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BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF IN THE WHOLE SPAC  E:
[ll, QUALITATIVE PROPERTIES OF SOLUTIONS

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

Asstract. This is a continuation of our series of works for the inhorogous Boltzmann equation. We study qual-
itative properties of classical solutions, precisely, fineregularization in all variables, uniqueness, non-ategty

and convergence rate to the equilibrium. Together with éselts of Parts | and Il about the well posedness of the
Cauchy problem around Maxwellian, we conclude this seriés avsatisfactory mathematical theory for Boltzmann
equation without angular cuto
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1. INTRODUCTION

Following our series of Worksﬂ[SDLO], extending resultmﬁr, E], this Part Ill is concerned with qualitative
properties associated with solutions to the Cauchy prolideitne inhomogeneous Boltzmann equation

(1.1) fo+v-Vuf =Q(f, f), flo = fo.

We refer the reader for the complete framework, definitiams libliography, to our previous papeﬂs @ 10].

General details about Boltzmann equation for non fiutmss sections can be found [h [1] 13, 37]. Let us just
recall herein that the Boltzmann bilinear collision operas given by

Q(g,f>=ffB(v—v*,(r){g;f'—g*f}do-dv*,
R3 J§2

Date 30 October 2010.
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wheref! = f(t,x,v), f" = f(t,x, V), f. = f(t,x,v.), f = f(t, x,v), and foro- € §?, the pre- and post-collisional
velocities are linked by the relations
v+v*+|v—v*| v+v*_|v—v*|

2 2 2 2
The non-negative cross secti@(z, o) depends only otz and the scalar produ% - 0. As in the previous
parts, we assume that it takes the form

VvV =

o, V, =

B(lv— V.|, cost) = ®(|v — v.|)b(cossd), cosh = Iz: z*l o, 0<60< %
where
(1.2) ®(2) = @,(|2) = |27, b(cost) ~ 6% when § — O+,

forsomey > -3 and O< s< 1.

In the present work, we are concerned with qualitative priigeeof classical solutions to the Boltzmann
equation, under the previous assumptions. By qualitatigpgrties, we mean specifically regularization prop-
erties, positivity, uniqueness of solutions and asymptogéind to global equilibrium.

Let us recall that in a close to equilibrium framework, théseence of such classical solutions was proven
in our series of paper§][9,]10] and using &etient method, by Gressmann and Strhih [22[ 23, 24]. We refer
also to [1]i] for bounded local solutions.

The first qualitative property which will be addressed haredncerned with regularization properties of
classical solutions, that is, the immediate smoothifigot on the solution. For the homogeneous Boltzmann
equation, after the works of Desvillettds][{6] L7, 18], te&ie has now a long historf} [B.[4] {4] .9, B4.[28. 29,
@]. All these works deal with smoothed type kinetic parttfoe cross sections, which therefore rules out the
more physical assumption above, that is, including thewardgehavior for relative velocity near 0. We refer
the reader to our forthcoming WOFElZ] for this issue.

Regularization fect for the inhomogeneous Boltzmann equation was studiedriprevious Works|]6[|8],
but for Maxwellian type molecules or smoothed kinetic pdotisthe cross section. Nevertheless, we have
introduced many technical tools, some of which are helpdultdckling the singular assumption above. In
particular, by improving the pseudofifirential calculus and functional estimates fr([hﬂG, 8], wallsbe able
to prove our regularity result.

We shall use the following standard weighted Sobolev spafiaet], fork, £ € R, as

HE = HERY) = (f € S'(RY); W, f e H¥(R]))
and for any open sé& c R3
HEQ xR = (f € D'(Qx RY); W, e HY(Q x RY)}

whereW,(v) = (v) = (1 + |v/%)"/? is always the weight fov variables. Herein,(-)> = (-, ) 2z denotes the
usual scalar product ib? = L%(R3) for v variables. Recall thdt? = H?.

Theorem 1.1. Assume(L.3) holds true, with0 < s < 1, y > max-3,-3/2-2s}, 0 < T < +co. LetQ
be an open domain at3. Let f € L*([0, T]; H(Q x R3)), for any¢ € N, be a solution of Cauchy problem
) Moreover, assume that f satisfies the following local cieéycestimate : for any compact K Q and
0< T1 < T2 < T, there exist two constangg > 0, Cp > 0 such that

(1.3) = (U, 0, Mz 2 mollhls ery = CollIEz
for any he C3(1T1, T2[; C5(K; H;(R3))). Then we have
f € C=(]0, T[xQ; S(RY).

Classical solutions satisfying such a local coercivityreate do exist[[o[ 40], see Corollafy 215 in next
section.

Our next result is related to uniqueness of solutions. Wd sbasider function spaces with exponential
decay in the velocity variable, fane R

ENRY) = [ge D'(RS,): 3p > 0 stege L(RE HM(RY)).
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and forT >0
EM(0.TIxRE,) = {feC(0. T} D'®RE,): 3p>0
st @V f e L([0.T] xRS HM®S))).

Theorem 1.2. Assume thab < s < 1 andmax-3,-3/2-2s} <y < 2-2s. Let § > 0and § € EYR). Let
0 < T < +co and suppose that & £25([0, T] x Rﬁ’v) is a non-negative solution to the Cauchy probl)
Then any solution in the function spag€([0, T] x RE,V) coincides with f.

Remark.

1) Note that the solutions considered above are not neciésstassical ones. Moreover, Theor1.2 does
not require the coercivity. On the other hand, if we suppbsebercivity, then we can get the uniqueness in the
function spac&s([0, T] x R)‘;y\,), without the non-negativity assumption, see preciselyofﬁ‘m in Sectioﬂ 4,

2) We can also remove the restrictipr- 2s < 2, if we consider the small perturbation around Maxwellian,
see precisely Theorejm §.3 in Secfipn 4.

3) Finally, in the soft potential case + 2s < 0, we can refine the above uniqueness results which can be
applied to the solution of Theorem 1.4[ff, see precisely Theordm J.4 in Secfipn 4.

Our next issue is about the non-negativity of solutions. Wallsuse the following modified weighted
Sobolev spaces: Fare N, e R
HYR) = {f € S'(RE,); ||f||§7(k(R6) = Z V5105 122 ey < +o0 ).
lal+|BI<N

whereW, = (1 + [vj2)is+/2/2,
Combining with the existence results fff [9] 10] and the atidveoren]{ 12, one has

Theorem 1.3. Let0O < s< 1,y > maX-3,-3/2 - 2s}, k > 6. There existy > 0 and{, such that the Cauchy
problem([L.}) admits a unique global solution # . + x/? g for initial datum § = u + /2 go satisfying
1) ge L=([0, +oo[; H?O(RG))), if ¥ + 25> 0 and|igolly (zs) < €o.
~ 0
2) g€ L>([0, +oo[; WZ)(RG)), ify+2s<0 and||go||(,q(k ®9) < €o
0
If fo = u + 2 go > 0, then the above solution# u + u*?g > 0.

Remark. The existence of global solution was provedn@], while the uniqueness follows from Theorem
f[.2, more precisely Theorgm}4.3, in Secfipn 4.

One of the basic issues in the mathematical theory for Batemequation theory is about the convergence
of solutions to equilibrium. This topic has been recentlyawed and complemented by proofs of optimal
convergence rates in the whole space, see for exangl¢ [R@#2[BT,[3B] and references therein. This is
closely related to the study of the hypocoercivity theomttis about the interplay of a conservative operator
and a degenerateftlisive operator which gives the convergence to the equilibri Note that this kind of
interplay also gives the full regularization.

For later use, denote

N = sparu®, yvi P P, i=1,2.3},

as the null space of the linearized Boltzmann collision afmet andP the projection operator t& in L2(R3).
For the problem considered in this paper, we have the follgwbnvergence rate estimates.

Theorem 1.4. Let0 < s < 1and f = u + u*? g be a global solution of the Cauchy probldfin]) with initial

datum § = u + u*? go. We have the following two cases:

1)Lety+2s>0,N > 6, > 3/2+2s+y. There existg > 0 such that ifijgo||? + ||90||ﬁN(R6) <gpand
4

LY R L2(RT))
g€ L=([0, +oo[ ; HN(R)), then we have for all ¢ 0,
IOz zey = IPIOIF2gey + 11 = PIIOIFzce) < (1+ 872,

and
D10 PYOI ey + Y 10" = PO ey < (1+ 172,

1<|el<N ||<N
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2) Letmax-3,-2 - 2s} <y < -2s N > 6, > N + 1. There existg, > 0 such that ifl|go|/% < g and
2 HY (R)
(4

g € L=([0, +oo[ ; HN(R)), then we have for all + 0,

SUPIG)IIE ey S (L1 + )7
xeR3

We emphasize that the above convergence rate for the hagdtjabtcase is optimal in the sense that it is
the same for the linearized problem through either spectmatysis in ], or direct Fourier transform using
the compensating function introduced [27]. However,dbevergence rate for soft potential is not optimal.
;?Efac't, how to obtain an optimal convergence rate even fctitdf soft potential is still an unsolved problem

,[36].

We also would like to mention that the above convergenceasdte the whole space setting. If the problem
is instead considered on the torus with small perturbativen the exponential decay for hard potential can
be obtained, and this point is a direct consequence of theygmstimates given irm_O] by using Poincaré
inequality (this is for example the case considerecﬁh [23])

Before presenting the plan of the paper we want to give sommarzants on our proofs. First of all, our proof
of regularization property applies to the classical sohsiobtained in[J9 30]. Note that from those existence
theorems, one can show that if the initial data satisfyig(nglk < & for k > 6 andl > Ip for somely, the
solution is also irHX whene is small. However, the current existence theory does ndd yietg € H<N,
under the condition thaig € H**N for N > 0 if ||go|n is not small. Therefore, we can not just mollify the
initial data to study the full regularity by working formglbn the smooth solution. Instead, we need analytic
tools from peudo-dferential theory and harmonic analysis to study the gain @dileity rigorously. In fact,
it is a standard technic for the hypoellipticity of lineaffdrential operatorm@mM]. The same comments
apply for the uniqueness and positivity issues for which we glso rigorous proofs.

The paper is organized as follows. In Sect[t])n 2, we give tinetfanal analysis of the collision operator,
including upper bounds, commutators estimates and cagrdiv Sectiorﬂs, we prove Theore@l.l giving the
regularization of solutions. Sectic[h 4 is devoted to preewisrsions of uniqueness results related to Theorem
Q, while SectiorﬂS proves the non-negativity of solutiofigally the last Section proves Theor@ 1.4 about
the convergence of solutions to equilibrium.

Notations: Herein, lettersf, g,--- stand for various suitable functions, whig c,--- stand for various
numerical constants, independent from functidng, - -- and which may vary from line to line. Notation
A < Bmeans that there exists a const@rduch thatA < CB, and similarly forA > B. While A ~ B means that
there exist two generic constai@sg, C, > 0 such that

Ci:A<B< CA
2. FUNCTIONAL ANALYSIS OF THE COLLISION OPERATOR

In this section, we study the upper bound and commutatarea&&ts for the collision operat@(-, - ). Since
itis only an operator with respect to velocity variable, histsection, our analysis is @, forgetting variable
x. In what follows, we denote, by ®,(2) = (1 +12%)"/%. Qg will denote the collision operator defined with

the modified kinetic factom,.

2.1. Upper bound estimate. For 0< s < 1,y € R, we proved the following upper bounded estimate (Theorem

2.1 0f [§])

(2.1) I(Q3,(f.9), h)l < ||f||L3++(y+2$)+IIQIIH(";;;ZS)JIhIIHim,
foranym, ¢ € R, and the estimate of commutators with weight (Lemma 2.{[})}‘ [6
(2.2) ‘(We Qs, (f.9) — Qg (f, W,0), h)| S |1l llgllyesse0lINIIL2,

(+(25-1) 4yt (+(25-1)F 4yt
forany¢ e R.

For the singular type of kinetic factors considered hepeinv,|”, we need to take into account the singular
behavior close to 0. Therefore, we decompose the kinettorfat two parts. Let 0< ¢(2) < 1 be a smooth
radial function with value 1 foz close to 0, and O for large valuesofSet

D,(2) = 0,(94(2) + D,(9(1 - ¢(2)) = P(2) + D).
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And then correspondingly we can write

Q(f,9) = Qc(f,9) + Q:(f, 9),

where the kinetic factor in the collision operator is defiaedording to the decomposition respectively. Since
®z(2) is smooth, andbz(2) < CDy(Z) Qz(f,g) has similar properties as f@@ (f,0) as regards upper bounds
and commutators estimatations, which means .t (2. 1)@91mold true forQ{f 0).
From now on, we concentrate on the study the singular@gdt, g), referring for the smooth pa@g(f, g)
to [f]. Note that in [P], the same decomposition was also uisetifor the modified operatdi(f, g). Here, the
absence of the gaussian factor slightly adds some méieutties.

Proposition 2.1. Let0 < s< 1,y > maX-3,-2s— 3/2} and me [s- 1, §]. Then we have
I(Qc(f, @), MI < I fll2ligllnsmllhllsm .

Remark 2.2. As will be clearer from the proof below, the following precisstimates are also available: if
v+ 2s> 0, we have

I(Qc(f, @), MI < I fllLaliglismllhllen .
and moreover ify + 2s> —1, we have

I(Qc(f, 9); NI < Il fllsrallglimseml Dl .

For the proof of Proposition 4.1, we shall follow some of thguements form |I|9]. First of all, by using the
formula from the Appendix of{|2], and as iﬂ [9], one has

(Qu(f.0).h) = f f f £ 0)ldule. - ) - dule] fle)ote - £ NEeds o

- ([, --aezdos [[[ - ocsao
e <3¢ e3¢

=As1(f,g,h) + Ax(f,g,h) .
Then, we writeAx(f, g, h) as

& " S R —
po = [[] B - Jteesie Bute. - ) flerote - €)Mz oo

- f f f b(l—; 0Vl e DelE) FE)GE - £)PE)dee do
= Ax1(f,0,h) = Axx(f,g.h).
While for A1, we use the Taylor expansion of at order 2 to have
Ar = Aqa(f,g.h) + Aa(f, g, h)
where —
A= [[[oe oI e, FlE)otE - €)M o

andA o(F, G, H) is the remaining term corresponding to the second order ietthe Taylor expansion abe.
TheA; j with i, j = 1, 2 are estimated by the following lemmas.

Lemma 2.3. We have
[Aral + [Az2l < [[fll2ll fllHsmllhllsm .

