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Lipschitz stability in an inverse problem for the

Kuramoto-Sivashinsky equation

Lucie Baudouin? Eduardo Cerpal Emmanuelle Crépeaut and Alberto Mercadof

Abstract

This paper presents an inverse problem for the Kuramoto-Sivashinsky (K-S) equation.
The problem of retrieving the anti-diffusion coefficient from a measurement of the solution
is discussed. This measurement consists of the solution at some positive time and partial
boundary data. Uniqueness and Lipschitz stability for this inverse problem are proven with
the Bukhgeim-Klibanov method. The proof is based on a global Carleman inequality for the

linearized K-S equation.
Keywords: Inverse problem, Kuramoto-Sivashinsky equation, Carleman estimate

AMS subject classifications: 35R30, 35K55.

1 Introduction

This paper considers an inverse problem that consists of the determination of a coefficient
of a partial differential equation from the partial knowledge of a given single solution of the
equation. For the solution of this class of problems (single-measurement inverse problems),
the Bukhgeim-Klibanov method was introduced in [6] (see also [11l [12]). This method,
which is based on Carleman estimates, allows uniqueness to be obtained, i.e., to prove that
each measurement corresponds to only one coefficient. Regarding the continuity of this
inverse problem, the first Lipschitz stability result for a multidimensional wave equation
was obtained by Puel and Yamamoto [I3] by using a method based on [6]. Since then,
this method has been applied to other inverse problems including Lipschitz stability for the

Schrédinger equation [I] and Logarithmic stability for the wave equation [2] [3].
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This approach was extended to a parabolic equation in [I0]. Since then, this type of
inverse problems for parabolic equations has received a large amount of attention. The
primary difference with respect to hyperbolic inverse problems is that parabolic problems
are not time-reversible: therefore, an additional measurement must be added if that method
is applied. Knowledge of the full-state of the solution for some positive time is required
(see the discussion in the introduction of [I0]). To prove the Lipschitz stability without this
assumption, which is usually needed when global Carleman inequalities are used, is still an
open problem.

Recent results regarding linear parabolic problems can be found in [4] (discontinuous
coefficient), [§] (systems), and the references therein. In [5] [l [I4], nonlinear parabolic
equations were considered.

In this paper, the Kuramoto-Sivashinsky (K-S) equation is considered, which is a non-
linear fourth-order parabolic equation. This equation is used to model the physical phe-
nomena of plane flame propagation: it describes the combined influence of diffusion and
thermal conduction of gas on the stability of a plane flame front. In this nonlinear partial
differential equation, the fourth-order term models the diffusion, and the second-order term
models the incipient instabilities. To the knowledge of the authors there are no results in the
literature concerning the determination of coefficients for this nonlinear equation. However,
a Carleman estimate has been used to obtain the null-controllability of the K-S equation in
reference [7] for the constant coefficient case.

In this paper, the inverse problem of retrieving the anti-diffusion coefficient v from boun-
dary measurements of the solution is considered. Since the linearized equation is parabolic,
boundary measurements are not sufficient and we must consider an additional measurement
of the full solution for a given time Ty (as in [4] [I0] among others).

The K-S equation with non-constant coefficients describing the diffusion o = o(z), and

the anti-diffusion v = (), is given as

Yt + (0(2)Ysz )z + V(@) Yze +yy= = g, V(t,z) € Q,

y(t,0) =0, y(t,1) =0, vt e (0,T), 0
y=(t,0) =0, yz(t,1) =0, vt € (0,T),
y(07 ‘73) = yO(x)7 Vr € (07 1)7

where @ := (0,T) x (0,1), o : [0,1] — R%, and the functions yo, g are the initial data and

the source term respectively. All of these terms are assumed to be known.

The first result involves the local well-posedness of the nonlinear equation (). A less
regular framework can be used for this equation. However, the method applied in this paper

requires the solution and its time-derivative to be at least in L*(0,7; H*(0,1)). Let us



introduce the following notations for the spaces appearing in this paper:
Vi :=C([0,T); H*(0,1)) N L?(0,T; H*™?), for k=0,1,2,...
F={f € L*0,T;H*(0,1))/ fr € L*(0,T5L*(0,1))} (2)
Z .= {Z eyg/zt S yz}

Theorem 1.1 Let vy € H*(0,1) and o € H*([0,1]) be such that
Vz € (0,1), o(x) > 00 > 0. (3)
Let yo € H5(0,1) and g € F. There exists € > 0 such that if

lwollmso) <& llgllx <e, (4)
then the K-S equation () has a unique solution y € Z .

