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Lipschitz stability in an inverse problem for the

Kuramoto-Sivashinsky equation

Lucie Baudouin? Eduardo Cerpal Emmanuelle Crépeaut and Alberto Mercadof

Abstract
In this article, we present an inverse problem for the nonlinear 1-d Kuramoto-Sivashinsky
(K-S) equation. More precisely, we study the nonlinear inverse problem of retrieving the
anti-diffusion coefficient from the measurements of the solution on a part of the boundary
and also at some positive time in the whole space domain. The Lipschitz stability for this
inverse problem is our main result and it relies on the Bukhgeim-Klibanov method. The

proof is indeed based on a global Carleman estimate for the linearized K-S equation.
Keywords: Inverse problem, Kuramoto-Sivashinsky equation, Carleman estimate

AMS subject classifications: 35R30, 35K55.

1 Introduction

We focus in this paper on an inverse problem that consists in the determination of a coefficient
in a partial differential equation (pde) from the partial knowledge of a given single solution of
the equation. This class of problems (single-measurement coefficient inverse problems) was
investigated using Carleman estimates for the first time in [7] by Bukhgeim and Klibanov.
See [20], [21I] and the recent book [3] for details about the so-called Bukhgeim-Klibanov
method. This method was initially used to prove uniqueness for inverse problems (i.e.
that each measurement corresponds to only one coefficient) from local Carleman estimates
(estimates valid for solutions with compact support in the interior of the domain), as in [7].
Regarding the continuity of the inverse problem of recovering the source term, the first
Lipschitz stability result for a multidimensional wave equation was obtained by Puel and

Yamamoto [25] using the uniqueness result and a compactness-uniqueness argument.
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Global Carleman estimates (valid for solutions considered in the whole domain and sat-
isfying boundary conditions) were applied to parabolic equations by first time in [I8], where
Lipschitz stability of an inverse problem is established. Since then, this type of inverse
problems for parabolic equations has received a large amount of attention. The primary
difference with respect to hyperbolic inverse problems is that parabolic problems are not
time-reversible: therefore, an additional measurement must be added if that method is ap-
plied. As one can read in the discussion of the introduction of [I8], the knowledge of the
full-state of the solution for some positive time is required. Proving the Lipschitz stability
without this assumption, which is usually needed when global Carleman inequalities are
used, is still an open problem. Nevertheless, there are some uniqueness results with less
assumptions on the measurements, that can be found in the litterature, such as [27] or some
other inversion method in [20] 22].

Recent results regarding linear parabolic problems can be found in [5] (discontinuous
coefficient), [13] (systems), [I9] (network) and the references therein. In [6} [I5] 27], nonlinear
parabolic equations were even considered.

Among others pde’s coefficient/source inverse problems where Carleman estimates have
been used we can mention, without being exhaustive, logarithmic stability [4], Calderén
problem [14] or Schréodinger equation [2].

In this paper, we consider a 1D nonlinear fourth-order parabolic equation called Kuramoto-
Sivashinsky (K-S) equation. This equation was proposed independently by Kuramoto and
Tsuzuki [23] as a model for the phase turbulence in reaction diffusion systems, and by
Sivashinsky [28], as a model the physical phenomena of plane flame propagation, were the

combined influence of diffusion and thermal conduction of a gas is described.

The K-S equation with non-constant coefficients describing the diffusion o = o(z), and

the anti-diffusion v = (), is given as

Yt + (0(2)Yza)oe + V()Y + Yy = 9, V(t,z) € Q,
y(t,0) = ha(t), y(t,1) = ha(t), vt € (0,7), Q)
Yo(t,0) = hs(t), ya(t, 1) = ha(t), vt € (0,7),
y(0,2) = yo(z), vz € (0, 1),

where Q := (0,7)x(0,1), o : [0,1] — R, and the functions yo, g, h; are the initial condition,
the source term and the boundary data respectively. All these terms are assumed to be known
and compatible.

In this nonlinear pde, the fourth-order term models the diffusion, and the second-order
term models the incipient instabilities. We consider the inverse problem of retrieving the
anti-diffusion coefficient v from boundary measurements of the solution. This corresponds for
instance to getting information on the instability of a reaction-diffusion media by measuring
a single solution, which could represent a flame propagating on the domain. Concerning

the boundary measurements we will make, it is worth to mention that in a fourth-order



parabolic problem like KS, boundary data u;, and uzz. are referred to as Neumann data,

which in fact represent heat flux [24] in this kind of models.

To the knowledge of the authors there are no results in the literature concerning the
determination of coefficients for this nonlinear equation. However, a Carleman estimate has
been used to obtain the null-controllability of the K-S equation in reference [I0] for the
constant coefficient case. Other results on the control of the KS equation can be found in

[17, [, (12, 24, [9].

Since the linearized equation is parabolic, we know that boundary measurements will not
be sufficient to prove stability and we must consider an additional measurement of the full

solution for a given time Ty (as in [5l [I8] among others).