Proof. Considering firstlyA; 1, by writing

£=4 ((é| o) - “) ' (1‘ G5 "7)) >

we see that the integral corresponding to the first term ongié hand side vanishes because of the symmetry
onS2. Hence, we have

ma= [[ Keerfernte - e
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where

K(&, f*)—f (él 0)(1—(5'0))%(V&>0(§*)15s%(f»d‘f'

Note thatVd(&,)] < E )Ml, from the Appendix of|I|9]. 1fV2/¢] < (£.), then|¢| < (£.)/2 and this imply the
fact that 0O< 6 < /2, and we have

Tz 3 1 (<§>)
K( &) < 6+25dg < .
| (675 )l <f(; <§*>3+y+l S <§*>3+y <§:*>

On the other hand, iV2l¢| > (¢.), then

(€. (21€]) ~ <§:> 1 <§> 2s-1
K& &)l < 6*%dg < (_) )
K@ E)| < fo (S

Hence we obtain

(2.3) L(S ]S

1 ( © ) N ( (© )251
@\ Vaeise) t Lvaesezien2 (&) €)=z -
Notice that

(€) S(&) ~(€—&) on Suppl@*)Zx/E\a
(2.4) (&) ~(E-&) on suppl, <2
(&) ~ (&) 2 (€= &) onSUPPL Bs i ysie2 -

Replacing the factor&)/(&.) and (£)/(£.))? on the right hand side 0@.3) by

E-eNT" @\ ()™ E —g)Fm
d B ® S
( @) ) (<§*>) an TR

>

respectively, we obtain
s—-m _ S+m 1 e
(2.5) K(£, )l < -4 (E-E9%€)

+
<§*>3+y+25 <§*>3+y+s—m<§ _ §*>s+m
Puttingd(é) = (£)™™g(&), ?1(5) = (£)*"h(¢), we have by the Cauchy-Schwarz inequality
|f (f )| (&)l

<§ >3+)/+23 <§_~ >3+y+25

ETE-E)TM.

AP s | ——Z e - £)Pdeds. | ——l|h(e)Pdde.
. f fEN? Lemensen
R

s <§*>6+2y+2&2m <§ _ §*>25+2m

dédé. fR 186 - &P Pogde.
=AB+DE.

Since(&,) 729 ¢ 2, the Cauchy-Schwarz inequality again shows

fe
A< (f Mdé—;) ||g||Hs+m < ||f|||_2||g||Hs+m , B ”f”LZ”hHH&m .
R

3 <§_~ >3+y+25
Note that 1
Lie- .f*><2(¢“; & < Wm if s+m<3/2
m ~ *
(-7 log(&.) if s+mz>3/2.
Since 3+ 2(y + 25) > 0 and 6+ 2y + 2(s— m) > 0, we getD < ||f||L2, which concludes the desired bound for
Av1.
Remark that ify + 2s > 0 then we obtainAy 1| < [[FlL1||Gllns||H||qsm becauselF|| .~ < ||[F|l. 1f0 >
v + 2s > —3/2 then we can just estimat8; 1| < ”F”LZ”G”HS«Lm”H’\”H&m. If 0 > y +2s > -1 then|Ay 4]

[IF|lL22l|Gllns|IH|ns- Those follow from the Holder inequality afiéF||» < ||F||Le with 1/p+1/q= 1.
Now we consideA »(f, g, h), which comes from the second order term of the Taylor exipanote that

l J—
2¢ —TE) &€ & = R q o )
fﬂ |§| )fo dr(V2De) (€, — 7&7) - & - £ F(&)G(E - £)H(¢)dodéde,

A
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Again from the Appendix of[J9], we have
1 1

$ 9
- Tf_)3+y+2 <§*>3+y+2

Vz(’l\)c * T B $
(VD)€ — 7€) 7
becausé¢t| < (£,)/2. Similar toAs 1, we can obtain

mals [ Reeefente - s,

whereK (£, £,) has the following upper bound
fmin(ﬂ/l €/ (2€1)) 2540 ( §>2
0

<é‘:* >3+)/+2

(2.6) K(&. &) <

2s

1 {(®Y @
S (€ {(@) Lzase) T Ivaase sz (@_>) 1<<a>s|.f/2} ;

from which we obtain the same inequality s }2.5) Kd¢, £.). Hence we obtain the desired bound far,.
And this completes the proof of the lemma. O

Lemma 2.4. We have also
[Aza] + 1Azl < NI llc2ll FllssmlDllsm .

Proof. In view of the definition ofA;», the fact thatié|sin@/2) = &7 = (£.)/2 andd € [0,7/2] imply
V2l¢| > (£.). We can then directly compute the spherical integral appgansideA;, together with® as
follows:

£ 1 ©*
(2.7) f b(l_fl - T)D(E) s 36,00 S e ‘@*)leﬁlﬂz@»
SMyg _ g ySHM Lie—en<ie. om <m
- (E7HE- &) N (E-ERS(E) 5™ - £)5M,

<§*>3+y+25 <§*>3+y+&m<§ _ §*>s+m

which yields the desired estimate 3 ».
We now turn to

Aoy = f f b L aie, Belé. — ) F(EI0E - £)P(Odordéde..

Firstly, note that we can work on the &t - ¢7| > %|§‘|2. In fact, on the complementary of this set, we have
£ - &1 < %|§‘|2 so thaié, — &7 = |€.], and in this case, we can proceed in the same way a&sforTherefore,
it suffices to estimate

A21p = ff b L s 36y L £ pDel€n — € F(€)8( ~ £)R(@)dorded,

By
1= 1 se2Lie-cr<e—e) + Lenziaele-eos.-ey + Ley<irz
we decompose

NC) (2) (3)
A2,l,p - A2,1,p + A2,l,p + A2,1,p .

On the sets for above integrals, we h&ge-£7) < (£.), becausg ™| < |£.| that follows from|é™|? < 2, -£7| <
I£711€.]. Furthermore, on the sets f 1ip and (ﬂ’p we have(¢) ~ (£,), so that suﬁb 1‘5_‘2%@*)1@2@/2) <

1‘5,&5'/‘/5 and(&, — £7) < (£). Hence we have, in view af— m > 0,
D, — EITENP Leersie—e)
1Al |2sff dedé, d
A2,l,p <§* _§_>25—2m <§_— _ §*>25+2m 0, o
x f f f KE - £555(E — £ R(E)Pdordedé,
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If ¥ + 2s> 0 then by the change of variablés- ¢~ — uwe have

A SIPIE. [ 2 [ S Gl

>23+2m

SIFIZ GG semlIHIFsm

If v +2s> —3/2 then withu = &, — £~ we have

1 +_u)<
A P < f If)? {sup<u> (6+2y+25-2m) f @f_%df*}da [T T

SIFIIE NGl seml DG »

becausels ~ d¢* onthe supportof,. ., 5. Inthe case +2s > -1, by the Holder inequality and the change
of variablesu = ¢, — ¢~ we have

2/3
IAY P < ( f |F(§*)|3d§*)

Lew<w 27
- — T-uy<(u
X [f (<u> (6+2y+2s-2m) mder) du] ||g|||2_|s+m||h||2 om

2 2 2
SNl s Il sm -

As for A(22) we have by the Cauchy-Schwarz inequality

(2) 2 |®C(§*_§_)“f\(§*)| _ S+ma _ 2d d d
N fff e 7 — )P,

c f S—mp
ff [ (f -& )|>|25(§ )||<§) h(&)?dodede., .

Since we have

- CeE [Ifll,e  if y+25>0
ff |De(é: = ¢ 2";5(6*)|d§*d0$ Iflle  if y+2s>-3/2.
& =€) Ifllez if y+2s> -1,

we have the desired estimates kﬁip
On the se (?ip we have(¢) ~ (¢ — &,). Hence

[Be(é. — I semg
A5 o < f f f b L3 OF KE = £7MQ(¢ ~ &) dordeds.

De(e. — EMFEN, . ome
X f f b L1, @ KES™A(E)Pdordéde, .

We use the change of variablesdn u = & — ¢ . Note thatlé™| > 1(u+ ¢7) implies|é| > (uy/ V10. If
v+ 2s> 0 then we have

&)c «— & f\ " . 2s B )
f b1|-f-\z%<<a>| « <£22” ¢ )ldadg*sllfllmf(%) (uy" gy -2sdy

S Nl -
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On the other hand, if + 2s> —3/2 (or 0> y + 2s> —1) then this integral is upper bounded by

(De(é. — ) E)*UfE)
ff Pl e e yEn (e

(e —£)IP P @ rafenr, N\
= (ffblg-z%@(é_.)zs(é_. _é_-_>25p/qd0-d§*) (f b1|§-|z%<§*>Td“df*)

Oc(u)|P e du
(ff 1 ><u><§lZS<(>)2|5qu du) IIfIILqSIWIIfH”,

where ¥p+1/q=1,p=2(orp = 3/2). Hence we also obtain the desired estimateﬂ@(p. The proof of
the lemma is complete O

Propositiof] 2]1 is then a direct consequence of Lenfmas 2R dnwhile the statements of Rem@rl 2.2 are
mentioned in the proof of the two previous lemmas.

2.2. Estimate of commutators with weights. The following estimation on commutators will now be proved.
Because of the weight loss related to the Bolzmann equaéstfunctions involve these weights, and therefore,
this estimation is quite necessary.

Proposition 2.5. Let0 < s< 1,y > maX-3,-2s— 3/2}. Forany?,B,6 € R
|(We Qe(f. 0) = Qel(F. W) )| < Iz, il Iz

The next two lemmas are a preparation for the complete pifabiProposition.

Lemma 2.6. If 2 < 3/2then

lg(V)|? 2
2.8 ﬂ f(v.)| ———dvdv. < ||f]|.2 2
(2.8) |H*Isll (V)] VoV [IF1l2l1gII}

If 3/2< A< 3then
|g( V)2
If(v*)l |ldvd\lk < Iflleellgll 45 -
v—v,|<1 Vi

Proof. Since|v.| ™1, <1 € L% for A < 3/2, it follows from the Cauchy-Schwarz inequality thatlik 3/2 then

2
ff Ity v < f 19 f v - v Pdv) f 1. 2av,) “dv
i<t Vil V-v,|<1

< IflleligliE
It follows from the Hardy-Littlewood-Sobolev inequalitiyat if 3/2 < A2 < 3 then

9 : 1.3 2
f. dvdv. < |If th —=---<1
ffv_mgl| | yprdve < Dflhe Il with = =5 - 2 <

< |If 2
< I fll2 ||9||H%

-3
because of the Sobolev embedding theorem. O
Lemma 2.7. LetO < s< 1andy > max-3,-2s— 3/2}. Then

][ bortenge - gwiavduds < il

Proof. Note that

1
(Q<(fl.9).0) =- 5 ff ba{|f.|lg - ¢'*dvdv.do

+ %ff b(I)Z|f*|(g’2 - gz)dvdwdo-.
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Since Propositiof 2} 1 witm = 0 is applicable to the left hand side, itfBaes to consider the second term of
the right hand side. It follows from the cancellation Iemnﬁ@(more precisely the formula (29) there) that

f f b®|f.I(g” - ¢°)dvdvdo = f I (v.)IS(v - v.)g(v)?dvdy.,

where
I : 1
S(V - V*) Z(I)y(V - V*)(ﬁ(V - V*)(ZTL b(COS&) sing (COS;;TJ-(Q/Z) - 1) dg)
"2 p(cos) sind ( V-V,
o cos$tr+l(g/2)\"\cos@/2)
The integral of the second term on the right hand side can liewvass(v — v.) whose support is contained in

{0 < |v—-V.| < 1}. Sinces > —y/2 — 3/4, the estimation for the first term just follows from Lem Because
the casey = —3/2 can be treated gs— ¢ for any smalle > 0. O

+ D, (v—v.)(2r ) - o(v- v*)) do).

Proof of Propositior] 2]5We write
(WZQc(f,g)_Qc(f,ng),h)= f f bCDCf*’g’(Wf(V)—Wf(\/))hdvdudo-
- f f bdc(We (V) — We(v)) f.g'H dvdv.do

+ f f b®c(We (V) — We(v))f.(g - g )i dvdv.do
=J1 + Jz .
Setv, = v+ (V' — V) for r € [0, 1] and notice that
1
W (V') — Wi (V)] < f W,_1(Vy)drlv — V.| Sin@/2).
0
On the support of(v — v.) we have for a larg€ > 0

<V)<l
T2 C

< 1+|V*|+|VT—V*|Sl+|V*|+|V—V*| S(V*>’

1 1
(|V* |V_ V*|) < E + E('V*| - |VT - V*|) < <VT>

so that(v,) ~ (v.) ~ (v) ~ (V). The Cauchy-Schwarz inequality shows
1921 < f f f b(cosd) siP*% (6 2)DL 25|(v, ) -0 £, |(v)°h Pdvdv.do
x( f f b(cos) sin? 22 (6/2)¢ "™ * vy, [ (v'g ~ ((v/g) Pdvvdor
" ff b(cos6) sir? 22 (9/2)0 2 2w, ) A0 () - (v)Yig Pdvelvdor)
= Jo1 x (159 + 35)).
Take the change of variables— v’ for J,1. Since—(y + 2s) < 3/2, it follows from (2.B) that

V/Jh/Z
J21<ff v SO Gyay < niR,
— v’ t-1-p—-5 5

*l y—2S
_ _ 1)
Apply Lemmg2J7 withs = (25— 1+ £)* andy =y + 2 - 2sto J5,. Then
B2 sz, 0 e
because mdRs—1+¢&)*,~% +s-1- 2} = (2s—- 1+ &)*. Since [2]8) also implies

VIR f f IV = V2 TR E v P Pdvdv < Il ||g||L2,
V' —vi|<1
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we obtain the desired bound fds. As for J; we use the Taylor expansion
1 1
WY = = (W) (v =) + S f V2((ve) (v V)2
2 Jo
Then, it follows from the symmetry that the integral corrasging to the first term vanishes, so that we have

|Jl's f f b(cose)(bcsinz(e/Z)l\/—v*|2V2(<vT>‘)|f*g’h’ldvdwda'

< f f IV = V20 ) 2| ((vPg) 11 ((v)hy [dv d,
v-v.s1

2 2
Sz, G,

which completes the proof of the of Proposit@ 2.5,
Now using [2.p) withQz( f, g) and the Propositiop 4.5, we get

Proposition 2.8. Let0 < s< 1,y > max-3,-2s— 3/2}. For any? € R,
(2.9) |(We Q(f, 9) - Q(F, Weg), h)| < Iz Iless00- Iz

£43/24(25-1)* 4yt re A
We can now prove the upper bound estimate with weights.
Proposition 2.9. Let0 < s< 1,y > maxX-3,-2s— 3/2}. Then we have, for anfc R and me [s— 1, g,
(Q(F. @b < (Il
Proof. Using (2.}), for anyn ¢ € R,
(Qc(f. @) h)| < Wil s, o

On the other hand, for arfe R we have

(Qu(F, @), h)| < |(Qu(f, Weg), W-ch)| + (W, Qu(f, 6) - Qc(f, Weg), WLch),
then Proposition implies, fane [s— 1, 9]

|(QeCf, Weg), W) 5 I FlleligligenliBle o
and Propositiof) 2|5, for an§ 8,6 € R
|(WeQe(F. 0) = Qel(F. Weg). Wch)| < 1fllz, il IVl

We choos& = 0,8 = ¢, since forme [s— 1, 5], S— m > 0, ending the proof of Proposition. O

.+ I IG oo e Il

2 (L+y+29)*

2.3. Coercivity of collision operators. We study now the coercivity estimate for a small perturbatd.
For any O< s < 1 andy > -3, we recall the non-isotropic norm associated with thesssectionB(v — v., o)
introduced in [p]

(2.10) |||g|||é7=fB(V—v*,a)u* (g’—g)2+fB(V—v*,fr)gf(«//7 = Vi)? = 31(9) + J(9)

where the integration is ovét3 x R3 x SZ. The following link with weighted Sobolev norm was shown
previously

2 2 2 2
(2.11) Co{lolZ: es) + 1017, oy} < NGIIE, < Colgls s

whereC,, C, > 0 are two generic constants. Recall that in the definitiomefrton-isotropic norm, we obtain
an equivalent norm if we replageby any positive power of.
The coercivity of the linearized operateQ(u, h) is given by the next result

Proposition 2.10. There exists G 0 such that
1
~(QUw.h), h) 0 = 5

2 2
s 2 3INIG, = CIRIZ:
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Proof. Though the statement follows frovﬁ [9], we give a proof for thevenience of the reader. By definition,

~(Q(u. h). h) =— f B(V— V., o). — u.h)hdodv,dv

L2(&3)

=- fB(v— V.., o)uh(h” — hydodv.dv

% f B(v— V., o). (N — h)2derdv,dv

+ % f B(V — V., ). (h? — W2)dordv.dv

1 1 1
=5di() + 1 = §|||h|||§,y = 5%+ 1.
Then we have fron{]9]
[J2(h)] < Clllhllfz ,
v/2+s

and the cancellation Lemmf [2] implies
Il <ClhZ, .
y/2+S

thus proving propositiop 2.]10. 0

Let us note than another proof is also possible by usingadstee Appendix.

