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∑
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E(Q�H�ETG�qsSiwpD,O�Z\BMS2%/��LND,gXZ\vXL E(Q�Z\�PZ\B>STH�Z\BK�xG�Q�ETL S�H�Z\LbD�}�uXvXW%O�D

δ(t = 0)
ETG

S�uXW%STB�DCO�E(vXQ�^,D�jZ\B]wPSTQ�Z%STB]H|STWYE(BK��H�J�DCg&Z\Q�D,^#H�Z%ETB�O
p2
S/B�g

p3
m��pq�J�D#Q�DCH�Q�STBKO�u
E(Q�H+uKQ�E(u
D#Q�H�ZYD,OsSTQ�DCS(^#H�v�STW\W\d

E(V�O�D#Q�wpD,gcZ\B�H�JKD�gXZ\Q�D,^,H�ZYE(B�u
D#Q�u
D#BKgXZY^#vXW*S/Q�H�E�H�J�DCD,LxZ\H�H�D,QiyX��JXZYO+uKQ�DiO�D#B]H�O�O�H�Q�E(BX�NO�ZYLxZ\W*S/Q�Z\H�ZYD,Osq|Z\H�J�H�J�D
LbD#H�JKE�gKO~ETG-O�H�vKgXd�E/G1H�Q!STBKO�u
ETQ�H~ETG-^#W%S(O�O�ZY^iSTWaqsSiwpD,O~ZYB3%/��g&ZYO�E(Q�gKD#Q�D,g�LbD,g&Z%SMj¦�4	#m�y
5 E(H�DIH�J�STH�j-%pm�ZYO|BKE(H~H�J�D�O�H!STBKgKSTQ�g3%/�kU�ZY^�UpD,g�Q�E(H�E(Q�j�l��/m�n

H̃3 =
p2
1

2
+ ω2

p2
2

2
+ ω3

p2
3

2
+K cos x1 cos x2 cos x3

∑

n

δ(t− n) .
j��pm

��q+Ec^�J�STQ�S(^#H�D#Q�Z%O�H�ZY^,O0ETG~j-%pm|STQ�D�BKE(H�D#q+ETQ�H�J�d
n46tZ\Q�O�H?�KH�J�DIW\Z\B�DiSTQCgKD#u
D#BKgKD#BK^iD�ETG1H�JKD�H�Q!S/B�O�wPD#Q�O�D�U�Z\B�D#H�Z%^
D,BKD#Q��(d�Z\B

p2
STB�g

p3
y�7&D,^,E(BKg��/H�JKDo��H�Q�v�D � O�u>STH�Z%STWXgXZ\Q�D,^#H�Z%ETB���� � STBKg�H�JKDsH�Q!S/B�O�wPD#Q�O�Do��w�Z\Q�H�v>S/W � g&Z\Q�D,^#H�ZYE(BKO�8) � STB�g[�9% � uXQ�DiO�D#B]H�S/B¤STBKZYO�E(H�Q�E(u]d ^,E(B]H�Q�E(W\WYD,g£V]dFH�JKDxu�STQ�STLbD#H�D#Q ε ya��Eiq�H�JKD,O�D�G�DiSTH�vKQ�DiO�S?`aD,^,HIH�J�D

^,W%S(O�O�ZY^iSTWtgXd�B�STLNZY^,O0ETG0j#%pmCS(OC^iETLNu�STQ�D,gFH�ERH�J�STH�ZYO�ETH�Q�E(uKZY^iSTW\W\dFg&Z�`
v�O�ZYwPD�ETGCj��pm�Z%O~H�JKD�O�vKV&��Di^#H�ETGoH�JKZYO
O�H�vKg&d]y
ACvKQ�LbE(H�ZYw(STH�Z%ETB�OISTQ�D�H�JKD�G�E(W\W%Eiq�ZYBX��y<��JKD�W\Z\B�DiSTQ�gXZYO�u<D,Q�O�ZYE(BFETGoH�J�D�H�Q�STBKO�wpD#Q�O�DxgXD#�PQ�D,D,O0ETG1G�Q�DiD,gXE(L

