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A Note on Skew-Elliptical Distributions
and Linear Functions of Order Statistics

Nicola Loper�do
Dipartimento di Economia e Metodi Quantitativi

Università di Urbino "Carlo Bo", Via Sa¢ 42, 61033 Urbino (PU), ITALY

Abstract

Linear functions of order statistics from bivariate, exchangeable, con-
tinuous and elliptical random vectors have a skew-elliptical distribution.
This result generalizes previous ones on order statistics and skewed dis-
tributions.

Key words: Exchangeability, order statistics, skew-elliptical distribution,
skew-normal distribution.

1 Introduction

Nagarajah (1982) obtained the distribution of a linear combination of order
statistics from a bivariate, exchangeable and normal random vector. The same
distribution independently appeared in biostatistics (Roberts, 1966), economet-
rics (Aigner et al, 1977) and time series (Andel et al, 1984). Nowadays it is
known as skew-normal distribution, and it was given its actual name by Azza-
lini (1985). The probability density function of the skew-normal distribution
SN (�;  ; �) is

f (y; �;  ; �) =
2

 
�

�
y � �
 

�
�

�
�
y � �
 

�
; (1)

where �; y; � 2 R,  2 R+, � and � are the pdf and cdf of a standard normal
distribution, respectively.
Apparently, the connection between order statistics and skewed distributions

was �rst noticed by Loper�do (2002), while independently rediscovering a re-
sult in Roberts (1966), and later generalized by Azzalini & Capitanio (2003).
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Other connections between order statistics and generalizations of the normal
distribution are dealt with in Crocetta & Loper�do (2005) and Arellano-Valle
& Genton (2008).
Bivariate and exchangeable random vectors often occur when modelling ob-

servations taken from both sides of the same individual. Indeed, �Observations
between related measurements, such as with eyes, ears, siblings, etc., possess in-
trinsic symmetries that may be relevant for assessing an underlying physiological
process�(Olkin & Viana, 2000).
In vision research, for example, measures of visual acuity are often made in

right (YR) and left (YL) eye, together with one or more covariates X. Ordered
acuity measurements Y1 = min(YR; YL) and Y2 = max(YR; YL) are required to
determine the person�s total vision impairment, de�ned as (3Y1 + Y2) =4 (Rubin
et al, 1984). Olkin & Viana (1995) and Viana (1998) modelled the joint distrib-
ution of (YR; YL; X) via normality and exchangeability assumptions, obtaining
�rst and second moments of (Y1; Y2; X), and hence of (hY1 + kY2; X), where
h; k 2 R:
The paper generalizes results in Nagarajah (1982) and Azzalini & Capitanio

(2003). It is structured as follows. Section 2 reviews some basic concepts and no-
tations related to elliptical and skew-elliptical distributions. Section 3 contains
the main result, its proof and some corollaries.

2 Skew-elliptical distributions

A random vector is spherically distributed (spherical, for short) if its distribu-
tion is invariant with respect to orthogonal transformations and it is elliptically
distributed (elliptical, for short) if it can be represented as an a¢ ne transforma-
tion of a spherical random vector (Fang et al., 1990). The probability density
function of an elliptical and p�dimensional random vector x, when it exists,
can be represented as follows:

f (x; �;
) =
1p
j
j

g
h
(x� �)T 
�1 (x� �)

i
; (2)

where � 2 Rp, 
 2 Rp �Rp is a symmetric, positive de�nite p� p matrix and g
is a function from R+ to R+ satisfyingZ +1

0

yp=2�1g (y) dy =
� (p=2)p

�p
: (3)

The vector � and the matrix 
 are commonly referred to as the location vector
(parameter) and the scale matrix (parameter). They are not in general equal
to the mean vector and the covariance matrix, respectively. The function g is
said to be the generator of the corresponding distribution, which is denoted
by Ep (�;
; g). Branco & Dey (2001) introduced the class of skew-elliptical
distributions, which generalizes elliptical ones and it is de�ned via the following
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conditioning argument. Let the joint distribution of the random variable Y and
the random vector x be�

Y
x

�
� Ep+1

��
0
�

�
;

�
1 �T

� 


�
; g

�
; (4)

where 
 is a symmetric, positive de�nite p� p matrix and � 2 Rp satis�es the
constraint �T
�1� < 1. Then the distribution of xjY > 0 is said to be skew-
elliptical with location parameter �, scale parameter 
, shape parameter � =

�1�=

p
1� �T
�1� and generating function g, denoted by SEp (�;
;�; g) :

The probability density function of SEp (�;
;�; g) has the following form:

f (z; �;
;�; g) =
2p
j
j

Z �T (z��)

�1
g
h
r2 + (y � �)T 
�1 (y � �)

i
dr: (5)

Branco & Dey (2001) obtain several other representations of skew-elliptical den-
sities which are not of interest in the present context and are therefore omit-
ted. Notice that SE1

�
�;  2; �= ; g

�
, where g (x) = (2�)

�1
exp (�x=2), cor-

responds to the skew-normal distribution SN (�;  ; �) : Azzalini & Capitanio
(2003) showed that the maximum component of a bivariate, continuous, ellipti-
cal and exchangeable random vector has a skew-elliptical distribution.