Lemma 2.11. Let0 < s< 1andy > max-3, -2s— 3/2}. If we put

2
(AT 9) = [ B(VEf).(g- o) dvudo.
then there exists a & 0 such that
IIfIILZIIQIIfz/2 if y>-3/2
<cy Iflelalf, — if-3/2=y

1
(2.12) (VA 1.9).9) ) + 52(VE 1.0 .
||f||sz||g||ﬁ2/2 , if-32=y

for any g €]0, d satisfyingy + 28 > -3/2and $ < 3/4.
Proof. The left hand side 02) equals
% f B f.(¢” - (9))dodvdvy.,
and by the cancellation lemma ¢} [2]
< f \/ﬁ*lf*lfw—v*lygzdvd\é = J(f.9).

Divide the integral tq|v — v.| < 1} and another region, if necessary. Then it follows from Ler@that we
obtain the first two estimates. The third estimate is a dtensequence of Pitt’s inequality,

2
2(y+29) 12 f 2 o
J(f,g)sf(f|v_v*| 72511, dv.) (f—|v—v*|4gdv*) lg/dv

< flles 0l
y[2+8
where we choose @ 25 < 3/2. O

Lemma 2.12. Let0 < s< 1andy > max-3, —3/2 — 2s}. Then for any Ne N we have
(2.13) D(VEIFL,9) < 1Fllz, Mgl -
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Proof. PutF = yulf|. Then [2.IB) in the casg > 0 follows from Lemma 3.2 off[9] withf? = F. Suppose
thaty < 0. In view of @, = ¢ + O¢ , we write

2
D(F.g) = f b(® + Do)F.(g - ¢') dvdvde = D(F. 9) + De(F. ).
We have

De(F,0) < f bd)c(<v*)‘y'F*)((v)7/zg—(V)Y/Zg’)zdvdwda

+ f bd((v ) F)((v)7? — (v>7/2)zgzdvd\4do-

= D'(F.9) + DP(F.9).
becausgv.) ~ (v+7(V' —V)) for any € [0, 1] on the support of(v - Vv.), as stated in the proof of Proposition

.g. since
]<\/>7/2 - <v>7/2' < fol (V+ TV = V)2 v — v, | sing/2 < (V)2 — V.| sing/2
on the support of(v — v.), it follows from the Cauchy-Schwarz inequality that
pFg < [ | f| VR 0w ) (0 76) dvs Il ol

By means of Lemm@.? we ha@,(cl)(F, 0) < ||F||Lf|||g||as/2- On the other hand, noting thd < (v—Vv.)’ <

(V)" (vy” we have

De(F.9) < f b((v.)"F.)(()7/2g ~ (v ) dvdudor

+ f bRV - (V)V/Z)Zgzdvdwdo-
= DY(F,9) + DP(F,9).
It follows from Lemma 3.2 of|ﬂ9] withy = 0 together with Proposition 2.4 (ﬂ[9] that
DR, 9) < IVl I g, < IFIl  lgll, -

Since withv, = v+ (V' — V) we have

1
W2 - <V>7/2| < f (VY2 Ydr|v — v,| sing/2
0

1
< (v f (Ve = V)P Ny V.| sin6/2
0

< (uME Ny — v 2 — v, | sing/2 < (v vy sing) 2
we see that
2
DA(F.9) < f (V)2 (0720 dvev. < IFIs I,
3lyl+2 y/2

Summing up above four estimates, in view pf (.11) we als@iabthe desired estimatf (2113) in the case
v < 0. O

By means of Lemmp 2.1 and Lemiha .12, in view[of (£.11) wehgetdllowing upper bounded estimate,
which is needed in order to prove the non linear coercivitysfoall perturbative solution.

Proposition 2.13. Let0 < s< 1 andy > max-3, —-3/2 — 2s}. Then we have
[(QUVEG, h), h)yzezy| < liglz NAIIG, -

Remark 2.14. If we proceed as in the proof of Proposition 3.1 fr{ﬂl, we can prove
[(QUVEG. ), D)z < {llgllle, + liglwas JIl flllo, I,

foranyy > -3.
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From Propositioff 2.0, Propositi¢n 2.13 afd (P.11), we edude the following non linear coercivity for
the small perturbatiog.

Corollary 2.15. Let0 < s< 1andy > max-3, —3/2 - 2s}. There existy > 0, &g > 0 and C> 0 such that if
llgll 2(z3) < €o,then we have

2 2 2 2
(= QU+ VA, ). h), o2 molllIG, ~ CINIE: 2 nollhfe ~ I,

2.4. Estimate of commutators with pseudo-diferential operators. We study now the commutators with
pseudo-dierential operators: again in the next Sections, these wilided as a rigorous replacement of formal
derivatives, and when the operator is a smoothed one, asletatygustified test functions.

Proposition 2.16. Let My(¢) = (£)* for 2 > 0. Assume tha® < s < 1 andy > max-3,-3 - 2s}. Let
a, B, p = 0 satisfy

(2.14) 3+y+a+B+p>3/2,
(2.15) a+p=2s-1,

(2.16) p<1,

(2.17) a+pB+p=s.

If @ + A < 3/2then we have

‘(MA(D) Qc(f,9) — Qc(f, Ma(D) 9), h)‘ S I llke IMA(D)glHe (1Rl -
If @+ 4> 3/2thenp = (1 - B)* satisfiegp.14)and we have

|(MA(D) Qu(F, 6) — Q(f, Mu(D) @), h)| < I Il IMa(D)Gle Il
Proof. We recall [2.}4), that is,

(&) S ) ~(€-&) on Supp1<g*>2\/§|g\
(&) ~(E-¢) on suppli, )<i/2
(€) ~ (&) 2 (€—&) onsuppl p e ysiay2

SinceM, (¢) is increasing function of|, we have

; 5; Ma(€ = &) Ligy<el2

M) 4

€ — e Leen<e

where we have used the mean value theorem to gain the secondftthe right hand side. Since we have

(2.18) Ma(®) — Ma(é — &) £ Mu(€ — £) e poiayz + 22

Ma(§ - &) —

(Qe(f.).h) = f f f £ 0)ldule. — ) - bule] e )ate - € M.

it follows that
(M(D) Qu(f. 9 - Ql(. Mi(D) 6. )

f f f (15 )(Bele =€) = Bele)) (Mu(6) ~ Mute - £)) e - £ ). o

~[[[ - decegos [ dedeao
13 671256
= B4(f,g,h) + Bx(f,g,h) .

The estimations foB,(f, g, h) andBy(f, g, h) are almost similar as those fé4(f, g, h) and Ax(f, g, h) in the
proof of Lemm2, by adding the extra factdy(¢) — Ma(€ - £.). Indeed, forBy j(f, g, h) corresponding to
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A(f,0,h), (j = 1,2), note that it follows from[(2]3)[(2.6) anfi (2]18) that

(K(E €)1+ IK(E EIDMaE) — Ma(& - £.))
_ e

<§* >3+y+a+,8+p

L EYE-6)e”
@&y

)1+a+/3’25

M,(é - ¢.) (1(&>>I-f/2 + (@ 1<&)<£I/2)

&
M, (&) N 1
(E—E)T (E-E)

where we have estimated the factg/(£.) of K on the supf.,. .. 5, by ((6)/(¢.)) because of[(2.16). Noting
[©.1%) we have

UK (& £)1 + IR £DDMI(E) ~ Ma(é - £)

€€ =8 A A B () 1
s WMA@ ~4) {( & ) * (@ P + @- §*>Q) Loz g -

Ma(€ - &) ( ) Le-ey<e

The Cauchy-Schwarz inequality shows
B1al® + Bral?

<( f fR 6 ](|K(§, £)1+ IR £)NM(E) - Male - £D)|IT€N0E - £ dede. )

i YIf(E.
sz e L ey, [ EITEN g gz,

3 <é‘:* >3+7+Q+,B+P R3 <§* >3+y+w+,8+p

1EY FER (MAE) Le—eny<e + Leeose
R6 <§*>6+2(y+/3’+p) <§ _ é‘;*>2(a+/i) <§ _ é‘;*>2(t

Since it follows from [2.34) that,)~®*+***) ¢ 2, the first term has the upper boupfdZ, [IM,(D)gliZ. Ih[Z,.

If « + 1< 3/2then
Lie-enzie) 1
— — dé‘: S 9
f <é'; _ §*>2((t+/1) <§*>—3+2/1+2a

which gives the same upper bound for the second term-+fl > 3/2 then the conditiory > —3 implies

KEN TEP (M) Lie—sor<ien L Loz
RS <§*>6+2(y+,8+p) <§ _ §*>2((z+/1) <§ _ §*>2(l
ThusByj (j = 1,2) have the desired upper bound.

The estimation foB,(f, g, h) are almost the same as above, in view[of] (2.7). AsBgy, it remains only
to estimate

)dfdf*nMA(D)guaanhuaﬂ .

)dfdf* < IEYPRENZ -

Bo1p = ff b Lozl pien L s 2 pPelé =€) (Ma(8) - Mi(6 - &)
x F(£.)8( - £)h(€)dordzds, .

By
1= L pmpoLie-cose.—¢) + Lenziande-cys.-e) + Lo«

we decompose

_ r@® (2) (3)
Bo1p=B1p,+Bo1p+Boip:

On the sets for above integrals, we h&ge-&£7) < (£.), becausg ™| < |£.| that follows from|é™|? < 2/, -&7| <
[€7]1€«]. Furthermore, on the sets fa‘;ip and B(;ip we have(¢) ~ (£.), so that suéb 1‘5_‘2%@*)1@02@/2) <
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1‘5,&‘5'/‘/5 and(&, — £7) < (£). Hence we have

1BY) 7
21p
D&, — ETYUEY FER (MalE) L y<ce. -, 1<f—<a>s<<a—f->)
< déde.d
ff & — &) (€ — £,)7 2 TEVIC A

x f f 6 — £0MA(E — £)8(E - £)PIEP () Pdodéds, .

Note that(¢,) ~ (&) ~ (&) S (ET—uwy+(uywithu =&, —&. Since 3+ 2(y + a +B8+p) > Othenifa+ 1 < 3/2
we have

B2 < [rerfer

ezysapray [ Lerusw(@ -wH W)
><{su|o<u> (6+2y12+20) f . ><<;(f_u>zw) JagLae, 1M, @) INE,

< 111 IMa(D)gIIF 1Nl
becaus@é ~ dé* on the support 01\513\&/\/2 . The caser + 1 > 3/2 can be considered by the same arguments
as above. As foB?) _ we first note that* = & — &, + uimplies

2.1,p’
( Ma(&) ~ ) Maéh) s @ =t + ' s € - &)
on the integral set, and hence we have by the Cauchy-Schmexqaality

5@ D&, — E)IEP T . .
80 = [ P T e ymte - gte - )

D& = ENKE TEN gy 2
h dodéde,
v ff e N R@fdrdeds

S IMA(D) I N,

becaus@(u)(uy@#*) ¢ | 2,
On the integral set (B(s) pWe have(¢) ~ (¢ - ¢.) and

3%

IMaA(€) = Ma(é =€)l < 7

so that

q)c x B * pfA * ~
B2 5 [ b2y (f §>i)1”<<§ ;pl@ Uice - ymmce - o - £)Paoded.

— & o .
x f f b 15|z%<§*>|QC(§;>@+§[§+)1||<<§*;,_Z(§*)||<§>ﬁh(§)lzd0d§d§*-
We use the change of variablesédn u = &, — ¢. Note thaté™| > 2(u + &) implies|é| > (uy/ V10. Since
(€. =€) + (&) 5 (&), inview of (2.15) and[(2.37) we have
0
f b If>§<§>|QC(Z)@5%+)1”(<;*>Z Z‘f*)' dordé,
= f f b1,y (6 ED Bl — N EIUEN 6
’ (EYXE, — & )TPH ?

<§* _ é'_-—)()z+,8+p—s<é'_-*>Z|.—Sv—p
X ( ( §>(x+ﬁ+l—25 ) dO’df*

WHPWP v EN ey fe)?
(ff Mot oz tossn 07 )(f Phepier ™m0 df*)

SN fllke

1/2
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from which we also can obtain the desired boundB ip The proof of the proposition is complete. O

We give an application of Propositi¢n 2 16. 1€ C3(R) satisfy 0< S < 1 and
S(r)=1 <1, S(r)=0, [1]=2
SetA(Dy) = My(Dy) Sn(Dy) = (Dy)* Sn(Dy).