ZYB H�J�D_��STLNZ\W\H�E(BXZ%STB�j-%Pm�O�DiD#LNO?��STHc�KQ�O�H��(W*S/B�^,DP�sH�E Z\LNuXWYd¡H�J>S/H�E(BKW\dhH�J�D g&Z\Q�D,^#H�ZYE(B¡��� � Z\B j-%pmbZYO
gXZYO�ETQ�gXD,Q�D,g�q�JKZ\WYD�H�JKD�H�Q�STBKO�wpD#Q�O�DsgXZ\Q�Di^#H�ZYE(B�O��8) � STBKgI�8% � STQ�D+{]v>S(O�Z\u
D#Q�ZYE�gXZY^0j�O�D,DIj�l�� � ��� � �+* � �:�/m�m#y/�sJKZYO{�v�S(O�ZYu<D,Q�ZYE&g&ZY^c^�J�STQ!ST^,H�D#QN^,E(vXWYg uXQ�D#wpD#B]H�H�JKDc^#W*STO�O�ZY^iSTW+H�Q�STBKO�u
E(Q�H�ZYB¤H�J�DRH�Q!STBKO�wPD,Q�O�Dcg&Z\Q�D,^#H�ZYE(BKO?��H�J�vKO
LRSTU�Z\BK��H�JKD~WYE�^iSTW\ZYO!STH�Z%ETB�E(V�O�D#Q�wpD,gRZ\BRH�JKDC{]v�STB]H�vXL Q�D#�PZ\LbD~B�E(HsS�^,E(BKO�D,{]v�D#BK^,D�ETG�O�vXVKH�WYD~Z\B]H�D#Q�G�D#Q�D#BK^,D
D#`
D,^,H�O�VKvXH�STH�H�Q�Z\VXvKH�STVKWYDRH�E�H�J�Dxu
D,^,vXW\Z%STQ�^,W%S(O�O�ZY^iSTW�g&d�B>STLxZ%^,O�ETG�H�JXZYO�O�d&O�H�D#L j��:;/m#ya��JXZYO�ZYO�JKE?q+D#wpD#Q
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g&d&B�STLNZY^,OsETG+j-%Pm-Z%Oi�&S(O�q+D0O�J�STW\W
O�DiDP�(G�vXWYW\dRg&Z�`
v�O�Z\wpDCZ\B�STW\W
g&ZYQ�D,^,H�ZYE(BKO?�XSTBKg
H�JKD~WYE�^iSTWYZYO�STH�ZYE(BcETV�O�D,Q�wpD,gRZ\BbH�JKDC{]v�STB]H�vXL Q�D#�PZ\LbD|ZYOoH�JKD,Q�D�G�E(Q�D0SI{]v>S/B]H�vXL D�`aD,^#H+ETGaH�J�D|O!S/LbD~B�STH�vKQ�D
S(O�fCB�gXD#Q�O�E(B£WYE&^iSTW\ZYO!S/H�ZYE(B�y 7&D,^,E(BKg���H�J�DcS/BKZYO�ETH�Q�E(u]d£ETGsH�JKDb^#W%S(O�O�Z%^iS/W�H�Q�STB�O�u
E(Q�H�ZYO�U�B�Eiq�B¤H�E��PQ�DiSTH�W\d
S/`aD,^#H0H�JKD�uXQ�E(u
D#Q�H�ZYDiOIE/GoH�JKD�WYE�^iSTW\ZYO!STH�Z%ETB��>ZYBK^#W\v�g&Z\BK��SbB�ETBX}�BKD#�PW\Z\�PZ\VKWYDbgXD#u
D#B�gXD#B�^,DxE/G�H�JKD�H�Q!S/B�O�ZYH�ZYE(B
H�JXQ�D,O�JKE(WYg�E(B�H�JKDIgKD#�PQ�D,DIETGtSTBKZYO�E(H�Q�E(u]d j�DPy ��yXE(B�H�J�D�u�STQ�STLbD#H�D,Q

