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Abstract

We discuss non-Euclidean deterministic and stochastic algorithms for optimization problems
with strongly and uniformly convex objectives. We provide accuracy bounds for the performance
of these algorithms and design methods which are adaptive with respect to the parameters of
strong or uniform convexity of the objective: in the case when the total number of iterations N
is fixed, their accuracy coincides, up to a logarithmic in N factor with the accuracy of optimal
algorithms.

1 Introduction

Let E be a (primal) finite-dimensional real vector space. In this paper we consider the optimization
problem:

mxin{f(:n) sz e QY (1)

where () is a closed convex set in E and function f is uniformly convex and Lipschitz-continuous
on (. Recall that a function f is called uniformly conver on Q C E with convexity parameters
p=p(f)>2and p=pu(f,p) if for all x and y from @ and any « € [0, 1] we have

flaz +(a—a)y) < af(@)+ (1 - a)f(y) — gpa(l - a)|z -y (2)

The function f which is uniformly convex with p = 2 is called strongly convex. Uniform convexity
with 2 < p < oo and p > 0 implies usual convexity.

In this paper we discuss deterministic and stochastic first order algorithms for (large scale)
non-Euclidean uniformly convex objectives, thus extending non-Euclidean first order methods (see,
e.g. [7, 11] and references therein) to uniformly convex optimization.

Uniformly convex functions have been introduced to optimization in [14] and extensively studied
(cf. [1], [2], and [16]). The worst-case complexity bounds for the problem (1) with the exact
oracle of the first order oracle are readily available (see [6]). Namely, for any method tuned to the



relative accuracy e the number of calls to the oracle is not less than O(e~!) (which is much better
than the corresponding bound O(e~2) for much larger class of Lipschitz-continuous convex functions

equipped with the first order oracle). The corresponding bound for uniformly convex problems with

_2(p—1)
the convexity parameter p reads O (e = » |. Note that in the case of the stochastic oracle these

bounds holds also for problems with smooth objective. Though optimal Euclidean algorithms for
strongly convex optimization are readily available (see, e.g., [13]), they cannot be directly transposed
to the non-Euclidean framework.

The results presented in this paper are not very new, as they were developed by the authors
in 2004-2005. However, because of the immediate lack of application and, more importantly, due
to new first order methods based on smoothing of structured problems with better complexity
characteristics which were developed in [9, 10] at that time, the authors got an impression that
the proposed algorithms of black-box (non-structured) uniformly convex optimization are of very
limited interest. However, the developments of the last years clearly demonstrated that in some
situations the black-box methods are irreplaceable. Indeed, the structure of a convex problem may
be simply too complex for applying a smoothing technique. In particular, non-Euclidean first order
methods of convex optimization have attracted much attention lately in relation, in particular, with
very large scale applications arising in statistics and learning. For instance, some new applications
involving large scale strongly convex optimization has been recently reported (see, e.g., [4, 5, 15]).
These considerations encouraged the authors to publish the above mentioned results on subgradient
methods for uniformly convex problems.

In this paper we develop minimax optimal primal-dual minimization schemes for uniformly
convex problems as in (1) in the spirit of [11]. We also study the performance of multistage
dual averaging procedures when applied to uniformly convex stochastic minimization problems. In
particular, we show that such procedures attain the minimax rates of convergence on the considered
problem class. We also provide confidence sets for approximate solutions of stochastic uniformly
convex problems.

It is well known that performance of “classical” optimization routines for strongly (and uni-
formly) convex problems can become very poor when the parameters of strong (uniform) convexity
are not known a priori (see, e.g. Section 2.1 in [7]). In the case of deterministic and stochastic
optimization we develop adaptive minimization procedures in the case when the total number N
of the method iterations is fixed. The accuracy of these procedures (which do not require a priori
knowledge of parameters of uniform convexity) coincides, up to a logarithmic in N factor, with
the accuracy of optimal algorithms (which “know” the exact parameters). It is worth to note that
we do not know if it is possible to construct adaptive optimization procedures tuned to the fixed
accuracy with analogous proprieties.

The paper is organized as follows: in Section 2 we define the basic ingredients of the minimization
problem in question. Then we study the properties of the primal-dual subgradient algorithms in
the problem with an exact deterministic oracle in Section 3 and show how the dual solutions can be
produced in Section 4. In Section 5 we develop optimal algorithms for stochastic uniformly convex
optimization and show how confidence sets for approximate solutions can be constructed. Finally,
Section 6 contains some details of computation aspects of proposed routines.

2 Problem statement and basic assumptions



2.1 Notations and generalities

Let E* be the dual of E. We denote the value of linear function s € E* at x € E by (s,x). For
measuring distances in E, let us fix some (primal) norm || - ||. This norm defines a primal unit ball

B={ze€E: |z| <1}.
The dual norm || - || on E* is introduced, as usual, by
IIs|l« = m;mx{(s,:n) : x€ B}, seFE".
For other balls in F we adopt the following notation:
Br(r)={y € E: |ly—z| <R}, zck.
If a uniformly convex function f is subdifferentiable at x, then

fy) = fla)+ (f'(@),y —x) + splly — =)’ VyeQ, (3)

where f'(x) € E* denotes one of subgradients of f at x € Q. If f is subdifferentiable at two points
x,y € Q, then

(f'(x) = '),z —y) > plz -yl (4)

2.2 Problem statement

We consider the optimization problem (1) with the uniformly convex function f with convexity
parameters p(f) and p(f). The basic assumption we make about the objective, and which is
supposed to hold through the paper, is that f is Lipschitz-continuous on Q:

Assumption 1. We assume that all subgradients of the objective function are bounded:

If' @)« < L, forany z€Q.

We are to study the performance of an iterative minimization schemes, and we consider two settings
which differ with respect to the information available to the method at each iteration.

— deterministic setting: let xp be the search points at iteration k, £k = 0,1, .... We suppose that an
exact subgradient observations gr = f’(x)) and the exact objective values f(z}) are available;

— stochastic setting: the observation g of the subgradient f’(z), requested by the method at the
k-th iteration, is supplied by a stochastic oracle, i.e. g; is a random vector.