Our first result involves the local well-posedness of the nonlinear equation (). A less
regular framework can be used for this equation but the method applied in this paper
requires the solution and its time-derivative to be at least in L?(0,T; H*(0,1)). Therefore,

let us introduce the following notations for the functional spaces appearing in this paper:
Vi := C([0,T]; H*(0,1)) N L?(0,T; H*™2(0,1)), for k € N;
F:={feL*0,T;H*(0,1))/ fe € L*(0,T;L*(0,1))}; (2)
Z:={z€Vs/ 2 € I}

Theorem 1.1 Let v € H*(0,1) and o € H*(0,1) be such that
o(x) >00>0, Vze(0,1). (3)

There exists € > 0 such that if yo € H®(0,1), g € F, and h; € H*(0,T) forj =1,...,4

satisfy the compatibility conditions
Y0(0) = 71(0),  y0,2(0) = h3(0), yo(1) = h2(0), wo,2(1) = ha(0), (4)
and
lvollzs oy <&, llgllr <&, Nhjllazory <€ for j=1,....4, (5)
then the K-S equation ([l) has a unique solution y € Z .
Once the existence of solutions to the K-S equation has been established (see Section ),
the following inverse problem is addressed:

Is it possible to retrieve the anti-diffusion coefficient v = (z) from the measure-
ment of Yoz (t,0) and Yaza(t,0) on (0,7) and from the measurement of y(To, z)
n (0,1), where y is the solution to Equation () and Ty € (0,7)?

A local answer for this nonlinear inverse problem is given (see sectiond]). To be more specific,
let 4 be given and fixed. We denote by § the solution to Equation () with ~ replaced by 4.

This paper focuses on the following question concerning the unknown ~ and y.



Stability: Is it possible to estimate |7 — [/ 2(0,1) by suitable norms ||§(To, z) — y(To, z)||
in space and ||§ex(t,0) — Yze(t,0)||, [|Jexe(t,0) — Yeae(t,0)] in time?

Of course, a positive answer implies the usual uniqueness result.
Uniqueness: Do the equalities of the measurements . (t,0) = Yoz (t,0) and fzz<(t,0) =
Yzza(t,0) for ¢ € (0,T) and §(To,x) = y(To,z) for x € (0,1) imply ¥ =+ on (0,1)?

In order to answer these questions, we use the Bukhgeim-Klibanov method. First, a
global Carleman estimate for the linearized K-S equation with non-constant coefficients is
obtained. It is then used to prove the main result which can be stated as follows.

To precisely state the results we prove in this article, we introduce, for m > 0, the set
LZ,,(0,1) = {y € L=(0,1)s.t. |||z (0,1) < m}.

Theorem 1.2 Let us consider o € H*(0,1) satisfying @), v € H*(0,1), g € F and the data
yo € H®(0,1) and h; € H*(0,T) for j = 1,...,4 under the compatibility conditions @). Let
y € Z be the solution of ), and §j € Z the solution corresponding to a given ¥ € H*(0,1)
instead of v. We assume that there exists n > 0 and Tp € (0,T) such that

inf {|gzz (To, x)[, = € (0,1)} = n, (6)

Then, given M > 0, there exists a positive constant C depending on the parameters

(T, m, M,n), such that for every v € LZ,,(0,1),

Iy = AlZ201) < Cllywa (5 0) = Foa (-, )l 37102y + C Yaw (-, 0) = Fawa (- 0) 311 0,7

+Clly(To, ) = 5(To, Mzrao,0y + C ly(To, ) = 5(To, Mz o,y (7)

for all y satisfying
lyllz < M.

This inequality states the stability of the inverse problem. Before giving the outline of
our paper and the proofs of the different steps, we want to give several comments on this

result.

Remark 1.3 For numerical purposes it would be interesting to know explicitly how the con-
stant C in (@) depends on the diffusion o or on the time T'. This kind of question has been
addressed in [11), [16] for observability constant in the framework of second-order parabolic
equations. In those papers the authors got an exponential dependence on both the constant

diffusion and the time.

Remark 1.4 One can show that there exist solutions satisfying assumption ([G). We present

two different arguments:
1. We take e > 0 given by Theorem[Id, and somey° € H®(0,1) such that i{lf : ’ygx‘ >e/2.
z€(0,1

For arbitrary boundary data and source term belonging to the corresponding spaces, by

Theorem [Tl there exists a solution § € C([0,1]; H®(0,1)) with §(0,-) = y°. Using



Sobolev injection and continuity, we obtain the existence of a time Ty > 0 such that

@©) is fulfilled with n = /4.

2. We can also prove that there exist solutions satisfying (0l) without asking To to be small,
but instead, constraining the source term and boundary data as follows: Let yo be the

initial data and To belong to (0,T). Let us pick up a state y1 = y1(z) strictly convex.

We consider the trajectory gy(t,z) = T%gtyo(:c) + Tioy1(:c), which is the solution of

equation ([Il) with source term given by g = Gt + (0(T)Ywx)wz + V(T) sz + G- and the
boundary data given by the traces of §. Thus, §(To,z) = y1(x) and hence the trajectory
g satisfies (G).

