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Abstract

We consider the problem of Bayes estimation of a linear functional of the signal in the Gaussian
white noise mode, under the assumption that the unknown signal is from a Sobolev smoothness
class. We propose a family of conjugate (Gaussian) priors and prove that the resulting Bayes
estimators are rate minimax from both frequentist and Bayes perspectives. Finally, we show that
the posterior distribution of the functional concentrates around the true value of the functional
with the minimax rate uniformly over the Sobolev class.
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1 Introduction
Suppose we observe X = X(™ = (X, X, ...):
X, =0, +n Y%, i=1,2,..., (1)

where ; are independent A/ (0, 1) noises, § = (64,65 ...) is an unknown infinite dimensional
parameter, which we will call signal, parameter n — oo reflects the increase of information.
The goal is to make an inference on the linear functional of the signal # in the asymptotic
setup as n — oo. For a given fixed 6 € /5, denote the corresponding probability measure
of X by Py = Po(”). In case 6 is a stochastic element, Py denotes a conditional probability
measure of X given . Many quantities will depend on information parameter n, but for
the sake of notation simplicity we will often skip this dependence.
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The interest in model (1) is mostly motivated by its well known equivalence to the
white noise model (see Belitser and Levit (1995), Johnstone (1999)):

dX.(t) = f(O)dt +edW (1), 0<t<1, 2)

where X.(-) is an observation process, f(-) € Ly[0,1] is an unknown signal, W (¢) is a
standard Wiener process, ¢ > 0 is the noise intensity. The problem is studied in the
asymptotic setup € — 0. Indeed, suppose {¢;, i € N} is an orthonormal basis in L[0, 1].
Then the problem can be translated into an equivalent sequence model (1) with observations
X; = fol ¢i(t)dX(t), the unknown Fourier coefficients 0; = fol ¢i(t) f(t)dt, independent

Gaussian noises &; = fol ¢i(t)dW (t) and n = e 2. Since there is an isometric (with respect
to the scalar products in 5 and L) correspondence between 6 and f(-), we call both 6 and
f(+) signal. Being interesting in communication theory on its own, model (2) also provides
a good approximation to a variety of curve estimation problems; see Nussbaum (1996) for
density estimation; Brown and Low (1996) for non-parametric regression.

Suppose we are interested in estimating the signal f(t) from the model (2) at a fixed
point ¢ € [0, 1]. Then, in terms of parameter @, this problem corresponds to the estimation
of the linear functional ® = ®(0) = > 72, b;6; in the model (1), where b; = ¢;(¢). The
above two problems are equivalent if the pointwise convergence f(t) = > =, 0:¢;(t) = ®(6)
holds, which can be provided by some conditions on f(-). For example, for the standard
trigonometrical basis, continuity and Dini condition at point ¢ would do.

In this paper, we study the problem of estimation of the linear functional ®(6) in the
model (1) by using a Bayesian approach. Assume that |b;| < 1 for all i € N and the
signal € belongs to a Sobolev class of certain smoothness (to be defined later). We put
a simple conjugate prior on the signal # and investigate the performance of the resulting
Bayesian procedure. Li and Zhao (2002) studied this problem and showed that a certain
choice of normal prior leads to the Bayes estimator which attains the minimax rate over
the Sobolev ball. However, as Li and Zhao (2002) demontrate, this prior (and posterior)
assignes zero mass to the underlying Sobolev space. In fact, they show that there does
not exist a Gaussian prior on Sobolev space such that the corresponding Bayes estimator
attains the optimal minimax rate. Related results about the Bayesian estimation of the
entire signal  in ¢y-norm can be found in Zhao (2000) and in Belitser and Ghosal (2003).

In this note, we continue the investigation line started by Li and Zhao (2002). We
propose a family of conjugate priors and establish that any prior from this family leads
to the minimax rate Bayes estimator of the functional ®(#). The prior from Li and Zhao
(2002) is the only member from this family which does not depend on the information
parameter n. Next we show that the Bayes risk is of the same order as the minimax risk.
However, again the prior and the corresponding posterior mass ‘escape’ the parameter
space of interest. Despite this undesirable property, the posterior still does the ‘right
thing’ as to the estimation of the linear functional ®(#): using the results on the frequentist
and Bayesian performance of our Bayes estimator, we finally establish that the posterior



distribution of the functional ®(6) concentrates around the true value of the functional
with the minimax rate, uniformly over the Sobolev class.