To be more precise, suppose that we are given the probability space (2, F, P) and a filtration (Fy),
k= —1,0,1,... (non-decreasing family of o-algebras which satisfies “usual” conditions).
Let

g = 9(k, Wi),

where



o {wi}2, is sequence of random parameters taking values in €2, such that wy, is Fj-measurable;

e 1, is the k-th search point generated by the method. We suppose that x;, is Fj_1-measurable
(indeed, xy is a measurable function of zy and observations g1, ..., gx—1 at iterations 1, ..., k—1).

We also consider the following assumptions specific to the stochastic problem:

Assumption 2. The oracle is unbiased. Namely,
Ei_1[g(zg,wi)] € Of (xk), as. xp€Q, k=0,1,..

Here Ej stands for the expectation conditioned by Fj (then E = E_; is the “full” expectation).
Let us denote

& = gr — (1),
the stochastic perturbation. Note that Ex_1[{x] = 0 a.s. for k& = 0,1,.... We suppose that the
intensity of the sequence {gx}32, is bounded.

Assumption 3. We assume that

supE[|&? < o? < oo for k=0,1,... (5)
k

We will also use a stronger bound on the tails of the distribution of (&):

Assumption 4. There exists ¢ < oo such that
E. 1 [exp {kaHza_Z}] <exp(l) as.,, k=0,1,... (6)

Note that by the Jensen inequality (6) implies (5).

2.3 Prox-function of the unit ball

Assume that we know a proz-function d(z) of the ball B. This means that d is continuous and
strongly convex on B in terms of (2) with some convexity parameter p(d) > 0. Moreover, we
assume that

d(x) >d(0) =0, =€ B.

Hence, in view of (3) we have
d(z) > tu(d)||z||*, Yz e QN B.
An important characteristic of the prox-function is its maximal value on the unit ball:
d(z) < A(d), =z¢€ B. (7)

Therefore,
u(d) < 2A(d). (8)

If the function d is growing quadratically, another important characteristics is its constant of
quadratic growth C'(d) which we define as the smallest C' such that

d(z) < Cll|*. (9)

We have
u(d) <2C(d) and A(d) < C(d).



Example 1. Let E = R" and let B be a unit Euclidean ball in R™. We choose the norm || - || to
be the Euclidean norm on R™, so that the function d(z) = ||z||3/2 is strongly convex with u(d) = 1
and C'(d) = A(d) = 1/2.

Example 2. Let again £ = R™ and let B be the standard hyperoctahedron in R", i.e. a unit
li-ball: B = {z € R"|||z||; < 1}, where

Izl =) |2,
i=1

We take ||z|| = [|z||; and consider for p > 1 the function d,
n 2/p
@) = } (Z |mz-|p> = 3.
i=1

p—1 1

The function d is strongly convex with u(d) = O(1)n » , and for p = 1 +
O(1)(Inn)~! (see, e.g. [6]). Further, we clearly have A(d) = C(d) = 1/2.

Note that norm-type prox-functions are not the only possible in the hyperoctahedron setting.
Another example of prox-function of the [y-unit ball B, which is very interesting from the compu-
tational point of view, is as follows:

d(z) = min éW(u("))Jﬂb(v(“)]:

we have u(d) =

Inn

-

=1

@ =@ — @ 4O >0 00 >0,i=1,...,n} + In(2n), (10)

tint, t>0,
o = "0 120

In order to show that this function is strongly convex on the standard hyperoctahedron B = {x €
R"|[|z|l1 < 1}, we need the following general result.

Lemma 1. Let Q be a bounded closed convex set in E containing the origin. If function f(x) is
strongly convex on Q) with parameter p > 0, then its symmetrization

@) = min{fW+/0): s =u-0v, uaQ ve(l-a)Q ac 1},

is strongly convex on the set Q¥ = Conv {Q, —Q} with converity parameter %,u(f)

Proof: Consider two points x; € Q°, i = 1,2. Suppose that
= — v, u € i@, v € (1-a)Q, a; €10,1],

o) = flui) + f(vi), i=1,2.
Let us choose an arbitrary o € [0, 1]. Then,

def

z(B) = Bxi+(1-P)z2
= Bur —v1) + (1 = B)(uz — v2)
= Pur+ (1= Bluz — (B + (1 = B)va).

5



Denote v = Ba; + (1 — B)as. Then
l—y=pB1-o1)+(1-p8)1—a2).
Note that u; = a;i;, and v; = (1 —«;)v; for some @; and v; from @, i = 1,2. Therefore, denoting

T=pai/y, £=B(1-a)/(1-7),
we obtain
LL‘(B) = Paju + (1 — ﬁ)ag’ag — (ﬁ(l — 041)’51 + (1 — ﬁ)(l — 042)’172)

= A(run + (1 = 71)uz) — (1 —7)(€o1 + (1 = §)v2)

def _ _ _
= quz—(1—7)vs

with some w3 and vs from Q. Hence, us = yus € vQ, and v = (1 — v)vz € (1 — 7)Q.
Consequently, by definition of function f° and using inclusions u;,v; € @Q, i = 1,2, we obtain

o) < flua)+ f(va)
= f(Bur+ (1= Bluz) + f(Bv1 + (1 = B)va)
< Bf(w) + (1= B)f(u2) — 5uB(1 = B)|lur — uel®
+Bf (1) + (1 = B)f(v2) — 5uB(1 = B)[or — val[?
= Bf%x1) + (1= B)f(x2) — 3uBQ = B) [ llur — uzl* + [lor —val* ]

It remains to note that

2lur — ual? 4+ 2flvr — v2l? > lur —ug — (v1 —w)|? = [Jay — z2|®.

Thus, for function d(x) defined by (10) we can take

u(d) =4, A(d) = In(2n).

Note that d does not satisfy the quadratic growth condition (9)

For z € @), consider the set

def

Qr(z) = QN Bg(2).

This set can be equipped with a prox-function

d. p(z) = d (%(az - z)) .

Thus, the prox-center of the set Qr(2) is 2, and p(dz r) = fzp(d). Moreover, by (7),

dz.r(z) < A(d), V€ Qr(2).



In what follows we need the objects:
Vors(s) = max{(s,z—2) — fdsp(x) : € Qn(2)}, (1)
and
T rpa(s) = argm;xx{(s,:n —z)—PBd, g(z): v € Qr(2)}.

