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A GLOBAL STABILITY ESTIMATE FOR THE
GEL’FAND-CALDERON INVERSE PROBLEM IN TWO
DIMENSIONS

ROMAN NOVIKOV AND MATTEO SANTACESARIA

ABSTRACT. We prove a global logarithmic stability estimate for the

Gel’fand-Calderén inverse problem on a two-dimensional domain.

1. INTRODUCTION

Let D be an open bounded domain in R? with with C? boundary and let

v € C1(D). The Dirichlet-to-Neumann map associated to v is the operator
® : C1(OD) — LP(OD), p < oo defined by:

o
_01/8[)

(1.1) o(f)

where f € C1(0D), v is the outer normal of 9D and u is the H*(D)-solution
of the Dirichlet problem

(1.2) —Au+v(x)u=0 on D, ulgpp = f;

here we assume that 0 is not a Dirichlet eigenvalue for the operator —A 4 v
in D.

Equation ([.9) arises, in particular, in quantum mechanics, acoustics, elec-
trodynamics; formally, it looks like the Schrédinger equation with potential

v at zero energy.

The following inverse boundary value problem arises from this construc-
tion: given ® on 9D, find v on D.

This problem can be considered as the Gel’fand inverse boundary value
problem for the Schrédinger equation at zero energy (see [f], [§]) and can
also be seen as a generalization of the Calderén problem for the electrical
impedance tomography (see [, [H]).

The global injectivity of the map ® — v was firstly proved in [§] for
D c R% with d > 3 and in for d = 2 with v € LP. A global stability
estimate for the Gel’fand-Calderén problem for d > 3 was firstly proved by
Alessandrini in [l; this result was recently improved in [f].

In this paper we show that, also in the two dimensional case, an estimate

of the same type as in [[] is valid. Indeed out main theorem is the following:
1



2 ROMAN NOVIKOV AND MATTEO SANTACESARIA

Theorem 1.1. Let D C R? be an open bounded domain with C? boundary,
let v1,v9 € C%(D) with lvjllczpy < N for j = 1,2, and ®1,®2 the cor-
responding Dirichlet-to-Neumann operators. For simplicity we assume also

that vjlasp = 0 and a%vij =0 for j = 1,2. Then there exists a constant
C =C(D,N) such that

(1.3) [[oz—v1l|poe(py < Clog(3+]|@2—®1[~") " log(3log(3+ (@2 — 1] 7)),

where ||Al| denotes the norm of an operator A : L>°(0D) — L>*(9D).

This is the first result about the global stability of the Gel’fand-Calderén
inverse problem in two dimension, for general potentials. Results of such a
type were only known for special kinds of potentials, e.g. potentials coming
from conductivities (see [[] for example). Note also that for the Calderén
problem (of the electrical impedance tomography) in its initial formulation
the global injectivity was firstly proved in [I(] for d > 3 and in [ for d = 2.

Instability estimates complementing the stability estimates of [fl], [H], [
and of the present work are given in [f].

The proof of Theorem [[.1] takes inspiration mostly from [f] and [fl]. For
29 € D we show existence and uniqueness of a family of solution ., (z, A)
of equation ([.J) where in particular ., — eM#=20)* for X — oo. This is
accomplished by introducing a special Green’s function for the Laplacian
which satisfies precise estimates. Then, using Alessandrini’s identity along

with stationary phase techniques, we obtain the result.

An extension of Theorem 1.1 for the case when we do not assume that

vjlap = 0 and %vj]ap =0 for j = 1,2 is in preparation.

2. BUKHGEIM-TYPE ANALOGUES OF THE FADDEEV FUNCTIONS

In this section we introduce the above-mentioned family of solutions of

equation ([[.9), which will be used throughout all the paper.

We identify R? with C and use the coordinates z = x1 +ix9, Z = 21 — i
where (1, 22) € R2. Let us define the function spaces C1(D) = {u : u, % €
C(D)} with the norm ||ull x5y = max(||ullepy, |32 lem): CHD) = {u:
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u, % € O(D)} with an analogous norm and the following functions:

(21)  Gal(2,¢ ) = 6720 g, (2,0, N)e A0,
(2.2) (2,¢,A) SA / eA(C?HZO)H(Z?MO)QdR dI
. 9z0(2, G, A) = = en dIm,
’ ™ Jp  (n—2)(C-7)
(2.3) e (2, 0) = X707 (2,0),
(2'4) ,uZO(Z,)\) = 1+/Dgzo(Z,C,A)U(C)MZO(C,)\)dReCdImC,
(2.5) hZO()\):/ e)‘(zfzo)LX(E*EO)Qv(z),uZO(z,)\)dRezdImz,
D

where 2,29,( € D and A € C. In addition, equation (R-4) at fixed 2y and )\,
is considered as a linear integral equation for p, (-, A) € C1(D).
We have that

2:6) 1260 = 8- ),
(2.7) 4<0az —{—2)\(2—20)) %gzO(Z,C,)\) =d(z — (),
(28) i (5 ) + 0 (2 ) = 0
(29) 4 < 8‘1 +oA(z — ZO)> %MZO(Z, )+ 0(2)pag (2, 0) = 0,

where z,29,( € D, XA € C, ¢ is the Dirac’s delta. (In addition, it is assumed
that (R.9) is uniquely solvable for p,,(-,A) € CL(D) at fixed 29 and \.)

Formulas (R.4)-(B-9) follow from (B.1)-(B-4) and from

01
0z 2

—A(z—20)2+\(Z—%0)? —
=4(2), <% +2X\(z — zo)> ¢ — AT — d(z),

TZ

where z, 29, A € C.
We say that the functions G, g, V2, Hz, Pz, are the Bukhgeim-type
analogues of the Faddeev functions (see [§], [, B)-

3. ESTIMATES FOR Gy, [z, Pz

This section is devoted to crucial estimates concerning the functions de-

fined in section .

Let
(31)  guaulz) = / 920 (2, C N u(O)dReC dIm(, = € D, 20, A € C,
D

where g,,(2,(, \) is defined by (B.2) and u is a test function.
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Lemma 3.1. Let g., u be defined by (B.1]), where u € CL(D), 29, \ € C.
Then the following estimates hold:

Gz \U € Cgl(ﬁ)
< 01( )

log3)\ 14 |z0|)ca(D
(33) ”gzO’)‘u”C%(ﬁ) S ( | |)|()\||ZO||20|) 2( )Hu”cé(ﬁ)a 20 7&0’ ‘)\‘ Z 1.

3:2)  llgzoaullcr HUHCI(D Al =1,

Lemma B.1 is proved in section .

Given a potential v € CL(D) we define the operator G202 simply as
(gzo0)u(2) = goyaw(z), w = vu, for a test function u. If u € CL(D), by
Lemma B.1] we have that g,, \v : C2(D) — C1(D),

(34) ”gZOJ\U” (D) < QHQZOJ\” (D)”U”Cl(D

where ||-||?% —. denotes the operator norm in C(D), zp, A € C. In addition,

C1(D)
|92, AH(g;l D) is estimated in Lemma B.1. Inequality (B.4) and Lemma B.1]
implies existence and uniqueness of p,,(z,A) (and thus also ¥,,(z, A)) for
|A| sufficiently large.

Let

k
Mzo Z gzo,)\v
=0

R (N) :/ eMZ*ZO)Q*A(EiEO)Qv(z),ug;)(z,)\)dRezdImz,
D

20
where 2,29 € D, A € C, k € NU {0}.

Lemma 3.2. For v € CL(D) such that vlgp = 0 the following formula
holds:

(3.5) v(z0) = — hm |)\|h )(\), 20 € D.

T A—300
In addition, if v € C?(D), v|agp = 0 and %bp =0 then

2 log (3|
B o) — 2 O] < () R ol

forzg € D, N € C, |\ > 1.

Lemma B.J is proved in section .
Let .
W (N) = / e)‘(Z_ZO)Q_)‘(Z_ZO)Qw(z)dRe zdIm z,
D

where 29 € D, A € C and w is some function on D. (One can see that
W,, = hg? for w =v.)
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Lemma 3.3. For w € C1(D) the following estimate holds:

log (3]A])

(3'7) |Wz0()‘)| < C4(D) |)\|

lwllc1py, 20 € Dy [N > 1.

Lemma B.J is proved in Section 5.

Lemma 3.4. For v € CL(D) and for ngo,AUH(gi@) <0 < 1 we have that
k Sk+1
B8 o)) = DNl <
log(3|A]) 6*+1
B9 ) - AN < D) ETA ol

where zo € D\ {0}, A€ C, |\| > 1, ke NU{0}.