Corollary 2.17. Assume thad < s< 1landy > ma><{—3,—§ —2s}. If 0 < A < 3/2 then for anymax?2s —
1,s/2} < § < s satisfyingy + 28 > —3/2 we have

(A% QUF.9) - QUF AR ). h)| < Il gl Il

3/2+(25-1) +y* +e (25-1)* 4+

and moreover ift > 3/2 then we have the same estimate With,« replaced by|f||.« .
Proof. In the proof of Propositioh 2.1.6, instead §f (3.18) we use

'A () = ANE = E)| S M€ — €Lyt + <§*>M»(§—§*)1<&><|a/2

&
Mié - &)— Mié.) Le-en<e)
-
and choose
(a.B,p) =(0,9,8) or (0,8,1-9),
we can get,

(A% Qc(F, 0) = Qu(f. AL @), )| < 1Fllax IMA(D)gl Pl
On the other hand, using Proposition 2.9@)1‘ [6],

(A% Qe(f, @) — Qelf, Af @), h)| = |(A~5 (A% Qe(F, 6) - QclF. AR ), A%h)|
< [(A Qclf. 9) - Q. AL S ), A%h)
+|(Qetf AT 0 = AT Qelf, A ). A%h)

S Nl NIl s +es-v+ [hllns
(2s-1)t+yt

3/24(25-1)* +y* +e

which completes the proof of Corollary. O

3. FULL REGULARITY OF SOLUTIONS

Letf e L*([0, T[; Hf(Q x R3)), for any¢ € N be a solution of Cauchy problelﬂll.l). The regularityf of
will now be considered. First of all, note thate C*([0, T[; H}(Q x R®)) by using the equation.

Fora € N8, we recall the Leibniz formula

Q. f)= ) CuQ™g ™).
a1taz=a

Here and belowp denotes a cutbfunction satisfyingy € C;* and 0< ¢ < 1. Notationg; cc ¢, stands for
two cutdt functions such thap, = 1 on the support ap;.

Take some smooth cufdfunctionsy, ¢z, ¢3 € C3'(1T1, T2[) andy, 2, y3 € C5'(K) such thaty cc ¢, cc
w3 andy cC g, cC ys. Setfy = oy (X)f, f2 = pa(Dy2(X)f and fz3 = 3(t)ws(X) f, so here we can suppose
that 0< T < co. Fora € N, |a| < 5, denote

F = 35 (e(w(0)f) € L*( Ty, Tol; LE(R)).
Then the Leibniz formula yields the following equation :

(3.1) Fo+V-0,F -Q(f, F)=G, (t,x,v) R/,

where

(32) G = Norrara 150y CorQ(0" f2, 02 11)} + 0°(@u(f +V - v(e(t)f)
+ [0 v 3(e®u(f) = (A) + (B) + (C).
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Note carefully that a prioffr is not regular enough, and therefore at that point, takiag test function in the
equation of 1) is not allowed. This is one of the maifiidilties alluded to in the Introduction. Therefore,
as in @5], we need to mollifyF. This mollification process of course complicates the asialpelow, but is
necessary if we want to avoid formal proofs. The previous&aiols related to commutators estimations will
then be used. For this purpose, ¥t C3'(R) satisfy 0< S < 1 and

S(r)=1, 11<1;, S(r)=0, |r]>2
Then

Sn(Dx)SN(Dy) = S(2 N DAA)S@ D)+ H (R®) — HI(R),
is a regularization operator such that
I(SN(Dx)SN(DV) f) = flizey = 0, @sN — co.
Set
Pn.¢ = ¥2(X)W; Sn(Dx) Sn(Dy).

Then

Pn.¢ F € C3(T, Tol; G (K HT (R?)),
and we can take

h=Py, (PncF)e CL{R; H™(R9))
as a test function for equatiop (B.1).
It follows by integration by parts oR’ = R} x RS x R3 that

(ISn(Dy), V] - VxSn(DWF, WPy, F)

~ (Pne Q(f2, F), Py F)

L2 (]R7)

L2y (. h)LZ(RU’
where we used the fact

((3t +V - Vy) PneF, P F) 0.

LZ(R7) =
We get then

~(Q(f. Pn.cF). Pu F)LW) =

+(Pre Qfz. F) = Q2. P F). P F) ey

Next, we follow the main steps in our previous WOI‘HS [6], beed to be careful due to the singular behavior
of the relative velocity part of the kernel.

~(ISN(DW. V] - VX SuDIF, WiPn,F),

+ (G, h)

3.1. Gain of regularity in v. In this subsection, we will prove a partial smoothirfipet on the weak solution
F in the velocity variabley .

Proposition 3.1. Assume thad < s < 1,y > max-3,-2s— 3/2}. Let f € L*([0, T]; HX(Qx x R3)), for any
¢ € N be a solution of the equatidfi.]) satisfying the coercivity conditioff-3). Then one has

(3-3) A p®y(x) ) € LA (Re; HA(R®),
for any big¢ > 0 and any cut g functionp € CP(]T1, T2[), ¥ € CF(K).
Similarly to [8],

(ISN(DW), VI - Vx SN(DF, WePy F)

2
eyl S Gl o ryps ey

Then the coercivity assumptiop (JL.3) implies

(3.4) MollAIWy /2PN, ¢ Fllf 27y < C||f1||Ez(R;|.|[5,+W+S)+ ®s) T ‘(G’ h)

+|(Pue Q2. F) = QUfz, Puc F). Prc F)

The proof of Propositiop 3 1 will be completed by estimatinglast two terms ir (3.4) through the following
three Lemmas.

L2 (]R7)
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Lemma 3.2. Let f; € L~([0, T]; HX(R®)), £ > 0. Then, we have, for any> 0,

(Cp

Proof. By using the decomposition im.Z), it is obvious that
(B) = 0*(eus(W T +V - y(¥e(D) ) € LERT),

4 2
< CE” f2||Loo([O’T];H5 (RSY) + SHPN,Z F”LZ(Révaj/z(Rs)).

(+2+(y+29)F

and
||(B)||L§(]R7) < C||f2||Lw(R,H[§+1(R6))-
Note that p*, v - dy4] is a differential operator of orded| so that we have

IOz < Clifallis @ Hswsy-

For the term Q), recall thate; + a2 = «, |a| < 5 andlaz| < 4. Here we use the following upper bounded
estimate from Propositidn 2.9

(35) (Q(f, 9). h)

Then, by separating the cageg < 3 and|ay| > 3, we get

Q@™ T2, 2 11), Py, Pr.cF)

<
L2R3)| — C” f||L?7y/2+2+(y+ZS)+ (Rs)”g”H[iy/ZﬂwZS)* (Rﬁ)”h”Hf(w/z(Rﬁ)'

L2(R7)

<C f 1167 2l 2 @)10° fallys @IIPRe PaeFlls, mgdxdt

L=y [242+(y+29)* =y [2+(y+29)*

< Cllfellieng, o conllfilloens e IPNF s b e -

Here we used the fact thef_, Pﬁf is a uniformly (with respect td, £) bounded operator. This ends the proof
of Lemma[3.p by Cauchy Schwarz inequality. o

We turn now to estimating the commutators of the reguladpaiperator with the collision operator which
are given in the following two Lemmas.
The next lemma is about the commutator of the collision dperaith a mollification w.r.t.x variable.

Lemma 3.3. Let0 < s< 1, y > maX-3,-2s— 3/2}. For any suitable functions f and h with the following
norms well defined, one has

(3.6) |(SMPAQ(, @) - Qf, Su(D) ), h)
< C2 NIV flloges, 12

T T l+2-y/2+(2s+y)

L2(R7)
ceoldlieee, e o elhliees, b, @3-
for a constant C independent of N.
Proof. Let us introducey(2) = 22NS(2N2)2Nz Note thatky € L1(R®) uniformly with respect tN. Then for
any smooth functioh, one has
1
(SuPI QAT 9= QAf. SuOI. Wy = [ [ [ Ratx-y)
0 Ry JRIXRS
X(QUVif(t.+7(x=y). -). 2Mg(t.y. ). hit.x. ) ... dtdxdydr.

By applying {3.5), the right hand side of this equality caretmated from above by

L2(B))

c{ StupIIfo(t, X 2 <Rs)}><
X

(+2—y[2+(2s+y)t

fR " (IRnl#1127Ng(t, )l @) N X ke, egdxdt

t=y[2+(2s+y)*

< C2 NIVl e, 12

3
(+2-y/2+(2s+y)* (&Y

which completes the proof of the lemma. O

e v o @anlilegs, v, @)
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We now apply 6) withg ~ Syn(Dy)g, and use the fact that a regularization oper&gQ(D,) w.r.t. v
variable has the property that, for apy
127N SN(DVG(E X, sy < 127NSN(DG(E X, - llkzgesy < CllAt. X )llz(es)s
whereC is a constant independent dh It follows that
(3.7) |(SN(DAQUE, Sn(DY) - Q(F, Sn(D.) Sn(D.)), h)
< ClIVfllLogs,, 12

+2-y/2+(2s+y)* (
Completion of proof of Proposition|3.1.

As regards the commutator terms jn [3.4), we have
(Pne Q. F) = Q(F, PrgF), Py F)L2(R7)
(Sn(DV) Q(f. F) — Q(f. Sn(Dy) F). S{(Dx)w2(X) WPy F)LW)
(Sn(Dx) Q(F, Sn(Dy) F) = Q(f, Sn(DW)SN(DV) F), #2(X)W;Pn F)
(We Q(f, Sn(Dx)SN(DY) F) - Q(f, P F), wa(X)Prc F)

D+ @)+ (3).

Note that [V, Sn(Dy)] is also a uniformly bounded operator frdm to L2 , with respect to the parametiir
Using Corollany[2.17 witht = 0, we have, for < s < 5y + 25 > 3/2

(2)) < Cllfall e,
< SHA /ZPN t g|||_2(R7) + C ||f3||H5 (]R7)
We can us€](3]7) to show that

L2 (R7)

w0z, o, vs, @)

1 —y/2+(2s+y)* (RV))|

+

L2(R7)

+

L2(R7) :

3/2+y*+(2&1)+ (Rs))” ”L( +2s-1)*F (R7)||W€ PN’ ¢ F”LZ(REX’ HS’(R\%))

I(2)l << Cl[Vx f2|||_w(R4 L2 (R3))||F|||_2(R§X, L2 oo @3 IWe PN, ¢ F||L2(Rﬁx» HS,, (E3)

Loy e sy
< &l AWy 2Py, €g|||_2(R7 5T Ce I|f3||H5(R7)

Finally, (2.9)) implies that
I3) < ClifallLw(zs, . 12

< £l AW, 2P, ¢ FII?

oo EISN(DX) SN(DV) Fllzga pesror  gylIPre Pl

(+(2s-1)T +y+
+ Cellfll},

Lriarios 1
L2(R{x) H3,(R7) *
In summary, we have obtained the following estimate for treosad term on the right hand side §f {3.4)
'(PN,f Q(f2. F) = Q(f2, PusF). Pnsg)
< ellAJW, /2P, ¢ FIILZ(Rv 4+ Ce |If3|IH5  (=7)
Finally, it holds that fromﬂ4) anl) that
1AWy /2P FllEry < C(L1+ I3l

L2(R7)

HS, R7))
where the constan@ is independent oRl. Therefore, Propositiop 3.1 is proved by taking the liMit> co.

3.2. Gain of regularity in (t, x). In [E], by using a generalized uncertainty principle, weyada hypo-elliptic
estimate, as regards a transport equation in the form of

(3.8) f+ V- Vyf = ge D/(R2™D),
where ¢, x, V) € R+ = R2+1,

Lemma 3.4. Assume that g H=S (R?™1), for some0 < s < 1. Let f € L?(R?™*1) be a weak solution of the
transport equation[(3]8), such thag f € L2(R?"*1) for some0 < s < 1. Then it follows that

Axs(l—s’)/(s+1)f c L%s_gl (R2n+1)’ Ats(l—s’)/(s+1)f c LE% (R2n+l)’

whereA, = (1 +|D.[?)Y2.



QUALITATIVE PROPERTIES OF SOLUTIONS 21

As mentioned earlier, this hypo-elliptic estimate togethith Propositiol are used to obtain the partial
regularity in the variablet(x). With this partial regularity int{ x), by applying the Leibniz type estimate on the
fractional diferentiation on the solution, we will show some improved fagty in all variablesy and , t).
Then the hypo-elliptic estimate can be used again to geehigdgularity in the variablex(t). This procedure
can be continued to obtain at least one order high®erintiation regularity int(x) variable.

To proceed, recall (see for exampﬁz [6] a Leibniz type fommfialr fractional derivatives with respect to
variable ¢, X). Let 0< A < 1. Then there exists a positive const@nt 0 such that for any € S(R"), one has

(3.9) D,1'f) =7 ey = ¢, [ 8 D

First of all, we have the following proposition on the gainrefjularity in the variablet(x) through uncer-
tainty principle as in[f].
Proposition 3.5. Under the hypothesis of Theor 1.1, one has
(3.10) A f1 € LA([0, TT; H2(RO)),

for any¢ e N and0 < s = 53

Therefore, under the hypothedis L*([0, T]; H?(R6)) forall ¢ € N, it follows that for any? € N we have
(3.12) Ap®w(f) € L0, T HFR®),  AS(ew()f) € LX([0, T]; HA(R®)).
This partial regularity int( x) variable will now be improved.

Proposition 3.6. Let0 < 1 < 1. Suppose that £ L*([0, T]; H?(Q x R3)) for all £ € N is a solution of the
equation [L]L), and for any cyffunctionsy, v, we have

(3.12) Ap®w(F) € L0, TI HAR®), Al (e(®u(x)T) € L*(0, T]; HA(R?)).

Then, one has
AALLeY () f) € LA([0, TT; HA(R®)),
for any¢ € N and any cutgf functionsy, .

Set
Frne = PneF = ¢2(X)Sn(Dx) We Sn(Dy)a”" (v (X)),
wherea € N®, || < 6 and¢ € N. Then [3.1p) yields
IAVFNlzgry < C||A35”(‘P(t)lﬁ(x)f)|||_§(R7),
and
AL Frllzer) < CIALG (W () Dlizgn,

where the constari is independent of\.

It follows thatFy ¢ satisfies the following equation

(3.13) O(Fne) +V - 0x(Fne) = Q(f, Fne) + Gy,
whereGy is given by
Gn,e =W, [SN(Dv), V] - ViSn(Dy)F + (PN,K Q(f2, F)—Q(f2, Pny F)) + Pny G,

with G defined in [3]).
We now choos¢D; «|!|Dyx|[*Fn. as a test function for equati013). It follows that

||A3AﬁxPN,€ Fllewr
< (I QUf2, Fnue) = Q2. IDuxlFive), 1Dl 'Fv)

+|(1Duk G, 1D )

L2(R7)

L2(R7)
Using the formula9), the proof of the Proposit@ 3.6imikar to the corresponding result iﬂ [6], here we
omit the cut-df function, it is easy to trait as before.