Once the existence of solutions to the K-S equation has been established, the following

inverse problem is addressed:

Is it possible to retrieve the anti-diffusion coefficient v = «(z) from the measure-
ment of Yoz (t,0) and Yaza(t,0) on (0,7) and from the measurement of y(To, )
n (0,1), where y is the solution to Equation () and Ty € (0,7)?

A local answer for this nonlinear inverse problem is given. To be more specific, let 4 be
fixed. We denote by ¢ as the solution to Equation () with ~ replaced by 4. This paper

focuses on the following two questions.

Uniqueness: Do the equalities of the measurements gz (t,0) = yzz(t,0) and Fzzz(t,0) =
Yaza(t,0) for ¢t € (0,T) and §(To,x) = y(To,x) for € (0,1) imply ¥ =y on (0,1)?

Stability: Is it possible to estimate |7 — v[|2(0,1) by suitable norms ||§(To, z) — y(To, z)||
in space and ngfﬂ(tv 0) - yfﬂz(t7 0)”7 |‘g111(t7 0) - yfﬂzl(t7 0)” in time?

To answer these questions, the Bukhgeim-Klibanov method is used. First, a global
Carleman estimate for the linearized K-S equation with non-constant coefficients is obtained.

It is then used to prove the primary result which can be stated as follows.

Theorem 1.2 Let Ui and Us be two bounded subsets of L°°(0,1) and L (0, T; W (0,1))
respectively. Let o € H*(0,1) and~v,5 € H*(0,1). We consider data yo and g regular enough
such that the solutions of (@) belong to H(0,T; H*(0,1)).

Let us denote y the solution of equation () associated to vy and § the solution associated

to 4. We assume that there exists To € (0,T) such that

|z (To, )| > ro > 0, almost everywhere in (0,1).



There exist a positive constant C, depending on T, ||¥|| Lo (0,1), 70, 9, Ur and Ua, such that for

every v € Uy, for every y € Ua,

1 ~Nn2 ~ 2 ~ 2
6”7 - 'Y”L?(o,l) < lYaa(-,0) — ym('vo)HHl(o,T) + 1Ywaa (-, 0) — ymx('vo)HHl(o,T)
_ 2 . 4
+ ly(To, -) — 4(To, ')HH4(0,1) + ly(To, -) — 4(To, ')HHl(O,l)
~12 ~14
< C’(Hy - y||H1(0,T;H4(0,1)) + Hy - yHLOO(O,T;Hl(O,l)))‘ (5)

This two-sided inequality gathers two complementary informations, namely, the stability
of the inverse problem (with the first estimate) and the regularity of the measurements.
Indeed, the second estimate in (@) indicates that the required measurements are finite if y
and § belong to the space H'(0,T; H*(0,1)) and this is true if y and § are solutions provided
by Theorem [[T] under the hypothesis (B]) and ().

Remark 1.3 As stated above, an internal measurement at t = Ty is required if this method
is used to solve this type of problem for parabolic equations. Nevertheless, this is probably a
technical point and there is no counter-example that demonstrates whether this assumption
is required. In [17], uniqueness (but not stability) is proven using a very different technique
in an inverse problem for a parabolic equation and without any internal measurements in the

entire space domain.

Remark 1.4 In this paper, the boundary measurements are located at x = 0, but the result
would be the same if we measure at x = 1 instead. Indeed, the choice of a suitable weight
function in the proof of the Carleman estimate in Section[3 is critical to impose the side of

measurement.

This paper is organized as follows. Section [2] proves the well-posedness result stated in
Theorem [[Il A global Carleman estimate for a general K-S equation is proved in Section [3
Finally, in Section [ the Bukhgeim-Klibanov method is used to prove the Lipschitz stability
of the inverse problem stated in TheoremI.2}

2  On the Cauchy problem for KS equation

This section presents a proof of Theorem [L.I]in a more general case including time dependent

low-order coeficients. The following system

Yt + (0(2)Yzz) 2z + Y(T)Yor + Grye + G2y +yyo =g, V(t,z) € Q,

y(t70) =0, y(t7 1) =0, vt € (07T)7 (6)
Y=(t,0) =0, yz(t, 1) =0, vt € (0,T),
y(0,2) = yo(z), vz € (0,1),

can be considered, where G1,G2 € H'(0,7; H*(0,1)). Recall that the coefficients satisfy
v € H*(0,1), o € H*(0,1) and hypothesis (3).