ε
m0j�¥:?m#y:'£DCZYBKgKD,D,g�E(VKO�D#Q�wPDig�O�v�^�JMS

gKD#u
D#BKgKD#BK^iDcjO�D,D0H�JKDIuKJ�S(O�D�g&Z%ST�PQ�STL�Z\B j¦���?m�m#y

�K3���6����	��
�@�
�9�17����b:<@���;�
�@	����:��K6����M@%=�


��JKDI�0STLxZYW\H�E(BKZ%STB¤j#%pm+V<D,Z\BX�xu
D#Q�ZYE&g&ZY^0Z\B�H�Z\LbDP�&Z\H�Os^#W*STO�O�ZY^iSTW�g&d�B>STLxZ%^,O�^iSTB�V
D0O�H�v�g&ZYD,g�V]d�STgKE(uXH�Z\BX�RS
O�H�Q�E(V
E(O�^,E(uXZ%^�u
E(Z\B]H0E/G-w�ZYD#q��KDPy ��y�V]d�G�E�^#vKO�Z\BK�bE(B[H�J�D�O�d&O�H�D#L�O�H!STH�D���vKO�H~S/G�H�D#QCH�JKD�U�Z%^�UXOiy � B]H�D#�PQ!STH�Z\BK�
�0STLNZ\W\H�ETB�� O|Di{]v�STH�ZYE(BKOsG�Q�ETL�S�U&ZY^�UbH�ExH�J�D�G�E(W\WYE?q�Z\BK�bETB�DP�&q+DIE(VXH!S/ZYB�H�JKD0D,{]vKZ\w(STWYD,B]H~ETG'H�JKD 7�H�STBKg�STQ�g
� STuej��(msG�E(QCH�JKZYO0O�d&O�H�D#L���q�JKZY^�J[Q�D#W%STH�DiOCwPSTW\vKDiOCETGoH�J�D�O�u�S(^,D�STB�gMLbE(LND,B]H�vKL wpD,^#H�E(Q�O�j

xn pn

m1��v�O�H
S/G�H�D#Q~H�J�D

nth

U�ZY^�UcH�E�H�JKEPO�D
(xn+1,pn+1)

S/GH�D#Q~Sxu
D#Q�ZYE�g�n

p1n+1
= p1n

+K sin θ1n
(1 + ε cos x2n

cosx3n
) ,

p2n+1
= p2n

+Kε cos x1n
sin x2n

cos x3n
,

p3n+1
= p3n

+Kε cos x1n
cos x2n

sin x3n
,

j��pm

x1n+1
= x1n

+ p1n+1
,

x2n+1
= x2n

+ ω2 ,

x3n+1
= x1n

+ ω3 .

7�H�STQ�H�Z\BK�RGQ�E(L STBMZ\BXZYH�Z%STW1^,E(BKg&ZYH�ZYE(Bej
x0,p0

m#�KE(BKD�^iSTB[DiS(O�Z\W\d�O�Z\L�vKW%STH�D�H�J�D�D#wpE(W\vXH�ZYE(B_E/G-H�JKZYOCO�dXO�H�D#L�y
� B£u�STQ�H�ZY^#vKW%STQi��q+DNqsSTB]H�H�E�O�D,D�J�Eiq S�O�H!STH�DNZ\BKZ\H�Z*S/WYW\d_WYE�^iSTW\ZYO�D,g¤STH

p0 = 0
D#�&u�STBKgKO�S(OIH�Z\LNDNu>STO�O�D,Oiy

f~G�H�D#Q�qsSTQ�gKOi�aE(BXW\dFuKQ�E(u
D#Q�H�ZYD,O�SiwpD#Q�ST�pD,g£EiwpD#QILRSTB]dFZ\BXZ\H�Z%STWo^,E(BKg&ZYH�ZYE(B�O
p0 = 0