Lemma B4 is proved in section B

4. PROOF OF THEOREM [L.1]

We start from Alessandrini’s identity

/D(W(Z) —v1(2))Y2(2)Y1 (2)dRez dlmz

= / 1(2)(Pg — B1) (2, o (C)dCdz,
oD JOD

which holds for every 1; solution of (—=A 4+ wv;)1); =0 on D, j =1,2. Here
(®g — @1)(2,() is the kernel of the operator 9 — ®;.

Let fi,, denote the complex conjugated of p, for real-valued v and, more
generally, the solution of (R.4) with g.,(z,¢,\) replaced by g.,(z,C, A)for
complex-valued v. Put 11(2) = ¢, , (2, —\) = e_X(E_EO)Qﬂl(z, =), Ya(z) =
P20 (2,A) = eM#=20) 115 (2, \), where we called for simplicity 77; = T s M2 =
H2,2,- This gives

(4.1) /DG)\’ZO(Z)(W(Z) —v1(2))p2(z, Nz (2, \)dRez dlmz

:/ / e AEE R (2, = 2) (@ — @1) (2, ()N 1y(¢, N)dCdz,
oD JoD
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where ey ., (2) = eMz=20)*=A(Z=70)"  The left side () of (1) can be written

as the sum of four integrals, namely
IﬂA)zhﬁquJzﬂvﬁz)—vﬂdeRauﬂmz
I(A) = - /D €xz2(2)(v2(2) — v1(2))(p2 — 1) (1 — 1)dRez dlmz,
k@):—hQ%ﬁLamJ@@ﬂ@—vﬂ@mm—1M&nﬂm@
_QQ):—JﬁM%iéme@xm@ﬂ—vﬂ@ﬂﬁr—nﬂ%zﬂm@

for z9 € D. By Lemma B.1, B.9, B.3, B.4 we have the following estimates:

(4.2)
2 log(3|A
2 A1 = (i) = 0 o) < DI ES A o = vl
(4.3)
1+ |20])? (log(3|\]))?
|IQ|§C5(D)( |Z(l|£|) ( |()\||2|)) Hvz—Ul||Loo(5)H1)1||Cz1(5)||v2‘|c’zi(5),
(4.4)

14 |20| (log(3|A]))?
| 0| ( |(>\||2 |)) Hv2 — UIHC%(B)HU2HC%(5)’

5] < |I2] + c6(D) P

(4.5)

1+ |zo| (log(3]A]))?
W e e vlamlvloo

14| < [I2] + c6(D)

for |A| sufficiently large for example, for A such that

2log BIA)(1 + |z0[)e2(D)
|Allzol?

max ([[villc1py, [villerpy: lv2llermy, lv2llerpy) < 1/2, (Al = 1,

(4.6)

20 # 0 (in fact we can suppose that 0 ¢ D). The right side J(A) of ([L.I])

can be estimated as follows:
(4.7) NITO] < er(D)elP DN @y — @y,
where we called L = max,cop, z0ep |2 — 20]-

Putting together estimates ([£3)-(f.7) we obtain

log(3|\]) 2

(4.8) |va(20) — v1(20)| < cs(D) B N3+ ;07(D)€(2L2+1M||‘1>2 — @4

for z9 € D, 0 ¢ D and N is the costant in the statement of Theorem [l.1. We
call ¢ = ||®y— ;]| and impose |\| = ylog(3+e~ 1), where 0 < v < (2L2+1)7!
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so that ([£§) reads
(4.9)  [v2(20) = v1(20)| < es(D)N*(vlog(3 +¢7)) ™" log(3ylog(3 +<71))
+ %@(D)(?) + e R+
for every zy € D, with
(4.10) 0<e<e(D,N,y),

where £ is sufficiently small or, more precisely, where (.1() implies that
IA| = vlog(3 + 1) satisfies (.6) for all 29 € D.

As (34 571)(2L2+1)78 — 0 for ¢ — 0 more rapidly then the other term,
we obtain that
log(3log(3 + [[®2 — @1] 1))

log(3 + [|®2 — ®1]71)

(4.11) [ve —v1|lpee(py < co(D, N,7)

for ¢ = [|®g — @4|| < e1(D, N,7).

Estimate (JL11]) for general e (with modified cg) follows from ([.11]) for
e < e1(D,N,v) and the assumption that ||vj|[zepy < N, j = 1,2. This
completes the proof of Theorem [L.1.