Therefore, the set of data and solutions where our stability result is valid is not empty.

Remark 1.5 We obtain the same result if § has a different initial condition than y. See in

Section 4, that the term v(z,0) of system [@6]) does no play any role in the result.

Remark 1.6 We can complete inequality (@) by the following:

”yﬂw('vo) - gxw('70)”§{1(0,T) + Hyﬂwﬂc('vo) - gwmw('70)”§{1(0,T)
+ly(To, ) = 9(To, Mo,y + 1y(To, ) = G(To, Mo,

~112 ~14
< C’(Hy = 9l w0140, + 1Y — yHC([O,T];Hl(O,l)))'

This inequality follows directly from standard Sobolev injections. It indicates that the required
measurements are finite if y and § belong to the space H'(0,T; H*(0,1)) and this is true if
y and § are solutions in Z provided by Theorem [Tl

Remark 1.7 As stated in the introduction, an internal measurement at t = Ty is required if
this method, using Carleman estimates, is used to prove the stability for this type of inverse
problem for parabolic equations. Nevertheless, this is probably a technical point since there is
no counter-example that demonstrates whether this assumption is required for stability. In
127, uniqueness (but not stability) is proven using a very different technique in an inverse
problem for a parabolic equation and without any internal measurements in the whole space
domain. One can also mention a method in [22] that can deliver uniqueness from hyperbolic

equations to parabolic ones.

Remark 1.8 In this paper, the boundary measurements are located at x = 0, but the result
would be the same if we measure at x = 1 instead. Indeed, the choice of a suitable weight
function in the proof of the Carleman estimate in Section 3] is critical to impose the side of

measurement.

This article is organized as follows. The well-posedness result stated in Theorem [I.1] is
proved in Section A global Carleman estimate for a general K-S equation is given and
proved in Section Bl Finally, Section [] contains the use of the Bukhgeim-Klibanov method

to prove the Lipschitz stability of the inverse problem stated in Theorem



2  On the Cauchy problem for KS equation

This section presents a proof of Theorem [[.I]in a more general case including time dependent

lower-order coefficients. We consider the following K-S system

Yt + (0(@)yaz )2z + V(T)Yzz + G1yx + G2y + yye = g, v(t,z) € Q,
y(¢,0) = ha(t), y(t,1) = ha(t), vt € (0,T), ®)
Y=(t,0) = hs(t), yz(t,1) = ha(t), vt € (0,T),
y(0,2) = yo(x), vz € (0,1),

where G1, G2 belong to H*(0,T;H*(0,1)), g € F and yo € H®(0,1) is compatible with
h; € H*(0,T) for j = 1,...,4. Recall that the coefficients satisfy v € H*(0,1), o € H*(0,1)
and hypothesis (@3]).

First, we only consider the main part of the linear differential operator in the next

proposition.

Proposition 2.1 Let zo € H® N HZ(0,1) and f € F. Then, the following equation

2t + (0(2)202)2e = f, v(t,z) € Q,
2(t,0) =0, 2(t,1) =0, vt € (0,7), ©)
22(t,0) =0, 2z(t,1) =0, vt € (0,T),
2(0,z) = z0(x), Vz € (0,1),

has a unique solution z € Z and there exists C > 0 such that

Izllz < C(IFll= + llzollz6) -

Proof. The operator

H*NHF0,1) C L*(0,1) — L*(0,1)

z — (o(2)2"(2))",

is simultaneously positive, coercive and self-adjoint. By the Hille-Yosida-Phillips Theo-
rem (see [8]), it generates a strongly continuous semigroup in L?(0,1). Therefore, for
each 20 € H*N H3(0,1) and f € C*([0,T); L*(0,1)), Equation (@) has a unique solution
z € C([0,T]; H* N H3(0,1)) N C ([0, T]; L*(0,1)).

We will demonstrate that the solutions z € Z (refer to the notation introduced in (),
can be obtained by taking 2o and f sufficiently regular.

‘We now search for some energy estimates that indicate the space where the solutions lie on
depending on the regularity of the data. Suppose that there are solutions sufficiently regular
to perform the following computations. Equation (@) is multiplied by z and integrated over

(0,1) in space. Some integrations by parts give

% (/01 Iz(t,x)lzdgL») +/O1 |20 (£, 2)[* da < c(/o1 |f(t,x)|2dx—|—/01 |z(t,x)|2dx>, (10)



Throughout this paper, C' denotes a positive constant that may vary from line to line. To

make the reading easier, we denote for any function u of x and ¢,

//q;u—/(;T/:u(t,x)d:cdt

Using Gronwall’s lemma, we first obtain that for all ¢ > 0,

/01 |z(t7x)|2dm§0<//Q |f|2+/01 |zo|2d:c>. (11)

Then, (I0) is integrated over [0,7] and (LI is used to get

//Q |zm|2sc<//Q |f|2+/01 |zo|2dac>. (12)

Inequalities ({I]) and ([I2) finally imply that

1
el < © [ /Q TN / |20l da. (13)

Now, equation (@) is multiplied by (6z¢z)ze and integrated over (0,1) in space. Some
integrations by parts give also

