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(FRE3160 CNRS), 5 bd Descartes, 77454 Marne-La-Vallée, France

Abstract

This paper presents new bounds for heterogeneous plates which are similar
to the well-known Hashin-Shtrikman bounds, but take into account plate
boundary conditions. The Hashin-Shtrikman variational principle is used
with a self-adjoint Greeen-operator with traction-free boundary conditions
proposed by the authors. This variational formulation enables to derive
lower and upper bounds for the effective in-plane and out-of-plane elastic
properties of the plate. Two applications of the general theory are con-
sidered: first, in-plane invariant polarization fields are used to recover the
”first-order” bounds proposed by Kolpakov(1999) for general heterogeneous
plates; next, ”second-order bounds” for n-phase plates whose constituents
are statistically homogeneous in the in-plane directions are obtained. The
results related to a two-phase material made of elastic isotropic materials
are shown. The ”second-order” bounds for the plate elastic properties are
compared with the plate properties of homogeneous plates made of materials
having an elasticity tensor computed from ”second-order” Hashin-Shtrikman
bounds in an infinite domain.

Key words: Hashin-Shtrikman variational principle, Γ-operator, plate,
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1 Introduction

The prediction of the effective properties of heterogeneous media from the
material properties and from the geometrical arrangement of their constitut-
ing phases requires the solution of a boundary value problem on a represen-
tative volume. The characteristic size of this representative volume must be
large enough compared to the one of the microstructure to ensure that the
material can accurately be treated as homogeneous with spatially constant
averages. If the geometrical arrangement of the heterogeneities within the
medium is perfectly described, solving the boundary value problem is pos-
sible. Practically however, only a few features of the geometry (typically
the volume fraction of each phase and low-order correlation functions) are
known. In such a case, effective properties cannot be obtained exactly, but
lower and upper bounds can be derived from variational principles.

The application of variational methods to composite materials was initi-
ated by Hill (1952) who recovered the so-called Voigt and Reuss bounds. The
classical variational principles usually require either compatible strain fields
or self-balanced stress fields. The Hashin and Shtrikman (1962a,b) varia-
tional principles may be the most widely used since they lead to optimal
bounds for the conductivity, bulk, and shear moduli of isotropic composites
made of isotropic constituents. These principles are expressed in terms of
polarization fields on which no constraint is imposed, contrarily to the case
of classical variational formulations. Hashin and Shtrikman (1967) subse-
quently extended those principles to inhomogeneous elastic bodies subject
to polarization fields and mixed boundary conditions. Willis (1977, 1981)
summarized and generalized the Hashin-Shtrikman variational principles by
using a Γ-operator related to an infinite medium.

The homogenization of elastic periodic plates has been studied by many
authors (Duvaut and Metellus, 1976; Caillerie, 1984; Kohn and Vogelius,
1984; Lewiński and Telega, 2000; Bourgeois et al., 1998; Cecchi and Sab,
2002a,b, 2004; Sab, 2003; Dallot and Sab, 2008a,b), but few of previous works
were performed to obtain the bounds of plates properties.in Kolpakov (1999);
Kolpakov and Sheremet (1999) and Kolpakov (1998) first order (”Voigt” and
”Reuss”) bounds were obtained for plates and the question arises naturally
to find if more sophisticated bounds can be found , and more specifically if
Hashin-Shtrikman bounds can be extended to plates. The answer to such
a question is simple when the size of the heterogeneities is small compared
to the thickness of the plate or when the thickness of the plate is small
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compared to the (in-plane) size of the the heterogeneities. In the first case,
bounds can be obtained for the plates containing isotropic composites made
of isotropic constituents by computing Hashin and Shtrikman bounds for
the filling material and by computing from it the stiffness properties of the
plate. In the second case, the bounds can be computed from the Hashin
and Shtrikman bounds computed from the plane stress properties of the
components.

Obtaining the bounds in the case of heterogeneities whose size is com-
parable to the plate thickness is the subject of the present paper. A main
feature of the Hashin-Shtrikman principle is that it uses the Γ-operator of the
homogeneous medium. If this principle must be extended to plates, a neces-
sary ingredient is the Γ-operator taking into account the stress-free boundary
conditions of the plate. A new method for the computation of the effective
elastic properties of a periodic plate was recently proposed by Nguyen et al.
(2008). The theoretical derivations rely on a new Γ-operator for periodic me-
dia with traction-free boundary conditions, on an iterative algorithm and on
the use of the Fast Fourier Transform (FFT), in the line of methods used for
homogenization of periodic media (Moulinec and Suquet, 1994, 1998; Bon-
net, 2007). This new method was proved numerically efficient to estimate the
effective elastic properties of plates. Based on this previous work (Nguyen
et al., 2008), the present paper aims at using a Hashin-Shtrikman variational
principle in the case of heterogeneous plates for supplying bounds of the ef-
fective in-plane and out-of-plane elastic stiffnesses by introducing into the
variational principle the Γ-operator obtained by the authors.

Compared to the usual Hashin-Shtrikman bounds for infinite media , two
main differences are taken into account here : the traction-free conditions
on the surfaces of the plate and the inhomogeneous macroscopic strains and
stresses for the case of bending. As explained before, the case of interest
is when the thickness of the plate and the size of heterogeneities are of the
same order. The thickness and the period of the plate are therefore as-
sumed to be of the same order and small compared to the in-plane typical
(macroscopic) size L of the plate. The stiffness constants of the plate can
be bounded by introducing suitable polarization fields into the variational
principle. Two applications of the theory are considered. In-plane invariant
polarization fields are first used to recover the bounds proposed by Kolpakov
(1999) for general heterogeneous plates. Secondly, n-phase plates whose con-
stituents are distributed randomly but in a statistically uniform manner in
the in-plane directions are studied. The derived energy functional expressed
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in terms of the polarizations depends on the thickness-coordinate only and
the computation of the effective elastic properties of the plate requires the
use of a two-point distribution function. The example of a two-phase plate
made of isotropic materials is considered. The derived bounds for the effec-
tive elastic properties of the plate are compared with the elastic properties
of the plate computed from elasticity tensors obtained from the classical
Hashin-Shtrikman bounds (Hashin and Shtrikman, 1962a,b, 1965) for an in-
finite two-phase medium. It must be emphasized that the computation of
bounds presented thereafter do not use the computation of effective proper-
ties of a periodic medium, as effected in (Nguyen and al.(2008)). Similarly
to the known HS bounds, the bounds are obtained directly from the varia-
tional principle and from assumptions related to the two-point probability
function of heterogeneties distribution, without ensemble averaging or ”cell
computations”. The Green tensor for the plate is used with wave lengths
large enough compared to the size of heterogeneities.

The paper is organized as follows. In section 2, the Hashin-Shtrikman
variational principle (Hashin and Shtrikman, 1962a,b; Willis, 1977, 1981;
Drugan and Willis, 1996) is recalled and it is shown that it can be used
by introducing the Γ-operator for periodic media with traction-free bound-
ary conditions (Nguyen et al., 2008), because this operator is self adjoint.
Thus completed, this general variational formulation enables to derive lower
and upper bounds for the effective elastic properties of heterogeneous plates.
Section 3 presents an application of the results derived in section 2 by us-
ing polarization fields which are assumed to be invariant along the in-plane
directions. In section 4, we apply the method to random materials whose
constituents are distributed randomly but in a statistically uniform manner
in the in-plane directions. The functional is expressed in terms of the in-
plane invariant polarizations. Then a randomly distributed two-phase plate
made of isotropic constituents is considered. An analysis of the effects of the
size of heterogeneity is finally performed.