3 Main result

The following theorem generalizes results in Nagarajah (1982) as well as in
Azzalini & Capitanio (2003), since it deals both with elliptical distributions and
linear combinations of order statistics.

Theorem 1: Let X and Y be two exchangeable, elliptical and continuous
random variables: �

X
Y

�
� E2

��
�
�

�
;  2

�
1 !
! 1

�
; g

�
; (6)

where � 2 R,  2 R+ and j!j < 1. Then for any h, k with h 6= �k the
distribution of hmin (X;Y ) + kmax (X;Y ) is

SE1

"
� (h+ k) ;  2

�
h2 + k2 + 2!hk

�
;
1

 

k � h
jk + hj

r
1� !
1 + !

; g

#
: (7)

Proof: Let the random variables Q, W and U be de�ned as follows:

Q = hmin (X;Y ) + kmax (X;Y ) ; W = hX + kY ; U =
Y �Xq
2 2 (1� !)

: (8)
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The random variable X (Y ) equals min(X;Y ) if X (Y ) is smaller than Y (X). A
similar argument holds for max(X;Y ). Then for an arbitrary q the probability
P (Q � q) equals

P (hX + kY � q;X < Y ) + P (hY + kX � q;Y < X) : (9)

By assumption, X and Y are exchangeable and continuous random variables.
Hence P (X < Y ) = P (Y < X) = 0:5 and

P (hX + kY � qjX < Y ) = P (hY + kX � qjY < X) : (10)

These equations, together with the de�nitions of W and U , imply that

P (Q � q) = P (hX + kY � qjX < Y ) = P (W � qjU > 0) : (11)

We shall now consider the joint distribution of W and U . The class of elliptical
distributions is closed with respect to linear transformations, so that the joint
distribution of W and U is

E2

8>><>>:
�
� (h+ k)

0

�
;

2664  2
�
h2 + k2 + 2!hk

�
 (k � h)

r
1� !
2

 (k � h)
r
1� !
2

1

3775 ; g
9>>=>>; : (12)

Results in Branco & Dey (2001) imply that the distribution of W jU > 0 is
univariate skew-elliptical with location parameter � (h+ k), scale parameter
 2
�
h2 + k2 + 2!hk

�
, generating function g and shape parameterh
 (k � h)

p
(1� !) =2

i. �
 2
�
h2 + k2 + 2!hk

��s
1�

h
 (k � h)

p
(1� !) =2

i2��
 2 (h2 + k2 + 2!hk)

�
=

1

 

(k � h)
p
1� !q

2 (h2 + k2 + 2!hk)� (k � h)2 (1� !)

=
1

 

(k � h)
p
1� !p

h2 + k2 + 2!hk + 2hk + !k2 + !h2

=
1

 

(k � h)
p
1� !q

(h+ k)
2
(1 + !)

=
1

 

k � h
jk + hj

r
1� !
1 + !

: (13)

From (11) we know that Q and W jU > 0 are identically distributed and this
completes the proof.

In order to show the connection between the above theorem and previous
literature, corollaries 1 and 2 restate results in Nagarajah (1982) and Azzalini
& Capitanio (2003).
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Corollary 1 Let X and Y be two random variables whose joint distribution
is bivariate normal with E (X) = E (Y ) = �, V (X) = V (Y ) =  2 and
C (X;Y ) = ! 2. Then for any two constants h and k 6= �h the distribution of
hmin (X;Y ) + kmax (X;Y ) is

SN

"
� (h+ k) ;  2

�
h2 + k2 + 2!hk

�
;
k � h
jk + hj

r
1� !
1 + !

#
: (14)

Corollary 2 Let X and Y be two exchangeable, elliptical and continuous ran-
dom variables: �

X
Y

�
� E2

��
�
�

�
;  2

�
1 !
! 1

�
; g

�
: (15)

Then max (X;Y ) � SE1

h
�;  2;  �1

p
(1� !)/ (1 + !); g

i
.
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