1 ( / ofenn(t, ) d:c) + / (0 2anty 7)) i = / 1t ) (0200 (t,2))e

Using the inequality ab < %az + %b2, we get

% (/01‘7|Zzz(t,x)|2dx> +/O1 (0222 (t,@))ae|” da < /01 |f(t, )] da. (14)

Using Gronwall’s lemma, from(I4)) and (3) we obtain that for all ¢ > 0,

/01 |zzz(t,x)|2d:c§C<//Q|f|2+/01 |zg|2d:c). (15)

Then, ([I4) is integrated over [0,7] and ([IH) is used to get

//Q (0202)eal® < C (//Q 172 + /01 |z(')'|2d1:> 7 (16)

and then, taking into account that o € H*, we get

1
/ /Q |zmm|2§0< / /Q P+ / |zs’|2dx)+C||z|\Lz(o,T;Hsm,1>>- (17)
0

For any ¢ > 0, from Ehrling’s Lemma (see Theorem 7.30 in [26]) and (II]), we have that

||ZHL2(0,T;H3(0,1))§ EHZ||L2(O,T;H4(O,1)) + C”ZHL2(O,T;L2(O,1))

) U (18)
genanzm,T;m(o,n)+c( [+ [ 1 d:c).
Q 0

Taking & > 0 small enough, inequalities (I3]), (I7) and ([I8) imply that

l2l2, < C / /Q P+ Cllao 2o,z 0.1y (19)

On the other hand, Equation (@) is derived with respect to time. Thus q := z; satisfies

¢t + (0(2)gz2) o = ft, V(t,z) € Q,
q(t,0) =0, q(t,1) =0, vt € (0,7T), (20)
4(t,0) =0, ¢(t,1)=0, vt e (0,7T),
q(0,z) = £(0,x) — (025 (x))", vz € (0,1).



Using estimate (@), we obtain ¢ € Y if (f(0,2) — (02§ (x))") € H?*(0,1) and f; €
L?(0,T;L*(0,1)). These hypotheses are fulfilled if 20 € H° N HZ(0,1) and f € F. Note
that F C C([0, T]; H?(0,1)). From the equation satisfied by z and the fact that f € F and

2t € Yo, we determine that z € ), which concludes the proof of Proposition 211 O

Then, we focus on the linear problem with non-homogenous boundary conditions and
low-order coefficients that depend on time.
Proposition 2.2 Let zp € H®(0,1), f € F, G1,G2 € H'(0,T; H*(0,1)) and h; € H*(0,T)
for j =1,...,4 satisfying the compatibility conditions with zo. Then, the equation

2+ (0(2)22a)ax + V(2)2Zza + G120 + G2z = f, V(t,z) € Q,
z(t,0) = hi(t), =z(t,1) = ha(t), vt € (0,T), (@1)
25(t,0) = ha(t), zz(t,1) = ha(t), vt € (0,T),
2(0,2) = z0(2), vz € (0,1),

has a unique solution z € Z and there exists C > 0 such that

4
lzlz <C <||f||f +lzollms + ||hj|H2> :
j=1
Proof. We first prove this result for null boundary data (i.e. for h; =0 for j =1,...,4 and
therefore 20 € H® N H3(0,1)).
For any o € Z, II(w) is defined as the solution of @) with f = (f —v(z)Wzs — G110; — Gotb).
Note that f € F and therefore II() € Z is well defined.

If T is small enough, then II is a contraction. Indeed, for any w,w € Z, we have

(@) —H(w)l|lz < Clly(@)(wee — Wea) + Gr(we — ba) + Ga(w — D)7
< Cllw =@ p2gey + Cllwe — Wl L2 (pr2y (22)
< CT¥|lw— || sy + CT ¥ ||w, — WL (a2
< OTHw — dlly, + CT||wy — b,
< CTillw— bz, (23)

where the space L™(0,7; H™(0,1)) is denoted as L™ (H™).
Hence, the operator II has a unique fixed point in Z, which is the solution of (2II) with
h; =0 for j = 1,...,4. Using standard arguments and the linearity of this equation, the
solution can be extended to a larger time interval.
In order to prove the general case, take h; € H2(07 T),7=1,...,4 compatible with zo. It
is not difficult to find a function ¢ € H?(0,T;C*°(]0, 1])) satisfying the boundary conditions
of I)). For instance take ¥ (z,t) = Z?:1 p;(z)hi(t) where p1(z) = 22% — 322 4 1, p2(x)

—22% 4 322, p3(z) = 2° — 22% 4+ 2 and pa(z) = 2® — 2% In particular we have Ly :=

Ui + (0(2)Vaz)ze + 7(T) Ve + G19pe + G2 € F. Then, if w is the solution of equation (2)
with null boundary data, initial condition wo — (-, 0), and right-hand side equal to f — L,

let us define z = w + ¥. It is not difficult to see that z is the required solution. O



Remark 2.3 The third-order term zzze can be added to Equation 21)). Indeed, in that case
@2) becomes Cllw — @2 g7y + Cllwe — Wil 23y, which is bounded by

1/2

1 ~nl/2 ~n1/2 1 N ~ 11/2
CT|w = bl|}/2 ol = DI sy + CTF w2 2y e — dell 50

Lo (HO) L2(HS)
This last expression is bounded by [23). The remainder of the proof is the same.