2 Theoretical Formulation

As it will be recalled thereafter from (Nguyen et al., 2008), the Green
tensor for the plate can be computed for a periodic plate under the form of a
series on the wave numbers associated to the dimensions of the rectangular
chosen period. The result corresponds to a periodic repartition of singular-
ities applied within an homogeneous plate. In order to obtain the bounds
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for repartitions of heterogeneities which are not periodically distributed as in
figure 1, the Green tensor must be obtained for an infinite domain. However,
even if the Green tensor for the infinite homogeneous plate is obviously ob-
tained when the sizes of the period tends to infinity, there is no closed form
solution of the Fourier integral thus obtained. From another point of view,
the Green tensor will be used associated via a convolution product with a
correlation fonction whose support is practically finite. It is therefore possi-
ble to use the Green tensor associated to the periodic plate to perform such a
convolution product with an error which can be as small as desired. From an-
other point of view, heterogeneities within the plate will be assumed random
within the plate. One more time, due to the finite support of the correla-
tion function, the computation of bounds is not affected by using a random
distribution of elastic properties within a period as soon as the correlation
length is small compared to the period dimensions.

Finally, the problem which is considered here is the one related to a het-
erogeneous medium whithin a period, the heterogeneities being reproduced
periodically. Such a solution will be used in section 4 for periods large com-
pared to the correlation length.

The unit cell Y that generates the plate by periodicity in the (x1, x2)-
directions is the 3D domain:

Y =

{

x ∈ R3, x = (x1, x2, x3), xi ∈
]

−
li
2
,
li
2

[

, i = 1, 2, 3

}

. (1)

The domain ω =
]

− l1
2
, l1

2

[

×
]

− l2
2
, l2

2

[

is the middle surface of the cell. ∂ω

is the boundary of ω and ∂Yl = ∂ω×
]

− t
2
, t

2

[

(l3 = t) is the lateral boundary

of Y . The top and bottom surfaces of the cell are ∂Y ± = ω × {± t
2
}. Mixed

conditions are defined along the boundaries of the cell as follows: periodic
boundary conditions are assumed along ∂Yl while traction-free boundary
conditions are assumed along ∂Y ±. All formulations are performed under the
assumption of a linear elastic behavior and small deformations of materials.
The Greek indices belong to {1, 2} and the Latin indices to {1, 2, 3}.

The local elasticity problem defined on Y is:














σ(x) .∇ = 0, σ(x) = L(x) ǫ(x), ǫ(x) = E + x3χ + e(vper(x)),
e(vper(x)) = vper(x) ⊗s

∇,
σ(x) .e3 = 0 on ∂Y ±,
vper(x) periodic on ∂Yl, σ(x) .n anti-periodic on ∂Yl,

(2)
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Figure 1: Example of plate containing a random distribution of heterogeneities.

where the nabla operator ∇ is used to express the gradient and diver-
gence operators (vper ⊗∇ = vperi,j ei⊗ ej, σ .∇ = σij,j ei). ei are the vectors
of an orthogonal basis of the space, vper(x) is the (x1, x2)-periodic displace-
ment field, e(vper(x)) the corresponding strain field (the symmetrical part of
vper(x) ⊗∇), ǫ(x) the total strain field, L(x) the elasticity tensor and σ(x)
the total stress field. The macroscopic membrane strains, E, and the macro-
scopic curvatures, χ, only have in-plane components (Ej3 = 0, χj3 = 0).

Once the solution of the boundary value problem (2) is obtained, the
homogenized elastic properties of the plate are derived from the elastic strain
energy expressed by:

W =
1

2
< σ(x) ǫ(x) >=

1

2
(NE + Mχ) , (3)

where the brackets < . > correspond to the following average operator
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on the unit cell:

< f >=
1

|ω|

∫

Y

f(x) dx. (4)

N is the membrane stress tensor and M is the flexure moment tensor:

Nαβ =< σαβ >, Mαβ =< x3 σαβ > . (5)

Equation (3) can be interpreted as the macro-homogeneity condition of
Hill-Mandel which ensures that the macroscopic elastic strain energy of a
given representative volume element is equal to the integral of the microscopic
elastic strain energy within this volume.

Hence, the strain energy per unit area becomes:

W =
1

2
< σ(x) ǫ(x) >=

1

2
(EAE + 2EBχ + χDχ) , (6)

where the homogenized elastic tensors (A,B,D) of the plate are:

N = AE + Bχ, and M = BT E + Dχ, (7)

where the superscript T is the transposition operator.
The elasticity problem (2) may be solved along the lines of Suquet (1990)

by introducing a homogeneous reference medium of stiffness Lo and a polar-
ization field, τ :















σ(x) .∇ = 0, σ(x) = Lo ǫ(x) + τ (x), ǫ(x) = E + x3χ + e(vper(x)),
e(vper(x)) = vper(x) ⊗s

∇,
σ(x) .e3 = 0 on ∂Y ±,
vper(x) periodic on ∂Yl, σ(x) .n anti-periodic on ∂Yl,

(8)
where the polarization field τ (x) is given by:

τ (x) = δL(x) ǫ(x) with δL(x) = L(x) − Lo. (9)

We note that the elasticity problem (8) with (E,χ, τ ) can be split into
two auxiliary problems:

• An auxiliary problem which is identical to the elasticity problem (8)
but in which τ = 0. It coincides with the set of equations (2) for
L(x) = Lo and admits the fields (σo, ǫo,vpero ) as a solution.
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• Another auxiliary problem identical to the elasticity problem (8) but
in which E = 0 and χ = 0. This second auxiliary problem admits the
fields (σper, e(uper),uper) as a solution.

As a result, the fields solution of the elasticity problem (8) with (E,χ, τ )
are the superposition of (σo, ǫo,vpero ) with (σper, e(uper),uper).

2.1 Homogeneous Solutions in the Reference Medium

This section is devoted to the first auxiliary problem introduced in the
previous section. The fields (σo(x), ǫo(x),vpero (x)) which are solutions of the
local elasticity problem (2) defined on the reference medium with stiffness
Lo are derived from the following system of equations:















σo(x) .∇ = 0, σo(x) = Lo ǫo(x), ǫo(x) = E + x3χ + eo(vpero (x)),
eo(vpero (x)) = vpero (x) ⊗s

∇,
σo(x) .e3 = 0 on ∂Y ±,
vpero (x) periodic on ∂Yl, σo(x) .n anti-periodic on ∂Yl,

(10)

This problem has a trivial solution, (σo(x3), ǫ
o(x3),v

per
o (x3)), that de-

pends on x3 only. This trivial solution can be derived directly by solving the
ordinary differential equations in x3 for given boundary conditions. To this
aim, the stresses and strains are split into their in-plane and out-of-plane
components:

{

σo
(i) = (σo11, σ

o
22, σ

o
12)

T , σo
(o) = (σo33, σ

o
23, σ

o
13)

T ,

ǫo(i) = (ǫo11, ǫ
o
22, 2ǫ

o
12)

T , ǫo(o) = (ǫo33, 2ǫ
o
23, 2ǫ

o
13)

T ,
(11)

where the indices (i) and (o) indicate the in-plane and out-of-plane com-
ponents, respectively. Similarly, the reference elasticity tensor Lo is also split
into four 3 × 3 matrices: The in-plane components Lo

(i)(i), the coupling com-
ponents Lo

(i)(o) and Lo
(o)(i), and the out-of-plane components Lo

(o)(o). Lo
(i)(i) and

Lo
(o)(o) are symmetrical while Lo

(i)(o) and Lo
(o)(i) verify (Lo

(i)(o))
T = Lo

(o)(i).
The constitutive equations thus become:

{

σo
(i)(x3) = Lo

(i)(i)ǫ
o
(i)(x3) + Lo

(i)(o)ǫ
o
(o)(x3),

σo
(o)(x3) = Lo

(o)(i)ǫ
o
(i)(x3) + Lo

(o)(o)ǫ
o
(o)(x3).

