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Abstract

We extend the work of [Delong and Imkeller| (2010ab) concerning Backward stochastic dif-
ferential equations with time delayed generators (delay BSDE). We provide sharper a priori
estimates and show that the solution of a delay BSDE is in LP. We introduce decoupled
systems of SDE and delay BSDE (which we term delay FBSDE) and give sufficient condi-
tions for the variational differentiability of their solutions. We connect these derivatives to
the Malliavin derivatives of such delay FBSDE via the usual representation formulas which
in turn give access to several path regularity results. In particular we prove an extension of
the L2-path regularity result for delay FBSDE.

2010 AMS subject classifications: Primary: 60H10; Secondary: 60H30, 60H07, 60G17
Key words and phrases: Backward stochastic differential equation, BSDE, delay, time de-
layed generators, Lp-solutions, differentiability, calculus of variations, Malliavin Calculus, path
regularity.

Introduction

The theory of nonlinear backward stochastic differential equations (BSDEs) was introduced by
Pardoux and Peng| (1990) with its main motivations being mathematical finance (see |[El Karoui
et al.| (1997)) and stochastic control theory (see Yong and Zhou| (1999))). In the last twenty years
much effort has been given to this type of equations and nowadays many classes of BSDEs and
results on them are available. Due to tractability, common results are achieved within a Marko-
vian framework. Under certain conditions the BSDE’s solution exhibits a Markov structure and
hence can be interpreted as an instantaneous transformation of the underlying Markov process
that spans the stochastic basis of the underlying probability space. This in turn yields access
to the theory of partial differential equations via the non-linear Feynman-Kac formula.

*Gongalo dos Reis kindly acknowledges financial support by the DFG Research Center MATHEON to visit
the Humboldt-Universitat zu Berlin as well of the Chair Financial risks of the Risk Foundation sponsored by
Société Générale. Anthony Réveillac is grateful to DFG Research Center MATHEON, project E2 for financial
support. Jianing Zhang acknowledges financial support by the DFG IRTG 1839 SMCP.



Moving away from the Markovian setting, Delong and Imkeller| (2010a,b|) introduce a new class
of BSDE labeled backward stochastic differential equations with time delayed generators (delay
BSDEs). The dynamics of these BSDEs are governed by

T T
Yt—f—i-/t f(s,Y(s),Z(s))ds—/t Z,dWs, t€[0,T],

where the generator f at time s € [0, 7] is allowed to depend on the past values of the solution
(Y, Z) over the time interval [0, s] and & is a measurable random variable. In these two works
the authors answered thoroughly several fundamental questions: existence and uniqueness of a
square integrable solution, comparison principles, existence of a measure solution, BMO martin-
gale properties for the control component Z of the solution, Malliavin differentiability for delay
BSDEs driven by a Wiener process and a generalized Poisson martingale. To the best of our
knowledge the only existence and uniqueness results for this class of BSDEs follow from those
two works. As pointed out by Delong| (2010), delay BSDEs appear naturally in finance and
insurance related problems of pricing and hedging of contracts. In the same work the author
analyses a vast scope of contracts to which this class of BSDEs can be applied to.

Paying consideration to and seeking reference from the state of the art of BSDEs with non-
time delayed generators, the next step concerning delay BSDEs is to obtain a feasible numerical
scheme. Here, the main obstacle is the presence of the control process Z in the generator.
This process is usually obtained via the predictable representation property of the underlying
stochastic basis, and initially all one knows about Z is that it is a square integrable process.
To steer in the direction of a numerical scheme a deeper analysis on the fine properties of the
solution of such equations is required. As for numerics for Lipschitz continuous BSDEs (see
for example Bouchard and Touzi| (2004) or Bender and Denk (2007)) one is usually forced to
gather several results concerning the path reqularity properties of the solution process before
being able to give proper convergence results. Such path properties include not only sample
path continuity but also estimations on the time increments of the components of the solution
by the size of the time increment. For the purpose of establishing such path properties we first
need to prove several auxiliary results.

Our agenda consists of refining and extending the existence and uniqueness results obtained in
Delong and Imkeller| (2010aljb) and then steer into the direction of the smoothness properties of
the solution of delay BSDEs. We start by improving the original results of |Delong and Imkeller
(2010a) concerning their a priori estimates by providing sharper versions of them. In Lemma
2.1 from Delong and Imkeller| (2010a), a priori estimates are given expressing the difference (in
norm) of solutions of two delay BSDE as the difference of the respective terminal conditions
and generators. These a priori estimates fall short of the usual a priori estimates one expects
to see due to the presence of the solutions of both delay BSDE on the right hand side of the
estimate. We establish an a priori estimate in the classical form where the right hand side of
the estimate contains the difference of generators evaluated at their zero spatial state and hence
is independent of the BSDEs’ solutions. Within the topic of a priori estimates we extend the
results of Delong and Imkeller| (2010a) in another direction. We show that given extra regularity
of the terminal condition and the generator, the solution will inherit this regularity. This allows
us to state moment and a priori estimates in general LP-spaces and not solely in L?. The proof
of these estimates relies on techniques from Delong and Imkeller| (2010a) and on computations
carried out for non-time delayed BSDEs in the spirit of Wang et al.[(2007)). The usual techniques
to obtain higher order moment estimates fail in the setting of delay BSDEs, the reason for this
can be seen in below - usually the dynamics of Y; is given by sums of integrals over the
interval [t, T] but for delay BSDEs we see from that the dynamics of Y; depends also on a



integral over the whole interval [0, T]. These estimates pave the way to a result of existence and
uniqueness of solutions to delay BSDE with Lipschitz continuous generators in general LP spaces
for p > 2. Inevitably, in analogy to |Delong and Imkeller| (2010alb) a compatibility condition on
the Lipschitz constant and terminal time is required to obtain existence of solutions (see our
Theorem [2.8)).

A customary field of application of BSDEs consists in coupling them with SDEs, giving rise (in
our case) to systems of delay forward-backward SDEs (delay FBSDEs). We show that when
coupling a delay BSDE with a forward diffusion assuming appropriate regularity conditions, we
obtain smoothness properties of the solution in terms of the involved parameters, in particular
with respect to the initial condition of the forward diffusion. Combining this with the Malliavin
differentiability proved in Delong and Imkeller| (2010b) enables us to derive the usual represen-
tation formulas for FBSDE which display the relationship between the Malliavin derivatives of
the solution process and their variational (classical) derivatives. It is somewhat surprising that
such a relationship still holds for they are usually consequences of the BSDE’s Markov property
which due to path dependency clearly fails to materialize in the context of delay FBSDE.

With this collection of results we are finally able to address the path regularity issue of delay
BSDE. Using the techniques employed in Imkeller and Dos Reis| (2010alb), we establish path
continuity for the components of the solution of delay FBSDE and we give a result that bounds
the norm of the increments in time of Y and Z by the size of the time increment. We expect
that these results will open the door to the derivation of concrete numerical schemes and their
convergence rate and intend to tackle these problems in our future research.

The paper is organized as follows: in Section [I| we fix notations and elaborate on the type of
time-delayed BSDEs that we consider. In Section [2| we refine and extend the a priori estimates
obtained in|Delong and Imkeller| (2010a)) and then use them to establish existence and uniqueness
of solutions in general LP spaces. In Section |3| we introduce the delay FBSDE framework and
use results from the previous sections to obtain the differentiability of the solution process with
respect to the initial state of a forward diffusion. The representation formulas and the path
regularity results are presented in Section

1 Preliminaries

Let (2, F,P) be a probability space equipped with a standard d-dimensional Brownian motion
W. For a fixed real number T' > 0 we consider the filtration F := (F})t>0 generated by W
and augmented by all P-null sets. The filtered probability space (Q2, F,F,P) satisfies the usual
conditions. Depending on whether we work on R% or R®™  the Euclidean norm respectively
the Hilbert-Schmidt operator norm is denoted by |- |. Furthermore, V denotes the canonical
gradient differential operator and for a function h(z,y) : R™ x R? — R" we write V h or V,h
for the derivatives with respect to z and y. We work with the following topological vector spaces:

e For p > 2, let LP(R™) be the space of Fr-measurable random variables £ :  — R™
normed by |[¢||r» :=E| \§|p]1/p.

e For>0andp>1, Hg(Rde) denotes the space of all predictable process ¢ with values
p/271/p
in R?*™ such that the norm ||80||H§ = ]E[(fOT eﬁs\gos|2ds> } < 0.

e For3>0andp > 2, Sg(Rde) denotes the space of all predictable processes n with values
p/271/p
°)]

in R¥™ such that the norm ||77||$§ = E[<Sup0§t§T ePtin, < 00.
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We omit referencing the range space if no ambiguity arises. It is fairly easy to see that for any
3,3 > 0 the norms on H%, Hg and Sg, SE are equivalent.
Some notation

We introduce a notational convention which will be used throughout the text: for an arbitrarily
given integrable function f : [0,T] — R™, trivially extended to [-T,0) via f(t)1|_7)(t) = 0,
and a given deterministic measure « supported on [—7',0] which is not necessarily atomless, we
denote

:/0 ft+v)aldv),  te[0,T],
-7

0
(7 a)(t) = / e+ P, teDT) pz2

Similarly, for a given process (¢t)e[o,7), extended to [~T',0) by imposing ¢; = 0 on [T}, 0), we
denote

0
(p-a)(t) == /_ rald),  teT) (1)
and
0
(- a)(t) = / pulPa(dv),  te0.T], p=2. (@)
T

We now give a lemma concerning the change of integration order for (1)) and . which will
become useful in the sequel.