First, the main part of the linear differential operator is utilized in the next proposition.



Proposition 2.1 Let zo € H(0,1) and f € F. Then, the following equation

2t + (0(2)z22) 2z = f, v(t,z) € Q,
2(t,0) =0, =2(t,1) =0, vt € (0,T),
2:(t,0) =0, 24(t,1) =0, Vte (0,T),
2(0,2) = z0(2), vz € (0,1),

has a unique solution z € Z.

Proof. The operator
we H* N HE(0,1) € L*(0,1) — (o(x)w”(x))" € L*(0,1)

is simultaneously positive, coercive and self-adjoint: thus, it generates a strongly continuous
semigroup in L?(0,1). Therefore, for each 2o € H* N H§(0,1) and f € C'([0,T]; L?(0, 1)),
Equation () has a unique solution z € C([0,T]; H* N H3(0,1)) N C*([0,T]; L*(0, 1)).

We will demonstrate that the solutions z € Z (refer to the notation introduced in (),
can be obtained by taking 2o and f sufficiently regular.

We now search for some energy estimates that indicate the space that the solutions lie on
depending on the regularity of the data. Suppose that there are solutions sufficiently regular
to perform the following computations. Equation (7)) is multiplied by z and integrated

over(0,1). After integrating by parts, we obtain

%(/01|z|2>+/01|zm|2§C</01|f|2+/ollzl2>7 (8)

for some constant C' > 0. Throughout this paper, C' denotes a positive constant that varies

from line to line. Gronwall’s lemma is used to obtain

/01|2|2§C<//Q|f|2+/01|20|2>- ©)

Then, (B) is integrated over [0,7] and (@) is used to obtain

Lt <e ([ e [ar). o)

Inequalities ([@) and ([I0) finally imply that

213 < c( / /Q 1+ / 1 |zo|2). (1)

Equation (@) is multiplied by (0zzz)2s and integrated over (0,1). After integrating by

1 1 1

We can then write
d 1 2 ! 2 ! 2
p7 Olzaal” | + | ol(222)exl” < [ [fI7 (13)
0 0 0

Iel5, < o[ /Q e+ [ P, (14)

parts, we obtain

Thus, we obtain



On the other hand, Equation () is derived with respect to time. Thus q := z: satisfies

gt + (U(x)qwz)fcz = ft, V(t,:c) €qQ,
q(t,0) =0, q(t,1) =0, vt € (0,7),
q=(t,0) =0, ¢(t,1) =0, vt € (0,7),
q(0,z) = f(0,z) — (025 (2))", Vx € (0,1).

Using estimate ([d), we obtain ¢ € Y if (f(0,z) — (02{(z))”) € H?*(0,1) and f; €
L*(0,T;L*(0,1)). These hypotheses are fulfilled if 2o € H®(0,1) and f € F. Note that
F c C([0,T]; H*(0,1)). From the equation satisfied by z and the fact that f € F and

2t € Yo, we determine that z € ), which concludes the proof of Proposition 211 W

Then, we focus on the linear problem with low-order coefficients that depend on time.

Proposition 2.2 Let 20 € H%(0,1), f € F and G1,G2 € H'(0,T; H*(0,1)). Then, the

equation

2t + (0(2)Zox)oe + Y(T) 22w + Gr2z + Goz = f, V(t,z) € Q,

z(t,0) =0, =z(t,1) =0, vt e (0,T), (16)
22(t,0) =0, 24(t,1) =0, vt e (0,T),
z(0,z) = zo(x), vz € (0,1),

has a unique solution z € Z.

Proof. For any 2 € Z, II(2) is defined as the solution of (@) with f = (f —(2)2se — G122 —
G2%). Note that f € F and therefore II(2) € Z is well defined.