Again, by using a fixed point theorem, we can prove Theorem [[.T] for equation (8]).
Let yo € H®(0,1), h; € H*(0,1) compatible with yo, and g € F. For any v € Z, we define
A(v) as the solution of @I) with f = (g — vv,) and 2o = yo. Note that f € F and therefore
A(v) € Z is well defined. Indeed, if v € V3 and v € Yo, then we have

(V02)zzse = (100Vs2Vszs 4+ DVaVszzs + VVszzas) € L7(0,T; L7(0,1))

and
(Vvz)t = VeVg + VULt € L2(07 T; L2(07 1)).
Furthermore, we can prove
4
[A()llz <C <|Ig||f + [lvvs |7 + llyolle + D IIhj|H2>
T (24)
<C <|Ig||f +lolZ + llyollms + > |hj||H2> :

j=1
Let ¢ > 0 and suppose that yo, h; and g satisfy (B). Consider v such that |[v||z < R
with R > 0 satisfying C(6e + R?) < R. From (24)), we obtain ||[A(v)||z < R. Thus, the
application A maps the ball Br := {v € Z/||v|]z < R} into itself.
We will now prove that A : Bg — Bpr is a contraction. For any z,v € Bgr, A(z) — A(v)
is the solution of 2II) with z0 =0, h; =0 for j =1,...,4 and f = VU — 22z. We obtain

the estimate
[A(z) = A)[|z < Cllvve — 2227 < C([[(v = 2)vall7 + [|2(ve — 22)[|F) -

Using the definition @) of the space F, v,z € C([0,1]; H5(0,1)) — L*(0,T;W>°>°(0,1))
and v, 2 € C([0,1]; H%(0,1)) < L*(0,T; W">°(0,1)), we obtain

[A(z) = A(v)l|lz < C(llvllz + [12ll2)]lv - zllz < 2CR|jv - 2|z,

which implies that A is a contraction if R is chosen small enough. More precisely, we can
choose R, e such that 20R < 1 and C(6¢ + R?) < R. Hence, the map A has a unique fixed
point y € Z, which is the unique solution of (). Thus, we have proven Theorem [L1] O

3 Global Carleman inequality

In this section, a global Carleman inequality will be proved for the linearized K-S equation.

We define the space

V={veL*0,T;H' NH{0,1)) / Lv € L*((0,T) x (0,1))} (25)



where
Lv = v + (0Vez)aa + @2Vez + Q102 + oV
with g; € L*°(Q) for j =0,1,2.
Consider 8 € C*(]0,1]) such that for some 7 > 0 we have, for all = € (0, 1):

0<r<B(a)
0<r<p (),
(26)
B’ (x) < —r <0,
r
"(2)B'(z)] < - mi .
0'(@)8'(@)| < ] min {o(:)
For instance, if o is constant, we can consider 5(z) = /1 + .
On the other hand, given Ty € (0,7) we can choose ¢o € C*([0,T]) such that
0) = T) =0, and
$0(0) = ¢o(T) (27)
0 < ¢o(t) < ¢o(To) for each t € (0,T).
For example, if To = T'/2, we can use ¢o(t) = t(T —t).
We finally define the function
B(x)
t,x) = R 28
o(t.o) = 2 (29)

for (t,z) € (0,7 x [0, 1], which is the weight function of the Carleman estimate. From (28]
and (Z7) it is not difficult to see that ¢ satisfies the following properties:

3C > 0 such that ¢ < C¢, and (29)
P" < Cp™ for each positive integers n < m.
Theorem 3.1 Let ¢ be a function defined by 28) and m > 0. Then there exists Ao > 0 and
a constant C' = C(T, Ao, m,m) > 0 such that if ||| Lo ((0,1)x (0,1)) < M fori=0,1,2 then we

have

T 1 2 2
/ / o226 <Ivt| + I(A«;vm)xﬂ + X702 4+ AP % |va)® + A2 vaa|® + Aqﬁlvmxl?) dwdt
0 0
T 1
< C/ / e 22| Lo dadt
0 0

T
+C / e 2Aeh0) (A%i(t, 0)0(0)*[vza (£,0)[* + Az (t,0)0 (0)[vaaa (¢, O)F) dt  (30)
0
for allv €V, for all A > Xo.

As we pointed out in the Introduction, a Carleman estimate for the K-S equation with
constant coefficients o and « was previously obteined in [I0]. The final goal in that work
was to prove null-controllability with boundary controls. Thus, ([B0) is a generalization to

the case of non-constant coefficients.
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Proof. Consider the following operator P defined in W := {e™>%v : v € V} by
Pw = e **L(e*w).