2 Preliminaries

For a smoothness parameter 3 > 0, introduce a Sobolev space O3 = {9 DYy 2062 < oo}
and an le-ellipsoid (which we call Sobolev class)

= {e:iﬁﬁef <Q}.

=1

Denote by ® = ®(X) an estimator of linear functional ® = ®(6) = 32°°, b;6;, a measurable
function of observation X from model (1). Assume throughout that 8 € ©3(Q), > 1/2
and |b;| < 1,4 € N. The functional ®(f) is then wel defined. Indeed, by Cauchy-Schwartz

inequality
(@)’ < (X |bi8i|>2 < SRS < oo,
=1 i=1

=1

For an estimator @, the estimation quality is measured by the risk function
< - 5 2
R(®) = R(®,P(0)) = Ey (<I> — @(6)) .
It is known that, under appropriate assumptions on b = (by, bs, .. .), the minimax risk

r(05(Q)) =inf sup R(D,P(6))
¢ 9€04(Q)

is of order n~(29=1/20 and it is sharp (see Donoho and Low (1992)), i.e. there exist 0 <
C1 < (5 < 00, such that

C, < lim inf n26-1/28, 2 (05(Q)) < lim sup n26-1/20,. 2 (05(Q)) < Co.
The lower bound in the above relations holds only for the so called ‘nonparametric’ b =
(b1, bg,...); a simple example is |b;| > k > 0,7 € N.

Remark 1. This lower bound holds also for the minimax risk over the ellipsoid ©4(Q) =
{60300 k(03,4 603,,,) < Q} and sequence b = (by, bs,...) such that b3, + b3,,, = 2,
k € N. The reason to look at this case is that the estimation of functional ®(#) over class
ég(Q) for G € N corresponds to the pointwise estimation of signal f(¢) in the model (2),
where signal f belongs to a periodic Sobolev functional class of smoothness 5 (which is
a subset of the usual Sobolev functional class, so that the same lower bound holds for
the Sobolev class), see Evromovich (1999) and Tsybakov (2004). In this case one takes
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the basis {¢x, & € N} to be standard trigonometric: ¢;(t) = 1, ¢or(t) = v/2cos(27kt),
Gors1(t) = V/2sin(27kt), k € N, so that the above relations on b, = ¢(t), k € N, are
indeed fulfilled.

In this paper we use a Bayesian approach. Namely, we put a prior 7 on signal # and
study the performance of the resulting Bayes procedure. The prior should be chosen in
such a way that it adequately models the deterministic condition § € ©4(Q). We have
however to specify exactly what we mean by ‘adequately models’. Our prime statistical
inference problem under study is the estimation of a linear functional ® of signal # and
our main performance criterion is the convergence rate of the risk for this estimation
problem. We propose a family of priors and look at the performance of the resulting Bayes
procedures from the two different perspectives: frequentist (maximal risk) and Bayesian
(Bayes risk). The priors from this family are shown to be adequate in the sense that for
each prior from this family the corresponding Bayes estimator of the functional turns out to
have the minimax convergence rate, simultaneously under both Bayesian and frequentist
formulations. Finally, we show that these results lead to the adequate behavior of the
posterior: the posterior distribution of the functional ®(#) concentrates around the true
value of the functional with the minimax rate, uniformly over the Sobolev class.

To be precise, let 6y € ©35(Q) be the true value of unknown deterministic parameter
0. Now we look at the posterior distribution of 7“;1/2|(I>(6’) — ®(6y)|, given X, for some
appropriate positive normalising sequence r,, — 0 as n — oo, from the point of view of the
‘true’ distribution X ~ FP,,. We say that the posterior of the functional ® converges with
rate r, if for any M, — oo as n — oo,

7(r Y2 ®(0) — ®(6y)| > M,|X) — 0

in Py,-probability as n — oo.