(12)

One observes that the in-plane strains are equal to the macroscopic strains,
i.e., ǫo(i)(x3) = E(i) + x3χ(i), since the in-plane components of eo(vpero ) are
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zero. Moreover, from the balance equations and the boundary conditions,
one finds out that the out-of-plane stresses σo

(o)(x3) are also zero. Hence, the
out-of-plane strains can be expressed in terms of the in-plane strains:

ǫo(o)(x3) = −(Lo
(o)(o))

−1 Lo
(o)(i) ǫo(i)(x3). (13)

Substituting (13) into the first equation of (12), one links the in-plane
stresses to the in-plane strains:

σo
(i)(x3) = Lo

(s) ǫo(i)(x3), (14)

where

Lo
(s) = Lo

(i)(i) − Lo
(i)(o) (Lo

(o)(o))
−1 Lo

(o)(i) = (Lo−1
(i)(i))

−1 (15)

is the plane-stress elastic stiffness matrix of the reference medium.

2.2 Self-adjoint property of the Γ-Operator for the plate

This section is devoted to the second auxiliary problem introduced in sec-
tion 2 which is solved by the Γ-Operator for the plate. This second auxiliary
problem corresponds to Eqs. (8) in which E = 0 and χ = 0:















σper(x) .∇ = 0, σper(x) = Lo e(uper(x)) + τ (x),
e(uper(x)) = uper(x) ⊗s

∇,
σper(x) .e3 = 0 on ∂Y ±,
uper(x) periodic on ∂Yl, σper(x) .n anti-periodic on ∂Yl,

(16)

where the polarization tensor is given by Eq. (9). Eqs. (16) is solved by
using a Γ-operator which produces the total strain e(x) in terms of τ :

e = −Γτ (17)

The expression of the Γ-operator was obtained by Nguyen et al. (2008).
Following the procedure used in this paper, the field uper(x) solution of Eqs.
(16) is split into two terms: uper(x) = up(x) + uh(x). up(x) is obtained
with the standard periodicity conditions in the x3-direction and the comple-
mentary term uh(x) enables to recover the stress-free boundary conditions.
Likewise, the total strain and the Γ-operator are expressed as e = ep+eh and
Γ = Γp + Γh where ep and Γp correspond to the standard periodic problem
and eh and Γh to the complementary problem.
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The boundary value problem (16) can be solved by expanding the po-
larization field τ (x) ∈ L2(Y ) into three-dimensional Fourier series (see Eq.
(71)). The periodic strain field ep(x) solution of Eqs. (16) is derived from:

{

σp(x) .∇ = 0, σp(x) = Lo ep(x) + τ (x), ep(x) = up(x) ⊗s
∇,

up(x) periodic on ∂Y, σp(x) .n anti-periodic on ∂Y.
(18)

ep(x) can be explicitly derived in the Fourier space (see Suquet (1990);
Moulinec and Suquet (1994) for details). It is then used to define the cor-
responding self-adjoint periodic Γp-operator defined by (see appendix A for
details):

ep(x) = −
1

|Y |

∫

Y

Γp(x − x′) τ (x′) dx′. (19)

In contrast, the strain field eh(x) and the related operator Γh(x) are
derived by solving:







σh(x) .∇ = 0, σh(x) = Lo eh(x), eh(x) = uh(x) ⊗s
∇,

σhj3(x) = −σpj3(x) on ∂Y ±,
uh(x) periodic on ∂Yl, σh(x) .n anti-periodic on ∂Yl.

(20)

Eqs. (20) were solved by Nguyen et al. (2008) by using Fourier transforms
along (x1, x2)-directions. eh and the corresponding operator Γh are linked
by:

eh(x) = −
1

|Y |

∫

Y

Γh(x̃ − x̃′, x3, x
′

3) τ (x′) dx′, (21)

where the Γh-operator is periodic in the (x1, x2)-directions and (x̃ −
x̃′, x3, x

′

3) holds for (x1 − x′1, x2 − x′2, x3, x
′

3) (see appendix A for details).
Since Γ = Γp + Γh and since Γ is a self-adjoint operator, Γh is also a

self-adjoint operator. The self-adjoint character of Γ can be directly inferred
from Eqs. (16). To this aim, let us consider a kinematically admissible field,
e(x) ∈ U , and a statically admissible stress field, σ(x) ∈ S , where:

U =
{

e(x)
/

e(x) = uper(x) ⊗s
∇, uper(x) periodic on ∂Yl

}

, (22)

S =
{

σ(x)
/

σ .∇ = 0, σ .e3 = 0 on ∂Y ±,σ .n antiperiodic on ∂Yl

}

(23)

10



M
ANUSCRIP

T

 

ACCEPTE
D

ARTICLE IN PRESS

For all fields (σ1, e1) and (σ2, e2) solutions of Eqs. (16) with polarization
fields τ1 or τ2, respectively, σ1 and σ2 are statically admissible and e1 and
e2 are kinematically admissible. From Green’s theorem, they verify:

< σ1 e2 >Y = 0, and < σ2 e1 >Y = 0. (24)

Substituting the stress field, σ = Loe + τ , into Eq. (24) yields:

< τ1 e2 >Y = − < e1L
oe2 >Y , < τ2 e1 >Y = − < e2L

oe1 >Y . (25)

From the symmetry of the elasticity tensor Lo, we have < τ1 e2 >Y =<
τ2 e1 >Y . The Γ-operator links strains to polarization fields:

e1 = −Γτ1 and e2 = −Γτ2. (26)

Therefore,

< τ1 Γτ2 >Y =< τ2 Γτ1 >Y =< e1L
oe2 >Y ∀τ1, τ2, (27)

which proves that Γ is a self-adjoint operator. Setting τ1 = τ2 in Eq.
(27) also shows that Γ is positive. Combining Eq. (27) with Eq. (26)
yields: Γ = ΓLo Γ. Finally, since Γp is a self-adjoint operator, Γh also is a
self-adjoint operator and verifies:

< τ1 eh2 >Y =< τ2 eh1 >Y or < τ1 Γhτ2 >Y =< τ2 Γhτ1 >Y . (28)

2.3 Hashin-Shtrikman functional and variational principle

As shown in the previous subsection, the Green operator for the plate
is self adjoint. It is therefore possible to introduce this Green operator into
the Hashin-Shtrikman variational principle (Hashin and Shtrikman, 1962a,b,
1967; Willis, 1977, 1981).

The effective properties are obtained from the mean elastic energy de-
noted by Weff :

Weff =
1

2
< σ ǫ >=

1

2
< σ ǫo > . (29)

The Hashin-Shtrikman principle can be written by using the functionalW (τ )
defined by :

W (τ ) =
1

2
< ǫoLoǫo > +

1

2
< 2τǫo − τ δL−1 τ − τ Γτ > . (30)

11
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When τ is the polarization field solution of the equilibrium equation, the
value of the functional is equal to the mean energy Weff . This functional
can be split into two parts W (τ ) = Wo +W1(τ ), where:

Wo =
1

2
< ǫo Lo ǫo >=

1

2

∫ t/2

−t/2

ǫo(i)(x3)L
o
(s) ǫo(i)(x3) dx3, (31)

and:

W1(τ ) =
1

2
< 2τ ǫo − τ δL−1 τ − τ Γ τ > . (32)

Eq. (31) shows that Wo can be explicitly calculated and does not depend
on τ .

The variational principle associated to the functional may be expressed
as :

{

Weff = Maxτ(Wo +W1(τ )) δL > 0,
Weff = Minτ(Wo +W1(τ )) δL < 0,

(33)

Hence Eqs. (33) can supply lower and upper bounds for the effective
elastic properties of the plate. The functional W1(τ ) will be considered in
more details in the following sections. Eqs. (33) show also that the lower
and upper bounds depend on the properties of the reference medium. An
optimization on the reference medium will thus yield optimal bounds.