5. PROOFS OF THE LEMMATA

Proof of Lemma [3.]. One can see that g,, \ = TTZO,A, for zg, A € C, where

_ 1 [ u(Q)
(5.1) Tu(z) = - /D = zdReC dIm(,
. e)\z%fng efA(sz+zo)2+X(Zfi+Eo)2
(5:2) Toppu(z) = — / — u(C)dReC dime,
D

s (—z

for 2 € D and u a test function. Estimates (B.9), (B.3) now follow from

(5.3) Tw e CL(D),
(5.4) HTwHCEl(E) < ”I(D)Hch@)a where w € C(D),
(5.5) TZO)\U S C(E),
— nao(D
(5:6) [ Tepnullos < %uun@@, for 2 = 0, |\| > 1,
log(3|A])(1 + |20])n3 (D)
[ All20/?

N

(5.7) HTzo,AUHC(B) > ||UHCEI(E), 20 # 0, [A[ =1,

where u € C1(D), z9,A € C. Estimates (F-3), (F4) are well-known (see

L))

The assumption u € C1(D) is not necessary at all for (5.5): indeed, using

well-known arguments it is sufficient to take u € C(D).
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Let us prove (5.6) and (5.7). We have that

ef)\z%JrXZ% o
———Tu(z) = Ly ac(2) + T 0 e(2),

T
where
e~ M¢—2+20)+X(C~Z+%0)?
(5.8)  ILyae(2) = / —— u(¢)dRe¢ dIm¢,
Dm(BZ,EUBz—zO,s) C -z
e~ M¢—2+20)>+A(C~Z+%0)?
69 Torela) = [ _ u(¢)dReC dim,
Dz,zo,s C -z

and B, ={C€C:|(—z2 <¢e}, D,ze=D\(B:cUB;_ ). One sees
that

ull
(5.10) Ly re(2)] < 2/ | HC(D)dReCdImC = 4nel|ull oz
B.. ¢ — 2|

with z, 29, A € C, € > 0. Further, we have that

JZO,)\7E(Z)
— i_ i <e—>\(C—z+z0)2+X(Z—E+Eo)2) _ u_(()_ —dRe( dIm(
2\ Jp. .y OC (C=2)((—Z+7%0)

- leo,)\,e(z) + Jz?o,)\,e(z)7

where
) 1 e~ M¢—2+20)24+X(C—Z+%0)?
J i — — d 5
zo,)\,e(z) AN /aDZ’ZO’E (C_E)(C —5—1—50) U(C) ¢
Jgo,)\,e(z)
— _i_/ e*)\(<72+20)2+x(273+30)2i < _ — 'U/_(C)_ — > dReC dImC
2A D, ¢ \(C—2)(C—Zz+z0)

Now we get

1 [u(Q)]]d¢|
J} 2)| < M} = = = ,
‘ zo,A,s( )’ = 2 20,8 4’)\’ OD: 20, |< —EHC —2+§0|
1 1 1
5.11) M} < — <_ + — )dcu
( ) Z,Zo,)\,é‘ 8|)\| aDZ,ZO’E ’C_z‘z ’C—E‘i‘EO’Q ‘ ’H HC(D)

1 1 1
(512) M, <L (__+____)mw%
2,20,\,€ 2[ 20|\ oD .- C—z  [C—Z+% (D)
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where (p.12) is valid if z9 # 0. We also have

1 ‘3—%(0!
2[Al Jp..,. 1€ —ZII¢ —Z + Zo

’ z())\a( )’< zzo)\az_

[u(Q)] [u(Q)]
+ = = + = dRe¢ dIm,
T aPR-z1ml  C-AC-z+mp ol
1 r%m |1%4(0))
513) M? < R4S %
( ) 2,20, — 2|)\| Dz,ZOE’C_E‘Z ‘C—Z-l-zo‘z
[u(Q)] [u(Q)]
— dRe( dI
2 s g g el e
(5.14)
ou u
1 5l 156 (Ol u(Q)]
M? < — _o¢ + 2= o¢ + 2=
TP Dage 1€ —Z|20] | —Z + Zo| 20] ¢ —Z[?| 20
[u(Q)] [u(Q)] [u(Q)]
+4—= + 2—= + 4= dRe( dl
T—alal Tzl | K -EEll
where (p.19) is valid if 29 # 0. Using (f.11) and (b.13) we obtain that
(5.15)
| Ly ne(2)] < N Ha(D)e™Hlullepy
(5.16)