We then obtain the decomposition Pw = Piw + P>w + Rw, where

Piw = 6X\¢20wes + N oiow 4 (0Was)ae + 6X(¢20) 2wy (31)
Pow = wi+ 4N @2 0ws + AApe0Ware + AN} G0 (d20) 2w (32)
Rw = A+ 2APu0u0Ws + N2 20 00w + AdaCraw

+ 6A P22 Waz + 6N Gpra02W + 6APr202W + 2APrreTrw
+ AN Gy raOW + 6APrrOWar + N2 P20 0wW + ANPrr00Ws
+ AzrezoW + oW + Q1 We + Q1 APLW
+ G2Waa + 27200 ws + N 2diw + Apuogaw
—2X° P2 purow — 2N P2 0w (33)
Thus,
| Pw — RwH2L2(Q) = ||P1wH2L2(Q) + 2 (Prw, Pow) + ||P2wH2L2(Q)

where (-,-) is the L?(Q) scalar product.
For any v € V we obtain v, € L*(0,T;L?(0,1)) and then v € C([0,T); L?(0,1)). From
the construction of ¢ (see (1)), we obtain w € C([0, T]; L*(0,1)) and w(z,0) = w(z,T) = 0

for any w € Wi.

Let us define the notations

T 1
I(w) = 76)\7/ / S e |w|? dadt,
0 0

T 1
I(w,) = —,\5/ / $30(30¢220 + 12¢204)|we|* dadt,
0 0
T 1
I(wa2s) = 7/\3/ / 20 (58¢2z0 + 400504 ) | was |* dadt,
0 0

T 1
I(ws,) = f)\/ / 0 (20220 — 46202 |Ware|* drdt,
0 0

and
1

T
I = / (10X @3 0% |wea|® + 2020002 [Waa|? + 2000 [Wana[*)|  dt
0 =0
The following weighted norm is defined, for any w € W,, as

T 1
el :/ / (A7 |wl® + X ¢ fwa | + X8 [waa|* + ABlwaaal”) dzd.
’ 0 0

We first require the following

Lemma 3.2 Under the hypothesis of Theorem [, there exists § > 0 such that
(Prw, Paw) 12 ) Zé”“’”i@ + Ix (34)

for X large enough and for all w € Wi.

11



Proof. It is sufficient to prove that
3
(Prw, Paw) > = Y I(wga) + Ro(w) + I (35)
k=0

for a large enough A, for all w € Wi, where |Ro(w)| < A7} ||w|\i o
Indeed, let us first assume that we have ([B3). From the hypotheses in (26) we easily
check that there exists € > 0 such that ¢ satisfies for all z € (0, 1),

Puz(x) < —e¢p < 0,
30¢zz ()0 (z) 4+ 120 (2)0a(z) < —e¢ <0,
58¢az(x)o(x) + 400z ()0 (z) < —e¢p < 0, and
202z ()0 (z) — 4z (2)02(2) < —2¢p < 0.

Then from ([29) and assuming (35) we obtain, for A large enough,

)
)

3
(le, P2w>L2 = ZI(wkx) + R()(w) + I,

k=
37
> 260 |[wl} | — [Ro(w)| + I (37)

> 5 wll? | + 1.

4
Let us now prove [B5): we write (Prw, Pow) 2y = Z I, ; where I, ; denotes the L*-

1,j=1
product between the i-th term of Pyw in (BI) and the j-th term of Pow in (32).

Integrations by parts in time or space are performed on each expression I; ;. Each resulting
expression will be included in one of the terms of the right-hand side of ([BZ). The results

are listed below, and we indicate for each term where it will be included.

° ,[1,1 = —.[4,1 + 3)\2/ ((ZSiU)tlwx'Q
Q

Ro(w)

— -1\ / Jo 2.

I(we)

T 1
Ig= —12)\3/ (¢ia2)z|wm|2+12/\3/ [¢2U2|wm|2] dt
Q 0 0

I(wagz)
Ro (w) I(wg)
)\4
o | 1 :—7// (¢ia)t|w|2
Q
Ro (w)
° =—2)\" // |w|
I(w)
o oy = -2 [[ @t a4 ox" [ (6207l
Q Q
Ro(w) I(wg)

12



o Ing=4)\" // ¢2U(¢§U)x|w|2-
Q

I(w)

1! T
° 13’1 = 5/ |:O'|wzz|2:| dr = 0.
0 0
3

o« Lis——2) //Q[(qzﬁia)ma]wmwlz-&-él)\?’ //Q@ia)mwwﬁ

R (w) I(wag)
T 1
+2X° // (¢i)wa2|wm|2—2)\3/ {¢202|ww|2] dt.
Q 0 0
I(wag) Lo
T 1
o I33 :2)\/ {¢zaazz|wm|2] dt—2)\// (¢zggzz)z|wzz|2+8)\ // ¢zaaz|w3z|2
0 0 Q Q
Iy R (w) I(wgza)
1
r 2 2 2 2
0 0 Q
I, I(wzaa)

o Los—ap? / /Q (60(620)a)sa e — AX° / /Q (60 (620)a)uor|

Ro(w) Ro(w)

+4X? / /Q 60 (620) 5|2 .