3 First order Bound Estimates for (x1, x2)-Invariant Polarization
Fields

Different bounds can be obtained for the properties of plates, depending of
the assumptions on the distribution of the heterogeneities. In this section we
introduce (x1, x2)-invariant polarization fields (i.e., τ (x) = τ (x3)) in the vari-
ational formulation. As it will be shown thereafter, the solution will be closely
related to the properties of stratified plates. Therefore, a laminated plate
with elastic properties that are (x1, x2)-independent (i.e., L(x) = L(x3)) as in
figure 2 is first considered. In such a case, the fields solution of Eqs. (2) are in-
variant in the (x1, x2)-directions: (σ(x), ǫ(x),v(x)) = (σ(x3), ǫ(x3),v(x3)).
Hence, as is the case with homogeneous plates, the solution can be obtained
analytically and the overall elastic properties of the plate are given by:

(A,B,D) =

∫ t/2

−t/2

(1, x3, x
2
3)L(s)(x3) dx3, (34)
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Figure 2: Example of a stratified distribution of polarization tensor (homogeneous in each
layer) which is used to compute the bounds.

where it is recalled that the matrices A,B,D were defined in (7) and
where L(s)(x3) is the plane-stress elasticity matrix at x3 which verifies Eq.
(15).

Moreover, for any L′(x3) ≥ L(x3) we have:

(A′,B′,D′) ≥ (A,B,D) , (35)

in the sense of the corresponding strain energy.
Let us consider the more general case L(x) = L(x1, x2, x3). In such a case

the functional W1 in (32) is given by:

W1(τ ) =
1

2

∫ t/2

−t/2

[

2τ (x3)ǫ
o(x3) − τ (x3) δL−1(x3)τ (x3) − τ (x3)Γτ (x3)

]

dx3,

(36)
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where f(x3) is the (x1, x2)-average of f(x1, x2, x3):

f(x3) =
1

|ω|

∫

f(x1, x2, x3) dx1dx2. (37)

In the present case, the functional can be computed as for a material
which is layered in the thickness of the plate because the integrand in W1(τ )
depends on x3 only. Let us therefore introduce the tensor L∗(x3), related to
a stratified plate, which is given by :

L∗(x3) =
(

δL−1(x3)
)−1

+ Lo, (38)

The homogenized stiffnesses of the plate related to this tensor are given
by : (A∗,B∗,D∗) :

(A∗,B∗,D∗) =

∫ t/2

−t/2

(1, x3, x
2
3)L

∗

(s)(x3) dx3. (39)

Equation (33) yields:

{

(A,B,D) ≥ (A∗,B∗,D∗) ∀Lo, δL > 0,
(A,B,D) ≤ (A∗,B∗,D∗) ∀Lo, δL < 0.

(40)

The bounds for the homogenized elastic properties of the plate vary with
the reference medium and can therefore be optimized by an appropriate
choice of the reference medium. To this aim, one considers the following two
limit problems: Lo tends to zero and Lo tends to infinity.

For the case Lo → ∞ and δL < 0, with no loss of generality, one can
write Lo = βI where I is the unit matrix and β is a positive coefficient which
tends to infinity. One performs the following transformations:

δL−1(x3) = [L(x) − Lo]−1 = −β−1[I − β−1L(x)]−1. (41)

By using the expansion:

(I − X)−1 = I + X + X2 + . . . ∀X, ||X|| < 1, (42)

equation (41) becomes:

δL−1(x3) = −β−1[I + β−1L(x3) + β−2L2(x3) + . . .]. (43)
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The high-order terms in Eq. (43) can be neglected when β → ∞. Hence,

by making use of Eq. (42) again for
(

δL−1(x3)
)−1

, one obtains:

L∗(x3) → L(x3) when β → ∞. (44)

We prove next that the limit value obtained above, L(x3), is the best
bound. It means that this is the minimum value of L∗(x3), i.e., L∗(x3) ≥
L(x3) with δL < 0. This proof requires the following inequality to be verified:

(

δL−1(x3)
)−1

≥ L(x3) − Lo = δL(x3). (45)

By substituting M = −δL > 0 into Eq. (45), one recovers the inequality

between the Voigt and Reuss bounds: M ≥
(

M−1
)−1

. Therefore Eq. (45)

is satisfied for any δL < 0 and the limit value L(x3) yields the optimal upper
bound for the effective in-plane and out-of-plane elastic properties of the
plate:

(A∗,B∗,D∗)+ =

∫ t/2

−t/2

(1, x3, x
2
3)L(s)(x3) dx3 (46)

or

(A∗,B∗,D∗)+ =

∫ t/2

−t/2

(1, x3, x
2
3) (L

−1

(i)(i))
−1(x3) dx3. (47)

It means that this bound is computed as follows : in a first step, the mean
value of the elasticity tensor for each plane parallel to the mean plane of the
plate is computed. This allows to define a stratified plate whose properties
are these mean properties. The stiffnesses of the plates are bounded by the
stiffness of a homogeneous plate whose properties are obtained by the Voigt
bound. It is worthwile to notice that the value of L0 leading to the bound is
not the elasticity tensor used for the classical derivation of Hashin-Shtrikman
bounds, which is finite (as in the next subsection).

The other bound can be obtained as follows : for the case Lo → 0

and δL > 0, from Eq. (38) follows L∗(x3) →
(

L−1
)−1

. We prove next

that
(

L−1
)−1

is the maximum value of L∗(x3). To this aim, the inequality

L∗(x3) ≤
(

L−1
)−1

with δL > 0 has to be verified.
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Since for any G ≥ 0,
(

G−1
)−1

is concave, the following relation holds for

any G1 ≥ 0 and G2 ≥ 0 and λ ∈ [0, 1]:

(

(λG1 + (1 − λ)G2)
−1

)−1

≥ λ
(

G−1
1

)−1

+ (1 − λ)
(

G−1
2

)−1

. (48)

Substituting G1 = δL, G2 = Lo and λ = 1/2 in the above equation
yields:

(

(δL + Lo)−1
)−1

≥
(

δL−1
)−1

+
(

Lo−1
)−1

. (49)

Therefore, the limit value,
(

L−1
)−1

, is the maximum value of L∗(x3) and

the optimal lower bound for the effective elastic properties of the plate is:

(A∗,B∗,D∗)− =

∫ t/2

−t/2

(1, x3, x
2
3)

(

L−1
(i)(i)

)−1

(x3) dx3. (50)

The optimal bounds obtained from Eq. (50) and Eq. (46) with the use
of the Hashin-Shtrikman functional recover the bounds which were obtained
by Kolpakov (1999) by using the Castigliano functional with a statically
admissible in-plane stress field depending on x3 and the Lagrange functional
with a kinematically admissible out-of-plane displacement field depending on
x3.

These ”first order” bounds, like the Voigt and Reuss bounds for an infi-
nite medium, may be far from each other, especially if the plate is made of
materials which exhibit a significant mechanical contrast. By focusing how-
ever on the polarizations in the phases, those bounds can be improved. We
will do so in the next section by analyzing random heterogeneous plates.