Note that dom V, p g = E*. Let us mention some properties of function V, r 5 (cf. Lemma 1 [11]):

o if f1 < B then V. rg, (s) = Vz r g, (5);

e the function V; g 3 is convex and differentiable on E*. Moreover, its gradient is Lipschitz

continuous with the constant %&):

2
IV ps(s1) = Vigals2)l < gigllss —salle, Vsi,so € B

e For any s € E*,

T rp(s) +z=m.rp(s) € Qr(2).

3 Deterministic methods for uniformly convex functions

We start with the description of the basic tool — the dual averaging procedure, which originates in
[11].

3.1 Method of Dual Averaging
At each phase the dual averaging (DA) method will be applied to the following auxiliary problem:

min{/(z) : @ € Qn(a)}. (12)
Its feasible set is endowed with the following prox-function:

dzr(z) = d(F(z — 7).
Consider now the generic scheme of Dual Averaging as applied to the problem (12).

Algorithm 1.

Initialization: Set xg = Z, so = 0 € E*. Choose 3y > 0.
Iteration (k> 0):

1. Choose A > 0. Set sp+1 = sk + A\pf'(xg), where {\;}2, is a sequence of positive
parameters.

2. Choose fir1 > Br. Set 241 = Tz R gy, (—Sk41)-



The process is terminated after NV iterations. The resulting point is defined as follows:

en(Z,R) = (Zi\io)\z)_lzé))\ixi- (13)

The result below underlies the following developments (cf. Theorem 1 of [11].):
Proposition 1. For any x € Qr(Z),

k R &

S Alf (e~ a) < den(@) + 5, Z;—Hf (@) (14)

=0 i=0

Let \; =1 and 8; = vV N + 1,1 =0,..., N with some v > 0. We form the gap value

k
5k(j7R) max{% Z<f/(xz)7xz - x> HERUES QR(‘T)} ) (15)
=0

where {);}2°, is a sequence of positive parameters. In view of (13) we have the following lemma:

Lemma 2. Let us choose an arbitrary & € @ and let x* be the optimal solution of problem (12).
Then the approzimate solution supplied by Algorithm 1 with the constant gain f; = vV N +1
satisfies

2 P2
fan(@ R) — f(z*) < ;(de”i),

N +1 2yu(d)
- < MER 1 LR
ben(o )= < B < S (0 + 1)

Proof: In view of conditions of the lemma, z* € Qr(Z). From the assumptions on function f, we

conclude that
(f'(@i),mi —a*) = f(x) — f(@¥),

) ,
<f/(xi)7xi_x*> > :u(f)'Hxi_x*Hp? i=0,...,N.

Hence,
N
(N+Don(@,R) = Y [f(z) = fa)] = (N +D)[f(en(@, R)) — f(2")],
i=0
N
(N +1)én(z,R) > M(f)z i —2%)” = p(F)(N + Dlfen (2, R) — 27|”.
It remains to note that dz r(x) < A(d) for any € Qr(Z) use the inequality (14). a

Under the premises of the lemma we can establish the following immediate bounds:



Corollary 1. Let z* be an optimal solution of (12). Then for the choice
LR

' 2nd)Ad)

we have the estimates:

_ . 2A(d)
flan(z,R)) — f(z") < LR W; (16)
LR 2A(d)

lae@ ) =2l < S\ v+ 1

3.2 Multi-step algorithms

Now we are ready to analyze multistage procedures for uniformly convex functions. In this section
we assume that the constants L, p(f), p and Ry > ||a* — x| are known. Let us fix € > 0 and let
o be an arbitrary element of Q.

Algorithm 2.

Initialization: Set yo = xg and m = |log, @RSJ + 1.9 Let 7 = —2(p,)_1)-
Stage k=1,...,m:

T 4L2A(d —
1. Deﬁne Nk = L2 kWJ and RZ =2 kRg
LRy,

2. Compute yr = xn, (Yk—1, Ri—1) with 7 = Tam
Output: Z.(yo, Ro) := Ym.
Note that the parameters of the algorithm satisfy the following relations:
4I°A
12 (f)u(d) Ry ¢

Theorem 1. The points {y,}}", generated by Algorithm 2 satisfy the following conditions:

N.+1 > 27F

lye — 2| < RC=27FRE k=0,...,m, (18)

5Nk (yk—lv Rk—l) < M(f)Rg = M(f)Q_kRgv k= 17 ceey M. (19)

Moreover, f(Zc(yo, Ro)) — f* < € and the total number N (€) of iterations in the scheme does not
exceed

r 17
om+t1\T ar2A(@) SHLZA) g
( Ry ) cou@ S o e (20)

DHere la] stands for the largest integer strictly smaller than a.



Proof: Indeed, for k = 0, (18) is valid. Assume it is valid for some k£ > 0. Note that

(17) LNT a2 1/2
SN I 2T se2a@) VP Ly DA
Therefore, in view of Proposition 1 and Corollary 1, we have

LRy+\/2A(d
s < R = (B

< _LBey240d)
ONpys (Yhs Bie) - = #(d)(Nig+1+1) ’

and this is (19) for the next value of the iteration counter. Further,

lyrss = 1P < u(f) ™ Oy (v, Bi) < RYy,

and this is (18) for k + 1.
Finally, at the end of the m-th stage, in view of Lemma 2 and (19) we have

(19) (17
f@c(yo, Ro)) — f* < 0N, (Um—1,Bm—1) < w(f)Rm = 27"u(f)R; < e

The complexity of the method can be estimated as follows:

a7 m 2 T 2
& 4L—A(d) gm-+1 AL% A(d)
N(e) < k§12 TR ( Ry > @ D2 (Nu(d)”
To conclude (20) it suffices to notice that by (17), 2m+! < 4u(f€)R8' -

An important particular case of Theorem 1 is the case of strongly convex objective f. In the
latter case 7 = 1 and the analytical complexity of Algorithm 2 does not exceed

16L2A(d) 1
pu(f)p(d)

The method can be easily rewritten for the case when the total number N of calls to the oracle

. . TloT 4L2A(d)

. > =AY
is fixed a priori. Suppose that N > [27(27 + 1)]u2(f)u(d)R§(”71)
Corollary 1 for one-stage method provides better accuracy). Consider the following procedure:

(in the opposite case the bound of

Algorithm 3.