Lemma 1.1. Let ¢ be a process and o a non-random finite measure supported on [—T,0). Then
we have the following change of integration order: for every k > 1

T T
/ (" - a)(s)ds = / a[r =T,(r —t) N0))|g,[Fdr, ¥Vt € [0,T], P— a.s.
t 0
Moreover, if we have for p > 1 that ¢ € HY, then we also have that
1o~ )12 < Myl

where M, = (e’T)P/2(a([-T,0)))".
Proof. Let t in [0,T] and k € [1,400). We have that

T
/ (" 3—/ / |@sso|Fau(dv) ds—/ / |sio]® ds a(dv)
t
T+v r—t)A0
-/ J ol ar atae) = [ et ot ar
t+o)V 0 (r—T)

_ / a(fr =T, (r — t) A 0)) |, |Fdr-

0
The second claim follows by applying Jensen’s inequality and changing the integration order as
done above, i.e. for any 5 > 0 and p > 1 we have

- |:(/OT ol (o )des>p/ ] < (PTa([-T,0)))"* E [(/OT<‘¢’2_Q)(s)dS)P/2]
< 2t ([ lodas)”| = wpliel,

which concludes the proof. ]



2 General results on BSDE with time delayed generators

In this section we give a brief recapitulation of BSDE with time delayed generators and discuss
the setting they are studied under. We then establish convenient a priori estimates on the
difference of two solutions to such equations which will play a central role in proving existence
and uniqueness of solutions in the more general HP-spaces.

2.1 BSDEs with time delayed generators

Let us start with a recap on BSDE with time delayed generators. For two non-random finite
measures (v, az supported on [—T,0), we define

a = ay([-T,0)) V az([-T,0)). (3)
Given p > 2, we assume that the following holds:

(H1) ¢ is an Fp-measurable random variable which belongs to LP(R™);

(H2) the generator f : Q x [0,T] x R™ x R™*4 — R™ is measurable, F-adapted and satisfies the
following Lipschitz condition: there exists a constant K > 0 such that
2
|f(t7y’ Z) - f(tvy/azl)‘ < K(|y - y,|2 + (‘Z - Z, 2)
holds for dP ® dt-almost all (w,t) € Q x [0,7] and for every (y, z), (y'2') € R™ x R>™,

(13) E[(Jy 1£(s,0,0)25)"*] < o0

(H4) f(t,-,)=0ift <D0.
Following the notation from equation (|1)), we write

0

0
(Y-ozy)(t):/_TYHvozy(dv) and (Z-ag)(t):/_TZHvozz(dv), 0<t<T

for some processes (Y)icpo, 7] and (Zt)ie(o,r) satisfying appropriate integrability conditions. As-
sumption (H2) and Jensen’s inequality then imply
) 2
(H2) [f(t, (Y - ap)(t),(Z - az)(t) = f(t. (Y- ay)(t), (Z'- az)(1))]
2 2
<E{{((Y =Y )0 +[((Z = 2)) - az) (O]}
<SL{((Y =Y ay)t)+ (Z -2 az)(t)},

where L = Ka with the real number a given by . The focus of our study are BSDE with
time delayed generators which are of the type

Yt—§+/Tf(s,f‘(s))ds—/TZSdWS, 0<t<T, (4)
where I' abbreviates
It) = (/_OT Yiy ooy (do), /_OT Zioz(@)) = (V- 00) (0. (Z - a2)(1). 0<t<T. (5)

Using a fixed point argument, |Delong and Imkeller| (2010a)) have shown that a BSDE of the type
— admits a unique solution if the parameters of the equation are sufficiently small, i.e.
if the Lipschitz constant K > 0 or the terminal time 7' > 0 satisfy a smallness condition. The
following L? existence and uniqueness result is a straightforward modification of Theorem 2.1
from |Delong and Imkeller| (2010al).



Theorem 2.1. Let p = 2 and assume that (H1)-(H4) are satisfied. Assume that the non-negative
constants T, L = Ka, 8 are such that

1 0
(8T + 1)L / e p(du) max{1, T} < 1.
B Jor
where p € {ay,as}. Then the delay BSDE ({)-(5) has a unique solution (Y,Z) € Sg(Rm) X
H%(Rdxm).

Remark 2.2. In |Delong and Imkeller (2010d]), this result is proved for the one-dimensional
case d = m = 1. It is clear that by the nature of the fired point argument, the proof is insensitive
to dimension of the equation.

Remark 2.3. Given that a compatibility condition is necessary in order to establish existence
and uniqueness of solutions and moreover that we will be giving an extended version of it, all the
proofs in this section are given with extra detail in order to better control the constants involved
in each result.

2.2 A “sharper” a priori estimate

In [Delong and Imkeller| (2010a)), the authors provide a priori estimates for the time delayed
BSDE (4) (see their Lemma 2.1), which estimates the norms of the difference between two
BSDE solutions in terms of the terminal condition and the generator. It is worth mentioning
that Lemma 2.1 from Delong and Imkeller| (2010a) establishes a priori estimates whose right hand
side again depends on the solution of the delay BSDE. in the context of [Delong and Imkeller
(20104)), such a result suffices to establish existence and uniqueness of solutions in Sg X H%, but
the situation becomes more intricate when the same issues are considered on Sg X Hg for p > 2.
In this section we refine the estimates from Delong and Imkeller| (2010a) by providing a right
hand side which only depends on the problem’s data (i.e. the differences between the terminal
conditions and the corresponding states of the generators at y = 0 and z = 0).

As a starting observation, we have that if (4)) admits a solution (Y, Z) in Hg (R™) x Hg(Rde),
then we also have that YV € SZ(Rm).

Lemma 2.4. Let 3 >0, p > 2 and assume that (H1)-(H}) hold. If the delay BSDE admits
a solution (Y, Z) € Hp(R™) x HL(R™*?), then we also have that Y € SH(R™).

Proof. Throughout let ¢ € [0,7] and p > 2. Since all S-norms are equivalent, it suffices to show
the result for 5 = 0. We drop the -subscripts in the following. The pair (Y, Z) satisfies

T T
Y}z{—i—/t f(s,(Y~ay)(s),(Z-aZ)(s))ds—/t ZsdWs,

hence we have

T T
sup [V <[+ [ 17(s,(V - s)(s). (2 a)o)lds+ sup | [ z.awi].
0<t<T 0 0<t<T Jt



Combining the fact of Z € HP with the inequalities by Young, Doob and Burkholder-Davis-
Gundy (BDG), we obtain

sup |/ ZdW‘ p/]

0<t<T

t
< v/ E[(\/ Z,AW,|* + sup \/ Z.AW,|” pm}
0 0<t<T JO

t /2
<2 E[(2 sup \/ z,aw,[*)""] =27 & sup \/ Z,aw, "]
0<t<T JO 0<t<T

T 2
< rC, E[(/ |Z,[2ds)”/ ] <
0

Next observe that by the Lipschitz property of the generator f (notice that (H2) implies (H2?)),
it follows that

([ 17607 )2 o))
<273 /OT |£(5,0,0)2ds + /OT (5. (Y - ax)(s), (2 az)(s)) - f <Sv0v°>\2d8)p/2
< 2p/22p/2—1{(/0T |f(s,0,0)\2ds)p/2 + <L /OT ((IY\2 cay)(s) + (|12 - az)(S))dS)p/z}.

The second term in the bracket can be further estimated by

(L / (Y- as)e) + (12 az><s>)ds)
< o211/ {(/OT(|Y|2 . ay)(s)ds)p/Q + (/OT(|Z|2 . az)(S)ds>p/2}
< 9P/2-1[p/2 02 {</0T |ysy2d5)p/2 + </OT yzsyzds)pﬂ} :

where the last line follows from Lemma [1.1] This estimate together with (H3) yields

p/2

p/2

EK/OT (s, (Y - ay)(s), (Z - az)(s)) ‘2ds>p/2} < 00.

Using hypothesis (H1), i.e. that £ is in € LP, we can conclude that Y € SP must hold. O
Let us define the maximum of the weighted measure of [T, 0) via
0 0
a ::/ e P ay,(ds) \// e Pa(ds), £>0. (6)
-T -T

The next results establish a priori estimates for the solutions of two time-delayed BSDEs as
given by . We distinguish between the cases p = 2 and p > 2, and we shall start with the
case p = 2 in the following

Proposition 2.5 (A priori estimates for p = 2). Let p = 2 and 3,y > 0. Consider i € {1,2}
and let (Y, Z%) € SE X ’H% be the solution of the delay BSDE with terminal condition &

7



and generator f' satisfying (H1)-(H4). Denote by L > 0 the Lipschitz constant of f! as given
in (H2’) and set Y =Y' —Y? 672 = Z' — Z? and 6aof; = fH(t,(Y? - ay)(t), (Z% - ay) (1)) —
2t (Y2 a)(t), (Z% - ay)(t)) fort €[0,T]. Assume that 3,y > 0 satisfy
oL
v>al and ﬂ—’y—%>0. (7)

Then there exists a constant Co = Ca(0,7,a&, L) > 0 which depends on (3,7,&, L such that the
following a priori estimate holds:

16 13 + 15V I35 + 16218 < Cu{B [(¢M0v2 )] +E[ [ “mptasl) @

Proof. Throughout let ¢t € [0,T], i € {1,2} and define I as in for the pair (Y, Z%). An
application of Itd’s formula to the semimartingale e%|6Y;|? for 8 > 0 yields

T T
eﬂt\5n|2+/ ﬂeﬁsym|2ds+/ %16 Z,|*ds
t t
T T
:eﬂT5YT|2+/ 2663<6Ys,f1(s,f‘1(5))—f2(3,F2(s))>ds—/ 2675 (Y, 6 Z,dW,)
t t
T T eﬁs 9
§eﬁT5YT|2+/ 7655!512|2ds+/ 7(\f1(s,F1(8))—fl(s,F2(8))\ )ds
t t