If T is small enough, then II is a contraction. Indeed, for any z,2 € Z, we have (the

space L™(0,T; H™(0,1)) is denoted as L™(H™))

() —1I(2)[lz < Cllv(z)(2ee — Zox) + G1(22 — 22) + G2(2 — 2)|| 7
< Cllz = 2l p2eaey + Cllze — 2ellp2(m2) (17)
< CT%HZ_ZAHL‘L(HG) +CT%||Zt_2tHL4(H2)
< CTH||z = Hllyg + CT ||z — 2lly,
< CT1|z— 4= (18)

Hence, II has a unique fixed point in Z, which is the solution of ([I@). Using standard
arguments and the linearity of this equation, the solution can be extended to a larger interval.



Remark 2.3 The third-order term zzze can be added to Equation ([L6]). Indeed, in that case

@) becomes C|lz — Z||p2(m7y + Cllze — 2ill 12 3y, which is bounded by

1 2111/2 2111/2 1 5 111/2 5 11/2
cra HZ - Z”L/oo(HS)HZ - ZHL/Q(HS) +CT* ”Zt - ZtHL/oo(HQ)HZt - Zt”L/2(H4)‘

This last expression is bounded by ([I8). The remainder of the proof is the same.

Again, by using a fixed point theorem, we can prove Theorem [[.] for equation ().
Let yo € H®(0,1) and g € F. For any v € Z, we define A(v) as the solution of (IB) with
f=(g—wvv,) and zo = yo. Note that f € F and therefore A(v) € Z is well defined. Indeed,

if v € Y3 and v € Yo, then we have
(Uvac)acacacac = (10'09030'0909096 + BV Vzzaa + 'U'Uacacacacac) € L2 (07 T) L2 (07 1))

and

(vz)t = VLV + VUL € LZ(O,T; L2(O, 1)).
Furthermore, we can prove
IA@)]Iz < C{llgllF + lvvall 7 + llyoll s} < C {llgll + I1vl1Z + llyoll e } - (19)

Let £ > 0 to be chosen later and suppose that yo and g satisfy (). Consider v such that
lvllz < 7 with r > 0 satisfying C(2¢ 4+ 7?) < r. From (), we obtain ||A(v)||z < r. Thus,
the application A maps the ball B, := {v € Z/||v|]|z < r} into itself.

We will now prove that A : B, — B, is a contraction. For any z,v € B, A(z) — A(v) is
the solution of (IB) with f = 0 and zp = 0. We obtain the estimate
[A(z) = A(v)llz < Cllvve — 220 [|l7 < OJl(v = 2)va [l 7 + [[2(v2 = 20)l|7-

Using the definition of the space F, v,z € L(0,T; W>°°(0,1)) — C([0,1]; H°(0,1))
and v, ze € L=(0,T; WH(0,1)) < C([0,1]; H%(0,1)), we obtain

[A(2) = A()[|lz < C(llvllz + [12ll2)]lv - zllz < 2C7|jv - 2|2,

which implies that A is a contraction if r is chosen small enough. More precisely, we can
choose r, e such that 2Cr < 1 and C(2e + 7‘2) < r. Hence, the map A has a unique fixed
point y € Z, which is the unique solution of ().

Thus, we have proven Theorem [I.11

3 Global Carleman inequality

In this section, a global Carleman inequality will be proven for the linearized K-S equation.

We define the space

V={veL*(0,T;H*0,1)) / Lv € L*((0,T) x (0,1))} (20)



where
Lv = v + (0Vez)aa + q2Vez + Q102 + oV
with g; € L*°(Q) for j =0,1,2.
Consider 8 € C*(]0,1]) such that for some 7 > 0 we have, for all = € (0, 1):

dk
0<r< Jf(x), for k=0, 1, 21)
d2
d—g(x) < —r<o, (22)
o2 () Ba ()| < 7 _min {o(2)}. (23)

For instance, if o is constant, we can consider S(z) = /1 + .

On the other hand, given Ty € (0,7) we can choose ¢o € C*([0,T]) such that

(25()(0) = d)o(T) = 0, and (24)

0 < ¢o(t) < ¢o(To) for each t € (0,T). (25)

For example, if To = T'/2, we can use ¢o(t) = t(T —t).

We finally define the function

_ BG)
olt.) = LTS, (20)

for (t,z) € (0,T) x [0, 1], which is the weight function of the Carleman estimate and has a

crutial role in the following result.