We can then get the following regularity result on the solutivith respect to thet,(x) variable.
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Proposition 3.7. Under the hypothesis of Theorgm]|1.1, one has
(3.14) ASE (@Ow(0)f) € LA([0, TT; HZ(R)),
for any¢ € N and some: > 0.
Proof. By fixing s = % then (3.1]1) and Propositi¢n B.6 with= s, imply

ASASF € LAR).
It follows that,

(ASF)+V - O(ASF) + Li(ASF) = ASQ(f2, F) + ASG € H5R').

By applying Lemm4 witls' = s, we can deduce that

ATP(F) € LER),
forany¢ e N. If 25 < 1, by using again Propositi@ﬁ with= 25y and Lemm4 witls' = s, we have

AeOU(T). AZ(F) € LART) = AZR(F) € LER).
Choosékg € N such that
koso<1, (ko+Dsp=1+e>1

Finally, (8.1%) follows from [3.70) and Propositipn]3.6 it = ko by induction. And this completes the
proof of the propositio.?. O

3.3. Full regularity of solution. The above preparations will be used for the proof of the fedjularity of
solution in Theore 1, by using an induction argument.
From Proposition 3|6 and Propositi@&?, it follows thatdoya € N, |o| < 5 and anyl € N,

AT (), A0 (U9 f) € LER).
These will be used to get the high order regularity with respzthe variabley.

Proposition 3.8. Let s < 4 < 1. Suppose that, for any cyfdunctionse € C3(]0,T]),y € Cg°(R3), any
a €N, jal <5andallf e N,

(3.15) AGO (M) ), Axd (@ (x)f) € LERT).

Then, for all cutgfunction and alle € N, ja| < 5,f € N,

(3.16) AG 9 (pOw () € LER).

Proof. Recall that, folla| < 5, F = d*(¢(t)¥(X)f) is the weak solution of the equation :
oF

A IF - Q(f, F) =G, (t,xVv)€R’,

whereG is given in (3.p). Set
Pnea = w2(X)W, Sn(Dy) Sn(Dyv) A§
we take now
PYoa PreaF = PRy Fea € Co([Ta, Tal Hp ™ (R))
as test function. Then, one has

([PN,f,/b v] - 0xF, PN,f,AF)LZ(R7) - (Q(f, Fn.ea)s FN,f,/l)
= (PN,[,AQ(f» F) — Q(f, PneaF), PN,MF)

+ (PN,MG, PN,f,/lF)

L2 (R7)
L2(R7)

L2@®7)’
Since
[AL, V] - 0x = AAL2 0, - Oy,
andA{=? 4, are bounded operatorsirt, for any 0< 1 < 1, we have, by using the hypothe.15) that

'([PN,M’ v] - 0xF, PN,MF)

1
LZ(R7) S C”AV F||L|2(R7)||AX F||L|2(R7)
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Using the coercivity[(1]3), we get ds (8.4),

(3.17) MollASW, 2P, eallf2ry < CIIAG Fllzgn 1A Fllzgry + |(PN€/IG PNMF)

+ ’(PN,[,AQ(fZ» F) - Q(f2, PneaF), PN,MF)

L2 (]R7)

L2®R7)I°

We conclude the proof of Propositipn 3.8 by using the follogi emma. o
Lemma 3.9. Let f € L~([0, T]; HX(Q x R?)), £ > (o (large). Then, we have, for amy> 0,

|(PN,€,/IG, PN,f,/lF) < SHA\S/\NWZFN,&/I“ﬁz(R?)

+ Co(IAY falI?

L2 (]R7)

1
L2([0,T]; H5 (RB))”A f3|||_2([0 TI; H5 (RB)) + ”A f3|||_2([0 TI; H5 (RB)))

Proof. By using the decomposition ifi (3.2), it is obvious that foe timear terms

Pna((B) +(C)), PneaF < ClIAL I
{ )

L2(R7) L2([0.TL;HZ , (RS))

For the term ), recall thata; + a2 = a, |o| < 5 and|ay| < 5. Then, by separating the cageg < 3 and
] > 3, we get, withA?,(Dy) = A{Sn(Dy),

|(PN,MQ(3”1 f2, 8°2 1), PNNF)LZ(R?)
= |(ARD(QE™ 2. 67 ). We S(DIWFc)
< (AL D@ 2. 372 11)

~ (Q@" f2 AY(DI" 1), WeS{W2(DIFN) e

+[(Q™ 2, AR 1), WeSHDW2F 1)

L2(R7)

L2 (R7) :

Using Corollany[2.1}7, we have

(ARDNQE™ o, 07 f2) = (QO™ fo. (DI 1)), WSKD 2Pt e

< Cf”a"l f2||Hs/ s 1+(R3)||6‘12 fl”H’L o 1)+(R3)||Wf Sﬁ(Dx)l//ZFN,f,/1||HS’(R§)dth

{ 107 falloe g eplASAT I, e lIAS P, joa < 3

1 3/2 o 1/2 6
107 lli s ng | @AY OANAL T e, e lIAT Pl leal > 3

yt+(2s-1,

SCIALAGI: | elASALIe, | wllAS Frlle
< E”A\s/\/vy/ZFN,f,/l“LZ(R?) + CSHAX,VA'[ f2||L§((R7)“A A/I f2|||_2 (R7) 5

Propositio{ 2]9 withm = 0 and Sobolev embedding fare R3 andt € R give

'((Q(()"1 f, AL(Dy)3°2 1)), W,S?, (Dx)l//ZFNf/l)LZ(R7)

2e(ye29* (RV)”Wg S* (DX)I;DZFN g,{”Hs[ 2(R3)dxdt

2+(y+29) +-y/2 v/

< Cf”(jalfzul_z (R3)||a 2f1||H1+s

< ellAW, 2PNl o ey + ClIAZ AR Ry)IIA Mf2||L2 ®) "

This ends the proof of Lemn{a B.9. O
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RecallA{,(Dy) = A{Sn(Dv), we have for the last term of (3]17), (the term involviags omitted since is
easier tharfy),

(PueaQ(fo, F) = Q(fo, PrgaF). PreaF) o
= (AN(DIQ(f2: F) = Q(f2. ANDF). We SU(D) PreaF) oo

+ (Sn(Dx) Qf2, AY(DYF) = Q(f2, Sn(Dx) AN(DVF), W, PuiF)
+ (We Q(f2, Sn(Dx) AY(DWF) - Qfz, PrcaF), PucaF)

=)+ 1)+ (1),
Using again Corollarj 2.7, we have by interpolation,

L2(R7)

L2 (]R7)

mi<c f fallyg Pl IWe SR(D5) PrucaFlle dxclt

< CINAGAY Folliz @AVl AW S{(Ds) PPl

< CllAAY, fall 2 e lIAGF Il (€llASWy 2 PasaFllizer) + CIAFllz @)

2+(2s-1)T +y (2s-1)*t +y+
S 2 4 2 AAD 2
< 6”/\va/2 PN,[,JF||L2(R7) + CEHAIAXN f2||L§+(2$—1)*‘+7+ (R7)||AVAX,V fl||L§((R7) .

Using now [3.p), similarly as fof (3.7), we have
(101 < C27M IV fallog,. 12 JIMA(DWFllzs,, s

3 3y [IWe ProeaFll s s 3
> '+27y/2+(25+y)+(RV) [7y/2+(25+y)+(Rv))|| ¢TNLA ”L (Y H—(+7/2(RV))

3 A
<CIAASEI: el AL Prr Pl
For the term (11 ), we use [2]9)
011 = |(We Q(f2, (D) AL(DIF) = Q(f2, PuraF), PuraF)

< Cllfallosge 12 7+(Rs))llsr\l(Dx) Af\j(Dv)FllLZ(RA et eanlIPNeaFllaE)

TXT=0424(25-1) T + X s (2s-1)F 4y

L2(R7)

< AWy 2 P aFliEaery + CIAGF I, oy + IAAZ R, » )(Ry)uAcFuﬁ;m).
(+2—y/[2+(2s+y)t

Finally, from (3.1}), choose > 0 small enough, we get for bigy

o 2 5 2 5 2
E“A\s/\Ny/ZFN, f,/1|||_2(R7) S“AG Ax,vf2|||_§((R7) + [1Ax Ax,v f2|||_§((R7)

+IAAS, B2lIZ o [IATAT, a2

2 L5,

Taking the limitN — oo, we have proved (3.116), and ended the proof of Propoditién 3.
We can now conclude that the following regularity resultwigéspect to the variableholds true.

Proposition 3.10. Under the hypothesis of Theor¢m|1.1, one has
(3.18) AV ey ) € L0, TT; HE(R®),
for any¢ € N and some > 0.
Again, this result is indeed obtained by noticing that thetistsky € N such that
kos< 1, (ko+1)s=1+e>1

Then we get[(3:38) fron{ (3.3), Propositipn|3.8 witk= kos by induction.
High order regularity by iterations
From Propositiof 3]7 and Propositipn 3.10, we can now dethatefor any? € N, and any cutff functions
¢(t) andy(x),
ApOU() ), Ax(ey(x) ) € L2([0, TI; HA(R®)) .
which is
eu(x)T € L([0, T]; HA(R®) N HY([0, T]; HA(R®)
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The proof of full regularity is then completed by inductiar {x, v) variable
eOYYf € L2([0, T]; H/(R%) n HY([0, TT; HA(R®))

and using the equation to prove the regularitytfeariable.

4. UNIQUENESS OF SOLUTIONS

In this section, we prove precise versions for uniquenessgtewhich will cover more general cases than
those presented in Theor¢m]|1.2.

We need the coercive estimate in a global version: For deifabctionf, we say thaff satisfies the global
coercive estimate, if there exist constacits- andC > 0 independent of €]0, T[ such that

(4.1) ~(QUF®). 1), Mezes) = Coll ez egpes sy ~ ClI s ey

(y/2+9*

for anyh e L(R3; S(R2)). Using the notations introduced in Sect@)n 1, we provedadiiewing precise version
of Theoren] 1]2, where we do not assume that solution is arbatian around a normalized Maxwellian.

Theorem 4.1. Assume thald < s < 1 andmax{ -3, -3/2-2s} < y < 2-2s. Let § € EYR®),0 < T < +c0 and
suppose that £ EM([0, T] x Rﬁ,v), m > s is a weak solution to the Cauchy probl@) If f is non-negative,
then solution f is unique in the function spag#&([0, T] x RS,).

Moreover, if f is non-negative and satisfies the global ciwerestimate(@), then the solution f is unique
in the function spacé&3([0, T] x ngv). The same conclusion holds without the non-negativity dfttel term

2 i iti i 2
||h||L2(R§;H3/2(R3» in the conditionf.q)is replaced byf|||h|||@7dx.
Remark 4.2. In the case wherg > —3/2and f e £5([0, T] x R$,) is non-negative, it follows that f coincides
with any another solutionyfe £25([0, T] x Rﬁ,v) without the coercivity conditio([i)

The next result proves the uniqueness of perturbativeisokiround a normalized Maxwellian obtained
in [B, [Ld] where we do not assume the non-negativity of sohsi

Theorem 4.3. Assume tha® < s < 1, max-3,-3/2 - 2s} < y. Letly > 3/2+ maxX(y + 29", 1yl/2}. Then
there exists amg > 0 such that if {(t), fo(t) € E5([0, T] x Rﬁ,v) are two solutions of the Cauchy proble{)
with the properties

() — ) € L0, TIxRGH), j=1.2,
and the smallness condition for f
(4.2) ™2 (F1(0) = il o miegL2(esy) < 05
then f(t) = fo(t) forall t € [0, T].

To study the uniqueness of solutions constructed in Thedrdnof @], we define another function space
with exponential decay in the velocity variable as follolwsrm e R and forT > 0, set

B"([0,TIxRE,) = {feC0, T} D'(RE,); p>0
st. @Y f e L=([0, T] x R3; L2R3)) N L%([0, T]; L(R; Hm(Rs)))}.
We get the following refinement of the last part of Theo@) #hihe case +2s< 0.
Theorem 4.4. Assume thaD < s < 1andmax{ - 3,-3/2-2s} < y < -2s. Let0 < T < +oo0 and suppose

that fi(t) € Z§S([O, T] % Rﬁ,v) is a solution to the Cauchy proble@)satisfying the global coercivity estimate

{@.1) with the term||h||f2(R§;H§/2(Rs» replaced byf|||h|||§)7dx. Then {(t) coincides with any another solution

fa(t) € B0, T] x RS,).

If the Cauchy problen{(Z1) admits two solutiohg), f2(t) € ([0, T]xRS,), then there exigto, p1, p2 > 0
such that

e fy e L(R3; LARY)), €W fy, &2V f, € L°([0, T] x R3; HSR)).
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Take 0< p < min{po, p1, p2} andk > 0 suficiently small such thaf- > T. Then we have
o = €V fo € LR LARY)), g1 = €00V f,, gy = 00 f, € L=([0, T x RS; H(RD))
for anyl € N, andg;, g, are two solutions of the following Cauchy problem

(4.3) { gi:ov:- Zog +k(1+ Mg =T'(@. 9).
where

I'(9. h) = 26e()) ™ QUutc (D). 11 (ON) , 11c(t) = pa(t, V) = € C=OEE),
Setg = g1 — 2. Then we have

(4.4) { G+ V- Vg +k(1+ Mg =T'(g1,9) + (9. G2):
' Ok-0 = 0.

4.1. Estimates for modified collisional operator. We now prepare several lemmas concerning the estimates
for (F‘(f, ), h)Lz, whereL? = L2(R3). In this subsection, variablésandx are regarded as parameters. For the

brevity we often writel' andy instead ofl* andy,(t, v), respectively. All constants in estimates are uniform
with respect td € [0, T] and moreover they hold withy(t) replaced by.!/2.

Lemma 4.5. Let0O < s< 1andy > max-3, -2s— 3/2}. Then for any3 € R we have

(4.5) (r'(.9, h),, - (Quut 9. h) ,
1/2

< (Dl F1.w¥PQ)) IFIEAMNI: . +Iflleliglle [Ihil

Sty/2-p Sty/248 sty/2p

Proof. We write
(F(f.9). h),, - (Quf.g).h) , = f f f B(1, — . )(f.)gh dordv.dv
=2 fff B((u)Y? - u/?)(ui/?f.)g W dordlv,dv

+ f f f B((u)"/2 - u?)’ f.gh dordv.dv

+2 [[[ B - i) (g - o Jaordvav

= D]_ + D2 + D3 .
By the Cauchy-Schwarz inequality we have for @y R

IDsl 5 ( f f f B(()M2 - k) 11,1y #h) *dordv.a)
x ( f f f By, £V (g - <;1’)2d(rdv*dV)l/2

1/2

= (Ba(f, v Ph) “(Dptut. ).
We have
Dy(ut.0) < 2ADI.0F ) + [[[ B 1t - ) Pevauao)
< D(Ifl.(v/'g) + IIflelili,

because it follows from the same arguments in the proof ofrbef8.1p that

(4.6) [ = )| < sin g(<v>ﬁ<v*>2|'3|+ll|v—v*|>l WPV = VLo ja1)
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Note that
2
(Y2 = 122)? < Q)M = ()2 + i22)
< minV’ = v.J6, 1) mingv’ - V,I6, 1))/ + ( minv = v.J6, 1)) 142

By this decomposition we estimate
Da(f, (v)*h) < DY + DY.