T T
+2 / e (8Yy, 0o fs)ds — / 2e5(5Ys, 6 Z,dWS).
t t

where the last inequality results from Young’s inequality for some v > 0. Reorganizing and
taking condition (H2’) for the generator f! into account, we get

T T
eﬁtléY}F—f—/ (ﬂ—’y)eﬂs\ﬁﬂzds—i—/ %16 7,|ds
t t
T eﬁs
geﬁT|5YT|2+/ TL[(|5Y|2-oay)(s)+(|5Z|2-aZ)(s)}ds
t
T T
+2/ eﬁS<5YS,52fs>ds—/ 2e%5(5Ys, 0 Z)dWs.
t t

By a change of integration order argument similar to that in the proof of Lemma [1.1| we obtain
for j € {y,z} and ¢¥ = 0Y, ¢ =62

T
/ e (|¢7]7 - ay)(s)ds
t
T 0O . i
:/t /Teﬁ(s+v)e_ﬁv]l{s+v20}‘ngﬂ}‘ aj(dv)ds
0 T+v . T (r—t)A0 A
=L Sy Bt agtan = [ 7 e o)
o 0 Jr-T
T

t+v)VO0

T
- /O 763 2( /(]Teﬂ“axdv))drs /O G| g [2dr, (9)



with & given by @ Continuing the inequality from above we get
T T T
5V, 2 +/ (8 — ~)e% |5V, [2ds +/ 92152, 2ds < T |5V |? + 2/ 5 (5Ys, 50 f,)ds
t t t

TdL Bs 2 2 T Bs
e (y(sysy + 167y )ds— 2675 (5Y,, 6 ZsdW,). (10)
0 t

Putting ¢t = 0 and taking expectations yields
AL T AL T
(3=~ “Bym[ [ eovias] + (- “Es] [ Hozpas
Y 0 Y 0
_ _ T
< E[efT |5y 2 +2E[/ 658<5Y;,52fs>ds]
L — 0

_ . T
< E|T|5Y7|? +2]E[ sup e§t|5Yt]/ egs]52f8|ds}
— . 0<t<T 0

_ - 1 T
< E[eT|5v7[? +7/E[ sup eﬂt|5ytﬂ +,E[(/ e§5\52f8|ds)2}
L . 0<t<T gl 0

where we have used Young’s inequality with some 7' > 0 to be specified later. From the last
expression we deduce

1 T
s B A 0

where C' > 0 is a constant depending 3,, &, L. In order to obtain the Sé—estimate for 0Y, we
observe that we have

T T T
5Y; §6YT—|—/ |f1(s,TY(s)) —fl(s,FQ(s))]ds—|-/ yagfs}ds—/ §ZdWs.
t t t

Multiplying by the monotone increasing function ez’ and taking the conditional expectation
with respect to F;, we get

s s s, [T T
e2t5Yt§E[e2tl5YT|+eZt/ |f1(5,T(s)) — f1(s,T%(s )|ds+e2 / |52fs\ds‘}'t]
t
B T B
<E [0l 4 [ B ) - £ (s 1) s
t
t B B t B
—|—/ e2®|f1(s, I (s)) — f1(s,T%(s )|ds+/ e2s|52fs‘ds+/ e2s|52f5‘ds‘.7-"t]
0 0

St T s 1 2 T s,
=E |e2 |5YT|+/ e2®| f1(s,T'(s)) — f(s,T%( )‘ds—i—/ ez ‘52f8‘ds Fi| -
0

Using Doob’s inequality, we obtain

Y

T T
g4E[(E[e§T\5YT|+/O 2|1 (s,TY(s)) — £1(s,T%(s |ds+/ €202 f,|ds | fTDQ}

T T 8 9
<12 E[eﬂT\éYT]2+T/ | 1 (s,T (s)) — f(s,T%(s )‘ ds + (/ 2|0y fs|ds) },

0 0



where the last line follows by Jensen’s inequality. Since f! satisfies (H2’), an application of
Lemma [1.1] yields

0Y3, < IQ{E{eﬁT‘éYTﬂ + am(uayu% + H(SZH%{%) + E{(/()Te§8‘52fs‘ds)2] }

Hence, plugging into we find

(1= 120YaTL)E| sup ¢”|3Y; ]
0<t<T

< 12{(1+ CATL)E|e"|sY7[2] + (1+ Oy 'GTL)E[( /OT e+ |2 flas)’] }.

Choosing v small enough so that (1 — 12Cy'aT'L) > 0 is satisfied, we conclude that estimate
holds for a constant Cy = Co(8,7, &, L). O

The proof for the case p > 2 is more involved and utilizes techniques from the proof of Proposition
The main reason for the proof to be more involved can be seen in . Usually the dynamics
of Y} is described by integrals over the interval [¢,T] but for delay BSDEs we see from that
the dynamics of Y; depends also on a integral over the whole interval [0, 7.

Proposition 2.6. Letp > 2 and 3, > 0. Consideri € {1,2} and denote by (Y*, Z*) € Sg ng

the solution of the delay BSDE with terminal condition & and generator f* satisfying (H1)-
(H4). Denote by L > 0 the Lipschitz constant of f! in (H2’) and set §Y = Y1 -Y?2 67 = 7'~ 72
and dof; = f! (t, Yz(t),Z2(t)) - f2(t, YQ(t),ZQ(t)). Assume that 3,7 > 0 satisfy . Then
there exist constants v2,7v3 > 0 such that for L and T small enough (i.e. chosen such that
the constants D;, i € {1,...,5}, specified in the proof are positive) there exists a constant
Cp = Cp(B,7,72,73, 0, L, T) > 0 satisfying the a priori estimate

9 T s
10Y 135 + 13Y s + 15211, < Co{ B[ (T 16Y2?)"?] + E[( /0 ez$|52fs|ds)”}}. (12)

Proof. Throughout let ¢ € [0,T7], i € {1,2} and set Dy :=  —~ — @ and D9 :=1— %=, Recall
. from Proposition

T T T
0V |2 +/ (5—7)66851/5|2ds+/ e?%167,*ds < T |6Y7|? +2/ (85, 02 fs)ds
t t t
T al T
+ / 7653055/5,2 + ]5ZS]2>ds _ / 2695 (5Y,, 6 25 ) AW, (13)
o 7 t
We say that a constant C' > 0 depends on the data if C = C(3,~,v2, &, L, T). We carry out the
proof in several steps.
Step 1: We claim that

T
E [(/ 6555Z3\2d3>p/2] < Dg_l{?p/%lE[(GBT\5YT|2)p/2} + 23”/272%/272”53/”25
0

+ 2%/22g | |/ (0%, 02f,)as [}, (14)

with D3 = ((1 — O‘L)p/Z 23?422 2dp/2) where dj5 > 0 is a given constant appearmg in the

Burkholder- Dav1s—Gundy inequality which only depends on p > 2. Estimate can be deduced
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as follows: putting ¢ = 0 in (13]) and noticing that by @ the constants D; and D5y are positive
we get
AL, (T AL, (T AL, (T
(1- a—) / P16 Z,|2ds < (B—~- a—) / 5|6V, 2 ds + (1- a—) / %162, |*ds
Y 0 Y 0 Y 0

T T
< eﬁTléYT|2+2/ e58<5yg,52fs>ds—2/ 35 (8Y,, 67 )dW.
0 0

Now raising both sides to the power p/2 > 1, making use of the fact that for a,b,c € R
la +2b— QC‘p/2 < op/2-1 (]a\p/Q + 20 — 20\5"/2>

< gp/2-1 (|a‘p/2 + 2p/2—1(‘25|p/2 + ’20|P/2)>
— Qp/271’a|p/2 + 23p/2f2|b‘p/2 + 23p/2f2|c‘p/2

and taking expectations, we get

(1 . d’yL)P/Q E[(/T 6,83|5ZS|2d5>P/2} < 2p/2—1E[(66T|6YT‘2)p/2]

p/Q}

0
+ 2%/2-2g | /Te58<5ys,52fs>ds]p/2]+23p/2‘2EH /Te58<5n,5zsdws> . (15)
0 0

An application of the BDG inequality yields that for a given constant d,,/, > 0, we have
/2 T /4
: } <d,; E[(/O e2ﬂs|5ys\2152512ds)p ]

gdp/gE[( sup eﬁt‘(;YtP)PM (/Tegs‘5zs‘zds>p/4}
0

0<t<T

T
E[ ’ /O P35y, 5 Z,AW,)

1
< dyy {1V I + 116715 | (16)

where the last line follows from Young’s inequality with v > 0. Now we choose ~» > 0 such
that D3 > 0. Note that with this 9, if one replaces L by L’ with L’ < L then the quantity

(1 — %L/)pﬂ — 2311;%(1},/2 > Dj is still positive. Plugging into , we get

p p/2—1 8T 2\p/2 3p/2—2 T Bs p/2
Ds [|6Z]5, <2 E|(e”"[6Y7[*)" 7| + 2 E e’ (8Ys, 02 f5)ds
B 0
+ 222 |8 |5

which proves the claim.
Step 2: We claim that

DalloY gy < (]%)p/2 {(2“ +23p/23(‘?)7”/21)3—1)11«:[(eﬁTwYTP)p/?]

+ (23272 4 25p/24(5‘7L)p/2D51) E[(/T eﬁ5|<51@,52f5>\ds)p/2] } (17)
0

11



holds for

1 _ ob/4p—4 p p/2@p/2 -1 @ p/2 P \p/25p—2
T e e e

Before showing this estimate we stress that we can choose L and T such that Dy > 0. More
precisely, the constants [3,~,ys are already fixed and depend on L. But if one replaces L by
L’ with L' < L then it is clear that D}, D5, D5 > 0 (where D! denotes D; with L replaced by
L') for the same 3,7, 72 since D} > D;, i = 1,2,3. Thus we can choose L and T small enough
making D1,..., Dy > 0.