4 Second order Bounds for Random Plates

A random distribution of the heterogeneities within the plate is now con-
sidered and information on second order correlation function of the elastic
properties will be used. When the characteristic size of the structural mate-
rial elements is large compared with that of the microstructure, the material
can accurately be treated as locally homogeneous with spatially constant av-
erage properties. Many studies have been performed on such materials and
used variational principles to derive lower and upper bounds for their overall
properties (see e.g. Hashin and Shtrikman (1962a,b); Willis (1977, 1981)).
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Moreover, for some materials the assumption of statistical homogeneity
does not apply. Functionally graded materials (FGM) are examples of such
materials. The continuous spatial variation of properties in those materi-
als prevents the use of the methods developed for statistically uniform het-
erogeneous materials. For example, the work of Luciano and Willis (2004)
applied the theory presented in Drugan and Willis (1996) to derive nonlo-
cal constitutive equations for functionally graded materials. Several other
micromechanical models have been proposed for the analysis of the overall
thermomechanical properties of FGM (see e.g. Reiter and Dvorak (1997,
1998); Suresh and Mortensen (1998)).

This section aims at estimating bounds for the effective elastic properties
of random plates. It is based on the Hashin-Shtrikman functional formu-
lated in section 2. We assume that the constituent materials are randomly
distributed and statistically homogeneous along directions which are parallel
to the plane (x1, x2) of the plate and that the in-plane dimensions of the
plate are large compared to its thickness.

4.1 n-Phase Random Plates

Let us now consider a composite with a random microstructure made of
n phases whose geometrical distribution is characterized by α. Let ψ be the
set of microstructures and p(α) the probability density of α in ψ. Thus, any
property, f , of the material is a function of α and its ensemble average is
defined as:

Ef(α) =

∫

ψ

f(α) p(α) dα. (51)

Then, the probability Pr(x) of finding the phase r at the location x is:

Pr(x) = EIr(x, α) =

∫

ψ

Ir(x, α) p(α) dα, (52)

where Ir(x, α) is the indicator function of the region containing the phase
r, Ir(x, α) = 1 when x ∈ Yr and Ir(x, α) = 0 otherwise. Likewise, the
two-point probability Prs(x,x

′) of finding simultaneously the phase r at the
location x and the phase s at the location x′ is:

Prs(x,x
′) = E(Ir(x, α)Is(x

′, α)) =

∫

ψ

Ir(x, α) Is(x
′, α) p(α) dα. (53)
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If phase r (where r = 1, 2, . . . , n) is homogeneous and has a modulus Lr,
the elasticity tensor L(x) in sample α and its ensemble average are:

L(x, α) =
∑

r

LrIr(x, α), EL(x, α) =
∑

r

LrPr(x). (54)

Furthermore, we assume that the materials are statistically homogeneous
along the (x1, x2)-directions. The characteristic properties are thus insensi-
tive to translations along these directions:

Pr(x) = Pr(x3), Prs(x,x
′) = Prs(x̃ − x̃′, x3, x

′

3). (55)

Moreover, the polarization field in each phase is assumed to be not de-
pending of x1 and x2, i.e., τr(x) = τr(x3). In the following, the polarization
field is assumed to be a linear combination of the indicator functions and can
therefore be expressed as:

τ (x, α) =
∑

r

τr(x3)Ir(x, α). (56)

As already mentioned, a common practice is to use the Γ-operator for a
periodic medium in the case of statistically homogeneous random media, as
soon as the period is large enough compared to the correlation length (see
e.g. Sab and Nedjar (2005)). This process will be used thereafter.

The previous definitions are introduced to enable the analysis of the en-
semble average of the functional (30). Since Wo does not depend on τ , the
total energy W (τ ) and W1(τ ) have the same stationary point. Averaging
the functional (32) now yields:

EW1(τ ) =
1

2
< 2

∑

r

τr(x3)ǫ
o(x3)Pr(x3) −

∑

r

τr(x3)δL
−1
r Pr(x3)τr(x3)

−
∑

r

∑

s

τr(x3)|Y |−1

∫

Y

Γp(x̃ − x̃′, x3 − x′3)Prs(x̃ − x̃′, x3, x
′

3)τs(x
′

3) dx
′

−
∑

r

∑

s

τr(x3)|Y |−1

∫

Y

Γh(x̃ − x̃′, x3, x
′

3)Prs(x̃ − x̃′, x3, x
′

3)τs(x
′

3) dx
′ > .

(57)

where ǫo(x3) is the total strain field estimated in the reference medium.
It is a deterministic function of x3 .
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4.2 Choice of the polarization tensor

We remind that the search for lower and upper bounds for the effective
elastic properties of the plate can be performed by estimating the stationary
value of the functional (57) . To this aim, one discretizes the plate along the
x3 and x′3 directions with N3 points each. The polarization field in the phase
is approximated by a piecewise function:

τr(x3) =
∑

m

τmr Im(x3), (58)

where Im is the indicator function of the finite intervals whose union yields
the part of the x3-axis which is inside the plate. Therefore, the functional
(57) can be rewritten as follows:

EW1 ≃
t

2N3

∑

m

[

∑

r

2τmr ǫom P
m
r −

∑

r

τmr δL
−1
r Pm

r τmr

−
∑

m′

∑

r

∑

s

τmr
1

N3|ω|

∫

ω

(

Γmm′

p (x̃′) + Γmm′

h (x̃′)
)

Pmm′

rs (x̃′)τm
′

s dx̃′

]

, (59)

where Γmm′

p (x̃′) = Γp(x̃
′, x3(m)−x′3(m

′)), Γmm′

h (x̃′) = Γh(x̃
′, x3(m), x′3(m

′)),

Pmm′

rs (x̃′) = Prs(x̃
′, x3(m), x′3(m

′)), ǫom = ǫo(x3(m)), Pm
r = Pr(x3(m)).

We notice that the integral expressions in (57) can be computed in the
Fourier space with the wave vectors (k1, k2) using Parseval’s theorem. For
m,m′ = 1, . . . , N3 points, Eq. (59) yields:

EW1 =
t

2N3

(

2TT F − TT Ml T − TT MpT − TT MhT
)

, (60)

where F, Ml, Mp and Mh are linear and quadratic operators of the
functional (59) and where the vector T is made of the discretized values of
the polarization fields whose values are uniform in each discretized interval
(see Eq. (58)):

T = (τ 1
1 , . . . , τ

1
n , . . . , τ

N3

1 , . . . , τN3

n ) with τmr = τr(x3(m)), (61)

where the polarization field in each phase is written under the form of a
six-component vector (3D-problem): (τ11, τ22, τ33, τ23, τ13, τ12)

T .
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The vector F is computed from the 1-point probability function and from
the strain field produced in the reference medium ǫo(x3). ǫo(x3) also is
represented by a six component vector, (ǫo11, ǫ

o
22, ǫ

o
33, 2ǫ

o
23, 2ǫ

o
13, 2ǫ

o
12)

T . The
symmetrical squared matrix Ml is determined from the 1-point probability
function, the mechanical properties of the constituent materials and the me-
chanical properties of the reference medium. The squared matrices Mp and
Mh are computed from the operators Γp and Γh and from the two-point
probability function Prs. Moreover, we notice that Mp and Mh are sym-
metrical matrices, since Γp and Γh are self-adjoint operators which verify:
Γpijkl(x − x′) = Γpklij(x

′ − x) and Γhijkl(x̃ − x̃′, x3, x
′

3) = Γhklij(x̃
′ − x̃, x′3, x3).

The functional (60) is stationary when the following stationary condition
is verified:

Ts = (Ml + Mp + Mh)
−1 F. (62)

Hence, the stationary value of the average of the energy functional is
obtained as:

EW s
1 =

t

2N3

TT
s F. (63)

The above value, used with Eq. (31), allows the computation of bounds
for the effective elastic properties of the random plate. Those bounds vary
with the choice of the reference medium and an appropriate choice of the
elasticity tensor Lo enables the optimization of those bounds. The present
theory was derived in the general case of random plates whose constituent
materials are statistically homogeneous in the (x1, x2)-directions. To vali-
date the steps described above, the simple case of an isotropic material is
considered next. The estimated bounds for the homogenized elastic stiff-
nesses of a Love-Kirchhoff plate will enable to study the effects of the size of
the heterogeneities on the values obtained for the bounds.