I(wag)
o Iy = 62 // (qbia')gcwgcw,g7 which is canceled when adding with Iy ;.
Q
o Iyp=24)° // ($20)2d> 0 |wa|*.
Q
I(wz)
o f1a =120 [[ [(GR0).rolctunl ~ 203" [[ (620).s0lu
Q Q
Ro(w) I(wag)
o fi= 12X [[ (B0) (6l ful
Q
Ro (w)
Summing up all the terms, we obtain (3H]). O

Then, we will prove a Carleman inequality for the conjugated operator P.
Lemma 3.3 There exists Ao > 0 such that for all X > Ao we have, for all w € Wi,

T 1
[ ] 6Tl 4 A N s Al ) dd
0 0

2 2 2
HPwlzzg) + [1P2wliz gy < CllPwllL2q) — L

13



Proof.
From hypothesis ([26) and the inequalities listed in (3@]), we know that there exists § > 0
such that

NE

Iwga) > 8 [lwll® (38)

>
Il

0
for a parameter \ large enough.

Besides, from the definition @3], the fact ||g:||Loo((0,1)x(0,1)) < m for ¢ = 0,1,2, and
@9), it is trivial to check that

IRwI22 0.1 (0.0 so(Aﬁ / /Q %l + X2 / /Q 2w |? + A2 / /Q ¢2Iwm|2>

(39)
<ot ||wH2 .
X
Thus, for A large enough, we have
|Prw]s + 2 (Piw, Pow) + ||Pawl]32 = ||[Pw— Ruwl||3:
< 2| Pwljz +2[|Rw| (40)
<

2[|PwlZs + OX flwl? .
From Lemma [32] and estimates ([@0) and (38)), we conclude the proof of Lemma 33l O
To complete the proof of Theorem [B.1], we have to deal with the norms fo Pyw and Pw

appearing in Lemma [33] From the definition of Pw, and because (26]) holds, we have

ﬁwtﬁ < A% Pl + C (W6 [w]? + X fwa? + Adlwaaal?)

1 2 // 2 2
—|w|* < C Pow|” + C||lw
/[ gt 1Pl € i,

for A large enough. A similar result is proven for (0wzz)ze and Piw, and we then have

//Q $(|wt|2+|<awm>m|2)sc //Q (1Pl + | Powf®) + Cllwl2,. (1)

From ([#I) and Lemma B3] we obtain

and

1 5,5
I 50l 4 10w aal2) NGl X0 4 N e+ A
Q

< c// |Pw|® — CI,. (42)
Q
To handle the terms in I, we note that for any « € (0,1) and X large enough,
T T
—C’)\/ G (@, )0 (2) O (@) | Wi (, )| P dt < C)\3/ bu(x,1)%0(2)? | waa (, t)dt.
0 0
Then
T T
—-CIL <CX° / ¢2(0,1)°5(0)?[wa (0, 8)[*dt + CA / ¢2(0,1)0(0)*|wawx(0,8)*dt  (43)
0 0

and from ([@2) and (@3] we obtain

T T
+C,\3/ $2(0,1)%0(0)% w0, t)|2dt+c,\/ 62(0,1)0(0)?|wazz (0, 8)|*dt.  (44)
0 0
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Computing the derivatives of e w it is trivial to prove that

k
opv

2 2 k , 2
= ‘85(6”10)‘ < Cz ‘Ak7]¢k738;w
§=0
for each k =0, ...,3. Therefore

T 1
[ ] e (NIl + X067 w), o+ X0 0)n* A (€ 0ol dt
0 0
< Cllwlixe-

Considering finally that Pw = e~*?Lv, we obtain Carleman estimate @ap. O

Remark 3.4 We considered the function [ to be increasing. This allows the Carleman
inequality to be obtained with boundary terms at x = 0. If a decreasing function 8 was used
instead, then an inequality with boundary terms at x = 1 would have been obtained. As
discussed in the following section, the boundary terms in the Carleman inequality are related

to the location of the observations in the inverse problem.

4 Inverse Problem

In this section, the local stability of the nonlinear inverse problem stated in Theorem

will be proved following the ideas of [7] and [2I]. The proof is splited in several steps.

Step 1. Local study of the inverse problem
Let v, 4, y and g be defined as in Theorem Ifweset u=y—¢gand f =4 —, then u

solves the following K-S equation:

ur + (U(x)uzz)zz + YUz + Z]Uz + gzu + uuy = f(ﬂf)g,m(:c,t), V(t,:l)) S Q,

u(t,0) = u(t,1) =0, vt e (0,T), (45)
Uz (t,0) = ug(t,1) =0, vt e (0,7),
u(0,z) =0, vz € (0,1).

Then, in order to prove the stability of the inverse problem mentioned in the introduction,
it is sufficient to obtain an estimate of f in terms of uz«(+,0), Uzza(-,0) and u(To,-), where
4 and § are given, v € H*(0,1) and u is the solution of Equation (@5).