Now we prove . For this we go back to , take conditional expectation with respect to
F: and the sup in t € [0, 77, raise to the power p/2, apply Doob’s inequality and find

E{ sup (eﬁt\5§/}|2)p/2}
0<t<T

T
§]E[ sup (E[eﬂT|5YT|2+2/ 655’<5Y3,52f5>}d5
0<t<T 0
Tar p/2
- Bs 2 2
+/0 R AP )ds\ftD }
P \p/2 8T 2 ’ Bs 8
() E[(e o¥al+2 [ (Vi nafi) s+ [
p—2 0 0

T
< (%)Pﬂ {2p72]E|:(65T‘5YT|2)P/2} +23P/22E|:(/0 658‘<5}@,52f5>‘d8)p/2]

T ~ T ~
-2 aL 4 2 1.\P/2 —2 aL 4 21.\P/2
yor E[(/O el ds) } +or E[(/O 197, ds) }} (18)

655(‘61/8’2 + ’sts’Q)ds)p/Q]

IN

p—

Note that we made use of the fact that for a,b,c,d € R and p > 2, we have

la+2b+ c+d[”’* < 27271 (|a + 2672 + |c + d]P/?)
< 9P72|q|P/? 4 231272 |p|P/2 L oP=2||P/2 4 9P =2|q)P/2,

Plugging into , we get

T
16Y )%, < (ﬁ)pﬂ 2p*2E[(eﬁT\5YT]2)p/2} +23p/22E{(/ eﬂs‘<5)@,52fs>‘ds)p/2]
5 - 0

+ 272 (S5 I+ ()7 D5 w22 {2 (T v )

ol
’Y
+ 2%/22g [ ( " (Y0 £:)lds)""?| + 212 2d, 1o |6V |1, |
0 s, 02 /s p/272 Sg
S( p )p/2 {(2})—2_'_23]7/2—3(6‘[’)17/2D31)E|:(eﬁT|5YT|2)P/2}
p—2 Y
~ T
+ (23/2p—2+25p/2—4(0i)/[’)p/2D31)E|:(/ 658’<51/5,52f5>‘d5)p/2]
0
o QL p/2 sp/2—aQLp/2 0y p
+ <2p ( S T) + 2°P ( S ) D; dp/2’72>||5y||sg}’
from which readily follows.
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p/2
Step 3: At this stage, estimating E[(fOT eﬁs‘<5YS, 52f5>|ds> } will yield which follows as
a consequence from equation. Applying Young’s inequality with some v3 > 0 we get

IE[(/OTeﬁSK(S}@,(ngs}!ds)P/z} SE[(/OTGQSMYS |52fs‘d8)p/g}

SE[ sup (egt‘éyﬂ)p/?(/T€§S|52f3|d8>p/2:|
0

0<t<T
p i /T ﬁs p
<Y Iy + B[ ( [ ex*|aafilas)’]. (19)

Together with , inequality leads to
al

. )p/2D3—1)E[(eﬂT|5YT|2)p/2]

D5||5Y||g§ < (p f 2)p/2 {(2p_2 + 29273

& T
f)p/ "Dy E|( /0 2|6 lds)" | } (20)

+ (23/2])—2 + 25p/2—4(

where D5 := Dy — (]%)p/zfy:), (23/217—2 + 25p/2_4(5fy—L)p/2D§1) and 3 > 0 is chosen such that

D5 > 0. Finally putting together the previous steps, the estimate follows. Note that
implies

T
2 B
0¥ 113, < Co{B| (™" I8Yr?)"?] + E[(/O 2 |daflas)” }, (21)
where C), > 0 is a constant depending on the data. This leads to
T
S5
18Y Iy, < T 63, < CP{E[(eﬁTyayTP)”/ﬂ +E[(/O e3 \52fsyds)f’} }
Finally, observing that from step 1 yields
T
/2 8
162115, < Co{E[ (™ l5¥2)"?| + E|( /0 ¢2*(62£5lds)" | + 115V [ }.

and applying , it follows that is valid. This finishes the proof. O

As a by-product of the two previous theorems we obtain under their respective assumptions a
result on the moment estimates for the solution of BSDE (4]).

Corollary 2.7 (Moment estimates). Under the assumptions of Proposition @ and Proposition
2.0, we have for p > 2
/2 ’
I 1y + 1 g, + 1216 < Co{ B[ 0% )] + E[( [ e%17(5,0,0)Pas)"]}
0

The moment and a priori estimates in \Delong and Imkeller| (2010a) are tailor-made for a Picard
iteration procedure in H? x H?. The right-hand side of their estimates depends on the solution
process but such an estimate suffices in their context. The a priori estimates from Proposition
and Proposition [2.6| are somewhat “sharper” in the sense that they are the usual a priori
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estimates one expects to obtain when dealing with BSDE, i.e. they exhibit a right-hand side
which solely depends on the data dY7 and 9o f;.

With estimate at hand, we now proceed to show the existence and uniqueness of solutions
to in Sg x HY, for p > 2. For p = 2, Theorem 2.1 from Delong and Imkeller| (2010a)) (recalled
in our Theorem yields a sufficient condition which guarantees the standard Picard iteration
to converge and proves the existence and uniqueness of solutions to . We will show in the
following result that for p > 2, the convergence of the same Picard iteration is retained. What
is needed to achieve this goal is to put up some extra effort for showing that the Picard iterates
(Y™, Z™) satisfy the corresponding S5, Hg—integrability properties.

Theorem 2.8. Let p > 2 and assume that (H1)-(H4) hold. Assume that (3,7, L, T, ~2,73 are
chosen like in Proposition such that condition holds and let C, denote the constant
appearing in the a priori estimate . If

or/2-1¢ (La) *max{1, T} < 1, (22)
where & s given by @, then the BSDE admits a unique solution in Sg X Hg.

Proof. Throughout let t € [0,7] and p > 2. The proof is based on the standard Picard iteration:
we initialize by Y° = 0 and Z° = 0 and define recursively

T T
Y=g+ / f(s,T7(s))ds — / Zr AW, 0<t<T, (23)
t t

with T(s) = ([ Y2 ,ap(dv), [°1 22 yaz(dv)) for s € [0,T] and n € N. In the following,
C>0 W111 denote some generic constant which may vary from line to line but always independent
of n € N. We proceed by induction. For n > 1, assume that (Y, 2Z") € Sg X Hg is already

slflown, and we prove that has a unique solution (Y"1, Znt+1) ¢ Sg X Hg. Note that because
o

EUKM@W@MW}
<[( [ 176.0.00as + [ 156,76 - 765,0,00a5) ]
<o B[( [ 16.0.005)" + (7 [ 156676 - .0,00a)"”]
<rs[(f C1£(5.0,0)ds)”
+ 1r27e{ / / v, Pay(dv) ds+/ / 127, P dv)ds}p/Q]
sszﬂp£|ﬂammm@ﬁ+mKTvﬂ{A Wﬂ%&+A z72as)""]

T
-1 p 2—-1 2 2 n n
<2 1E[( /0 £(5,0,0)/ds)” | + 27271 a KT/ (TP2 [y " |5, + (| 272,
< 00, (24)

the martingale representation yields a uniquely determined process Z"! ¢ Hg such that

E[§+/0Tf(s,rn(s))ds\ft} :E[§+/0Tf(s,r"(s))ds] +/OTZ§+1dWS.
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It is then standard to choose Y™t to be a continuous version of
T
Y — E[g +/ f(s,rn(s))ds\ft]
¢

Let us first show that Y t1 e Sg:

[v"*1, = B[ suwp (v <B[ sup (E[)g)+ [ e )lds 7))
B te[0,7] te[0,7) 0

< (2)=[(a+ [ 1)’

<o (2 Blir+ ([ 156 o)) < .

where the last inequality follows from £ € LP and which proves that Y"1 € SF. Since all
Il 1] sp-norms are equivalent it follows that Y+ ¢ SZ. To see that Z" T € HE, recall that Itd’s

formula applied to e |V, |? yields
T T
AP [ ety Ps [ ez Pas
t t

T T
=TI [ 26 f s — [ 2tz
t t

which implies

T 2
(/ 668’Z?+1|2d8)p/
0

IN

T t p/2
(5716l + [ 26t fs, T o) lds+ sup | [ 2Ptz laws))
0 tefo, 7] Jo

IN

T
P (TR 2 ([ ey (s T )l ds)
0

t
+23P/272( sup ’/ €ﬁ8<YSn+1,ZgL+1dWS>Dp/2. (25)
tel0,7] JO

On the one hand, we have

([ 2 v e slas)

T T o
SE[(/O 2¢% 1Y | (s,T7(s)) —f(s,o,0)1d5+/0 2|V 41 |£(5,0,0)|ds) |

n+1/2 r Bs n 2 T Bs|yrntl p/2
<y ||$g+uz[(/0 e |f<s,r<s>>—f<s,o,o>|ols+/0 27V | (5,0,0)[ds) |

T
B8
< c{IymE, + E|( /0 e3°[7(5.0,0)[ds)" | + IV" % +112" s }
< 00,

where we have used that

T T 9
|2 56, 0.00ds < sup Hy P ([ eRlss0.0)1as)
0 0<t<T 0
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On the other hand, we use the Burkholder-Davis-Gundy inequality to get

t T
E[ sup \/ eﬁSm"“,ZQ“dWS)\”/Q} <d,; E[(/ eQﬁS]Y;”“\QIZQH\st)p/j
te[0,7] JO 0

e [T 124 \P/4
<dyo B[ sup My [ etz pas)”]
te[0,7T 0

n ]‘ n
< dyja {m [V 127 s ) (26)

where the last line follows from Young’s inequality with some arbitrary constant x > 0. Now
choosing x > 0 such that 1 — 22P—2 dp/gfi_l > 0, it follows from and that

22p—2 d 9
1 _ p/ Zn+1 p
(1- =)z,

T
BT | ¢12\P/2 n+1|p p n||p n||p
< C{B[(I) + 1y + B[ 1706,0.0097] + IV + 12715}
< 00,

proving that Z"*1 ¢ ’Hg.