It follows from the Cauchy-Schwarz inequality that

|5‘31>12 <( f f f BIV — V"2 min(v - V.16, 1) 1 (W.sh) V)02 dordv,cvly)

,2
x ( f f f BV — V.70 29(min(v' - v. e, 1))2 f2(W_gh) “(v')"***derdv.dv)
2 2 2
IR IFI i,

Here, we have taken the change of variables.) — (V,V,) andv — V' in the first and second factors,
respectively, and moreover, in view ofy2¢ 2s) > —3, we have used the fact that

f( f Blv — V*|y+23min(|v — V.22, 1)d0')p*dv* < flv _ V*|2(7+23)#*dv* < (V229
Since the estimation @< is quite similar aD{” we obtain
(4.7) Ds(f. vy h) < IIfllz DI, "
and hence

2 1720002
D3l < (D(ﬂ|f|, (VWQ)) 11,5 ||h||L§W/M + ||f||L2||(‘3]||wa2||h||L2

sty/2-p

The Cauchy-Schwarz inequality shows

IDof2 < D(f., vy *h) ( f f f B((40)Y2 - i 2) £ ¥ dodvidy]
so that it is easy to see, in view ¢f (4.6),

<
D2l < IIflhzligliz, , Nz

12

Take the change of variables (V) — (v, v.) and {, V.) — (V., V) for D;. Then we consider
D=2 f f f B(u*? - (u)"?)(u"/? 1) (gh), do-dv.dv
=2 fff B(Vu?)(V) - (v—V)(u"?f) (gh),dodv.dv
1
" f ff f BV )V +7(v - V) (v - V)2 (1) (gh).dodv.dvar
0

=Dy1+ D1,

by using the Taylor formula
’ 1 !
w2 = ) = (M) - (v- V) + > fo (VRY2)(V + (v —V))(v - V)?dr.

Note
(V22 + (v = V))(V= V) < IV = VA1 - cosh).

ou= [, M. )
{V =V, |2(1-cosh)<1} {V' =V, |?(1-cosh)>1}

and devide
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Then it follows from the spherical symmetry that the firstienf the decompositio® ; vanishes, so that we
can estimate by the change of variables v’

ID4] < f f IV =Vl (2 1) f b(coss) min (6%’ - v.|?, 1)dor)(gh).dv dv,
SZ

1/2
< ( f f ' —v*IZ(”ZS);/gf(v*>‘(7+25)+‘*d\/dv*)

1/2
X ( f f f’zhf<v*>7+25”ﬁd\/dv*)

< Ifllelighz, bl

Sty/2+8 sty/2-p

Summing up above estimates we obtain the desired estimate. O

Since Lemm§ 2.31 holds witkyz replaced by, (t, v), the combination of Lemnm{a2]11 and Lemfmd 4.5 with
B =0 implies

Lemma 4.6. LetO< s< 1,y > max-3,-2s— 3/2}. If f > 0then we have
1
(4.8) (F'(F. 9. 9),, < -3D(uf.9)

+ Cmin{nfan(ngquf/z +lgilE; ) Ifller gt W}
for any 8 €]0, d satisfyingy + 28 > -3/2and $ < 3/4.

Furthermore, ify > —3/2 then the second term on the right hand side can be replaced| bluiugnﬁz

Sty/2

Lemma4.7. LetO < s< 1,y > max-3,-2s— 3/2}. For any¢ € R and me [0, s| we have

(4.9) |(T'CF. 9, h)| < Iflelaler . IRllsn.
Furthermore
(4.10) (T'(F, 9, 9) .| < Filigli3,

Proof. Since Lemm# 2.2 holds witu replaced by, (t, v), in view of {.11) we have

Dt Q)| < Il NG, < I llelglFy

Applying this to the right hand side om.S), by Proposit we obtain the desired estimaEk4.9). The
second estimate can be obtained by using Propogitioh 2s1&id of Propositioh 2.9. O

2t

Fora > 3/2, setp(v, X) = (1 + [V? + [x?)*/? and

W @+ P2
o) T L+ VE+ X2

Lemma 4.8. If (v, X) = (1 + |V?> + [x?)*/? for a > 3/2 and

W @+
o) T (L VR + xR

for ¢ € R then we have

(4.11) RO We e (V)] 5 (1) PP W (),
VTN A (i
(4.12) W (V) = W ()] < sin(5 ) Wer¥).

<V* >Q+\f72|

7 W,(v) . Te[0,1].

(4.13) [V2W, (v + 70 - V)| 5
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Proof. The first inequality follows from the direct calculationnge
1
W o(V) — W (V) = f VW, (V+ 7(V — v))dr - (V = V)
0

and sincav — V| = sin(@/2)|v — V.|, [V — V.| ~ [v— V|, for the proof of 2) it sfiices to show

W ¢(vr) - (v yrr e
Vo) 7 (v)

(4.14) VW, o(ve)| <

Wee(V) 5 Ve =V+1(V —V).

Fora € R we have
1+a+M?<sl+a®+V-V.P+ V2P s1+a+ v, — V.2 + |V
<1+a2+ 2+ V2 < (L+ a2+ v [P)NV)2,

from which we geto(v,, X)™* < ¢(v, X)"XV.)* by settinga = |x|. Puttinga = 0 in the above inequality we
have(v) < (v:)(V.). Since(v;) < (v)(V.) holds similarly we havev, )t < (v ~1(v )1 which concludes the
second inequality of (4.14)[ (4]13) also follows from theaiar observation. o

Lemma 4.9. Let0O < s< 1andy > max-3,-2s— 3/2}. Then for any > 0 we have
(W (.0 = T(F, Wi @) ),
< (D f1.)” ||f||1/2||ww,gg||Lg/z 1l IWeedlle, IRz,
forany 8 €](2s- 1), g satisfyingy + 28 > -3/2.

Proof. Note that

(Ww,eF(f,g)—F(f, zg)h f f f Bf, (u.h g( 1 =W, )dvdv.do

f f f BT | l/2h = (. 20)} M2 (W — W)dvdudor
+ f f f B, (u./2h)(u,? - p*l/Z)g(w;J—w%.)dvd\édo—
+ f f f B f. (1."?h)u.? g(W,,, — W,)dvdvdor

=ﬂ1+ﬂ2+ﬂ3.

It follows from the Cauchy-Schwarz inequality that

A < f f f BIf.l{ ,u*l/zh/—(/l*l/zh)}zdvd\éda
f f f BIf.I (1 Y290, — W) dvdude

=~7(1,1 X 7(12 .
Writing
(’u*l/zh)' _ (,u*l/zh) _ ’u*l/z(h, _ h) + h’(ﬂll/z _ﬂ*l/z)

Ary <2 f f f B(u If)). (W — h) dvdude
+ f f f BIfl ("% - p*l/z)zh'zdvdwda}

= 2(D(u|f], h) + Ds(f, h))
< D(ufl ) + 1 Flelihifg;

we obtain easily
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where we have usefl (}.7). By (412) and the Cauchy-Schweguality we have

2 _ — V2
71| < ( f f bsirt(6/2) 2' M2, (W, 9)Pdvavde)’

|2( (y+2) 5
f f f bsm2(0/2) ———— 1 (W,0)*dordV,dV)

X f f bsirt(6/2) f3<v>v(vv¢,,.g) dordv,dv)
S IWrgle, (IFIEIWGgI. ),

where we have used the change of varialiles> V.. Hence we have

NIFILZIWigllz

By using the similar formula a$ (4]12) with replaced by, we have

(Al < (DGl 1, h) + 2N

Sty /2

*

(M - ) (W - Ww)’ < min(Iv = Vu[262 v = VL 0)W, () L,

so that for any > 0

2 2s-1+6)"+1), 1/4
el < f f V= VP (IV = VPP o Loy palv = B
S Iz W, 9l 2 lIhll.2

(2s-1+6)* /2+y/2 (2s-1+6)* /2+y/2

(W, 19)h

f*
\%

'dvdm

In order to estimateAs we use the Taylor expansion fdv, — W;’I of second order. Then we have
Az =fffB f, w.gh(V\W, (X, V) - (V' — v)dvduv.do

1
+ %f dr fffB f, 11.gh(V2W,)(%, v+ 7(V — V))(V - v)?dvdv.do
0
Zﬂs,l + ﬂg,z .

Settingk = | V| and writing

vV —v= %|v—v*|(o-— (o - K)K) + %((0'- k) - 1)(v—V.),

we have
Aay = % f f f B £, 11.gh(Vy W, )(X V) - (v — V&) (cosd — 1)dvevdor

because it follows from the symmetry thg; b(o - k)( - (o - k)k)do- = 0. Therefore, forany X s < s
satisfyingy + 28 < —3/2 we have, in view of[(4.]1),

2(y+29) 2d 1/2 f*2 d 1/2 hid
[Azal < ( V=Vl M V*) ( Vo Ve V*) [W,1-101lhidv
S ||f|||-|(25'—1)+||W¢,Ig||L2§+ 2||h|||_2

s +y/2 ’
by means ofVy(W,,)(x, V)| £ W, -1. The better bound holds f¢#3 | since it follows from [4 ) that
(VAW )(V+ 7(V = V)V = V)] < (V)TN 62V — V)2
Therefore we have
[Asl < ”f“H(ZS’*l)*“th,|g“Li,W/z”h“L;wz

Summing up above estimates we obtain the conclusion. O
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4.2. Proofs of the uniqueness TheoremsUsing the notations introduced in subsectkthe proof of The-
orem[4.] is reduced to

Proposition 4.10. Assume thad < s < 1andmax(-3, -3/2-2s) < y < 2-2s. Letly > 3/2+maxl, (y+29)*}
and g € L*(R}; L2 (R3)). Suppose that the Cauchy probl¢#n3) admits two solutions

01, g2 € L°([0, T] x RY; H?;(Rxsl))-

Theng =g,in[0,T],

1) ifm=2sand g > 0. Wheny > -3/2, we can suppose g L*([0, T] x R3; H;O(R\?)).
2) if m = s and the coercivity inequalift.1)is satisfied for f = x,(t)g; > 0.

3) if m= s and f= y,(t)g; satisfies the following strong coercivity estimate

(4.15) ~(QUFO: N Py > o [ IR, X CINE e ey
Proof. Let S(r) € C3'(R) satisfy 0< S < 1 and
S(r)=1 |1|<1; S(r)=0, |f]=2
SetSn(Dx) = S(2-2N|Dy/?) and multiplyW,,;Sn(Dx)?W,,;g to (¢.4), where we chooska such that
to—maxl, (y +29"} > >a>3/2
Integrating and lettindN — oo, we have
%d%uww,.g(t)uﬁw) + KW 11002 ey = (Wea T(G1, @) + W TG, G2), We10)

= (V- Vil Wi, W,.19) L2(rs).

becausey(- VxSn(Dx)W,.19, Sn(Dx)W,,19).2rs) = 0. The second term on the right hand side is estimated by
IW,,19lIZ, ) bECaUSE of[(4.11). Write the first term on the right hand side a

(T'(91, W g)’th,Ig)LZ(]RG) + (W, (g1, 0) — T'(91. Wer 9) W,10)
+ (F‘(g, 92) , W, W¢,|Q)L2(R6)

If g1 > 0 then it follows from Lemm 4]6 that

1
(4.16) Bi<-7 f D(uc1, W, 19)d X

L2(RS)

LZ(RB)
= 81 + 82 + Bg .

i 2 2 2
+ Cmin (19l (W10l pe ) + IWeilEzge ) s 102l o) WGz )-

X

We notice that the last term can be replaceqjgmL&(Lz)HWwJg||2 ) if y > —3/2. By means of Lemm@.g

L>2<(L§+7/2
we obtain for any > 0

(4.17) 82| <6 f D(1tclgal s Wi Q)X+ Collgallis s 1y Wi Gllzz ) IWeadlhzez, -
Lemma[4.J with? = ¢ — y/2 implies that fom = 5,0
o X"
(4.18) 84| < f 107Gl Gl o, 9 7 W WGl
SNl e, oo WpaGllizaz, oI Gllizges

becauséx)™ < W, , and(x)“(v)“Ww is a bounded operator di# ™. Note that for any > 0
W e1(st7/2- IO F ey < SIWG 42926y + CollWo e GO oz -
If g1, g2 € ([0, T] x R®) andg; > 0 then by summing ud (4.]16], (4]17) affd (4.18) witk= s we have

d
IV OOy < C e + 102l I 9O gy

y/2+(2s+y)+ ) )
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wherel|gillLs 12 can be replaced Uhgllle (L2 if y > =3/2. Here it should be noted that the tefd{u, g, W,,19) >
0 follows from the non-negativity of;. Therefore|W,,19(0)ll 2rsy = O implies||W,,g(t)ll.2gs) = O for all
t € [0, T]. And this givesy; = g, and concludes the part 1) of Prop05| .10.

For the part 2) of Propositidn 4]10, u5|nigj|2 <S||h||ﬁ|s/2 + C(;||h||fz/2 and summing ug[ (4.16)[ (4]17) and

(.18) withm = 0, we have
1
Wt 001y < =75 [ D0 WigO)XH KW 200 o)

||W¢,.g(t)||ﬁ§(Hs )

* 5 (”gl”Lt X(H(2&1)+) + ||92||L1X(Hs 7/2+(25+7)+))

0l g(t) |||_2(R6) P

then the coercivity conditio@.l)(witry(Z +9)* < 1) together with[(2.72) leads us to

+ Cos (101l e + G2l o)) IV

th,lg(t)”EZ(Rs) 5

(4.19) W1 9O1IF2ge) (Ilglllth(Haw) Gl o, )+))

where it should be noted thdt (2}12) holds with? replaced by(t, v). Thus, the part 2) of Propositign 4]10
is proved.
Wheng; is not necessarily non-negative, by using Le 4.5 we obtai

B1 < (Qutclr Wi @), Wiig) , o +6 f D(uc 1], We19)dX+ Cs|[W, |g||Lz(Lz )

instead of[(4.16). Since Lemrha 2,12 holds wigi replaced by, , by means of[(4.15) we get

LZ(RG)

(4.20) By < ~(Co—6) f WG, dx+ ColWei Gtz -

This estimate and.8) together wifh (4.17) applied byntrea[2.1P, imply [(4.19). Hence the part 3) of
Proposition{4.70 is also proved. o
Proof of Theorem[4.3 :

If we setg;(t) = x~¥2f;(t) (j = 1,2) andg = g1 — g2, then we have

Ot + V- Vxg = I'(g1, 9) + (9, 92),
Oizo=0

whereT'(g,h) = uY2Q(u*/?g, u*/?h). Take the inner product witklV, ;S (Dx)?W,..g where we choosé,
such thaty — (y + 23) > ¢ > a > 3/2. Then we obtain
||W¢ IONFozey = (Wet T(G1, @) + Wer (G, G2) , W0)
— (V- Vil ™ YWeg, W, Q)1 2(55).

where the second term on the right hand side is estlmatﬂwpngLz(Re) because ofl). We write the first
term on the right hand side as

L2 (RB)

(T(g1, W,.r 9), W, )LZ(RG) + By + Bs,

Whereﬁz,ég are defined by the same way as the abByeB; with I'' replaced byl" and satisfy the similar
estimates ad (4.].7) arld (4.18), respectively, that is,

'gz <6 f@(lll/2|91|, W,,.g)dx+ C6||gl||L;_0X(H(2&1)+)||W¢ €g|||_2(|_2 )||W¢ é’g|||_2(|_2

o +y/2 )

‘33‘ < 192lig ms W, agllLZ(L2 2)||Wgo €g||L2(HS

5 [ WL g1, -+ Coll, gl ).