[T ()] < N5 (D) ullogpy + A~ e (D) log(3e™ )H Hc

where z,20, A € C, [A\| >1,0<e < 1.
If 29 # 0 we can use (p.19) and (5.14) in order to obtain

[ Lome ()] < [N zol ™ nz (D) log(3e™H) [[ull o),
(5.18) [ T2 e ()] < A zol 2 ns(D) log( e ) lullem)

+ A7 z0| T o (D )H ”C(D

Finally, putting ¢ = |)\|7% into (5.10), (5.18), (5.14) we obtain (f.6),
while putting ¢ = |A|~! into (F.10), (F.17), (F.18) we obtain (5.7). The proof
follows. O

Proof of Lemma [3.3. First we extend our potential v to a larger domain
Dy D D (always with C? boundary) such that dist(9D1,0D) > 6 > 0 (for
some 6) by putting v|p,\p = 0. In such a way v € C'(Dy) N C*(D; \ §D)
with [[vllox(p,) = [[vllerpy for k=1,2.
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Now let x4 be a real-valued function on C such that x5 € C*(C), xs(z) =
xs(]2]), x5(2) =1 for |z] < /2 and x5(z) =0 for |z| > 4§, z € C.
Let

vin(2,20) = v(20) + v2(20) (2 — 20) + vz(20)(Z — Z0),

for z,z9 € Dy, v Z—a—v and vz :‘gg

We can write h§0>(/\) = S..6(A) + R, 5(A), where
Sz0.6(A) = /(CGA(ZZO)QA(ZZO)Qvlm(Z, 20)xs(z — 29)dRez dlmz
= /Ceip‘(z2+22)vlin(e_i“0()‘)z + 20, 20)x5(2)dRez dlmz,
R, s(\) = /D MNE—20)?—A(F=%0)? (v(2) — viin (2, 20)xs5(z — 20)) dRez dImz
1

where ¢(\) = $(arg(\) — 3), 20 € D, A € C.
Using the stationary phase method we obtain that

2
(5.19) v(z0) = = lim |A[S,, 5(N),

T A—00

2 _
(5.20) [0(20) = —|A[S20,6(A] = a1(D, 0)[vll o1 5 | .
20 € D, 0 >0, A € C, |A\| > 1. Integrating by parts we can write

1 9 —20)2-\(z—-%
Rzoﬁ()\) = T = aZ (BA(Z 0)?=A( 0)2)

" o %;Z’—ZQX(S(Z 20 Rez dlmz = Rl 5(3) + B, 5(0).
_1 - . ) B
i075( ) = — e)\(z_Z())Q_)\(Z—zo)2 (U(Z) Ulan E)Xé(z 2:0))dz7
42)\ 0D Z — Zo
1 S
2 - Az—20)2=A(Zz—20)
zo,é( ) I D, €
% 2_ ((v(z) - vzmiz, ZE)X(;(Z — zo))> dRez dlms,
0z Z — 20

for zo € D, A € C\ {0}. In addition, we have that

(5.21) lim AR, 5(0) =0,

(5.22) hm \)\\Rzo s(A) =0.

Formula (5.21) follows from properties of xs, the assumption that zy € D
and that v|gp, = 0. Actually, as a corollary of this properties we have that
v(2) — vin (2, 20)xs(z — z0) = 0 for z € 9D, and, therefore, R;o,é()‘) = 0 for
A e C\{0}.
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Formula (5.29) for v € C'(D1) is a consequence of the estimates

(5.23) R35.(0) = /B Aem20) 0)?
20,

y El ((v(z) — Uin (2, ZE)X‘S(Z — ZO))> dRezdlmz = O(e) as € — 0
— %o

N

(5.24) B>’ (M) = / A=) A0
Dzo,s

20,0,€
X 9 <(U(Z) — Win (2 %0)X6 (2 = ZO))> dRezdlmz — 0 as A — o0
oz Z— %

where B, . = {2 € C: |z — 2| < e}, Dy, = D1\ By .. In (5.23)-(5.29) we
assume that zp € D, 0 <e <6, A e C.
Estimate (f.29) is obtained by standard arguments using that

[0(2) = 0(20)] < llolloa )z — 20l 20 € D, 2 € Bogs,

while (p.24) is a variation of the Riemann-Lebesgue Lemma.

Formula (B.§) now follows from (f.19), (5.21]), (5.29).