Theorem 3.1 Let ¢ be a function as (28) and m > 0. Then there exists Ao > 0 and a
constant C = C(T, Xo,r,m) > 0 such that if ||q:|| oo ((0,1)x (0,1)) < M for i =0,1,2 then we

have

2 2
// o2 (|vt| * |(A;”wz)””z| X B2+ A% |va)® + AP [vga|® + )\<Z5|vmx|2> dxdt
Q
< C// e 2| Lo|® dadt
Q
T
+C / e 00 (A%i(t, 0)a(0)*vze (£,0)* + Az (t,0)0” (0)[vzaa (£, O)F) dt  (27)
0
forallv eV, for all A > Xo.

Proof. Consider the following operator P defined in W) := {67>\¢U : v €V} by

Pw = e **L(e*w).



We then obtain the decomposition Pw = Piw + Paw + Rw, where

Piw = 6X\¢20wes + Noiow 4 (0Waz)ae + 6X* ($20) 2wy (28)
Pow = wi+ 4N @2 0ws + AApe0Ware + AN} (d20) 2w (29)
Rw = Apw + 2APu0u0Ws + N22000W + AdraCaaw

+ X202 War + 6X’PrPra02W + 2XPr202W + 2APraz0rw
+ 4N G2 b2200W + bAPoc0Was + 3N P2, 0w + AAPozaTWs
+ AzrazW + APrazaOW + QoW + qrws + g1 APz w
+ oWz + 2AG2 2wy + N 22w + Ao gow
+20° 02 puwow — 2X° P2 0w (30)
Then
[[Pw — Rw”i?(@) = HleHi?(Q) +2(Piw, Paw) + HPZwHi?(Q)

where (-,-) is the L?(Q) scalar product.
For any v € V we obtain v, € L?*(0,T;L?(0,1)) and then v € C([0,T}; L?(0,1)). From
the construction of ¢ (see ([24))), we obtain w € C([0, T]; L*(0,1)) and w(z,0) = w(z,T) = 0

for any w € Wi.

Let us define the notations

I(w) = =6\ //Q Gorao” W,

I(w,) = —X° / / 610(30620 + 12650, s,
Q

I(way) = —\° // 20 (58¢2z0 + 400202 )| waz |,
Q

I (wse) = —)\//Q 0(2¢zz0 — 4(;5101)|wmm|27

and
1

T
I, = / (10)\3¢ia2|wm|2 + 2)\¢xaam|wm|2 + 2)\¢xa'2|wxm|2)
0 z=0

The following weighted norm is defined, for any w € W, as
[l = [ W67l + X0 w4 X i+ A ) it
’ Q

We first require the following

Lemma 3.2 Under the same hypothesis of the Theorem [3 1], there exists § > 0 such that

(le, qu))

e e (31)

for X\ large enough, for all w € Wi.



Proof. It is sufficient to prove that

(Prw, Pyw) > = Y I(wya) + Ro(w) + I, (32)

3
k=0

for a large enough A, for all w € W, where |Ro(w)| < A™* ||w|\i Y

Let us assume (32). From hypotheses 1)) to (23) we know that there exists € > 0 such

that ¢ satisfies

Paz(x) < —e¢p < 0,
80600 ()0 (1) + 126, ()04 (x) < —26 < 0, )
58¢az(x)o(x) + 40¢z ()0 (z) < —e¢p < 0, and

202z (x)o(x) — 4z (x)oz(z) < —2 < 0

for all € (0,1). Furthermore, from (2I) we can prove that ¢ < C¢,. Then from (32) we

obtain, for a large enough A,

3
(Prw, Paw) > =Y I(wis) + Ro(w) + L,

To prove ([B2), we write (P1w7P2w>L2(Q) = Z I, ; where I;; denotes the L2-product

i,j=1

between the i-th term of Piw in (28) and the j-th term of Pow in (29)).

Integration by parts in time or space is performed on each expression I;,;. Each resulting

expression will be included in one of the terms on the right-hand side of (82]). Each of the

results is listed below, which indicates the term that it will be included in.

o Iy = —Li1+3)2 / / (620): w2
Q

Ro(w)

Iio=—12\° // (#20%) 2wz |*.
Q

T
L= —12X3 // (¢i02)x|wm|2 —|—12)\3/ [¢2U2|wm|2]
Q 0 0

I(wg)
1

I(wag) Iz

Lia=12X° / /Q (050 (650)2]ax|w]” — 24X° / /Q G20 (¢20)a|wal?.