[ 7/2+(2$+y)+)||

< ||92||L§(Hf_w2+(23+7)+
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where the non-isotropic norfi - |llo, is recalled in 0) . By means of Lem@.lz, we have
|82 < Sl g, e f WGl dX+ GGl e o) Wi 122 s, -
On the other hand, it follows from Proposition 2.1 ﬂf [9] a) that for suitabl€,, C, > 0 we have
@.21)  (T(@r Wor @) Wenr) o) = ~(L1 (Wet®) . Wer@) , ) + (T@2. Wer®) . W)

<-C, f IV, 12, dx

L2 (]RG)

+Co( sUp Ballizesy) [ 1IWecQll, AX+ W QI se)
[0.T]xRS

whereg; = i + 81. Therefore, [2.11) and the smallness condit[or] (4.2) imply
d
d_t“WLp,fg(t)”EZ(Rs)

< —(Cl — Cago — 6(ll9ullig Hesvry + ||92||L;’_°X(H,§+2$+w2))) f|||W¢,f9|||<2Dde

+GCs (”ngL{’& (Hes Dy + ||92||L§X(H;+2W2)) ||W¢,£9(t)||fz(Rs)-

which showsg(t) = 0 for allt € [0, T] if &9 < C1/Cy. Thus we have proved Theordm]|4.3.
Proof of Theorem[4.4

Let now fj(t) € 830, T] x RS,), (j = 1,2) and sew;(t) = u(t)"1f;(t) for a suitabley,(t) = e ¢-V+),
Then we have for ang e N

gj(t) € L¥([0, TIx R5; LE(RS)) N LA(0, T]; LV (RS HY(RS)).
The proof of Theorerh 44 is reduced to

Proposition 4.11. Assume thad < s < 1 andmax-3,-3/2-2s} <y < -2s. LetO< T < +o0 and¢, > 3.
Suppose that the Cauchy probl@) admits two solutions

g1, g2 € L¥([0, TI X B L, (&) NLA([0, TT; L™ (RS HE (RY))-
If ()is satisfied for f= u,(t)g: then g(t) = go(t) forallt € [0, T].
Proof. Notingy + 2s < 0, we estimate more carefull§,, B3 in the proof of PropositioO. It follows from
Lemma[4.p and Lemnfa 2]12 that
| <6 f W16l X+ ClIga (Ol 49 W GO ey -
Lemma[4.F with? = £ — y/2 andm = 0 yields

B3] < G20l s, WV 0 OO 2e) W OOz,
< 61 GO, + CollgoOlF )Mo IOz ey
Above estimates faB; (j = 2, 3) and [4.2p) imply that

2 2 2
ter{(]),al')l(] ”Wso,lg(t)”Lz(Re) < ”th,lg(o)”LZ(Re) + S(Tl) IEr{C]J%)l(] ”Wga,lg(t)”LZ(Re) s

where

&(T1) < Ta + TallGallzqo, gLy (Hey) + ||92||EZ([0,T1];L;o(H(sz/z))-

By assumptiore(T;) — 0 asT; — 0. Therefore there exists® > 0 such thag(t) = 0 fort € [0, T.].
Replacing the initial time 0 by if needed, we finally obtaig(t) = 0 fort € [0, T]. O
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4.3. Uniqueness of known solutions Firstly we consider the uniqueness of global solutionsigivelf, [L9].
Theore3 is applicable to show the uniqueness of glolatisns in Theorem 1.5 0[[9], and also solutions
in Theorem 1.1 0f|EO] because the global solutions giveretlee of the formu + +/ug with

§(t. x, v) € L=([0, cof; H'(R®))

for m > 6 and a suitablé. It should be noted that the uniqueness holds under thersesalcondition[(4] 2) of
the perturbationy, without the non-negativity of solutiom+ /2.

It follows from Corollary[2.1p that the smallness conditi@d) implies [4.15) for the global solution given
in Theorem 1.4 0f|]|9], becausgthiere satisfie#l« o .)H3 @2 2R < €oand forany 0< T < +co

.
f (2, f 358t )15, dX)dlt < +oo.

0 =3

Therefore Theorer@A shows the uniqueness of the soluti@m gn Theorem 1.4 of[[9] by means of the
Sobolev embedding.

In [EI], bounded solutions of the Boltzmann equation in tHele space have been constructed without
specifying any limit behaviors at the spatial infinity andheiut assuming the smallness condition on initial
data. More precisely, it has been shown that if the initizhds.non-negative and belongs to a uniformly local
Sobolev space with the Maxwellian decay property in the cigfovariable, then the Cauchy problem of the
Boltzmann equation possesses a hon-negative local sointthe same function space, both for the ¢iiémd
non-cutdt collision cross section with mild singularity. Since saduis there are non-negative and belong to
&%([0, T1 x RS,), Theorenf 4]1 yields their uniqueness.

5. NON-NEGATIVITY OF SOLUTIONS

The purpose of this section is to show the non-negativityabfittons constructed irﬂ[q:ILO], where the
solution f = u + /g is a perturbation around a normalized Maxwellian distituj(v), that meang is
solution of following Cauchy problem :

(5.1) 0g+Vv - Vig+ L(9) =1(9,9).
' Olt=0 = Jo»
where

L(9) = -T(vVu. 9) = (9, Vi) = L1(9) + L2(9).
It is the limit of a sequence constructed successively byahawing linear Cauchy problem,

(5 2) 6tfn+l +V - fon+l — Q(fn, fn+l)’
. fn+1|t:0 — fO =pu +/11/290 > O,

if one returns to the original Boltzmann equation. Hencethie-negativity of solution comes from the follow-
ing induction argument: Let® = fy = u + u'/?go > 0, suppose that

(5.3) f"=p+u?g" 20,
for somen € N. Then [5.8) is true fon + 1.

Proposition 5.1. Assume thamax-3, —g —2s} <y <2-2s. Let{f"} is a sequence of solutions of Cauchy
problem(@)with

o >0; YL x V) € L°([0, T] x B3 HVNRD) for vn=1,2.3, -+,
for some N> 4. Then for any re N, f" > 0 on[0, T] implies f*! > 0 on the same interval.

Proof. Taking ax > 0 such that > T, we setg"(t, x, V) = (V)" f"(t, x,V) with z,(t) = e ©9V" then it
follows from (5.2) that

(54) 6tgn+l +V - ngn+l + K<V>Zgn+l — rt(gn’ gn+l) )

We notice that for any € N
g € L2([0, T] x R§; Hy' (&)
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so that sup [Ilg"llle, < co. If g satisfieq|igll| < o and ifg. = + max@g, 0), then we have
llg: I3, + llg-1Ii3, < Mgl .
because

g2, = f f f (@5 9) - +0) )
* fff B(g.+ + g*’_)Z(\/ﬁ . )2

=lllg- I3, + llg-1Il5, -2 f f b(cosA)®(Iv — V.| (9,9- +9.9.)

and the third term is non-negative. Therefgfee Lff’x(Hf(R3)). Take the convex functiofi(s) = %(s*)2
$s(s7) with s~ = min{s, 0}. Lete(v, ) = (1 + [v? + [x?)*/? with & > 3/2, and notice that

LG (v, )2 = ( d

dsﬂ) (@ De(v, x)72 = g™ (v, X) 2 € L([0, T]; LYRS; LA(RY)).

becausgg™! € LP(HN[R®) with N > 4 impliesg™! e L{(L2). Multiplying (B.4) by Bs(g™1)e(v, X) 2
= g"1p(v, X)~2 we have

d f B@)e(v, X)"2dxdv+ « f (VB (v, ¥)*dxdv

dt R6 R6

- f r'(g", g™ Bs(@™)e(v, x) 2 dxdv
RB

= [V T B et v [ v T ) B ety ) P
RS RS
where the first term on the right hand side is well defined bseglti*, g™ € L5, (H?). Since the second term
vanishes anl/ - Vy (v, X)~?| < Cg(V, X)~2, we obtain
(5.5)

d f B He(v, X)2dxdv+ k f W28(g™ (v, X)~2dxdv
dt Jgs RE

< [ ri@. g e el 0 Zxdva © [ Bl v P
R® R®
The first term on the right hand side is equal to

f r(g", g™ (v, ) -2dxdv+ f f f f Bue. (@) (@) g
RG
= Al + A2 .

(v, X)2dvdv.dodx

From the induction hypothesis, the second tégnis non-positive.
On the other hand, we have

A= f (", ™), (v, %) 2G" ) 22X
= f (TG, @(v. ) g™ ), (v, X) g™ oz dX
+ f(‘p(v’ X)_lrt(gn7 gT—l) - Ft(gn’ ‘p(V? X)_lgT—l)’ ‘p(V? X)_lg +1)L2(]R3)dx'

= A]_,]_ + A]_,z.

It follows from Lemmg[4J6 that

1 _ _
Apg < —Zf@(ﬂkgn,éﬂ(V, x) g™ hdx+ C||gn||L°°([O,T]><]R§;H23)f”‘p(\/, X, dx
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By means of Lemmf 4.9 we have
A2l <6 f (D@, (v, ) g™ X+ 190 Tixrz19) f lle(v. )~ g™ 12, /de)
Sty

+C5||gn||Lw([o,T]xR§;HS)fllsO(V, x) g7, dx
Therefore
AL S ||gn|||_m([o,T]><R§;H23)f||90(V, ) g™z, /de,
Sty

where we have used the fact tifagu, ", (v, X)"1g"*') > 0 because of the induction hypothesig" = f" > 0.
If v + 2s < 2 then we have

f (v, ) g2 2, dx <6 f W)’B@™ (v, X)2dxdv+ Cs f B(G™ (v, X)dxdv
s+y/2 R® R6
Therefore, from[(5]5) we have

d + - + -
(5.6) 5 fR BE™ (v, ) ?dxdvs (1+ 19" o.pezibzs) fR B (v, ) Pdxdv.

SinceB(g™*)l-o = 0 we obtain[., (g™ *)¢(v, X)2dxdv= 0 for all t € [0, T], which implies thag"™(t, x,v) >
0 for (t, x,v) € [0, T] x R®. This implies thatf™*! > 0 and then it completes the proof of the proposition.o

Proposition 5.2. Assume thay > 2 — 2s. Let{f"} with f" = 4 + 42" be sequence of solutions of Cauchy
problem(@)with SURo 1yxr2 118", being syiciently small uniform in n. If

ez f7(t, x,v) € L=([0, T] x R HN(R3)) for ¥n=1,2,3, -,
for some N> 4, then for any re N, f" > 0 on[0, T] implies f**! > 0 on the same interval.

Proof. This case can be treated by the same way as the proof of Th@erm fact, if we pug" = 2",
then we have

d o
G [ A e Zdxa
RB
< f I(". 6" )B(g™ (v, ¥)2dxdv+ C f B (v, X) 2dxv
R6 R6

instead of [5]5). We need to estimake;, andA; » defined by replacing by I' in aboveA; ; andA, ». By the
same way as if] (4.p1) we have for suitaBlgC, > 0

Aua < =Cy [ lhote ) g IR, dx

+Co(( sup 111§"le,) f (v, x) g™ I3, dx+ f lle(v, ) g Iz, dX)

[0, TIxRS

It follows from Lemmag[4]0 and Lemnja 2]12 that

Azl <51+ sup [1§lz) | Nle(v. %) g2 i3, dx
[0, TIxRS

+C§||gn||L°°([0,T]><R§;HS)f”‘P(Vy x) g™ 7. dx

If 11§"llo, is suficiently small, then both estimates lead us(5.6). Hencéave ™1 > 0 and then it
completes the proof of the proposition. O

Completion of the proof of Theorem[1.B.
We recall now the existence and convergence of the seqy@Hamnstructed in|]|9|30] for dierent cases
of index :
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The hard potential casey+2s > 0. (Theorem 1.1 oﬂEO]) Legp € H';O(RG) forsomek > 6, {o > 3/2+2s+7y.
There existgo > 0, such that i'[|gol|H:<0(R6) < &9, then the sequendg"} converges irL™([0, +oo[ ; H?O(R6)) to
a global solutiorgwith ||g||Lm([o,+m[;H[ko(Re)) < Ceo.

N The soft potential casey + 2s < 0. (Theorem 1.5 of|]]9]) Assumg > ma><{—3,—:§3 —2s}. Letgp €
HE(RG) for somek > 6. There exitssg > 0 such that iﬂ|gol|,;,kk(Re) < &, then the sequend@"} converges

in L=([0, +oo[ ; ??IL‘(RG)) to a global solutiorg” Remark that the approximate sequef® is convergentin
L=([0, T]; HX(R®)).

So in both cases, the sequerfe= u + /2§ satisfies the conditions of Propositidns]5.1 gnd 5.2 with
N = k — 2, which implies that the limif =  + /2§ > 0. We have proved Theoren.3.

6. CONVERGENCE TO THE EQUILIBRIUM STATE

In this section, the convergence rates of the solutionseetfuilibrium will be discussed for both the soft
and hard potentials. Precisely, for the hard potential ofstémal convergence rates in the Sobolev space can
be obtained by combining the energy estimates proven prslji@nd thelLP — L9 estimate on the solution
operator of the linearized equation. Such- L% estimate can be obtained either by spectrum anafygis [35] or
by using the compensating functions introduced by Kawaa@]. On the other hand, for soft potential, the
convergence rate presented here is solely based on they&stirgate and is not optimal.

6.1. Hard potential. In this subsection, we will combine the compensating fuorcind the energy estimate
to obtain the optimal convergence rate for the hard potecaisey + 2s > 0, that is, the first part of Theorem
B. Note that the decay estimate in the theorem can be dizeelrto the case when the initial lies Zy(R°®)
with 1 < g < 2, whereZy(R®) = LY(R3; L2(R?)).