Initialization: Set yo = 2o, 7 = 221 compute N; = L2Tj%J while >, N; <

g RURICE A
N. Set
m(N) = max{k: Z?:l N; < N}.
Stage k=1,...,m(N): Set Rf =27*Rf. Compute yx = zn, (yr—1, Ri—1) With

LRy

T T rdA@)

Output: Tn = Y, (n)-

10



Corollary 1. We have
1/7
faw) - g < 2 (A ) (21)

u(F)? ()

Proof. Indeed, as in the proof of Theorem 1 we conclude that
f@N) = £ <27 Nu(f)RE.

Now it suffices to notice that the number m(N) of the stages of the algorithm can be easily bounded:

m) m(N)+1\ T L2A(d
%§k¥1Nk§<2 >(4()

Rp 27 —=Dp2(f)u(d) -
Thus,
—m(N) 812A(d) \Y7 p—p
2 < 2 (@) R
and the bound (21) follows. a

3.3 Methods with quadratically growing prox-function

We propose here a slightly different version of multi-stage procedures for the case when the prox-
function satisfies the condition (9) of quadratic growth.
The result below is an immediate consequence of Proposition 1 (cf. Lemma 2 and Corollary 1):

Corollary 2. Let x* be an optimal solution of (12). Suppose that the proz-function d satisfies (9)
and that ||z — z*|| < r < R. Then the approzimate solution xn(Z, R), provided by Algorithm 1 with

R2L

T i)

satisfies
Flan@ ) = 1) < oy 22)
lew(@,R) —2*p < & [ 201 (23)

)| (d(N+1)

Indeed, to show (22) and (23) it suffices to use (14) and to observe that due to (9) dz r(z*) <

2
C(d) =
The following multi-stage scheme exploits the “scalability property” (9) of the prox-function
d. Tt starts from arbitrary x¢p € Q. As in the previous section, we assume that the constants L,

u(f) and the diameter Ry of @ are known.
Algorithm 4.
Initialization: Set yo = zg, 7 = 2(”—;1) and m = |log, @RSJ + 1.

Stage k=1,...,m:

11



4L2C(d —
1. Deﬁne Nk = LZTkWJ and TZ = k‘R([)’

2
2. Compute yr, = xn, (Yk—1, Ro) with v, = LRy

rh—14/2C(d)u(d)”

Output: Set the approximate solution T, = y,,.

We would like to stress the difference between Algorithms 2 and 4: in Algorithm 4 the delation
parameter R = Ry of the prox-function d remains the same through all the stages of the method.
Only the gain v; and the duration N of the stage depend on the stage index k.

We have the following analogue of Theorem 1 in this case:

Theorem 2. Suppose that
B 47-+1L2C(d)

u(f)7 u(d)

Then the approximate solution Ty, provided by Algorithm J satisfies:

N > N(e) -

Ef(z) — f*<e.

Proof: As in the proof of Theorem 1, the result of the theorem follows immediately from the
relations:

Ellyx —a*|l < rf = 27"R§ (24)
and
Ef(ye) = f* < u(f)rg < u(f)27 RS (25)
Indeed, using the relations above we write:
Ef@) —f° < p(f)rp=2""u(f)Rg <e.

Let us verify the bounds (24) and (25). Assume that (24) valid for some k& > 0. Note that

EogieY

9mk/2 1 8120(d) \ /* . L 20(d)
Ve 1> R{ (uz(f)u(d)> ~ e\ @

Therefore, in view of Corollary 4, we have

Lry, \/ 2C(d) - rh o

E —x*|r < L=l
et =10 = S M@ 7 S 2 T e

and

. 20(d
Ef(yer1) — fF < (L + U)Tk\/ﬂ(d)(Nk(-i-l) ) < M(Qf)n’i = M(f)rlg—l—l‘

- |
The method can be rewritten in the when the total number N of calls to the oracle is fixed.

2
Suppose that N > 27(27 +1 L@O,. Consider the following procedure:
P 22 e o p

12



Algorithm 5.

o Tizations — _ 2(p=1) _ |orj__ AL?C(d) : N, <
Initialization: Set yg = xg, 7 o> compute N; {2 2 n(@ FEPD J , while zj N; <

N. Set m(N) = max{k : Z?:l N; < N}
Stage k=1,...,m(N):

2
Set 7‘,’; = 2_kR8. Compute y, = xn, (Yk—1, Ro) with 7 = L1y

Th-11/2C(d)p(d)”

Termination: Set the approximate solution Zny = Ym(N)-

Corollary 3. We have ,
9 1/7
Bf(in) - f* <2 <M> .

u(f)e n(d)N

The proof of the corollary is completely analogous to that of Corollary 1.

3.4 Adaptive algorithm

Consider the setting in which the total number N of calls to the oracle is fixed and suppose that
the convexity parameters p p(f) are unknown. We propose a multi-stage procedure which does
not require the knowledge of these parameters and attains the accuracy of the method which
“knows” the convexity parameters up to a logarithmic in NV factor. Following the terminology used
in statistical and control literature, we call such procedures adaptive (with respect to unknown
parameters). In what follows we suppose that the bounds L and Ry are known a priori.

We analyze here the following adaptive version of Algorithm 3 ( we leave the construction and
analysis of adaptive version of Algorithm 5 as an exercise to the reader):

Algorithm 6.

Initialization: Set yo = 2o, m = |3 log, %] —12), Ny = [N/m], and

R,=2"%Ry, k=1,..,m.

~ . LRy
Stage k = 1,...,m: Compute yr = Tn,(yx—1, Rp—1) with vy, = m.

Output: Tn = argming_; ., f(yx)-

Theorem 3. The approzimate solution Ty satisfies for N > 4

P
16L2A(d) log, N> 26-D)

f@N)—f < 2( 5
p(f)e p(d)N

2) here [a] stands here for the largest integer less or equal to a

13



Proof: Note that m satisfies

m ON
2" < g 7A(S)(lgg2N‘ (26)

Thus by (8), m<3 1logy N. Assume now that u(f) < RziLl A(Z)((liogz

. 2A 2mA(d)
_ < ) < A /
fly) = f° < 0ny(yo, Ro) < LRy D + 0 LRy DN

A(d) logy N <<16L2A( log, N)Q(Pp”
HdN T\ () pdN ’

‘We have

< LRy

what implies the statement of the theorem in this case. Next, let us denote pg = 2_mLRé_p SO

that
[A( 1 L A 1
9LRL” Og2 < o < ALR)™ °g2 (27)

and py, = 20~V k = 1,...,m. Observe that from the available information we can derive an
upper bound on the unknown parameter u(f), namely,

w(f) < g S b

Suppose now that the true p(f) satisfies pp < p(f) < pm. We need the following auxiliary result.