Ro (w) I(wq)

na== [[ @oniuf

Ro (w)

Ipo = —2X\7 // (pro?)e|w]?.
Q

I(w)

10



Ing = —2X\° // (#30%) g |w]® + 6A° // (#20%) 2| wa|*.
Q Q

Ro(w) I(wg)
b=\ [[ dlo(éio)ul.
Q

I(w)

1 [ r
I:;J = = / |:(T|wzz|2:| = O.
2 J 0

=2 [ /Q (620)ms0ls P +a3" [ /Q (620)a0 s

Fo(w) I(wag)
. ) Ty 1
o [ e [ fint]
Q 0 0
I(wag) I,
T 1
I3 = 2)\/ {(bwaam|ww|2] —2A // (¢xa'0'xw)w|wxw|2+8)\ // ¢x0’0’x|w3x|2
0 0 Q o
Iz Ro (w) I(Wezs)
T 1
0 0 Q
I I(weas)

A / /Q (60(620)a)sa e — AX° / /Q (60 (620)a)uorl

Ro(w) Ro(w)

+4X? / /Q 60 (620) 5|2 .

I(wag)

Iy = 672 // (gbia)zwzwt, which is canceled when adding with 77 ;.
Q

Lo = 24)\° // ($20)2d>0|we|*.
Q

I(wg)

Ts = 12X° / /Q (620 )ada0les ]2 — 2477 / /Q (620)ebuowes .

Ro(w) I(wag)

g = —12%° / /Q (620)a(620) .

Ry (w)

By summing all of the terms, we obtain (32). W

Then, we will prove a Carleman inequality for the conjugated operator P.

Lemma 3.3 There exists Ao > 0 such that for all A > Ao we have

Wwa|? + N¢° [wao|* + Ap|weas|?) drdt

[ 0Tl + 20

for all w € Wj.

11



Proof.
From hypothesis (2I)) and inequalities (33]), we know that there exists § > 0 such that

NE

I(wis) = 8w | (35)

£l
Il

0
for a large enough A.

On the other hand, due to the definition of Rw in B0) and ||gi ||z (0,7)x(0,1)) < m for
i =0,1,2 it is trivial to check that

[ RwlZ2(0myx(01)) < C<>\6 //<Z56|w|2+>\2 //¢2|wx|2+>\2/ ¢2|wm|2>

(36)
<oxwl? .
X
Thus, for a large enough X, we have
|Prw|s + 2 (Piw, Pow) + ||Pawl|32 = ||Pw— Ruwl||3:
< 2||Pwljz + 2[|Rw| (37)
<

2[|PwlZs + OX flwl? .
From estimates (FT)and ([38) and Lemma[32] we conclude the proof of Lemma[33l ®
To complete the proof of Theorem [3.I] we have to deal with the norms fo Pyw and Pow

appearing in Lemma [33] From the definition of P,w, and because (ZI)) holds, we have

1 2 2 2 5,5 2 5,5 2 2
5l < i Pol 4 € (N6l 4+ X6 e+ A fwecel?)

1
//A—(Z5|wt|2 < C’//|P2w|2 +Cllwl3,

for a large enough A. A similar result is proven for (cwzz)zz and Pyw, and we then have

// )\id) (jwrf? + [(owen)us?) < C’// (IPrw]? + |Pow]?) + Cllwll3 - (38)

From (B8) and Lemma B3] we obtain

and

1 -
/ / g 01+ 10 ®) 4 N7l 4 A% X6 a4 Al
Q

< c// |Pw|® dedt — CI,.  (39)
Q
To handle the terms in I, we note that
T T
—C’)\/ qﬁz(x,t)a(x)om(x)|wm(x,t)|2dt < C’)\g/ qﬁz(x,t)30(x)2|wm(x,t)|2dt
0 0
for any € (0,1) and a large enough A. Then

T T
—CI, < C’)\S/ $2(0,1)%0(0)*|waz (0, £)2dt + C’)\/ $2(0,)0(0)?|wawz (0,8)2dt  (40)
0 0
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and from ([39) and (@Q) we obtain