The compensating function is useful in derivin§— L9 estimates for linear dissipative kinetic equations in
the form of

(6.1) g+Vv-Vyg+Lg=nh,

whereh is a given function and’ is the linearized Boltzmann collision operator.
Let us now recall the definition of compensating functiomaduced by Kawashim@?].

Definition 6.1. S(w) is called a compensating function if it has the followingpedies:

(i) S() is C* on §? (the unit sphere iR®) with values in the space of bounded linear operators &(RE),
and S—w) = —S(w) for all w € S2.

(ii) iS (w) is self-adjoint on B(R®) for all w € §2.

(iii) There exist constants > 0 and @ > 0 such that for all ge L?(R%) andw € §2,

(6.2) RES(@)(V- )3 Qe + (L9 Qe = o(IPTIE: o) + 110 = Phall?).

The construction o5(w) was given in @7], but for completeness and the convenieftke readers, we
recall some basic derivation and estimates.
Let W be the subspace spanned by the thirteen moments contdieimyll spaceV of £ and the images
of N under the mappingg(v) — v;g(v) (j = 1,2, 3) denoted by:
W =sparfgjlj =1,2,---,13}.

Here, the orthonormal set of functioasis given by

. 1 ,
eL=pf, e.i=vipl, i=123 e-= TE(MZ_ 3,
and
3 Cii 1
i 1.
€4 = L (V-1pz,j=23
]+ £ \/é i
& = ViVau?, 6 =\VoVaul, ejo=Vaviul,

1 1
610 = ——=(V?-5Vpz, =123
+10 \/E( ) i1
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where the constant vectocs = (Ci1, Cio, Gia), | = 2, 3 together withc; = (%, % %) form an orthonormal

basis ofRS.
Let Py be the orthogonal projection frob?(R3) onto W, that is,

13

Pog = Z(g» &) L 2(r2) E-
k=1

SetWi = (f,e), k = 1,2,---,13, andW = [W;, ..., Wy3]T. For later use, setV; = [W, ..., Ws]T, and
Wi = [W, ..., Wi3] . Then we have

3tW+ZV16XjW+[W=E+R,
j

whereV! (j = 1, 2,3) andL are the symmetric matrices defined by
L={(La.e)elios V= {(Viee @) liooa

andh = [(h, e1)i2z3). - (N €13) 23] . HereR denotes the remaining term which contains the fadter®o)g.
Straightforward calculation gives

3
i V V
vo= 3= (i 1)
j=1

with
0 & & & 0
& 0 0 0 0 a&
Vi) =& 0 0 0 aé|,
& 0 0 0 aé
0 aér aér aés O
and

&1 axpér azfs 0
az1é1 Ay sz 0
& & 0 0
0 &3 & 0
&3 0 & 0|
0 0 0 a&x

0 0 0 &b

0 0 0 s

wherea; = /2,8 = V2¢i, k=2,3,j = 1,2, 3,andas = /<. By setting
3> &;j j 5

o Ru V
R = )R = (T .
j=1

Vou(é) = Vi) =

[cNeoNoNoNoNoNeNe]

with
0 & & & 0
-4 0 0 0 0
Ru=|-& 0 0 0 o
&% 0 0 0 0
0 0 0 O

It was shown in[2]7] that there exist positive constantandc, such that

4
RERWV(@W W) > caWi2 = ¢, > W I,
k=2

for anyw € S? with the constant suitably chosen. Herg, -) represents the standard inner produdtis,
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Hence, a compensating functi®(w) can be defined as follows. For any givene S?, setR(w) =
{rij(@)}f;_, and let

4
SW= )| (@)@ e)ipns. e Ll’®).
k(=1

When the parameter > 0 is chosen small enough, it was shown([if] [27] that the estirf@ag) holds because
of the dissipation of” on the spacév*.
To obtain theLP — L9 estimate, by taking the Fourier transform in the variablﬂn&equation@l) yields

(6.3) G +il€l(v- W)+ LG = h,

wherew = % Take the inner product o@.s) with (@ £)%) — ikS(w))§ and use the properties of the

compensating function, to get
@+ EPNBEgs —  «ES(@)8 B)izea): + 6o((A+ PN =PI + EPIPAIE, )
C(L+¢€P)REG, ) 2z,

IA

which implies that

€

E(g)t + 60 |§|2 E(g) C||h||L2(R3)’
where
E(§) = G117 gz — & | §|2 5 (1S(@)8 Oz ~ 181 ey,
whenk is chosen to be small. And this estimate yields
A2 SolélPlt ' SolélPI(t=9) 2o
(6.4) 911 2z < Cexp(— |§|2}|I90||L2(R3) +C . GXH—W}IIhIILZ(Rg)(S)dS

Based on[(6]4), we have the followihd§ — L9 estimate on the solution operator pf]6.1) obtained i [27].

Lemma6.2. Let k> k; > 0and N> 4. Assume that
(i) go € HN(R®) N Z,,
(i) h e CO([0, oof; HN N Z4),
(iii ) Ph(t, x,v) = Ofor all (t, x,V) € [0, c0) x R® x R®,
(iv) g(t, x, v) € C°([0, oo[; HN(RS)) N C([0, oof; HN-1(R®)) is a solution of [6]1).
Then we have

IVEGIZ2ge) < C(L+ 87275 (IVGollzyes) + IV ollL2es)?

+ f (L+t =9 2on(IViEhllzes) + IV5hlzes) ds (211)
0
for any integer m= k — k; > 0, where ge [1, 2] and
_ﬂ}_h m
Tam=35\gq 2" 72

We now recall the energy estimates obtained for the glohbatence of solutions for the hard potential in
[@]. Firstly, we have whelN > 6 andl > 3/2+ 25+ v,

d
—&+D <0,
at + =
where€ = ||g||H NES) andD = ||V Pg||HN 1we) + N - P)g|||BN(R6) We claim that the following energy estimate
also holds
d
(6.5) §i&1* D < ClIViPAIE, e
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where&, = ||VXPg||HN @) + I\ - P)g||2 N ee)” In fact, for the energy estimate on the macroscopic compmtone
of the solution, by Lemma 4.4 oﬁllO] and by taking the sum dver|a| < N — 1, we have

d (03 (07 (03 (07
(66) “VX“ﬂ”aN*l(Ri) s _d_t Z {(6 r, an (a, —b, C))LZ(Rﬁ) + (6 b, an a)LZ(]Ri)}
1<lo]<N-1
1920 a2y + €705
where we use the same notations usetﬂh [10] except that Waxetfy 1 Dno by &2D in an obvious way.
On the other hand, for the energy estimate on the microsagpiponent without weight, one can follow

the proof of Lemma 4.5 if{[10] except fer= 0, we take thé-%(RS,) inner product of [(6]1) withl(- P)g = g,
to have

||gz||L2(R6 + 1192l ey < 195POI o5, + E7D.
This togetherwith the estimate givenin Lemma 4.5@ [10]%at o] < N gives
(6.7) (||92||,_2(Re IV agoey) + 192G ey + D, 110G e) < IVxPQIP +E2D
1<|el<N
Moreover, forf > 0 ands # 0, (4.10) in [1P] gives

d
G WeT3 0allEzee) + IWVeT3 Goleg
1/2
(68) < ||gz”|2-|N(R§,L2(R§)) + aN/’gﬂN,[
2 ! 2
POV ARy + ), 105Gl
[’|=lal+1,18|=|81-1

Heredp > 0 is a small constant. By using induction @hand|a| + |8], a suitable linear combination .6),

(6-7) and [6.B) gived (§.5) for iciently smallE.
In the following, we also need soni& estimate on the nonlinear collision operator. Recall thaml:n
implies that

IC(F, Plliegs) < ||f||L2(R3)||g”H(25 2y B9

Hence, by using the fact that > 6 and¢ > 3/2 + 2s+ v, Sobolev imbedding implies
IT(9. D2z, + IV5T(@ D, & < &8+ Pyl

IT(g. 9IZ, &E&+IPgll!

A

LZ(RG )7

A

L2(RS,)"
Define
M@ = sup((1+92Ex(9)  Mo(t) = SUPI(L+ 9GS es )

O<s<t O<s<t
Then by theLP — L9 estimate, we have

V9O,

N

_5
(142 (IgollZ, zs) + 17xGllC2es,)

t
+ fo (1+t- 9 (I Qllzesy + IV, Dl s, )2l

N

t
p+ 07+ [ rt- 9 Ee + 1P (9

A

t
n(1+1)73 + SM(t) f (1+t-9 3(1+9 3ds
0

+M2(t) ft(l +t-972(1+93ds
0

n(L+1)72 + 61+t 2M(t) + (1+ )2 M2(H),

N

wheren = ”90”2 N ”gOHHN(]R6) Here, we usé > 0 to denote the upper bound&ffor all time.
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Thus, we have

&)

IA

t
~t —(t-s) 2
&0+ [ TG g (90

set+p(l+1)7% +6(1+ 1) ZM(t) + (1+ ) 2 M2(),

N

that is,
M(t) < (6 +77) + SM(L) + M3(t).

By applying theLP — L9 estimate again, we have

9Oz es.

A

-3
(1+ 972 (Igoll3, ey + 190llFz e )

t
+ f L+t - 9 (IN(@ Dlizesy + (@ Dllages 2SS
0

A

t
p+ 0 [ @rt-97HEe Pl )9
0 v

n(L+1)72 + 61+t IM() + (1+ )2 M2(H).

A

Hence,
n+ oM(t) + Mé(t)
(n+9)+ Mg(t).

By assumptiony + § is small. The above estimate and the continuity argumert iilt) < C, 5, and then
M(t) < C, 5, whereC, s andC,, s are two constants depending @andé only. This completes the proof of the
first part in Theorenf 1.4.

Mo(t)

A

A

6.2. Soft Potential. Finally, in this subsection, we will prove the second parfTatoren| 1}]4 t for the soft
potential case, that is, whers2 y < 0.
As for the case with angular cufphere we need to apply the following basic inequality fr@][l

Lemma 6.3. Let f(t) € C1([to, o)) such that {t) > 0, A= f f(t)dt < +c0 and f(t) < a(t) f(t) forall t > to.
to

Here gt) > 0, B = f a(t)dt < +co. Then

to

(tof(to) + ) expA +B) -1
t 9

Now it remains to find the appropriate function&($) anda(t) that satisfy the above fiierential inequality.

First of all, the basic energy estimate derivecﬂn [9] for ti@bal existence is

f(t) < forall t > to.

d
d—taN,e + CoDny <0,

wherecy > 0 is a constant. Here,

2 2
8N,€ ||ﬂ”HN(R3) + ”gZH’F([N(RG)’

2

Dy = ||VX~7(”|2-|N-1(R3) * “gzung(Re)’

and
AN 6y /(1 6Y. 2 _ % o 2
B (R%) ={ge SE; lgiZy = D, fR NV 59(%, I, dx < +eo).
laf+BI<N ¥
Later we introduce another functionﬁh_u_l that has the following property

(6.9) En-16-1 ~ IV Ay + 19302l 2 e

Clearly, by the property of thg - |||, 8_N—1,[_1 S Dy SO thatfom 5N_1,g_1(t)dt < co. Note that this functional
contains spatial dierentiation of at least one order, and the maximum orderfééreintiation isN — 1. The
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reason for this is to have the time integrability of the fuocal coming from the dissipationffect. And the
functional excludes thbl-th order diferentiation because we need to estimate the term like

fR 29 Al 150X S35, Al W5l
S IV AllL2@y) 103 Al e [105 Gall xows)
where
XVED) = [ge SR 10Bngs = Y fR 105gII3 dx< +oo).
la|<N X

Hence, since the maximum order offérentiation isN, the above estimate requires thgt< N — 1.
We now constructn-1 -1 following the argument used in Lemma 6.3, Lemma 6.4 and Q6rﬂ{ﬂ]. Firstly,
by taking 1< || < N — 2 in Lemma 6.3 of [[p], we have

(6.10) IV, A ) < — @1, :0°(@ b Ny + (07D, V@)
+ ||Vx92||(2\zm-z(Re) + (||~7(||HN—1(R§) + ||92||HN(R§;|_2(R§)))Z_)N—1
+ IV AN ) VAN 2, + 1182112 e)):

where

Dna= D IV Ay + VGl -
1<a<N-2

Note thatz_)N,l is different from®Dy_; defined in [P]. In particular, irﬂ_)N,l, the usual dissipation terms

||Vxﬂ||f2(R§) and||gZ||EZ(RG) are not included. And this is also why there is the last terrtherright hand side of

€.19).

Next, following the argument used for Lemma 6.4Eh [9], we danive

d = 1 —

GO+ V@l S EDNa+ D IV A,
0<|al<N-2

whereén = Y oqa1<n-1 ||5‘§9||52(Re) and&y_1 = 21<ll<N-2 ||3§9||52(Re -
Finally, corresponding to the weighted estimate (6.1SE]n¢ne can show that fge| > 1 and|g| > 1 with
|+ Bl < N-1,itholds
d (03 104 (04 104 (03
d—t(||aﬁgzlngflfw(Re) + (81, V20" (@, —b, 0)) 2e3) + (07D, V0" 8) 2(s3))
+ Coll 1We-1-505 elllo, 12z

2 1/2 ~
SN0°Galll, oy + ENp 1 DN-Le1
Sty /2 ’

o I8 T gl 11, s, + S0l VxGellZ 1 e,
lo =lal+L151=I81-1 '

+ IV AN gy VAN 2, + 11822 e)-

wheresp > 0 is a small constant, and

Duea= ), INOAI gy + IVl o
1<|e|<N-2
Here, we have used the assumption thatl > N.
Now we can define the function&k_1 -1 as follows:

EN-11=En1t+ O Z {077 V20" (. b, ©)) o) + (97D, V0" @) oagy |
1<|a|<N-2

N Z Ca(I13592llL2

@) T (971, Vx07(8, =b, €)) g + (97D, Vi3 8) 2(x3) )
lal,|81>1,la+BI<N-1
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wherec; > 0 andc, 4 > 0 are small constants which can be chosen sodkat; satisfies[(6]9). Itis straight-
forward to check that by induction dé|, we have

d — —
Gron-1e + 10DN -1 S IVx ARy (VAN 2ez) + 19211 ze)

) _
S IVxAl 1@ EN-16-1,

whereno > 0 is a constant. Here, we have used the fact&fa(t) is suficiently small for all time from the
global existence. Since

[ a9 AR )it < o,
0

Lemma[6.B implies that B
En-re1 < (@+0)7h

By using the factthat—1 > N, the Sobolev imbedding theorem implies the decay estiniagéa ¢n the second
part of Theorerf 1}4.
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