If we put a prior 7 on signal 8, we can then regard the measure Py as the conditional
distribution of X given 6, so that we get a joint distribution on (X,#). Denote by Ey the
expectation with respect to the conditional distribution of X given 6, by E, the expectation
with respect to the prior distribution of 6§ and by E the expectation with respect to the
joint distribution of (X, ). Introduce the Bayesian mean square risk

Re(®) = E,Ey|® — (0)]> = E(® — ®(6))". (3)

3 Main results

For a given smoothness parameter 5 > 1/2, introduce the family of priors {ms 5, 6 < 26—1},
with 758 = 753, such that if 6 ~ 75 5, then

0; " N(0,72(6,8)),  72(8) = 72(6,8) = 728, B,m) = i 07RO GeN. (4)
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Remark 2. In terms of the continuous white noise model (2), the prior on signal f(-)
represents a Gaussian random process n(t) = > .o, 0;¢;(t), t € [0, 1] with zero mean and
covariance Cov(n(t),n(s)) = >, 77(0, B)¢i(t)pi(s). In case {¢y, k € Z} is the standard
Fourier basis, i.e. ¢(t) = e*™ this random process is stationary.

Remark 3. Notice that there is only one prior from the family which does not depend on
the information parameter n: m g (i.e. when 6 = 0), the one considered in Li and Zhao
(2002). According to the (pure) Bayesian tradition, one should use a prior which does not
depend on n. In order to allow more modelling flexibility, we, however, do not impose this
requirement. After all, using such priors does not affect formal constructions.

Remark 4. As discussed by Li and Zhao (2002), the prior my g assigns zero mass to the
Sobolev space O since series Y .o i?°72(0,3) diverges. Of course, we can take prior 754
with § < —1 to get a convergent series Y oo i2°72(8, 3) = n=%/@H "% ¥ = C()n ~5/(29),
The above undesirable property of the prior essentially remains though the prior mass
‘escapes’ ©g as n — 00.
Recall the following simple fact: if Z|Y ~ N (Y, 0?) and Y ~ N (i, 72), then

Z7% + po? 120’ >

2402 '124 02/

vz ~N(
Thus, the prior (4) leads to the following posterior distribution s 5(6|X):

ind 7'?(5, ﬁ)XZ 71'2(57 B)nil
Gl X~ N(TE(&, B)+n=1t 72(,0) + n_1> (5)

Therefore the classical Bayes estimator of functional ®(6) is

O = 9(8)=9(5,3) =D, 3,X) = E(®|X) = §:bE9LX fim%

i i i 71-2(5))(1' :
0; = 0:(0) =0i(0,8) = E(0;|X) = E(0] X;) = 20) 40 i €N. (6)
For p,g > 0, r > —1, pg > r + 1, introduce the function
i +1 41
4, du=p'Beta(g - ——, ), 7
B(p,q.r / Ty =P Betalg = — =, — (7)

0

where Beta(a, 3) = fo u® (1 — u)’~tdu is the beta function. From the properties of the
beta function it is known that

r+1 r+ 1) B (8)
p P p*sin(m(r+1)/p)
We will need the following technical lemma which is a slightly more general version of
the corresponding result from Belitser and Enikeeva (2008).

™

B(p,1,r) = p_lBeta(l —
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Lemma 1. Suppose 0 <p < o0, 0 < qg< oo, =1 <r <pg—1. Let B(p,q,r) be defined by
(7). Forr >0 define D(p,q,r) = r"/?(pg — r)1= /P (pg)~1 = (1 — qu)q(m — 1)—7«/;;’ with

the convention 0° = 1. Let positive 7, — 0o as n — oco. Then

e r+1

—q
Bp,q.m)w"”  + ¢n,

— (T (o +#)1

where ¢ = 6u(p,q,7) such that |¢,] < D(p,q, )y ™" if r > 0 and |¢,] < 7,4 if r < 0.
(’Yn‘lf‘up)q ’
increasing on u € [0, Uy,q,] and decreasing on [Upaz, 00) With Upe, = (m/n /(pq — 7’))1/ POIf
—1 < r <0, the function g(u) is decreasing on R and in this case we let upq, = 1. Now
we have that

Proof. Denote g(u) = ue€ Ry ={u: u>0} Ifr >0, the function g(u) is

oo

< udu < udu
umax < _—ad —_I' Umaz )
[ oo S G S G oo

=1

With ¢(tmas) = D(p, ¢, r)7SP ™ if 1 > 0 and |g(tmae)| < 7,4 if r < 0, which establishes
the lemma. H

Remark 5. If r < —1, then for some C) = Cy(p,q,7) and Cy = Cy(p,q,r) we can get a
trivial asymptotic relation

g Vn‘i"lp 2771 )

which is not really informative.

The following theorem illustrates that the chosen prior adequately reflects the require-
ment 0§ € O3(Q): both frequentist and Bayes risks of the Bayes estimator ® have minimax
convergence rate uniformly over Sobolev ellipsoid O4(Q).