Under the assumptions mentioned in Lemma B.3, the final part of the

proof of estimate (B.f) consists in the following. We have, for ¢ < §/2,

(5.25) |R§’156()\)| < / [v(=) = Ulm(;’ 20)l dRez dlmz
o B |z — 20l

2(),€

zZ\%) — Uz !
N / 102 = 00| e atmz < ool oy,
B

e |z — 2o
—1 0 2 Y= = \2 1
R2,2 \) = __/ & A(z—20)*—A(z—%0)
5N 2x Jp.,. 0% (6 ) Z—7%o
% 2_ (U(Z) - Ulin£Z7 ZE)X(S(Z - ZO))) dRez dlmz
0z Z— 2o
=1, 291 22,2
- K(Rz()’é’g()\) + Rzo,(g,g( ))?
2,2,1 l / A(z—20)%2=N(z—%0)? 1
b =5 f, € Z — %o
a _ . —
9 (v(z) Usz%ZE)Xs(Z Zo))) "
0z Z— 2o
SR N JECEE
2 OB., - Z—Zo0Z zZ—20
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where we used in particular that v|pp, =0, a%vbDl =0,

Rifv‘fg()‘) == /D AME—20)2=A(zE—%0)?
20,€

B < q g((v(z)—vlm(

X_
0z \z—7%, 0%

We have, for ¢ < §/2

20)X6(2 = )))> dRez dlmz.

20
— Zo

I\

(5.26) |RZ%L ()] <

20 7575

/ ’U(Z) _Ulin(?zO)"dz‘
0B.g.e R

1 |vz(2) — vz(20)] 7
3/ d2] < Lrlollcap)
8320 5

DN |

2 |2 — 2o/
2,2,2 2,2,2 2,2,2 2,2,2
(5.27) [R5 < RS S5 n N+ [R50 = B2 (W),
2,2,2
(5:28) [R5 n(N] < a2(D.8)[[vll o 5y

2,2,2 R222
\Rzm&e( )—R Z055/2 A < Z/ u;(z, z0)dRez dIlmz,
20 5/2\8205

with
B 1 vz(z) — vz(20)
’lj,l(Z,ZO)— ‘2_20‘2 Z — 2
1 U(Z) —’Ulin(Z,Z())
ua(z 20) = |z — 202 (Z —Z0)? ’
1 vzz(2
us(z,20) = ——— | = (_) ,
|z — 20| |Z — Zo
2 vz(z) — vz(20)
U4(Z ZO) ‘Z — ZO‘ (z — z0)2 )
2 |o(2) — vin(2s 20)
B Rk
This yields
)
22,2 22,2
(5.29) 1R 6eN) = By 550N < aslog(52) [Vl ez

where 29 € D, 0 < e < §/2. A € C\ {0}. Using (b.20), (6.25)-(b.29) with
e = |A|7! we obtain (B.6). Lemma B.9 is proved. O

Proof of Lemma [3.3. We write

W (A) = Wi, (\) + W2 (),

Z0,E

Wzlo,e()‘) :/ eAe—20)” 7X(E*E°)2w(z)dRez dImz,
DNB.y,-

Wfo,e()‘) :/ eMz*ZO)LX(E*EO)Qw(z)dRez dlmz,
D\Bzo €
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where B, . = {z € C: |z — 2| < e}. One sees that

(5.30) WL (V)] < / lwlleqydRez dimz = 7wl
20,€
—1 - _
W2 (\) = — 9 <6A(z—zo>2—x(z—za>2) (%) Res dimz
) 2)\ D\Bz(),e 32 z — ZO

=W2ZLO\) + W2%(N),

20,€ 20,€

_1 -
WELy = [ e L g,
iA Jo(D\B.,.c)

7 — %
WZQO’ZS()\) = i_ e)‘(Z_ZO)Q_X(E_EOFQ_ <_w(z_) > dRez dlmz.
’ 2\ Jp\B., . 0z \Z — Zo
We have
(5:31) WL < N an (D) ol ) o3 ™),
(5.32) (WEEO] < N aa(D)l|wll o1 ) log(3e7)

for zo e D, A e C\ {0}, 0 <e <1

Using (5.30), (5-31), (F-33) with ¢ = |A|~! we obtain (B-7). This finishes
the proof. O

Proof of Lemma [3.4. Formula (B.§) follows from the assumption on ||g., zv||
and from solving (B.4) by the method of successive approximations.
The proof of estimate (B.9) follows from (B.§) and Lemma B.J. The proof
follows. g
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