Lemma 1. Let k* satisfy g+ < p(f) < 207 pge. For 1 < k < k*, the points {yx}", generated by
Algorithm 6 satisfy the following relations:

lyp—1 — 2" < Rp—1= 27k R, (28)
Ono (-1, Ri—1) < R =27"%poRE. (29)

For k* < k <m, we have
flyr) < flyee) + Nk*RZ*- (30)

Proof. Let us prove first (28) and (29). Indeed, for k = 1 (28) is valid. Assume it is valid for
some k > 1. We write

Ry
(26) < 2k >f"1 op [Adlogy N 2L 2A(d)
— \Ro u(d)N R\ p(d)(No + 1)

Therefore,
(1<6) LRy_11/2A(d)
1(d)(No+1)

14



That is (29). Moreover,

lyr = 2*P < ()~ 'one (Y1, Bo—1) < HRE < R,

and this is (28) for the next index value. Further, as in (31), for £ > k* we have

~

Fn) = Fwe-1) < Ono(We-1, Ri1) < LRe 1/ s

. GBh .
— W HRL R gy <ok kR

1(d)(No+1)
Then i )
) = flue) = X fly) = flyim) < X 2 e Ry < e Ry
j=k 41 j=k*+1
This proves the lemma. a4

Now we can finish the proof of the theorem. Recall that ug < p(f) < pm. At the end of the
k*-th stage we have

1
p—1
o

flyre) = 5 < Ong(Ure—1, Rie—1) < = Ry < 2——— iy Ry,
p(f)r T
P P
_ e R 2D <16L2A(d) log2N> -1
= I > 2 :
p(f)et u(f)r p(d)N

4 Generating dual solutions

In order to speak about primal-dual solutions, we need to fix somehow the structure of objective
function in problem (1). Let us assume that

f(z) = max ¥(z,w), xz€Q,

wesS

where S is a closed convex set, and function ¥ is convex in the first argument x € () and concave in
the second argument u € S. Let us assume that ¥ is subdifferentiable in x at any (z,w) € @ x S.

Then we can take
flx) = Vy(z,w(z)),

(32)
w(r) € ArgmaxV¥(x,w).
wes
Thus, we can define the dual function n(w) = Iniél U (z,w), and the dual maximization problem
S

Find f* = max{n(w) : w € S}.
w
For any w € S, we assume that ¥(-,w) is uniformly convex on @ with convexity parameters

p=p(¥) and p(V)).
The following result is quite standard (cf. Lemma 3 [12]).

15



N N
Lemma 2. Define z = ﬁ > xy, and wy = ﬁ w(z;). Then
i=0 i=0
- — « def 1 N / 1 7
f(@En) =nlony) < Iy = maxq g ;)(f (zi),zi — @) — gp(V)|lz — 2N 2 €@ (33)

Proof. Since W is convex in the first argument, for any = € Q) we have

(Fla)ai—2) D (W w) o - )
> Wl wle) — W, w(@) + bu(@)z — e
=) — B wlm) + 3o — il
Hence,
N
e = e { S0 ) - a0 - vl s e Q)
1 N / 1
> by S - o) - b0l —all] 2 e Q)

\%

=z

£
=
o
"

hes p {S [f(zi) — (z,w(z;))] : =€ Q}

> f(zny) —min¥(z,wy) = f(Zn)—n(wN).

ol
Let us prove now several auxiliary results. Let I(z) be an affine function on E. Let us fix a
point i € ). Consider the function

P(r) =max{l(z): x € Q.(y)}, r>0.
Note that ¢(r) is an increasing concave function of r and

P(r) 2 9(0) = U(y)-

Let us fix some 7 > 0 and choose an arbitrary Z € Q7(y). For some p > 0 define
() = max{i(y) = splly —zll”: y € Q} (34)

We need to bound from above the value A}, (Z).

Lemma 3. For any b > 0 we have

* (= * — S
AH(LU) é A(l—l—b)lfp,u(y) + 2bp_17"p. (35)

16



Proof. Consider y,(Z), the optimal solution of optimization problem in (34) with x = Z. Then
M) = Uyu(@)) = shlly,(z) — 2.
On the other hand, for any b > 0,

(lyu(@) — ]l + Iz = gl))”
L+ 0" Hlyu(@) — z]° + (L + 071z — gl

1Y (7) — ll?

ININ

< (1+0) M yu(@) —2llf + (1 + b7,

Hence,
* [ = — AT — * — _
(@) < Uyu(@)) — 41Ol Lo <X () + g
Lemma 4. ) )
) <o+ 221 (L) (A28
A < (=
W) v+ ——= | = -
Proof. Indeed, denote = ||y, (7) — 9||. Then
N@) = W) — gut? < (f) = gpt? < max{yp(t) — ut}.

Since 9 (t) is concave,

Note that

thus

On the other hand,
P(0) < () + ' (7)(0 — 7).

Thus, /() < 7 (¥(7) — 9(0)).
When substituting the result into (35) we obtain

Corollary 2.

