v9,u2, 21} Cat(2,3) | Cat(5,7)
6 {ug,vo,x1,..., 24} Ps Cat(2,9)
7 {UQ,UQ,IEl,...,ZL‘5} P7 P10

8 | {u1,v1,v2,u2,21,...,24} | Cat(3,5) | Cat(2,7)

Table 11: Values of G[V)] and G[V'\V,] for Sun (0, 5, 6)

— Vi1 = {uz,v9, 22, 3,03, u3, T4, . .., 28 }. Thus, G[V\Vi1] = Cat(2,c — 4).

— Vi1 = {x2,x3,v3,u3, 24, ..., 210}. Thus, G[V\V1;1] = Cat(4,c — 6).

— V11 = {l‘l, V1, Uy, xc+3, e 75['0_4}. Thus, G[V\Vll] = Cat(5, C — 7)
For all these cases, G[V\V11] is not R-AVD for ¢ > 13,¢ = 2 (mod 6), except for G[V\V11] =
Cat(5,7) or Cat(5,19) and ¢ = 14 or 26.
Consider now A = 13. That means that n > 26 and thus ¢ > 17. We consider three possibilities
to obtain a R-AVD graph with order 13:

- V13 = {.132, T3,V3,U3,T4,... ,.1‘13}. Thus, G[V\Vig] = C’at(4, Cc— 8)

— Vis = {ug,v9, 21,01, U1, Teqs, - .., Te—a}. In that case, G[V\Vi3] = Cat(3,¢— 7).

— Vis ={x1,v1,u1,%et3, .-, Te—g}. Thus, G[V\Vi3] = Cat(5,¢c—9).
For all these cases, G[V\Vi3] is not R-AVD for ¢ > 17, ¢ = 4 (mod 6), except when G[V\ Vi3] =
Cat(5,19) and ¢ = 28.
At last, consider an induced subgraph with order 18. Because the only caterpillar with this
order is Cat(7,11), the only way to have a R-AVD subgraph of Sun (1,2, ¢) with order 18 is a
path Pjg. In the cases of ¢ = 26 or ¢ = 28, the remaining subgraph contains four leaves and
then, cannot be R-AVD.
Thus, the only remaining values for ¢ are 2, 4, 6, 8, 10, 14, 16 and 18. For all these values of c,
Sun (1,2, ¢) is R-AVD and values of G[V,] and G[V\V,] are given in Table 12.

e Sun (2,3,c) is OL-AVD only for ¢ € {4,8,16}.

Let us consider A = 2. If Vo = {uy,v1}, Vo = {ug,va} or Vo = {ug,vs}, then G[V\V3] has
four leaves and then is not R-AVD. The only remaining possibility is Vo = {21, 22}, and thus
G[V\Vz] = Cat(6,c+ 3). Then, Sun(2,3,c) cannot be R-AVD with ¢ = 8 or ¢ = 16.
Sun (2, 3,4) is R-AVD and values of G[V)] and G[V'\V,] are given in Table 13.

Sun with four rays A sun with four rays is OL-AVD if and only if it is isomorphic to Sun (0,0, 1, d)
with d = 2,4 (mod 6).
Consider A = 6. Since an R-AVD graph with order 6 must be a path, the only possibility is to
have
o d=2Vs={uy,v1,23,22,04,us} and G[V\Vg] = Cat(2,3)
or
o d=4, Vs ={uy,vi, x5, 24,23, 22} and G[V\Vs] = Cat(4, 3)

We prove that both Sun (0,0,1,2) and Sun (0,0,1,4) are R-AVD, by giving the values of G[V}]
and G[V\V,] in Table 14.
O
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c ‘ A ‘ V)\ ‘ G[V,\] ‘ G[V\V,\] ‘
2,4, 6,8, 10, 14, 16, 18 | 1 {u1} Pi | Sun(2,c+2)
2.4, 6,8, 10, 14, 16, 18 | 2 (29,23} P, Cat(4,c + 3)
2,4, 8,10, 14, 16 {x1,v9,u2} Ps Cat(3,c+ 3)
6, 18 3 {U1,U1,$1} P3 C’at(5,c+ 1)
2,4, 6,8, 10, 14, 16, 18 | 4 {uz, va, 22, 23} Pi | Cat(2,c+3)
2,4,6,8,10, 14,16, 18 | 5 {x1,v9,u2, T2, T3} Cat(2,3) P.iy
4, 6, 8, 10, 14, 16, 18 6 {ug,ve, e, 3, v3, us} Py Cat(2,c+1)
6, 8, 10, 14, 16, 18 7 {$1,U2,U2,$2,1’3,U3,U3} Cat(2,5) Pc+2
8, 10, 14, 16, 18 8 {ua, va, T2, T3, V3, u3, T4, 5} Cat(3,5) | Cat(2,¢—1)
10, 14, 16, 18 9 {u1,v1, x102, U2, T2, T3, V3, U3} Cat(4,5) P,
14, 16, 18 10 {9, x3,v3,u3,24,...,29} Cat(3,7) | Cat(4,c—5)
14 {x1,v1,u1, Teys, ||dots, Te—a} Cat(2,9) | Cat(5,c¢—7)
16, 18 11 | {ug,va, x1,v1, U1, Tets, ||dots, xe—o} | Cat(4,7) | Cat(3,¢c—5)
16, 18 12 {ug, vo, o, 3, v3, U3, Tq,...,T9} Cat(5,7) | Cat(2,c—5)
18 13 {ug,va, x1,v1,u1,%21,...,T9} Cat(4,9) Cat(3,11)

Table 12: Values of G[V)] and G[V'\V},] for Sun (1,2, c)

BN Va [ G [ GV\W] |
1 {us} Py Sun (2, 8)
2 {xl,.%'g} PQ Cat(6, 7)
3 {3, 24, w5} Py Cat(5,7)
4 {xl,xg,vg,ug} P4 CCLt(4, 7)
5 {1, 22,02, u2, 23} Cat(2,3) | Cat(3,7)
6 {uy,v1,x1, 22, V2, U2} Py Cat(4,5)
7 | {ug,ve,x3, 14, 5,03, u3} P Cat(3,5)

Table 13: Values of G[V)] and G[V'\V,] for Sun (2, 3,4)

[ d [)] VA [ 6w | G\ |
2,41 {u1} P, Sun (0,1,d+1)
2,4 2 {UQ,UQ} P C’at(4,d+3)

2, 413 {Ug,vg,l‘l} P3 C’at(3,d+3)
2, 414 {UQ,UQ,Ug,U3} P4 Cat(?,d+3)
2, 415 {U2,'U2,’U3,U3,$1} C’at(2,3) Pd+4

4 6 {ul,vl,x5,$4,$3,x2} P@' Cat(4, 3)

Table 14: Values of G[V)]| and G[V'\V},] for Sun (0,0, 1, d)
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