In the next step, we prove that the sequence (Y, Z") converges in Sg X 'Hg. Using the a priori
estimate , we get

”Ym+1 o Ynugg + HZn+1 o ZnHI;.(g
T
<G E|( /0 3| f (5,17 (5)) = (5,11 (s))[ds) |

<, 17 E[(/OT e (5,1 (s)) — f(s,rn—l(s))\st)”/Z]

In analogy to the calculation carried out in paragraph (2.7) in|Delong and Imkeller| (2010a)) [Proof
of Theorem 2.1], it is easy to see that we have

[y = Y i, + 127 = 271,

0 0
< Cpr/2 E[(L max {/ eﬁsay(ds),/ e*ﬂsaz(ds)}
-T

-7
12 g 12 p/2
x (T sup e’y — Y7} +/ 5|z — Zn ds)) ]
t€[0,T] 0

0

0 p/2
< C,TP/% 9p/2-1 (Lmax{/ e_ﬁsay(ds),/ e_ﬁsaz(ds)})
-T

=T
% (TP/QHYn _ YanHZE + ”Zn o Znil”?—[g)

0
<Gy op/2-1 (Lmax{/ e_ﬁsozy(ds),/
-T

-T

0
e a4 (ds) })p/2 max {1,T}"

(I =y g, 1127 - 22, ).

Hence, by , the standard fixed point argument yields that (Y, Z") converges in Sg X Hg,
which finishes the proof. O
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3 Decoupled FBSDE with time delayed generators

The objective of this section is to extend the results from Delong and Imkeller| (2010a,b)) to the
case of decoupled forward-backward stochastic differential equations. For measurable functions
b,0,q, f, specified in more detail below, we study the time delayed FBSDE

t t
Xf =z +/ b(s, X¥)ds +/ o(s, X5)dW,, zeR%, (27)
0 0
T T
Y = g(X7) + / f(s,0%(s))ds — / ZidWs, 0<t<T, (28)
t t

where for ¢ € [0, 7], we write

o%( X)), (Y7 ay)(t), (27 az)(t))

= (X" a
0 0 0
—( /_ s, /_ Vo), /_ ) Zi02(dv)). (29)

with given deterministic finite measures ay, ay and az supported on [—T,0). The coefficients
b,o,q, f appearing in — are assumed to satisfy smoothness and integrability conditions
such that the backward equation falls back into the setting of (H1)-(H4) from section
More precisely, we assume the following to hold:

(F1) g : R? — R™ has bounded first order partial derivatives;

(F2) f:[0,T] x R? x R™ x R¥*™ — R™ is continuously differentiable and its first order partial
derivatives V. f, V, f, V. f are bounded;

(F3) b:[0,7] x R? — R? and o : [0,T] x R — R?*? are continuously differentiable functions
with bounded derivatives; b(-,0) and o(-,0) are bounded; o is elliptic.

(F4) E [(fOT |f(s,0,0,0)\2ds)p/2} < oo forp>2

(F5) f(ta REE) ')]l(—oo,o) (t) =0.

Condition (F3) is a standard assumption which guarantees the existence and uniqueness of
solutions to the forward diffusion . Furthermore, condition (F2) implies that the generator
is uniformly Lipschitz continuous in (z,y, z) € RY x R™ x R, In analogy to conditions (H2)
and (H2’) from section let us write down the following implication of the Lipschitz condition
(F2): there exist constants K, L > 0 such that for any ¢ € [0,7] and any sufficiently integrable
vector or matrix valued processes u,v’, v,y and z, 2’ it holds that

2

(F2) [ £t (- 02)(0), (5 0) (1), (2 02)(0)) = £ (8 (0 a)(0) (5 - @)(0), (' - @2) (1)
2
< K(J(u- ax)(t) = (@ ax)(1)
2 2
|- a)(t) = (- ) + |z az)(t) = (/- @) O)])

< L((e =2 a)(0) + (5 9)? - 00) () + (= = ) a) (1)),

For a fixed z € R%, the existence and uniqueness of the backward equation in SE X H%
is guaranteed under the assumptions (F1)-(F5) together with the compatibility criterion from
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Theorem on the terminal time and the Lipschitz constant, i.e.

0
(8T + ;)L/ e P p(ds) max{1,T} < 1,
-T

where p € {ay, az}. To lift the existence and uniqueness into S x HJj for p > 2, one only needs
to replace the condition above by the compatibility condition from Theorem

0 2
2p/21Cp(L/ e*ﬁs,o(ds))p/ max{1, T}’ <1,
-T

where p € {ay,az}. Throughout this section, given p > 2, we will assume that for every z € R?,
the FBSDE (27)-(28) admits a unique solution (X%, Y%, Z%) € Sg X Sg X Hg for all ¢ > 2.

To avoid a notation overload for the rest of this work we assume m = 1.

3.1 Norm differentiability

In this section we investigate the variational differentiability of the solution (X*,Y*, Z%) of the
time delayed FBSDE — with respect to the Euclidean parameter z € R?, i.e. with respect
to the initial condition of the forward diffusion. By a well known result (see e.g. [Protter| (2005)),
(F3) implies that the forward component X7 is differentiable with respect to the parameter
x € R Tt is natural to pose the question whether this smoothness is carried over to (Y%, Z%)
in the setting of FBSDE with time delayed generators. Our goal is to show that the variational

equations of - are given by

t t
VX? = Id+ / Vb(s, XT)VX"ds + / Vo(s, X*)VX,dW,, (30)
0 0

T T
VY® = Vg(X5)VXE —/t VZZAW, +/t ((V)(s,0%(s)), (VOT)(s))ds, (31)

where the notation (VO¥)(t) is to be understood in the same fashion as in (29), i.e.
(VOT)(t) = (VXT - ax)(t), (VYT - ay)(t), (VZ* - az)(t), tel[0,T]. (32)

Note that (F3) implies that admits a unique solution in Sg for every p > 2. Let (X,Y, 2)
and VX solve — and respectively and let ©F be as defined by . Now consider
the BSDE with the linear time delayed generator

T
P, = Vg(X§)VXE — / Q.dW,
t

T
+/t ((V)(5,0%(5), (VX" ax)(s), (P ay)(s), (Q - az)(s)) )ds. (33)

The existence and uniqueness of solutions to this BSDE follows from Theorem [2.1] for p = 2 and
from Theorem for p > 2. From now on we prove the main results of this section for p > 2
which are also valid when p = 2 under slightly different conditions on 3, L and T which are
made more precise in Remark

Corollary 3.1. Let p > 2 and let (F1)-(F5) be satisfied. Let L > 0 be as in (F2’) and assume
that T, L, B > 0 are chosen like in Proposition and satisfy in addition

0 2
2p/21C'p(L/ e*ﬁsp(ds))p/ max{1, T}’ <1,
-T

where p € {ay,az}. Then for every fived x in RY, the BSDE has a unique solution
(P,Q) € S§ x Hj.
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Proof. Let p > 2. Given the hypothesis, (X*,Y*, Z%) € SE X Sg X Hg is the solution of -
for every g > 2. Since Vg is bounded, the terminal condition Vg(X$)VXF is square integrable.
Assumption (F2) implies that the linear generator of has bounded coefficients, and hence is
Lipschitz continuous. This Lipschitz constant is the same as the Lipschitz constant of f. Hence
Theorem can be applied which yields the result. O

The uniqueness of solutions of equation implies that the solutions to and coincide,
ie. (VY"”” , VZ“”) = (P, Q) holds almost surely. For the rest of the section, we assume that all
assumptions ensuring the existence and uniqueness of the variational equations — are
fulfilled, i.e. we assume that the assumptions of Corollary hold. In our next result we show
the mapping x — (Y*, Z7) is differentiable in an adequate sense.

Proposition 3.2. Let 3,7 satisfy the assumptions of Proposition [2.6. Let p > 2 and assume

that the hypotheses (F1)-(F'5) hold. Then, for any x € R?, the solution (X* Y™ Z%) of the

FBSDE — is norm-differentiable in the following sense:

Yx-‘,-ah _y® p ZCC+Eh _ gz
€ €

p

—VY?® —-vZz®| =0, YheR®\{0},

P
Hg

= liH(lJ
p  e—
Sp

lim
e—0

where (VY*,NVZ%) is the unique solution of the BSDE

T T
VY = Vo G [ VZzaw s [ (9)(5.07(). (Ve") (s))as
t t
with ©F and VO defined in and .
Proof. Let x € R%, h € R?\ {0}, t,5 € [0,7] and £ > 0. We use the following notations
1
Ay = / Vaf (5, (X7 - ax)(s) + B((X7F = X7) -0 (5),
0

(Yt ay)(s), (274 az) (s) ) db,

Ayy = /01 Vo (5 (X7 ax)(s).