1 2
(@) < w(f)+(1+b)p;p1<%)’“ (M) QR

Let us apply now the above results to Algorithm 2. Let us choose p = u(¥),

17



where the points {a:,}f\f;’é were generated during the last mth stage of the algorithm. Note that

om > W pe > gm-1, (37)
Therefore
2¢ = —-m €
oy 2 0= 20TRG = (38)
Further,
(19 (37)
V() = 0Ny (Um—1,Bm-1) < w(V)27™RE <
1 Ny ’ 1 N,
P(0) = m;}(f (), i — Ym—1) ng)[f(wi)—f(ym_l)]

(19) (38)
> = f(Ym-1) = (V)21 RE > —2e

Hence, using the above inequalities in (36), we obtain

1

* —1 = € % v) _
Nanom) < e (1025 () ()7 +
= 6+%(%>H R TE+ it (39)
P
<

Do

6<1+%( )w+b1_p>7

where we set Kk = “(\I;)Fp and used the fact that 1 < x <2 due to (38).
When setting b = (%’)ﬁﬁ we obtain

1 1 1
. 67T £ 25p7 T 6
Au@)(ym)Se(H?’ : + = )
pr=t 20 p

Note that a finer estimate can be obtained for p = 2. To this end it suffices to verify that for the
choice b = 1/3 the right-hand side of (39) is decreasing in x for 0 < xk < 2. Therefore,

A(w) (ym) < 8.5e

It remains to note that
1 N o 1
Ay (Um) = m;X{m ;)U (i), zi —y) — gu(W)ly —yml”: y € Q} ,

13 No,
() ﬁ >~ x;. Thus, applying Lemma 2, we come to the following

=0

and Ym = TN, (Ym—1, Rm—1)

statement:
Theorem 4. Let assumptions of Theorem 1 hold and let Z.(yo, Ro) be the approzimate solution,

N
supplied by Algorithm 2. Define wy,, = ﬁ ST w(x;). Then
i=0

f(@e(yo, Ro)) — n(wn,) < Clp)e,

18



where

1 1 1
671 425971 6
Cip)<|1+3 P ).
prt 27rp

Furthermore, when the objective f is strongly convex (p =2), f(Zc(yo, Ro)) — n(wn,,) < 8.5¢€.

5 Stochastic programming with uniformly convex objective

In order to rewrite the results of Sections 3 in the stochastic framework we substitute for f’(xy)
its observation gp = f’(x) + & into the iteration of Algorithm 1. The following statement is a
stochastic counterpart of Proposition 1:

Proposition 2. Let (x), k = 0,1,... be the search points of Algorithm 1 with gy substituted for
f'(zx). Then for any x € Q N Br(Z),

k o2
> Nl f (i), w — ) < da g(x) Zﬁl ()12 +Z<Z, (40)
i=1 1=0
where
_ R2NZ||Gi12
1Gll« < 2XM||&Gll« R, G < =ik, T — =) + ou(d)f; (41)

and (Z;),i =1, ...,k are F;_1-measurable random vectors, ; € Q N Br(T)

In this section we propose two families of multi-stage methods for uniformly convex stochastic
programming problem described in Section 2.2. The first one is based on the dual averaging
scheme with the prox-function which satisfies the condition (9) of quadratic growth. As we shall
see immediately, one can easily obtain the bounds for the average value of the objective at the
approximate solution and is a stochastic counterpart of Algorithm 4 and 5. On the other hand,
the methods derived from those, presented in Section 3.2 better suit the case when the confidence
bounds on the error of the approximate solutions are required.

5.1 Expectation bounds for methods with prox-function of quadratic growth

When taking the expectation with respect to the distribution of &; we obtain the following simple
counterpart of Lemma, 2:

Lemma 3. Let T € Q satisfy E||Z — 2*||?> < R2, where z* is the optimal solution of problem (12),
and let A\ =1 and B, =yvVN + 1, k=0,..,N. Suppose that Assumptions 2 and 3 hold. Then the
approzimate solution supplied by Algorithm 1 satisfies

N
Bf(ax(2R) I S 5y DB =

1 o RYHL?+0?)
< e (B + )
Bllan(z, &) — 27" < ()N + 1 (ﬁyde’R(xH 2u(d)y >



Suppose now that E||z — 2*||? < r?. Using the relation dz p(z*) < C(d)I,T;z—Q2 we get the following
(cf Corollary 2)

Corollary 4. Suppose that T € Q satisfy

— * (12 2
- = )
E|z —z*||* <r

and let
B R? L2+ o2
T\ 20@utay
Then
Bf(on(, B) — [ < \/ o 2)
B . r 2C(d)(L? + 02)
Bllew () =l = u(f)\/ ORI "

When comparing the above statement to the result of Corollary 2 we observe that the only
difference between the two is that in Corollary 4 the quantity L? is substituted with L?+¢2. When
modifying in the same way the parameters of Algorithm 5 we obtain the multistage procedure for
the stochastic problem.

Assume that the parameters L, p, u(f) and the diameter Ry of @ are known. The method
starts from an arbitrary xzg € Q.

Algorithm 7.
Initialization: Set yy = xg, 7 = 2(”—;1) and m = |log, @R([;J + 1.
Stage k=1,...,m:

T 24+02)C(d _
1. Define N = |2 kWJ and rf = 27FRf.

. R2 2152
2. Compute yr = zn, (yr—1, Ro) with 7 = ﬁ,/@%.

Output: Set the approximate solution T = y,,.

We have the following stochastic analogue of Theorem 2:

Theorem 5. Suppose that
B 472 4+ o) C(d)
= 2

n(f)7 p(d)

Then the approximate solution Ty, provided by Algorithm 7 satisfies:

N > N(e)

e .

Ef(ze) — f* <e

20



The proof of the theorem follows the lines of that of Theorem 2. It suffices to substitute the
bounds (42) and (43) for those of (22) and (23). We leave this simple exercise to the reader.

The method can be rewritten for the case when the total number N of calls to the oracle is
fixed.

Suppose that
4(L? + 0%)C(d)

N >27(27 4 1) “
p2(f)u(d)R3* Y

Consider the following procedure:

Algorithm 8.

Initialization: Set yg = xg, 7 = 2(pp_1), compute N; = PTJ'WJ , while Zj N; <

N. Set m(N) = max{k : Z?:l N; < N}
Stage k=1,...,m(N):
2
Set rf = 27*Rf. Compute yx, = z, (yr—1, Ro) With v = Tf—:ﬂ%.

Termination: Set the approximate solution Ty = y,(n)-

Corollary 5. We have

8(L2 + 02)C(d)>1/ "

Ef(fzv)—f*§2< 3
p(f)e u(d)N

Exactly in the same way it was done in the deterministic settings, we can provide an adaptive
version of the method. To this end the adaptive method of Algorithm 6 for deterministic problem
should be slightly modified: we have to change the way the approximate solution Zy is formed,
as the exact observations of the objective function are not available anymore. Fortunately, we can
take as the output of the algorithm the approximate solution y,,, generated at the last stage.

Consider the following procedure:

Algorithm 9.