5 Application

5.1 Description of the microstructure

For performing an application of the results obtained previously, a Love-
Kirchhoff plate made of two isotropic material phases is now considered and
the different probability functions must be defined. The 1-point probability
function Pr(x) is the volume fraction cr and the 2-point probability function
is invariant by translation and rotation. Expressions derived analytically as
well as numerically to estimate the two-point probability function exist for
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numerous random material distributions (see e.g. Torquato (2001)). In the
following, we consider a microstructure with a matrix containing a random
distribution of non-overlapping spherical particles, for which the two-point
probability function is given as follows (see e.g. Drugan and Willis (1996)):

Prs(|x − x′|) = crcs + cr(δrs − cs)h(|x − x′|), (64)

where cr, cs are the volume fractions of the phases r and s, respectively.
This probability function is expressed in terms of the relative distance be-
tween two sampled points, namely r = |x − x′|. The function h(r) can be
expressed under an exponential form as (Drugan, 2003):

h(r) = e−
r
a , (65)

where the coefficient a is a function of the radius R and of the volume
fraction c1 of the spherical inclusions (phase 1):

a2 = R2 5F1c1H1 + 2G1[H1(2 + c1) − c1(c̃1/c1)
2/3(9 −H1 + c̃21)]

10G1(1 − c1)H1

, (66)

where

c̃1 = c1 −
1

16
c21, F1 =

3

2

c̃21(1 − 0.7117c̃1 − 0.114c̃21)

(1 − c̃1)4
. (67)

G1 = 12F1
(1 − c̃1)

2

c̃1(2 + c̃1)
, H1 = 1 + 2c̃1. (68)

This expression is consistent with the numerical results obtained for ex-
ample by Torquato and Stell (1985) who used the Percus and Yevick (1958)
model of the statistical problem with random hard sphere distributions cor-
rected by Verlet and Weis (1972) (see Drugan (2003) for details).

Figures 3 and 4 display the profiles of the two-point probability function
along the in-plane direction in which the in-plane coordinate is normalized
with respect to the diameter of the spherical inclusions. Moreover, since
the inclusions cannot overlap, their concentration has an upper bound. This
value is considered to be 0.64 (Torquato, 2001). One observes that the prob-
ability functions decrease and are then stationary. Figure 4 shows that the
minimum in-plane correlation length is 10R, above which a plateau appears.
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Figure 3: The two-point probability
function, P22(r), c1 = 0.3.
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Figure 4: The two-point probability
function, P22(r), c1 = 0.64.

5.2 Numerical results

To apply numerically the theory described in the previous section, the
computations are performed at the limit of a plane deformation problem in
planes containing x2-direction. A discretization of the space in the (x1, x3)-
directions is necessary. The coordinates of the discretized points are defined
as follows:

xj = j
lj
Nj

, with j = −
Nj

2
, . . . , 0, . . . ,

Nj

2
− 1 (j = 1, 3). (69)

This discretization also is appropriate to use the Fast Fourier Transform
(FFT), hence Nj = 2p, p ∈ N

+. The computation of the FFT corresponds

to the wave-number order nj = [0, ...,
Nj

2
− 1,−

Nj

2
, ...,−1]. The components

of the wave vectors are then defined as follows: kj = 2πnj/lj.
The homogenized elastic stiffnesses of the plate are obtained by an ap-

propriate choice of the macroscopic strains (E,χ) and by the computation
of the extreme values of the energy functional Wo and EW s

1 . This approxi-
mation will be compared with the stiffness properties of homogeneous plates
whose elasticity tensors are computed from the classical Hashin-Shtrikman
bounds in in infinite medium (UHS for the upper bound and LHS for the
lower bound).

Figures 5 and 6 display comparisons of the bounds for the homogenized
membrane and bending stiffnesses obtained from the theory developed in
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Figure 5: Comparison of the normalized
bounds A1111/A1111(E1) for the mem-
brane stiffness in the case of small inclu-
sions as a function of the concentration
of material 1, E2/E1 = 10, t/2R = 20,
l1/2R = 20.
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Figure 6: Comparison of the normalized
bounds D1111/D1111(E1) for the bend-
ing stiffness in the case of small inclu-
sions as a function of the concentration
of material 1, E2/E1 = 10, t/2R = 20,
l1/2R = 20.

this work with the stiffnesses derived from the classic solution of Hashin-
Shtrikman in a case where the heterogeneities are small compared to the
thickness of the plate.The values are expressed in terms of the concentration
of phase 1 and normalized with the stiffnesses produced in a homogeneous
medium with properties of phase 1. A discretization with N1 = N3 = 27

which ensures the convergence of the solution, was used for the computations.
For comparison, values between the bounds are introduced, which are given
by : Lo = αL1 + (1 − α)L2 with α = 0.7.

It must be noticed that our optimized reference media for lower and
upper bounds are identical to those computed for Hashin-Shtrikman bounds
(Hashin and Shtrikman, 1962a,b), i.e., Lo = L1 and Lo = L2 (L1 < L2),
respectively. Figures 5 and 6 allow to check that the stiffnesses computed
from the classical bounds Hashin-Shtrikman bounds for infinite media are
recovered by our computation, which is the waited result in the case where
the plate thickness is large compared to the size of heterogeneities (here
t/2R = 20)

After this first verification, a second study is performed to analyze the
effect of the size of the period used in the computation of the Green tensor,
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when it is compared to the radius of heterogeneities (related to the correla-
tion length). Indeed, the Green’s tensor for the plate which is known only
for a periodic medium must be used for a length l1 of the period which is
large enough compared to the thickness of the plate and to the size of het-
erogeneities. The convergence of the stiffnesses of the plate for an increasing
length of the period is now considered.

In a first step, the upper bound for the membrane stiffness is obtained
for different values of l1. Different period lengths were considered and it was
found that it is not necessary to increase l1 at values higher than l1 = 20R.
The stiffnesses were obtained for different values of the normalized in plane
period defined by l∗ = l1/2R. They are reported in figure 7 where the upper
bound for the membrane stiffness normalized with respect to its value for the
computation at l∗ = 20, A = A1111(l

∗)/A1111(l
∗ = 20) is given as a function

of the concentration of material 1 for different values of l∗. It shows that the
convergence is slower at higher concentration of inclusions.

To precise the level of convergence, a “relative error” r is defined from
the normalized stiffnesses M(l∗) (M being A111 or D1111 by the relationship:

relative error r(%) =
M(l∗) −M(l∗ = 20)

M(l∗ = 20)
× 100%, (70)

The results obtained for this relative error r are presented in table 1 for
the case c1 = 0.64 ( for which the convergence is the slowest) showing that a
relative error inferior to 0.5% is produced for l∗ = l1/2R = 10, which will be
adopted in the following to study the effect of the size of the heterogeneities
with respect to the ratio t/2R. These results confirm that the Green tensor

for the periodic plate can be used to study random plates as soon as the size

of the period is large enough compared to the size of the heterogeneities.
Now, it is posssible to reach the main objective of this work, which is to

compute the Hashin-Shtrikman bounds for the plate and to compare these
bounds with those obtained by using the elastic properties of plates computed
from the Hashin-Shtrikman bounds of the elastic moduli related to an infinite
medium. The bounds for the plate are compared for different values of the
variable t/2R, which represents the ratio between the thickness of the plate
and the size of heterogeneities. As shown previously, the stiffnesses of the
plate computed from the Hashin-Shtrikman bounds in infinite media are
recovered from the bounds computed for the plate when the thickness is large
enough compared to the inclusion size. A comparison is therefore made by
computing the normalized boundB∗

p = Bp

BHS
whereBp is the bound for A1111 or
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Table 1: Relative error on the normalized stiffnesses of a random plate for different values
of the period length l1, E1/E2 = 1/10, t/2R = 5, c1 = 0.64.

l1/2R r(A1111)(%) r(D1111)(%)

lower bound upper bound lower bound upper bound

5 1.82% 4.17% 2.51 % 5.26%

7.5 0.54% 1.32% 0.98 % 1.82%

10 0.12% 0.34% 0.38% 0.35%

15 -0.06% -0.15% -0.01% -0.05%

20 0 0 0 0
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Figure 7: Normalized upper bound of the membrane stiffness (normalization with respect
to the computation at l∗ = 20), E2/E1 = 10, t/2R = 5.