(V™ - ay)(s) + 0((V"F = Y7) - ay) (s), (277 - az)(s) )b, (34)

1
A= [ 9p (507 )
(V7 - ay)(s), (27 - az)(s) + 0((Z7F" = 27) - a2 (s) ) .

By assumption (F2), note that |As.| < L for x = z,y,z and for every s in [0,7]. We de-
note by (P, Q) the solution to the BSDE which coincides with (VY,VZ). We also write
U= YIS poy ol 2§ XX gye g ¢ = 9T o)

15 15
\Y (Xx)VXT, and we claim that
lim U], = lim V|5, =0,  for arbitrary z € R?, h € R?\ {0}
e—0 8 e—0 B

which obviously proves the norm differentiability. To start with, we have

vimes [ L0OTHO) 000,

9

T T
—/t ((V£)(5,07(s)), (VX" - ax)(s), (P ay)(s), (Q- az)(S))>dS—/t VedWs.
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Using the identity ¢(z) — ¢(y) = (x — y) fol Voé(y + 0(x — y))do for a differentiable function
¢ : R — R, the previous equation leads to

T
U =¢&+ i/t [Asyx((Xr—&-eh ~ X7, aX)(s)

+ Asy (VPR — V) cay) () + A (2711 = Z7) - az) (s) ] ds

T T
- / (V1)(5,07(5)), (VX* - 02)(s), (P 0)(5), (Q - a2)(s)) )els — / Vidw,

t
T ~ T
—¢ +/ D (s, (X a2)(s), (U - ay)(s), (V - az)(s) ) ds —/ ViAW, (35)
t t
with ®(s,x,y, 2) := Ry + A5z + yAsy + 2As -, and

Ry = —((V£)(5,0%(5)), (VX" ax)(s), (P - ay)(s),(Q - az)(s)))
+ A 2(VXT - ax)(8) + Asy (P - ay)(s) + As 2 (Q - az)(s).

Applying the a priori estimate of Proposition [2.6] or the moment estimate from Corollary to
the BSDE in (U, V) and taking into account that ® satisfies (F2), we get

01+ V12, < Co{ B[] +B[( [ e[0(s, (X -a2)(5).0.0)}as)"]

< C{E[(eﬁwp)wﬂ + 1K1 + IE[( /OT eﬂﬂRS\ds)p} } (36)

for some generic constant C' > 0 (where we have used that A., is uniformly bounded). We
proceed to compute the limit of each term on the right hand side of as € goes to zero.

We first deal with the second term of the right hand side of . Note that X is solution to the
linear SDE

Xi=J; —|—/ [Vo(Xs)Xs |dWs +/ [Vb(Xs)Xs|ds,
0 0
where X, denotes some random point between X? and X?+¢" and .J is defined as
t t
Jp = / [VX?(Vo(Xs) — Vo(X7)) |dW, +/ [VX?(Vb(X,) — Vb(XT)) ]ds.
0 0

In order to apply Lemma V.3.1 of Protter| (2005|) we must check that ||JH$5’ < 00. Indeed, Doob’s
inequality leads to
)

< CE[(/OT (vx;f (Vo(Xs) — Vo(XT)) ‘st)p/‘j < 0.

EKtESEé%} ’ /(:[VX;”(VU(XS) — Vo (X?)) AW,

Moreover, note that by Lebesgue’s dominated convergence theorem

1imE[(/OT IVX?(Vo(Xy) — va(Xj))\st>p/4] ~0.

e—0
Similarly, using Jensen’s inequality the finite variation part of J is an element of SJ(R) and

lim 7] g5 = 0.
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From (Protter, 2005, Lemma V.3.1) it holds that [|X||sz < 2||J]|sp and thus lim. g HXHH;; = 0.

Let us consider the terminal condition term. Denoting once again X7 a random point between
X% and X5T" (that is componentwise) it holds that

E|(e"T|¢[2)"?]
— B[ (e |vy(tn) (XTM—XT ~ VX}) + VXF(Vo(Xr) - Vo(XF) ‘2)”/ 2}
<CE [(eﬁT‘ (M - VX%) DM] + OE[(eﬁTWXWWg(XT) - Vg(X%)|2>p/2}

- _ p/2
< Ce"|X|gy + CE [(eﬁﬂvx%mwuﬂ — Vg(x§)2) } —0,

e—0

where we have used Lebesgue’s dominated convergence theorem for the second summand and
the estimate obtained above on the norm of X for the first one.

Now, let us consider the last term on the right hand side of . We have that

E[(/OTeﬁissds)p] <CE [(/OTC,@S [(Ass — Vaf (5,07(5))) (VXw'ax)(S)‘ds>p}

p

B[ ([ ey = Tt (:0%69) (P )] as)'|

T
+CE {(/0 % | (As. — V. f(5,0%(s))) (Q - az)(s)] ds)p} :
Standard arguments yield
Ay — fo(t, @gc(t)) as € — 0 in probability,

for dt-a.a. t € [0,T]. Note that ¢ > 0 is implicitly contained in A; . Moreover, Proposition
and the previous calculations show that

”YgHrsh _ YzH];g + HZaersh _ Zzu];_{g

< C{E[(e|g(X™=) — g(X™)[")P/2] + || x= e — X=|ID, } — 0,
B

e—0
with C' > 0 being a generic constant. This implies for dt-a.a. ¢t € [0,T]
yrteh Ly ziteh 72 as e — 0 in probability.
Since V,, f, V. f are continuous, it follows that

Ay — Vyf(t,0%(t)), ase — 0 in probability,
A, — V. f(t,0%(t)), ase— 0 in probability,

for dt-a.a. t € [0,7]. Thus, using Lemma and the fact that P and @ are square inte-
grable, Lebesgue’s dominated convergence theorem (which also holds, if almost sure conver-
gence is replaced by convergence in probability, ¢f. |Shiryaev| (1995, remark on page 258) yields
limgﬂoE[(fOT e’ |Rs|ds)"] = 0. Now yields that

tim (U], + IV I } = 0,

which proves the claim. ]

21



Remark 3.3. The conclusions of Corollary[3.1 and Proposition[3.3 are still valid if one replaces
p > 2 byp=2. Then the assumptions onT, L, B > 0 have to be replaced by those of Proposition

and of Theorem [2.1]

3.2 Strong differentiability

All previous assumptions on existence and uniqueness remain in force. In this section, we
concentrate on the smoothness properties of the paths associated to the processes (Y%, Z%). A
first result is obtained in the following

Proposition 3.4. Under the assumptions of P’roposition we have for x,z' € R?

IE[ sup | X[ — X;fc,\q] <Clz -2, forany q>2,
0<t<T

and for any p > 2

T
IE[ sup (eﬁt|Yf - th/|2)p/2] —{—E[(/ eS|z — Z§,|2ds)p/2} < Clx —2']P.
0<t<T 0

Thus for every x € RY,

o the mapping x — Y from R? to the space of cadlag functions equipped with the topology
given by the uniform convergence on compacts sets is continuous P-almost surely and

e the mapping x +— Z% is continuous from R? to L*([0,T]) P-almost surely.

In particular, for every x € RY,
e the mapping x — Y* from R? to R is continuous for all t € [0,T], P-almost surely and
e the mapping x — ZF(w) is continuous for every x € R% and dt ® dP-almost all (t,w).

Proof. The estimate on the forward process is classical (see e.g. (Protter) 2005, Theorem V.37
Equation (***) p. 309)). In this proof, C' > 0 denotes a generic constant which may differ from
line to line. We apply the a priori estimate from Proposition and get

R UV R (VAR
< G {E[(7lg(x8) - 9(xF)1)""°]
+E[(/0Te‘55!f(s, (X7 - ax)(s),¢(s)) = f (s, (X" ax><s),4<s>)\d5)ﬂ}
< C{B[(lg(xF) - 9(xX5) )]

T
SE[( [ P16, (X7 ) (61,650 — fs. (X7

0

/

ax)(s), () Ps)" |},

/ /

with ¢(-) == ((Y* - ay)(-),(Z" - az)(:)). Using the mean value theorem and the boundedness
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of Vf and Vg (i.e. the Lipschitz property of f and g), we deduce

T
B[ sup (v v )] ([ ez - 2P
0<t<T 0

<ofsi@ni - Py sl [ e -x)-anera])

< ofs[(@xg - xp )] ([ e - x pas) )
0
<Clz—a'P,

where the last two lines follow by applying the change of integration from @D and the first claim
of the proposition. The continuity properties of the mappings =z — Y% and x — Z% are now
obtained by an application of Kolmogorov’s continuity criterion (see for example (Protter} 2005,
IV.7 Corollary 1)). O

If the generator exhibits additional regularity, it even turns out that the paths of z +— Y? are
continuously differentiable.

Theorem 3.5. Assume that the assumptions of Proposition are satisfied for some p > 2
and assume that all second order partial derivatives of the generator f are bounded. Then, for
(z,€), (2',€") € RY x (0,00) and h € RY it holds that

z+eh T z'+e'h z’
(eﬁt‘ Y, -Y Y -V

2 2
B

]E{ sup

0<t<T

Thus V,Y* belongs to HP and the mapping x — Y;*(w) is continuously differentiable for all
t €10,T], P-almost surely.

Proof. As in the previous proof, C' > 0 denotes a generic constant which can differ from line to

x+eh _yrx
line. Let p > 2, t,s € [0,T] and h € R?\ {0}. For (z,¢) € R? x (0,00) let US* := %,
V—Sz,s — ZserEh*Z?’ £0F = Q(X;Jrah)_g(xqz“) and X;’%E — Xateh_xe

- . . Using the notation from the
proof of Proposition the pair (U™¢, V) satisfies the BSDE

T T
Ur® =¢%° + / D(s,¢"%(s))ds — / VEEAWS,
¢ ¢
with (*¢(s) := ((Ux’g-ay)(s), (Vx’s-ozz)(s)) and D(s,y,2) 1= (XI’E'aX)(s)AQSE,’i +yAsy +2A5%.