Initialization: Set yg = xg, m = %log2 C(”(d)N ] —1, Ny = [N/m], r, = 27*Ry, k =

d)logy N
1,...,m.

. . R2 =
Stage k = 1,...,m: Compute y;, = xn,(yx—1, Ro) with with v, = e/ %.

Termination: Set the approximate solution Ty = y,.

Theorem 6. The approzimate solution Ty, supplied by Algorithm 9, satisfies for N > 4:

P
16(L% + 02)C(d) log, N> 26—

Ef(i/E\N)_f*§4< 5
p(f)e p(d)N
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Proof: The proof of the theorem follows exactly the lines of that of Theorem 3. Using the notation
k*, introduced in Lemma 1, we get (cf. (30))

Ef(ym) < Ef(yre) + perho.

Thus

_p
* 16(L? + 02)C(d) logy N | 27V
Ef(ym) — f §2ﬂk*7‘]€*§4< ( g) (d) logy > ‘
u(f)e p(d)N
5.2 Confidence sets for uniformly convex stochastic programs

In this section we establish confidence bounds for the approximate solutions, delivered by multistage
stochastic algorithms. Consider dual averaging Algorithm 1 in which we substitute the exact
subgradient with the observation gi = f'(xy) + . Let dn(Z, R) be the gap value, defined in (15).

Proposition 3. Let & be a point of Q, \py = 1 and Br = vWN +1, k = 0,..,N. Suppose that
Assumptions 2—/ hold. Then

1 R*(L? + 0?) 3lna1
Prob; |0y (7, R) > Ald)+ —= ") 4+ 2Roy /2
ro ~N(Z,R) N+1<’y (d) + 2 1(d) >+ Ro Nl

Proof: We need the following result which is essentially known (cf [3]):

<a. (44)

Lemma 4. Let ¢;, ¢ = 0,..., N, be Borel functions on Q such that ; is F;-measurable, and let
i >0, v; >0 be deterministic reals. Assume that for all t = 0,1,2,... one has a.s.

Ei1[i] < pi, Eioilexp{y]/v7}] < exp{1},

Then for every A >0

N N N
Prob [ Y i > > pi+ Ay > v?| < exp{—A?/3} (45)
i=0 =0 i=0

Proof: It is immediately seen that exp{s} < s+ exp{9s?/16} for all s. We conclude that if
0<t< 3%1_, then

Ei_1lexp{tvs}] < tui + Eii[exp{9t*¢7/16}]
< tug + exp{9t°v2 16} < exp{tu; + 9t*v?/16}. (46)
. . 3202 22
Besides this, we have tz < —+ + 5,70 SO that

322 2
E;_1[exp{ty;}] < exp{ < i §} 7
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and the latter quantity is < exp{3t?v?/4} when t > 3%2,. Invoking (46), we arrive at

E,_1[exp{té,}] < exp{tu; + 3t>v2/4}

sl

n—1
exp {t Z zﬁl}] exp(tpn, + 3202 /4),

for any ¢ > 0. It follows that

~{i -

E En—l

whence for ¢t > 0,

E

N N 32 N
exp{tzwi}] Sexp{tz,ulw—j 1/22}

i=0 =0

1=0

Therefore for A > 0 we get

A
=
=

=

IN

min exp = exp{—A?/3}

t>0

as required in (45). a
Let us return to the proof of the proposition. From (41) and Assumption 4 we conclude that

R?)\2¢02 R?0?
E; 1G < =
2u(d)Bi - 2u(d)B;
(recall that F;_1& = 0 and &; is F;—j-measurable). Along with Assumption 4 this implies that

random variables 1; = (; satisfy the premises of Lemma 4 with u; = % and v; = 2Ro. Thus
by (45),

2,2 N
i((;) > 67+ 20RoVN +1| < exp{-~A*/3} (=afor A=+V3Ina™T).
1=0

N
Prob | ¢ >
=0

When substituting 8; = yv/ N + 1 we conclude (44) from (40). 4

From (44) we obtain immediately:
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Corollary 6. Let T be a point of Q). Let

L? + o2

"= @A

Then for all a« > 0, the approzimate solution x (T, R) of Algorithm 1 satisfies

A(d)(L? + 0?) N /In3a~1
o

2u(d)(N + 1) N+1

Corollary 6 allows us to compute the confidence sets for approximate solutions, provided by
stochastic analogues of Algorithms 2 and 3 exactly in the same way as it was done in Section 3.2.
For the sake of conciseness we present here only the result for the setting when the total number N
of subgradient observations is fixed and the convexity parameters of the objective are unknown.

Probz léN(a:,R) <2R >1-a. (47)

Algorithm 10.
Initialization: Set yo = 2o, m = |3 log, %] — 1, No = [N/m], and

Ry, = 2_kR0, k=1,....,m.

~ . No(L2+02
Stage k =1,...,m: Compute yr = Tn,(yr—1, Rk—1) with v, = Rk_“/%.
Output: Ty = Y.
Theorem 7. Let a > 0. Then the approximate solution Ty satisfies for N > 4

Prob [f(Zn) — f* < e(N,a)] > 1 — q,

N 16 W0 (124 02)Ad) U¢ L (loga N Pt
. )_4<(No+1)u(f)> <\/ @ O\ ( 20 >> '

2a
logy N

where

SIS

Proof: Let us denote & = and

_ 2 (L? + 02)A(d) —
a(Ny, @) = +oV3nal].
(8o, ) No +1 ( 2pu(d)
We set
Ho = 2R(1]_pa(N0,o7) and gy, =207V 00 k=1,..,m. (48)

Note also that
,U(f) S RPL*17
0

and by the definition of py and m we have u(f) < u(m). Suppose first that the true u(f) satisfies
o < p(f) < pin. We start with the following auxiliary result.
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Lemma 5. Let k* satisfy pp- < u(f) < 207 ugs. Then for any 1 < k < k*, there ervists a set
Ay, C Q of probability at least 1 —ka such that for w € Ay, the points {yi}]', generated by Algorithm
10 satisfy

lyp—1 — ¥ < Ry—y=2"F'Ry, (49)
flyr) = fF < meRy =2 puoRy. (50)

Further, for k > k* there is a set Cy, C Q of probability at least 1 — (k — k*)a such that on Cy,
flyk) < flyns) + pe By (51)