Theorem 1. Let ™ = w55 be a prior from the family (4) with 6 < min{28 — 1,8+ 1/2},
O = ®(0, 5, X) be the corresponding Bayes estimator defined by (6), function B(p,q,r) be
defined by (7) and |b;] <1, 1 € N. Then

26—-1

limsupn 27 sup R(®,P(0)) < B(26 —6,2,0) + QB(26 — 6,2,26 — 26)

n—00 0c0;3(Q)
and
limsupn Ea R.(®) < T
00 ~ (28— 9)%sin(n/(26 —0))



Proof. Split the risk into the sum of the bias and variance terms:

R(®,2(0) = Eo(& - 2(0))" = £, % Sl

B = n7b6; 2 & n= o (6)
- mme) P @y

=1

First evaluate the variance term. Since § < 23 — 1, by Lemma 1 we have
N nTET(O) > nl=o/p

<
Z (72(0) + n=1)2 — 121 (n1_5/(25) + Z’2ﬂ—5)2

=1

— 0w B(26 - 6,2,0)(1 + o(1)).

By Cauchy-Schwartz inequality and Lemma 1, we obtain the following upper bound for
the bias term: uniformly over 6 € ©4(Q)

> n_lbﬂi 2 _2b2
(Crtin) < 20 Y oty oy
=1 ?
0 CQ 23—26
< Z (0= 6/(225)+Z-25—5)2 (9)

= 0% QB(28—6,2,28 — 20)(1 + o(1)),

since we assumed also 6 < 4 1/2; see remark on this condition below. The first relation
is proved.
Using (8) and Lemma 1, we derive the asymptotic expression for the Bayes risk

& RGeS nen)
RW(Q) — ; —Ti2(5) + ’[’Lil S ; n]-*é/(Qﬁ) + izﬁ*(s

=0 B(26 - 6,1,0)(1 + o(1))

_26-1
n ¥ T

~ (20— 6)?sin(n/(26 - 9))

as n — oo. (]

(14 0(1)),

Remark 6. Clearly the condition § < 23 — 1 is needed to ensure the convergence of the
variance term of the frequentist risk and the Bayes risk. Let us explain why we need the
condition § < F+41/2. If we had § > 5+ 1/2, then the upper bound for the bias term (see
(9) and Remark 5) would be as follows

23-26
245/ Qi —24+8/8 <, 25
2 Z (n1=3/@0)  j26-5)2 = Cin >n

7



. . _28-1
as n — 00, i.e. of a worse order as compared to the optimal rate n~ 27 .

Notice that if § = 3+ 1/2, the bias term is of the correct order n_Qgif;l, but with some
other constant. So the theorem holds also under milder condition § < 341/2 with adjusted
constant for the case § = [+ 1/2.

Using the above results, it is not difficult to derive our final result on the posterior
convergence rate of the linear functional of the signal. The theorem below says essentially
that the posterior distribution of ®(#) behaves correctly in the sense that it concentrates
around the true value ®(6) with the correct rate r,, = r,(3) = n~*=1/28_ 1In fact, using
(5), it is not difficult to derive the posterior distribution of ®(6) given X:

2 71

®(0)|X ~ N (2(5,8, X)), Var(®(0)| X)), Var(d Z Z;+n

Theorem 2. Let f > 1/2, 6 <min{28 — 1,6+ 1/2} and r, = r,(0) = n" % . Then for
any M, — oo,
(1 2 ®(6) — @(6)] > M| X) — 0

in Py, -probability as n — oo, uniformly over 6y € ©5(Q).
Proof. Let ® be the Bayes estimator of ®, defined by (6). By the conditional Chebyshev
inequality, we have
rn E(2(0) — ©(6)°|X)
M
roWar(®(0)|X) (D — ®(6))?
S M2 + VE

m(r, 2 @(0) — @(00)] > My|X) <

It is enough to show that the expectation of the right hands side of the last relation with
1 231
=n 29 and

respect to distribution F, tends to zero as n — oo. Since r,;
Ey, [Var(®(0)|X) + (& — ®(6,))*] = Rx(®) + R(D, ®(0)),
the result follows from the previous theorem. [

Remark 7. The above theorem guarantees good frequentist properties of credible intervals
for the functional ®(#), constructed on the basis of posterior distribution.
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