Note that the terms AS% with * € {z,y,2} are given by (34). Let another pair (z/,¢’) €
R? x (0, 00) be given. Using Proposition we obtain

T
U =07 gy < G B[l e Y] +B[( [ R inaniian’] ).
with

0o®(s) = (X7 - ay)(s)AZE — (X7 - aqx)(s) AT
+ (U ay)(8) (AT — AT 4 (VI ) (s)(AZE — AT,
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Using the hypotheses on f (i.e. all partial derivatives up to order two are bounded), we find

(X% a) (s)l|ALE — ALY

A
bl
z .

5:0(5)] < CLI(FP = X)) (s)]

+ (U - ay)(9)[[ATy — AL [+ (V- az)(9)]| AT —
As a consequence

= - U=,
T
< C{E[(eﬂTKz,a o gx'75/’2)p/21| —i—E[(/ €§s|(()z—x,a _ X—x/@/) ) OzX)(S)HA;c:;‘dS)p}
0
s)’|
- T 5 .y
+E (/ 2% (U™ - ay)(s)||AZS — A |ds) }
- Jo

- T
SE[( [ IR anllAzg - A
- JO

- T 5 ;L ’
FE[([ B Az - a7 as)] )
- JO
< C{E [(65T|£w,5 - £$/,6,|2)p/21|

+Eﬁ</0T6“'<<Xﬂ”’E—X””“E’>-a»«><s>r2ds>”}1/2E[</0Teﬂmz;;wdsf]”z
HE:(/OT P o)) e / Oo|azs - Az sy
+Ei</feﬁﬂ<m'ﬁ- |d~r%[ [ o=z
s Ly e

s
where for each term we used the Cauchy-Schwarz’s inequality twice and that e2® < 5. Applying
@D to the previous expression we get

X .Z‘/ 4 x 1;/ ! 2
[0 = 0% gy < O{E[ (€™ — &1?)"?]
(T . 1/2 T
+E (/ | X e - X2 Pas) | E[(/ | Aze P as)" |
L 0 0 )
- T . 1/2 T .,
+E|( / 7| X2 2as)"| TR ( / 5| ATs — A7 2ds)”|
- Jo 0
[T , o 1/2 T . 1/2
E[( [ ez pasy’] CE[( [ elazg - Az pasy’
L 0 0
[ T ;o 1/2 T ' 1/2
+E[([ ey pasy] VE[( [ emlaz - aze pasy] ).
L 0 0
Since (U*"¢', V*'<') is a solution in Sg X ’Hg of a BSDE, it follows from Corollary that the

quantities E [ ( fOT efs|Uz e )?] and E[( fOT eﬁs|1/f/’6,]2ds)p] are finite and uniformly bounded
in ¢/. By the assumptions on b and o, we have

T ~ 0l 1/2
IE[(/ e8| X%'e |2ds)p] < 00.
0
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In addition, by the boundedness of Vf we have that |As%
with % € {z,y, z}. Thus the estimate reduces to

and |A§:;f/| are uniformly bounded

HUx,z—: _ Uz’,s’ugg
< C{]E[(C'BT|§:E’E . 63:’,5"2)1?/2]

r o ool 12 \p] /2 4 1ero 1 \p] M2
+E[(/O |XEE - X2 Pas)| +E[(/O | Azs — AT Pas)|

QdS)p] 1/2 +E[(/T eﬂS\Aﬁf B Ai:é€’|2d8)p:| 1/2}. (37)

T
E[( [ emazg - azy 0

Using the mean value theorem and the fact that the second order partial derivatives are bounded
it holds that

DS — AT |+ ATy — AL+ |ADE - ALY
< C{(‘Xx-i-ah _ Xx’-i—a’h‘ . CKX)(S) + (‘YJIH‘Eh _ Yx’-i—a’h’ . ay)(s)
+ (|Zx+eh B Zw’+e’h| . az)(s) + (|Xm . Xz" . OzX)(S)
(V" =Y ay) () + (127 = 27 az)(s) ]

Plugging the right hand side of this inequality in and using Lemma one gets

B[( sup MU —up e )]
0<t<T

< C{E[(65T|€x,s - 61’,5,2)1’/2}
e T

+E (/ |XEE - X2 Pas) | 1/2+IE[(/ P|XT — XY 2as)”| v
L Jo 0

1/ 1/2

- T
+ K (/ eﬁs‘Xsw+6h_X;:’+5’h’2dS)P}

2 T ! !
—i—E[(/ eﬁs‘}/—sx+5h_yvsx +e h’2d8)77}
0

0

-, T o 1/2 T / 1/2
+E (/ 6ﬁs|Z§+Eh—Z§ +e h|2ds)p} +E|:</ eﬁs’}/sa:_}/sx |2ds)p]

- J0 0

+E:(/0Te@$|zg . Z§’|2ds>p} 1/2}.

We recall another estimate for the forward process

E[‘gx,a o fx/’sl |p} < C(’x . 1'/’2 + ’5 o E/,Z)p/27

which is proved for example in (Ankirchner et al., 2007, Lemma 7.4). This result combined with
Proposition [3.4] leads to

E{ sup (eﬁt‘Utﬂc,s . Utac’,e’yz)p/ﬂ < C(]w _ x’]Q tle— 8/,2)1}/2_
0<t<T

The last claim of the theorem follows using Kolmogorov’s continuity criterion (see for example
(Protter, [2005, IV.7 Corollary 1)). O
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4 Representation formulas and path regularity

One of the fundamental results of FBSDE concerns the relationship between the Malliavin and
the variational (classical) derivatives of the solution process: the Malliavin derivative of the
solution of the BSDE can be explicitly expressed as the product of its variational derivative
(with respect to the initial parameter of the SDE) and the variational derivatives of the solution
of the forward diffusion. This relationship holds both in the standard Lipschitz generator (see
Proposition 5.9 of [El Karoui et al.| (1997)) and the quadratic generator case (see e.g. Theorem
2.9 of Imkeller and Dos Reis (2010al)) for classical BSDE without time delayed generators.

In this section we show that this relationship still holds for decoupled FBSDE with time delayed
generators. Such a result is somewhat surprising since it is normally attached to the Markov
setting of non-time delayed BSDE which clearly fails to materialize for this class of BSDE.
Imperative for this relationship to hold is the fact that the forward process X is Markovian
along with a good behavior of the terminal condition.

As in the previous section, whenever we consider the delay FBSDE —, we assume that
all conditions to ensure the existence of a unique solution (X, Y, Z) are in force. Moreover, since
for § > 0, all S-norms are equivalent, in the following we content ourselves with giving results
for 6 = 0. In addition, for the sake of simplicity, once again in this section we take m = 1, in
other words the stochastic process Y solution of our BSDEs takes values in R.

Malliavin’s differentiability of FBSDE with time delayed generators

We recall Theorem 4.1 of Delong and Imkeller (2010b), modified to our the FBSDE setting.
Theorem 4.1 from Delong and Imkeller| (2010b)) shows that the solutions of time delayed BSDE
are Malliavin differentiable, and as a consequence, it can be deduced that the solution of the
time delayed FBSDE (27)-(28) is also Malliavin differentiable. Under the condition (F3) on the
coefficients of the forward equation , the Malliavin differentiability of the forward process X
is a standard result, see for instance Theorem 2.2.1 in Nualart| (1995). We denote the solution
to the equations (27)-(28) by (X,Y,Z) := (X*,Y*, Z*). The next result states the Malliavin
differentiability of (X,Y, Z). Using notation introduced in Section 3, we define for 0 < u <t <T

(Du®)(t) = ((DuX - ) (t), (DuY - ay)(t), (DuZ - az)(1))

0 0 0
- ( / Do X warn(dv), / DYy iway(dv), / DuZt+vaZ(dv)>.
-T =T =T

We define in the canonical Wayﬂ the space ILj 2 as the space of progressively measurable pro-
cesses, X € H?, that are Malliavin differentiable and normed by || X||r,, = E| fOT | Xs[2ds +
fOT fOT | DX [*dsdu]'/.

Theorem 4.1. Under the conditions of Corollary|3.1] the Malliavin derivatives (DX, DY, DZ)
of (X,Y, Z) solves uniquely in Ly o x L9 x Ly o the following time delayed FBSDE:

t ¢
D, X, =o(u, Xy) +/ be(s,Xs)Dquds—l—/ V0(8, Xs) Dy XsdWs, (38)

T T
DY, = vg(‘XT)Du‘XT - /t DqudWs + /t <(Vf) (Sv @(3))3 (Du@)(s)>ds, (39)

1See Section 2.2 of Tmkeller and Dos Reis| (2010a)), Section 5.2 of [El Karoui et al. (1997) or simply [Nualart
(1995)
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for0 <u <t <T (zero otherwise) and where oy, ay,, az are given non-random finite measures
supported on [—T,0] with © as given by (29). Furthermore, {D;Y; : t € [0,T]} is a version of
{Z,:t€[0,T]}.

Proof. The results concerning the forward component are well known, see Nualart| (1995) or
Imkeller and Dos Reis (2010al). The conditions of Corollary ensure that Theorem 4.1 from
Delong and Imkeller| (2010b) can be applied. Hence Y and Z are Malliavin differentiable. [

The representation formulas
We now present the representation formulas for , which are effectively expressed in
terms of the variational VX, VY and VZ.

Theorem 4.2. Let the conditions of Theorem 4.1 hold. Let (X,Y,Z), (VX,VY,VZ) and
(DX,DY,DZ) denote the solutions of FBSDE —, — and — respectively.

Then the following representation formulas hold:

Dy Xy = VX{(VXy) o(u, Xu)Lju<yy t,u €10,7T], dP — a.s. (40)
D,Y; = VYi(VXy) o(u, Xu)Liu<sy, t,u €10,7], dP — a.s.

Zy = VY(VXy) " lo(t, Xy), te[0,7], dP ® dt — a.a. (41)
DyZy = VZi(VXy) ot Xu)Liu<sy t,u € 0,7], dP ® dt — a.a.