D1111 computed from previous considerations and BHS is the bound obtained
by introducing into the plate properties the effective moduli produced by
Hashin-Shtrikman bounds for infinite media.

These normalized bounds are computed in terms of t/2R and reported in
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Figure 8: Normalized upper and lower bounds of the membrane stiffness as a function of
the normalized thickness (normalization with respect to the stiffness obtained from H-S
bounds for infinite media), E2/E1 = 10, l1/2R = 10.

figures 8 and 9.
It can be seen that for large values of the thickness, the normalized stiff-

ness becomes constant, and that the relative difference between Bp and BHS

becomes small (typically less than 1%) when the ratio t
2R

is large enough.
The residual difference is of the order of the acceptation threshold chosen
for the relative error induced by a limited period length. All results show
that an estimation of the bounds for the plate from the HS bound for infinite
media overestimates plate bounds, for both upper and lower bounds. This
result confirms again that the bounds for the effective properties of the plate
can be computed from the usual Hashin-Shtrikman bounds as soon as the
thickness is large enough, compared to the size of the heterogeneities. The
difference between both bounds increases when the ratio t

2R
decreases below

a threshold around 6. The ratio between bounds reaches smaller values for
the upper bound and for the bending stiffness, but the difference between
plate bounds and plate properties computed from Hashin-Shtrikman bounds
for infinite media still remains inferior to 10% in all cases. This result is com-
patible with results obtained by other authors in relation with the minimum
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Figure 9: Normalized upper and lower bounds of the curvature stiffness as a function of
the normalized stiffness (normalization with respect to the stiffness obtained from H-S
bounds for infinite media), E2/E1 = 10, l1/2R = 10.

size of the ”Representative Volume Element” which is often found around
five to six times the heterogeneity size.

6 Conclusions

This paper has presented the results obtained from the Hashin-Shtrikman
variational principle for heterogeneous plates when using within the vari-
ational principle a Γ-operator with stress-free boundary conditions. Two
applications were considered. First, a polarization which does not depend
of the position within a plan parallel to the plate is introduced within the
variational principle. The bounds which are thus obtained coincide with
”first order” refined estimates of the Voigt and Reuss bounds proposed by
Kolpakov (1999) for heterogeneous plates. The optimized polarization fields
which are used for reaching the bounds are related to null and infinite elastic
moduli of the reference medium introduced within the variational principle.

In the second application, the Hashin-Shtrikman variational formulation
is used for random heterogeneous plates. The assumption of a statistically
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uniform distribution of the materials along the in-plane directions of the
plate yielded a simplified expression of the functional in terms of the in-plane
invariant polarizations.

A simple example with isotropic materials was considered and allowed
to predict the effect of the size of the heterogeneities on ”second order”
bounds of the effective properties of plates. The statistical distribution of
the heterogeneities is entirely defined by its two points probability function
as introduced by Torquato (2001) and does not require Monte Carlo com-
putations or ensemble averagings. The ”second-order” bounds for the ho-
mogenized elastic properties of the plate were compared with those obtained
by computing plate properties from classical Hashin-Shtrikman (HS) bounds
for elastic effective properties (Hashin and Shtrikman, 1962a,b, 1965). A
natural estimation of bounds for elastic (membrane and stiffness) plate stiff-
nesses is indeed to compute the HS bounds for elastic properties in an infinite
medium and to introduce these bounding elastic properties into plate stiff-
nesses . Our results show that such a procedure leads to correct results for
a ratio ”thickness”/”heterogeneity size” which is greater than a threshold
around 6. For such a ratio being lower, the estimation of bounds by such a
procedure overestimates the bounds for plate properties.
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APPENDIX

A Solution of the auxiliary problem and calculation of the related
operators

The Fourier method is used to solve the problem (16) for which any
periodic function g(x) can be expanded into the Fourier series,

g(x) =
∑

k

ĝ(k) eik.x, ĝ(k) =
1

|Y |

∫

Y

g(x) e−ik.xdx, (71)

where k = (k1, k2, k3) or k̃ = (k1, k2) used in the sequel denote the discrete
wave vectors arranged along a discrete lattice having a period 2π/li (l3 = t)
in the direction xi.

To solve the boundary value problem (16), the solution fields are split into
two components: a standard periodic component obtained from (18) and a
complementary component derived from (20) to recover boundary conditions.
For the periodic solution field, the resolution of (18) can be performed using
the Fourier transforms (Suquet, 1990; Moulinec and Suquet, 1994). In fact,
after transformations into the Fourier space of the equilibrium equation, the
constitutive equation, the compatibility relation and elimination of σ̂pij(k)
between the equations, the periodic strains of (18) can then be obtained in
the Fourier space by means of the periodic Γp-operator associated to the
homogeneous reference medium with stiffness Lo,

êp(k) = −Γ̂p(k) : τ̂ (k) ∀k 6= 0, êp(0) = 0. (72)

In real space, the periodic strains ep(x) are given by (19) under a con-
volution product formulated according to the definition (71). The Fourier
components of the Γp-operator are explicitly given in Mura (1991) for dif-
ferent types of anisotropy for the homogeneous medium. For an isotropic
material with Lamé coefficients (λ, µ), it takes the form:

Γ̂pijkl =
1

4µ|k|2
(δikkjkl+δjkkikl+δilkjkk+δjlkikk)−

λ+ µ

µ(λ+ 2µ)

kikjkkkl
|k|4

. (73)

It should be noted that Γp is a self-adjoint operator and due to parity of

the tensor Γ̂p(k), the following property is verified: Γp(x− x′) = Γp(x
′ − x).
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Furthermore, the resolution of the complementary problem (20) is per-
formed using the Fourier transformations along the periodic directions (x1, x2)
such that the solution field can be defined as follows:

(

uh(x), eh(x),σh(x)
)

=
∑

k̃

(

ũh(k̃, x3), ẽ
h(k̃, x3), σ̃

h(k̃, x3)
)

eikαxα . (74)

Using the Fourier transforms along (x1, x2), the strain field is related to
the displacement field by: ẽh (k̃, x3) = ũh (k̃, x3) ⊗s

∇
′ where the operator

∇
′ is defined by ∇

′ = [ik1 ik2 ∂3]
T . The operator ∂ indicates the partial

differentiation with respect to the coordinate subscript that follows. Sup-
posing that the material is isotropic, the equilibrium equation σh (x) .∇ = 0
becomes σ̃h (k̃, x3) .∇

′ = 0 which leads to

[

(λ+ µ)∇′ ⊗s
∇

′ + µ(∇′ .∇′)1
]

. ũh (k̃, x3) = 0, (75)

where,

∇
′ ⊗s

∇
′ =





−k2
1 −k1k2 ik1∂3

−k1k2 −k2
2 ik2∂3

ik1∂3 ik2∂3 ∂2
33



 , ∇
′ .∇′ = ∂2

33 − (k2
1 + k2

2). (76)

The solution of equation (75) is :

ũh(k̃, x3) = (a+ + x3b
+) esx3 + (a− + x3b

−) e−sx3 , (77)

where:

a± =























a±1

a±2

± 1
is

(a±1 k1 + a±2 k2 − iλ+3µ
λ+µ

b±3 )























, b± =























± ik1
s
b±3

± ik2
s
b±3

b±3























, s =
√

k2
1 + k2

2.