1 2 2 2 2
— (|we OWaz )z wl|x,, <C Pw|” dzdt
[ 550w+ owan)eat®) + il < € [ 1Pul
T T
+C)\3/ ¢z(0,t)30(0)2|wm(0,t)|2dt+C)\/ $2(0,)0(0)?|wazz (0, )| 2dt.  (41)
0 0

By calculating the derivatives of e*®w it is trivial to prove that

2

k
Opv

2 k , 2
or (eww)‘ < Cz ‘)\kﬂd)kﬂ@;w‘
j=0

for each k =0, ...,3. Therefore

[ e (NIl £ X )l X )l + A0l ) o
Q

< Ofjwllxg-
Considering finally that Pw = e~ % Lv, we obtain Carleman estimate (7). B

Remark 3.4 We considered the function B to be increasing. This allows the Carleman
inequality to be obtained with boundary terms at © = 0. If a decreasing function B was used
instead, then an inequality with boundary terms at x = 1 would have been obtained. As
discussed in the following section, the boundary terms in the Carleman inequality are related

to the location of the observations in the inverse problem.

4 Inverse Problem

In this section, the local stability of the nonlinear inverse problem stated in Theorem
will be proved following the ideas of [6] and [12].
Let v, 4, y and § be defined as in Theorem Ifweset u=y—9, f=4%— and

R = §uz, then u solves the following K-S equation:

Ut + (0(2)Usz) vz + Yoz + Gz + Jou + uus = f(z)R(x,t), V(i z) € Q,

u(t,0) =u(t,1) =0, vt € (0,T), (42)
ug(t,0) = ug(t,1) =0, vt € (0,T),
u(0,z) =0, Vz € (0,1).

Then, to prove the stability of the inverse problem mentioned in the introduction, it is
sufficient to prove an estimate of f in terms of uzz(+,0), Uzza (-, 0) and u(To, -), where R and
4 are given, v € Uy and u is the solution of Equation ([42)).

We begin by deriving Equation (42]) with respect to time. Thus, v = u: satisfies the

following equation:

VUt 4+ (0Vza)za + YVzz + YUz + Yo = fR: — g, VY(t,z) € Q,

v(t,0) = v(t,1) =0, vt € (0,7), (43)
vz (t,0) = vz (¢,1) =0, vt e (0,T),
v(0,2) = fR(z,0), vz € (0,1),
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where g(il},t) = U(:l?, t)gzt(xv t) + Uz (:E, t)gt(x7 t)'

The proof relies on the use of the Carleman estimate given in Theorem [3.1 This result
will be used twice: first, Equation ([@3]) will be used to estimate v in terms of f, R and
g; then, Equation ([@2]) will be used to handle the terms u and wug, which appear in the
expression for g.

Similar to the proof of the Carleman estimate, we set w = e~ *®v. Then, we work on the

1 T
1= 2/ / w(t, x)we(t, x) dtdx.
o Jo

On one hand, we can calculate I and bound it from below. Using w(0, z) = e **(©®)y(0, z) =

term

0 for all z € (0,1) and Equation ([@2]), we can easily obtain

1
/ |w (To, =
0

1
/ e~ 2 e (To.@) [(fR — (0Uzz)ve — YUaz — JUs — Yot — uty) (To, ar:)|2 dx
0

I

1
> / e DTN ()2 |R (T, 2) da — C llu (To)|3401) — € I (1) [ 41,

where C' depends on [|y]|Lec (0,1), [5(T0)llw1.0(0,1) and [[oflwz.c (0,1)-

On the other hand, to estimate I from above we apply the Carleman estimate (@) to
Equation (@3] using go = y and ¢1 = y, which are uniformly bounded in L*((0,7) x (0,1))
by the hypothesis in Theorem (refer to the set Uz). We obtain that

L= 2/1 /TD w(t, z)we(t, x) dtd
<// A<l51tvvlwtar:|dtdgc> (/ /T0|1§;ttz; dtd>%

C)f?’/ / e 22| f(z)Re(z, t)|? dacdt—i—C)fs/‘ / e 2 g(x, 1)) dedt
o Jo o Jo

T
+C/\73/ e PO (N30, 6)0% (0)|vea (0, 1)]* + A (0, £)0% (0) |z (0, 1)) it
0

IN

IN

Considering that ¢ = gt +ua g, we will now apply the Carleman estimate for Equation
[#2) to manage the term in g. The fixed trajectory ¥ is such that §.+ and g: belong to
L°°(0,T; L*>(0,1)). Thus, we have

/ / e Mg(w, ) dedt < 2 / / e uf? || dardt + 2 / / e fual* |5l dudt
Q Q <
C// e (|uf? + |u|?) dadt.