Proof. Asin Theorem[4.1] the Malliavin differentiability of the forward component is well known,
see Nualart| (1995)) or Imkeller and Dos Reis| (2010a). Theorem [4.1] ensures that (DX, DY, DZ)
is the unique solution of the time delayed FBSDE (38)-(39). Throughout let ¢ € [0,7] and
u € [0,t]. We define the processes

Uit = VY(VX) '0(Xo)Liusyy and Viy = VZ(VXW) 0 (Xu)Liucs,

and for s € [0,T], we set
0
D, X(s) :/ Dy X ipax(dv),
-T

0 0
Us9) = [ Uuwmosldo) = [ 9Vi0u(0X) ot X T pusasugos (o),

0 0
Vu(s) = / vaﬂ,az(dv) = / Tvzsﬂ(vxu)‘la(u, Xu) Liu<stoyoz(dv),

compare also with the notation in . Multiplying the BSDE with (VX,) o (u, X,) and
then using we obtain for any 0 < u <t < T dP-a.s. that

T
Uut = Vg(X7)Dy X7 — / Viu,sdWs
t

T
+/t <(Vf)(s,@(s)),(DuX(s),Uu(s),Vu(s))>ds,

where © is given by O(-) = (X - ax)(-), (Y -ay)(-),(Z - az)(-)) (compare with from section
. Now, Theorem states that the solution of BSDE is unique, hence (U, V) must
coincide with (DY, DZ). Another way to see this would be to use the a priori estimates of
Proposition with and the above BSDE.

Formula follows easily from a combination of the representation formula for D, Y; combined
with D;Y; = Z;, dP ® dt-a.a. (see Theorem [4.1J). d
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Implications of the representation formula

The representation formulas in the previous theorem allow for a deeper analysis of the control
process Z concerning its path properties.

Theorem 4.3. Let |f(-,0,0,0)| be uniformly bounded and the conditions of Theorem (2.8 be in
force (ensuring the existence of a solution to the BSDE ) Then for p > 2, the mapping
t — Z; is continuous dP-a.s. If moreover we have p > 2, then we also have

1Z]lsg < oo forqe [2.p).

In particular, for p > 2 we have for every s,t € [0,T] that E[|Y; — Ys|P] < Clt — s|P/? and that
Y has continuous paths.

Proof. 1t is fairly easy to show that (VYt(VXt)*la(t, Xt))te[O,T] is continuous. By assumption, o
is a continuous function and it is well known that both processes (VX)~! and X have continuous
paths. VY is continuous because its dynamics is given as a sum of a stochastic integral of a
predictable process against a Brownian motion (so a continuous martingale) and a Lebesgue
integral with well behaved integrand. If two processes are versions of each other and one is
continuous then they are in fact modifications of each other and hence Z has continuous paths.
Now since Z has continuous paths, then the representation formula does not only hold
dP ® dt-almost surely but in fact holds for all ¢t € [0,7] and P-almost all w € . Using that
VY e & for some p > 2 (see Corollary and Proposition , (VX)L o(-, X) € 8 for any

r > 2 and Holder’s inequality, we conclude that Z € S for every ¢ € [2,p).

The property concerning the increments of Y is easy to prove since X,Y, Z € S} for some p > 2.
For 0 < s <t <T, we have (recall that |f(-,0(-))| < |f(-,©(-)) — f(-,0,0,0)| +|f(-,0,0,0)| and
that |f(-,0,0,0)| is uniformly bounded)

t t
Yt—YS—o+/ f(u,@(u))du—/ ZudW,,

so using the assumptions and the Burkholder-Davis-Gundy inequality, we get for a generic
constant C' which may vary from line to line and some p > 2
]

t p/2
< Cle—sP2(1+ X1y + ¥ Iy + 1715 +EL( [ 17ua0)™)

E[|Y; - Y]] gCIEH/:f(u,@(u))du‘er’/:Zuqu

< Clt— s|P/?

This in particular yields the applicability of Kolmogorov’s continuity criterion to Y. O

The L2-regularity result

We finish this section with the L?-regularity result for the control component Z of the solution
of the time delayed FBSDE. Let m be a partition of the time interval [0,7] with N points and
mesh size |7|. We define a set of random variables via

_ 1 tit1
77 — 71&[ / sts‘}"ti], for all partition points ;, 0 <i < N — 1.
ot — ¢

i
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It is well known that Zg, is the F3,-measurable least square approximation of tiﬂli T ftii“ Zsds,

i.e.

1 tit1 B
E||—r / Zds — Z7
t;

o = i )E“l/jw Zs-V[].  (12)

VeL?(F, tiv1 —t;

We associate the process (er)te[O,T} to {Zg}izo’...’N_l via ZF = Zg for t € [ti,tiy1),0 < i <
N — 1. Similarly, for the set of random variables {Z] }i—o,... N—1 = {Z, : t; € 7}, we associate
the process (Z] )ico,m) via Zf = Z[ for t € [t;;ti41), 0 <4 < N — 1. The definition of the
conditional expectation implies that for every ¢ =0,..., N — 1, we have

E[|Z]*) - 2E[Z] ZF) > ~E[| Z; ),
from which it follows that Z™ is the best H2-approximation of Z, leading to
|Z = Z™ |42 < ||Z — Z7||gg2 — 0, as |x| — 0.

Using Theorem we are able to determine explicitly the rate of convergence of the above limit.
The following result extends Theorem 5.6 from [Imkeller and Dos Reis (2010a)) to the setting of
FBSDE with time delayed generators.

Theorem 4.4 (L?-regularity). Assume that the conditions of Theorem hold for some p > 2

and assume further that o is %—Hé'lder continuous function in its time variable. Then

N1 tit1 _
max { sup E[D@—YtiQ]}JrZE[/ yZS—Z;;|2ds}gC|7r|.
t;

0<iSN=1 Ly <e<tg i—

Proof. The result concerning the Y component follows immediately from Theorem As for
the result for Z, let us remark that since Z™ is the best H2-approximation of Z over = in the
sense of , it follows that

N-1

N—-1 ti+1 _ ti+1 N-1 ti+1
ZE[/ 12, - Z5Pds| < ZE[/ 12, 2, ds| = Z/ E[|Z, — 2, |")ds,
i=0 ti =0 ti i=0 't

7=

where the last equality follows from the use of Fubini’s theorem to switch the integration order
(recall that Z € S} for some p > 2). Theorem allows to use to rewrite the difference
inside the expectation. We have Zs—Z;, = I1 + Io+ I3 with I} = [VYs— VY, [(VXy,) Lo (ti, Xt,),
I, = VY;[(VXS)_l — (VXti)_l]O'(ti,Xti), I3 = V)/S(VXS)_I[O'(S,XS) — U(ti,Xti)] and s €
[ti, tita].

From the proof of part (ii) of Theorem 5.8 in Imkeller and Dos Reis (2010b)) one obtains that

N-1

tit1 tiv1
ZE[/ yf2|2ds+/ 15%ds] < O

i=0 ti ti

The calculations that lead to the above result are quite easy to carry out. They rely on known
estimates for SDEs found for instance in Theorem 2.3 and 2.4 of Imkeller and Dos Reis| (2010a)
combined with the fact that VY € SP for some p > 2.

To handle the term I; one needs to proceed with more care. Let us start with a simple trick:

E[[(VY; = V¥i)(VXe) o (ti, Xe) ] = E|E[|VY; = V¥, 27, [(VX0) o (b, X)) (43)
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Writing the BSDE for the difference VY; — VY, for s € [t;, tiy1] we get for a generic constant
C > 0 that

s

E||VY, - vnﬂfn} < CE[| (V)(r,0(r)), (VO)(r))dr[2 + | /t VZTdWTﬂ}}J

ti

tit1 tit1
< CE||n \(ve))(r)y2dr+/ V2 [2ar|7, ],

t; t;

where we used the uniform boundedness of the derivatives of f, Jensen’s inequality, [t0’s isometry
and proceeded to maximize over the time interval [t;,¢;+1]. Combining the last line with
and using the tower property, we obtain

tit1
Z / E[E[ ‘VY; - VY;sz‘ftz] ‘(VXti)il‘j(ti?Xti)‘Q} ds
i=0 7t
N-1 tit1 tit1
<X ([ 17O P+ [T V2 Rar) (V) ot )
i=0 i i
N-1 tit1 tit1
< |7[E| sup [(VX)lo(t, X D (|7T|/ ‘(V@)(r)]er+/ V2 Pdr)]
0<t<T i=0 t; t;
T T
— [7E| sup |(VX) "ot X0 (I / |(VO)(r)Pdr + / vz, dr)|
0<t<T 0 0
< Clrl,

where in the last line we used the fact that VX, (VX)™ 1, X € 8¢ for every ¢ > 2 and that
VY,VZ € H} for some p > 2 (in combination with Holder’s inequality) to conclude the finiteness
of the expectation. Combining this estimate with the ones for I and I3 finishes the proof. [

Having established a path regularity result for FBSDE with time-delayed generators one can
now start discussing a working numerical scheme. Given the nature of this class of BSDE one is
naturally inclined to propose a scheme based on a discretization of a Picard iteration. Roughly
speaking such a scheme follows the footsteps of Bender and Denk| (2007). The scheme proposed
in Bender and Denk] (2007)) is shown to converge to the scheme proposed by |Bouchard and Touzi
(2004) whose convergence is known. For delay FBSDE the discussion is more involved since the
relevant question seems to be not the convergence of the [Bender and Denk (2007)) scheme to
that of |Bouchard and Touzi (2004) but the convergence of Bouchard and Touzi (2004) to the
original solution. A concrete scheme as well as convergence results is left for future research.
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