(78)
The six complex coefficients (a±1 , a

±

2 , b
±

3 ) are obtained from the six bound-
ary conditions defined in (20) which are rewritten as follows:

σ̃hj3(k̃,±
t

2
) = −

∑

k3

σ̂pj3(k)e±ik3
t
2 . (79)
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More precisely, the 3 boundary conditions at the top face (x3 = t/2) and
the 3 boundary conditions at the bottom face (x3 = −t/2) of the unit cell
enable to construct a system of 6 equations for determining 6 coefficients of
the vector ξ = (a+

1 , a
−

1 , a
+
2 , a

−

2 , b
+
3 , b

−

3 ),

Kξ = q, (80)

where

K =









































µ
s
(s2 + k2

1
)es t

2 −
µ
s
(s2 + k2

1
)e−s t

2
µ
s
k1k2e

s t

2 −
µ
s
k1k2e

−s t

2 2µ
s
ik1γ−e

s t

2 2µ
s
ik1γ+e−s t

2

µ
s
(s2 + k2

1
)e−s t

2 −
µ
s
(s2 + k2

1
)es t

2
µ
s
k1k2e

−s t

2 −
µ
s
k1k2e

s t

2 −2µ
s
ik1γ+e−s t

2 −2µ
s
ik1γ−e

s t

2

µ
s
k1k2e

s t

2 −
µ
s
k1k2e

−s t

2
µ
s
(s2 + k2

2
)es t

2 −
µ
s
(s2 + k2

2
)e−s t

2 2µ
s
ik2γ−e

s t

2 2µ
s
ik2γ+e−s t

2

µ
s
k1k2e

−s t

2 −
µ
s
k1k2e

s t

2
µ
s
(s2 + k2

2
)e−s t

2 −
µ
s
(s2 + k2

2
)es t

2 −2µ
s
ik2γ+e−s t

2 −2µ
s
ik2γ−e

s t

2

−2µik1e
s t

2 −2µik1e
−s t

2 −2µik2e
s t

2 −2µik2e
−s t

2 2µη−es t

2 −2µη+e−s t

2

−2µik1e
−s t

2 −2µik1e
s t

2 −2µik2e
−s t

2 −2µik2e
s t

2 −2µη+e−s t

2 2µη−es t

2









































,

(81)

with γ± = s t
2
± µ

λ+µ
, η± = s t

2
± λ+2µ

λ+µ
, and the components of the vector

q = (q+
1 , q

−

1 , q
+
2 , q

−

2 , q
+
3 , q

−

3 ) being defined in (84). The closed-form solution
of (80) can be found in Nguyen et al. (2008).

Moreover, the strain ẽh(k̃, x3) for |k̃| 6= 0 (s 6= 0) is obtained from the
compatibility equation. It can be expressed by usiing a matrix P(k̃, x3) and
the vector ξ(k̃) as of form:

ẽh(k̃, x3) = P(k̃, x3) ξ(k̃) = P(k̃, x3)K
−1(k̃)q(k̃), (82)

where

P =













































ik1esx3 ik1e−sx3 0 0 −
k2

1

s
x3esx3

k2

1

s
x3e−sx3

0 0 ik2esx3 ik2e−sx3 −
k2

2

s
x3esx3

k2

2

s
x3e−sx3

−ik1esx3 −ik1e−sx3 −ik2esx3 −ik2e−sx3 (x3s−
2µ

λ+µ
)esx3 −(x3s+ 2µ

λ+µ
)e−sx3

k1k2

2s
esx3 −

k1k2

2s
e−sx3

s2
+k2

2

2s
esx3 −

s2
+k2

2

2s
e−sx3

ik2

s
(x3s−

µ
λ+µ

)esx3
ik2

s
(x3s+ µ

λ+µ
)e−sx3

s2
+k2

1

2s
esx3 −

s2
+k2

1

2s
e−sx3

k1k2

2s
esx3 −

k1k2

2s
e−sx3

ik1

s
(x3s−

µ
λ+µ

)esx3
ik1

s
(x3s+ µ

λ+µ
)e−sx3

ik2

2
esx3

ik2

2
e−sx3

ik1

2
esx3

ik1

2
e−sx3 −

k1k2

s
x3esx3

k1k2

s
x3e−sx3













































,

(83)
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and the components of the vector q(k̃) = (q+
1 , q

−

1 , q
+
2 , q

−

2 , q
+
3 , q

−

3 ) are de-
rived from the boundary conditions (79). They are expressed in terms of the
periodic stresses, σ̂p(k), in the Fourier space as:

q±j = −
∑

k3

e±ik3
t
2 σ̂pj3(k) = −

∑

k3

e±ik3
t
2 δ̂j3mn(k) τ̂mn(k), (84)

where δ̂(k) = I − Lo Γ̂p(k).

It may be noticed that δ̂(k) is calculated with k 6= 0 and it is reduced to
the unity matrix I for k = 0. Therefore, the relation (84) allows to construct
a matrix S(k) constituted from the product e±ik3

t
2 δ̂j3mn(k) according to the

corresponding vector q(k̃) leading to:

q(k̃) = −
∑

k3

S(k) τ̂ (k). (85)

Substituting the above expression into (82) and taking into account the
Fourier transformation in x′3 of the polarization tensor leads to

ẽh(k̃, x3) = −
1

t

∫ t/2

−t/2

Γ̃h(k̃, x3, x
′

3) τ̃ (k̃, x′3) dx
′

3, (86)

where Γ̃h(k̃, x3, x
′

3) at the given points (x3, x
′

3) is defined by

Γ̃h(k̃, x3, x
′

3) = P(k̃, x3)K
−1(k̃)

∑

k3

S(k) e−ik3x
′

3 . (87)

It should be noted that this expression is calculated with k̃ 6= 0, its value
at k̃ = 0 is also considered from the corresponding strains. Moreover, taking
into account the definition (71), the complementary strains can be written
in the real space as (21).

For |k̃| = 0, the membrane strains ẽhαβ are null due to the periodicity

on ∂Yl of the displacement field, i.e. ẽhαβ(k̃ = 0, x3) = 0. The calculation

of ẽhj3(k̃ = 0, x3) is also performed by using the boundary condition (79)
and the differential equation system (75). This gives the expressions of the
out-of-plane strain field as follows,

ẽh33(k̃ = 0, x3) = −
1

λ+ 2µ

∑

k3

σ̂p33(k̃ = 0, k3) e
ik3

t
2 , (88)
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ẽhα3(k̃ = 0, x3) = −
1

2µ

∑

k3

σ̂pα3(k̃ = 0, k3) e
ik3

t
2 . (89)

For estimating the values of σ̂pj3 at k̃ = 0, it is noted that the out-of-plane

stresses, σ̂pj3, are null for the case of k̃ = 0 and k3 6= 0. As a consequence,
the calculation of the out-of-plane complementary strains in (88) and (89) is
reduced to the case of k = 0 where σ̂pj3(k = 0) = τ̂j3(k = 0):

ẽh33(k̃ = 0, x3) = −
τ̂33(k = 0)

λ+ 2µ
, ẽhα3(k̃ = 0, x3) = −

τ̂α3(k = 0)

2µ
. (90)

It allows to determine the non-null components of the Γ̃h at k̃ = 0 as
follows: Γ̃h3333(k̃ = 0, x3) = 1/(λ+ 2µ) and Γ̃hα3α3(k̃ = 0, x3) = 1/2µ.
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