Proof. Note that for k =1 (49) is valid. Assume it is valid for some k& > 1. Note that by (47) of
Corollary 6 there exists a random set, let us call it By, such that Prob[Bg] > 1 — & and on Bk,

L? 2)A(d 3lna~!
ON(Yk—1,Rr—1) < 2Rp_ \/w—i—a\/ na

Q,u(d)(No + 1) No+1
48) 1 .
— Ry_ia(Nop,a) = Sh2” U ERET Ry = R (52)

On the other hand, by our inductive hypothesis, |lyx_1 —2*|| < Rg—1 on Ag_1. Let Ay = Ax_1NBy.
Note that
Prob[Ay] > Prob[Ai_1] + Prob[B;] — 1 > 1 — ka,

and we have on Ay:
flur) = < On(ye—1, R) < iRy,

ON(Yk—1, Ri—1)
1(f)

IN

lye — 2*[|” < Ry,

what is (50) and (49) for k + 1.

To show (51) notice that, we have for k > k* (cf. (52))

Tr) — fyr—1) < Ong (Yr—1, Re—1) < piRY)

on some B C € such that Prob[By] > 1 — a@. Then we have on Cj, = m?zk*-‘,—llgj:

k k .
Flw) = fly) = X fl) = Ffly-) < X 28 TRy < e Ry
Jj=k*+1 Jj=k*+1
Note that Prob[Cx] > 1 — (k — k*)a&. This proves the lemma. a

Now we can finish the proof of the theorem. Let puoy < pu(f) < gy, At the end of the k*-th stage
we have on the set Ag+ of probability at least 1 — k*a:

flyrs) = f° < Ong (o1, Rir—1) < puRY..
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Then on the set Ay« N Cy, such that Prob[Ag« NCy,] > 1 —ma (cf (51)) we have

1

p—1
p(f)r T
_P _P
VI <_2a(N0, a)) o
_ o< a ‘
p(f)e T u(f)e

It suffices to recall now that by the definition of m, m < %logz N, thus ma < a.
If u(f) < p(0), we have on Ay = By (cf. (52)):
. _ Ry o
fy) = < Roa(No, &) = —————a(No, @) 71

= 21 ———"—"<12r

Finally, we conclude using (51): on A1 NC,, we have

Flym) — f* < 2Roa(No, @) < <M> ”’1.

6 Computational issues

The interest of the proposed algorithmic schemes is conditioned by our ability to compute efficiently
the optimal solution 7, g 3(s) of the optimization problem (11). We present here two important
examples in which the problem (11) can be solved quite efficiently. These are the standard simplex
and the hyperoctahedron settings.

Let us measure the distances in £ = R" in [1-norm:

2]l = lllly = X 12].

i=1

6.1 Simplex setup

Let n > 2 and let
Q={z€eR"[z>0,|z[, =1}

be the standard simplex. We are to show how the problem (11) can be solved in this case. The
problem (11) on Qr(z) for the function d as in (10) writes

ming o {> ey [Si%i +wiInw; +vilnw] : D0 Ju; +o) =R, Yo xi=1,
ri=zitu;—v, u; >0, v; >0, x>0, i=1,.,n}
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When eliminating the “z” variable and dualizing the coupling constraints we obtain the equivalent
problem

max {L()\,,u) = min L(u,v,\, 1) : 2z +u; —v; >0, i =1, ,n} , (53)
M u,v

where
L(u, v, \, ) = >0 [rivi + tiw; +u; Inw; + v;Inv;] — AR — p -
ri =8 +A—pu, t;=—s;+A+ p.

The dual problem (54) can be solved using a conventional method of convex optimization (ellipsoid
or level), given the solution of the problem

min {L(u,v,\,p) : zi+u;—v; >0, i=1,...n}.
u,v

Note that the latter problem an be decomposed into n 2-dimensional problems

min su+tv+ulnu+vlnv, u>v—z. (54)

u,v
One way to compute the minimizer is to compute the solution (@, ) to the problem

min [¢(u,v) = su+tv+ulnu+vlnv], u=v—z
u,v

namely,

1 1
U= <\/ 22+ 4e 275t — z) , U= 3 < 22 4 4e—2—s—t ¢ Z)

2

and to see if the subgradient
, [ s+Ihu+1
Vi) = < t+Inv+1 )

satisfies
ZZ)/U(’L_L,Z_J) + TIZ):,(’L_L,Z_J) =0 and ¢§L(’a7l_)) - Qﬁ;(ﬂ,ﬁ) > 0.
If this is the case, we take @, v as the minimizers, if not, the inequality constraint is not active at

the optimal solution of (54) and we take

—1—s

u=-e , 7=e¢ 170

6.2 Hyperoctahedron setup

Let now @ be a standard hyperoctahedron: @Q = {z € R"|||z||; < 1}. Let us see how the solution
to (11) can be computed in this case.
When writing

n
T = w; — Yi, wi, yi =0, Z[’wz +yil =1,
i=1

the problem (11) on Qg(z) can be rewritten as

min {>°7 [si(w; —yi) Fuilnw; +o;lnw] S0 (us +v]l =R, Y (wi +yi) =1,

w?y7u7v

wi — Y =2z +u—v, w>0, v;,>0, w; >0, y; >0, i=1,...,n.}
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When dualizing the coupling constraints we come to

)\7}/4 u,v,w,y
zitui—vi—w+y; =0, w; >0, y; >0, i=1,..,n}

max{m,m = min L(u, v, A )

where

L(u,v,w,y, \, ) = >0 [rivi + tiwg + p(w; + ;) + wjInw; + v;lnv;] — AR —
=8+ t;i=—s;+ A\

The computation of the dual function L(A, 1) boils down to evaluating solutions to n subproblems

min,, su+tv+ ANw+y)+ulnu+ovino,

ztu—v—w4+y=0, w>0, y=>0. (55)

It is obvious that either w or y vanishes, and to find the solution to (55) it suffices to compare the
optimal values of the problems

min ¥y, (u,v) =su+tv+ANz+u—v)+ulnu+vlnv, z+u—v>0, (case y=0),

u,v

min Yy (u,v) =su+tv—ANz+u—v)+ulnu+vinv, z+u—v <0, (case w =0),
u,v

which are the same problems as (54) in the previous section.
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