Q

Carleman estimate (#I)) is applied to equation ([#2)), using the identity J.u + vtz = uys,

IN

IN

and taking go = y» and ¢1 = ¢, which are uniformly bounded in L*°((0,7") x (0, 1)).
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Therefore, we can choose \¢ as large as possible in Theorem [3.I} we then obtain

// e g(z,t)|? dadt
Q

CA ™ // e (Nl + N |ua|?) dadt
Q

CA™P // e 2| f(z)R(z, t)|* dzdt
Q
T

IN

IN

+OA / e POD (X363 (0,8)0%(0) ks (0, 6) + Ao (0, )0 (0) [t (0, £)[2) .
0
By gathering all of the estimates of I and g that were obtained above, we have

1
/O e PI0D| £(@)[* | R (To, )| da — C [lu(T0) 13401y = C 1 (T0) 10,1

< cx?’//Qe*”ﬂf(x)Rt(nt)Fddech//Qe*”ﬂf(x)R(:c,t)Fdxdt
T
+OX7F / e PO (N G2(0,4)0° (0)[ttaw (0, )] + A (0, £)0° (0)[thaaa (0, £) ) dlt
0

T
+O}‘73 / 672>\¢(0yt)()‘3¢i(07 t)02(0)|vzz (07 t)|2 + )‘¢I (07 t)02(0)|vfﬂzz (07 t)|2) dt.
0
By using the fact that R € H'(0,7;L°(0,1)), 0 < r < |R(To,z)| a.e. in (0,1) and

e 20(t2) < e=220(T0:) i (0, T) x (0,1), we obtain

1
/ 672A¢(T0,:L‘)|f(x)|2 dx

0

1
<o(3 [P @) ot (1) s o + 0 (D) s 0
T
A [0 0,0 (0) i (0.0 + A6 (0, 00 O e 0.0))
0

T
+A7° / e 220N (X363(0,8)02(0)|vae (0, ) > + )\qb,c(07t)a2(0)|vxm(07t)|2)dt).
0

Therefore, by choosing a sufficiently large enough A\, we prove that there exists a constant

C' that depends on 7,3, T, Ao,U1 and Uz such that

2 2 4
1 @) 20,1y < C(lu(To, @) s 0,1y + Il (T, ) 3 0
Nt ()1 0,1 + Nt (b 0) 31 0.1 )-

This estimate leads to the stability of the initial inverse problem and we have obtained
the first estimate in Theorem We will now show that the second estimate also holds.
Indeed, using Tp € (0,7) and using that H'(0,T; H*(0,1)) — C([0, T]; H*(0,1)), we have
ly(To, ) = §(Tos M gao,1y < Clly — Gl o,7;54(0,1)) for some constant C. In a similar man-
ner, we can prove that [y (7o, -) — 4(To, ')”Hl(o,l) < Clly = dllmro,7:810,1))-

However, using (y — 7) € L?(0,7; H* N H3(0,1)), we can integrate the following expres-

sions by parts with respect to x

/OT /Ol(y — Pazzz(y — §)a(1 — x) dedt, and /OT /Ol(y — oves(y — ase (1 — @) dzdt

to obtain the desired traces. We obtain the estimates

lyza (-, 0) = Faa (-, 0l L2¢0,m) < Clly — Gl 20,754 (0,1)
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and

for

lYzwz (-, 0) = Gawz (-, Ol 20,7y < Clly — Gl 220,754 (0,1))

some positive constant C. Using the same approach, but starting with (y: — g:) €

L?(0,T; H* N H§(0,1)), we obtain the estimates

||yt:cz('70) - gtzfﬂ('7 0)||L2(0,T) < C”yt - gtHLQ(o,T;H‘l(o,l))

and

lytzzz (5 0) = Gtawa (-, O)HL2(0,T) < COllys — gt||L2(O,T;H4(O,1))

These inequalities provide the second estimate in () and conclude the proof of Theorem

).
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