We begin by deriving Equation (@3] with respect to time. Thus, v = u; satisfies the

following equation:

vt + (O—UCL‘IE)IECL‘ + YVzx + Z]'Uz + g:v'U = fg:vzt — 9, V(tyx) S Q,

v(t,0) = v(t,1) =0, vt e (0,T), (46)
vz (,0) = vz (¢, 1) =0, vt € (0,T),
v(0,2) = fR(z,0), vz € (0,1),

where g(:c7t) = u(:c7 t)yxt(:c7 t) + Uz (:C7 t)yt(m7 t)'
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The proof of Theorem relies on the use of the Carleman estimate given in Theo-
rem B3Il This result will be used twice. First, Equation () allows to estimate v in terms of
f; sz and g. Then, Equation (@3] will be used to handle the terms u and u,, which appear

in the expression of the source term g. The details are given in the next step below.

Step 2. First use of the Carleman estimate

—A

Similarly to the proof of the Carleman estimate, we set w = e *®v. Then, we work on the

1 T
I= 2/ / w(t, x)we(t, x) dtdx.
o Jo

On the one hand, we can calculate I and bound it from below. Indeed, using w(0,x) =

term

e 0240, 2) = 0 for all z € (0,1) and Equation (@H), we can easily obtain

1
/ |w (To, =
0

1
= / e~ 22e(To.2) |(few — (OUzz)zw — Vze — Fe — Jou — uug) (To, x)|2 dx
0

~
Il

1
2 /0 ™0 D| f(2)|? |ow (To, 2)|* da — C lu (To) 40,1y — C llu (To) 1311 0,1)

where C' depends on [|7|[ze(0,1), [|§(T0)llw1.5(0,1) and [|o][wz.00 0,1)-

On the other hand, in order to estimate I from above we apply the Carleman estimate (@4
to Equation (@8) using go = ¥» and ¢1 = §, which are uniformly bounded in L*((0,7T) x
(0,1)) by the hypothesis in Theorem We obtain that

L= 2/1 /TD w(t, z)we(t, x) dtdz
</ /TOA¢tx|wtx|dtdx> (/ /T°|1§;tt1; dtd)%

cx?’// e*”ﬂf(:c)gm(@t)ﬁdmdt+cx?’/ / e g(x, )| dadt
0 0 0 0

T
+C/\73/ e PO (N 92(0,6)0% (0)|vea (0, 8)]* + A (0, £)0% (0) |z (0, )[) it
0

IN

IN

Step 3. Second use of the Carleman estimate
Considering that ¢ = uya+ + uzy:, we will now use a Carleman estimate for the solution of
Equation (3) in order to manage the term in g of the previous inequality. The unknown

trajectory y is nevertheless such that y.+ and y: belong to L>(0,T; L*°(0,1)) since y € Z.

2 [ / Py + 2 / | &
Q Q

C’// e 2 (|u|2 + |uz|2) .
Q

Then we can apply Carleman estimate ([44) to equation (@f), using the identity gou +

Thus, we have

([
Q

IN

IN

Ule = UYz, and taking go = y» and ¢ = ¢, which are bounded in L*((0,T") x (0,1)). We
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can choose \g as large as possible in Theorem [3.I} we then obtain

// 672)\¢>|g|2 S O)\75 // 672)\43 (A7|U|2+)\5|Uz|2)
Q Q
< ox [[ e
Q
T

+OA / e OD (X363 (0,8)0%(0) i (0, 8)” + Ao (0, )0 (0) [t (0, 8)[2) .
0
Gathering all the estimates of I and g that were obtained above, we have

1
/0 ™D f(2) | |aw (To, 2)|* do — C lu (To) 70,1y — C llu (To) 10,1

< ox® / / P fhpat 2+ A / / €% i 2
Q Q

T
+CX 8 / e 2O (N362(0, )02 (0)|uaa (0, 8)|* + A (0, )02 (0)|taae (0, 1)) di
0
T
O [ HOD 3G 0,105 0)s (0. + 20,00 (O)vars 0, O
0
From the hypothesis of the theorem, we have § € C([0, T]; H°(0,1)), i € C([0,T]; H(0, 1)),
and |z« (To, )| > n > 0in (0,1). Using also that the Carleman weight function satisfies ([27])
thus e~ 22¢(t2) < o=220(T0.2) iy (0, T') x (0,1), we obtain

1
| e @) do

0

1
<o(3 [ @) dat (T s + 0 D) s 01
T
A [ P60, 002 0) s (0.0 + A 0,10 (O) s 0, )7)
0

T

AT [0 0,00 0)0rs 0,)[ + Ade(0,)0(0) a0, O ).
0

Therefore, the regularity of ¢ (that come from the assumptions on 8 and ¢o) allows to

prove that choosing A\¢ large enough, we obtain the existence of a constant C' that depends

on r, K, T, Ao, m such that VA > Ao,

”f(x)HiQ(O,l) < C(||U(T07 ')HiI“(O,l) + Hu (To, ')Hi{l(og)
+ [tz - )l 0,2 + itz (- Ol 0.7 )

This estimate leads to the local stability of the initial inverse problem since f = 4 — v and

u =1y — ¢ and we have proved Theorem
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