S/B�g
x0 ∈ [0, 2π)

q�Z\W\W
V
DI^,E(B�O�ZYgKD#Q�D,gay
5 E(H�DRH�J�STH�H�JKDbH�D#Lxu
E(Q�STWsgKD#u
D#BKgKD#BK^#d j��pm�ETG�H�JKDRH�Q�STB�O�wpD#Q�O�DbwPS/Q�Z%STVXW%D,O

x2
STBKg

x3
ZYO�H�Q�ZYw�Z%STW��tSTBKg

wpD#Q�d�g&Z\`
D,Q�D#B]H|GQ�E(L H�J�STHCETVKH�STZ\B�D,g�G�Q�E(L j��pm#n

x2n+1
= x2n

+ ω2p2 ,

x3n+1
= x1n

+ ω3p3 .
j��Pm

��E?q+D#wPD,Qi��GQ�ETL j��Pmsq+D�^iSTB�D��&uKQ�DiO�O
p2n+1

S(O?n

p2n+1 = p20 +Kε

n∑

j=1

cos x1j
sin(x20

+ ω2j) cos(x30
+ ω3j) ,

j��pm

q|JXZY^�J�O�JKE?q|O�H�J�STH�H�J�D~^�J>STE(H�ZY^�^�J>STQ�S(^#H�D#QsETGaH�J�D|LbE(H�ZYE(BRZ\BcgXZ\Q�Di^#H�ZYE(Bb��� � uKQ�E(�PQ�D,O�O�Z\wpD#W\d���gXZ�`
vKO�D,O � Z\B]H�EH�JKD0H�Q�STB�O�wpD#Q�O�DIgXZ\Q�Di^#H�ZYE(B�Oi�Kq�JXZ%^�J�JXZ\B]H�OsG�E(Q|Sx^,E(LxuKWYD���g&d&B�STLNZY^,O�ZYB�STW\W�g&ZYQ�D,^#H�ZYE(BKO?y � B�gXD,D,g��KS(OsZ\B�H�J�D
^?STO�D�ETG<H�J�D��,�hU�ZY^�UpD,gNQ�E(H�ETQ?�TH�JKD�w(STQ�Z%STVXWYD,O

x1j

^iSTBNV
D�^,E(BKO�ZYgKD#Q�D,gRS(O1vXB�^,E(Q�Q�D#W%STH�D,gbQ!STBKgXE(L wPSTQ�Z%STVXW%D,Oi�
vKBXZ�G�E(Q�LNW\d¤gXZYO�H�Q�Z\VXvKH�D,g�EiwpD#Q

[0, 2π)
j*H�JKDR{]v>S(O�Z�}�WYZ\BKDiSTQNS/uKuXQ�E,�&ZYLbSTH�Z%ETB§ZYO�wPSTW\ZYg G�E(Q�W%STQ��PD

K
m�STB�g

p2H�J]vKO�STWYO�Exu
D#Q�G�ETQ�LNOCS�Q�STBKgKE(L�qsSTW\U j�¥�l?m�y
�sJ�D0Q�STB�gXE(LxZ%O�STH�ZYE(BMETG

x1
ZYO�gXvKD�H�E�H�q+Eb^,E(BT��vX�]STH�D,g�uXJ�D#BKE(LbD#B�SXnXH�JKD0O�D#BKO�Z\H�Z\w�Z\H�dcE(B�Z\BKZ\H�Z%STW�^,E(BKgXZ�}

H�ZYE(BKOCSTBKg�H�JKD�G�E(WYg&ZYBX�bE/G1H�J�D�uXJ>STO�D�}�O�u�S(^,DPyK��JKDIO�D#BKO�Z\H�Z\w�Z\H¦d�ETB�Z\BXZYH�Z%STW�^,E(B�g&Z\H�ZYE(BKO~ZYO�^�J>S/Q!S(^#H�D#Q�ZYO�D,g�V�d
H�JKD! ~E(W\LbE(�pE(Q�Eiw�}97�Z\B>S#"CD#B]H�Q�E(u]d

h
j�STB£S,wpD#Q�ST�pDxE/G�Z\B�g&ZYw�ZYg&v>STW%$ad]STu
E(vXBKE?w_D��&u
E(BKD#B]H�O0EiwpD#Q�SR^�J�S(E(H�ZY^

u>STQ�HoE(Q-STW\W�E/G<H�JKD+uKJ�S(O�D�O�u�S(^,D�}�O�D,DIj¦�Pm�m#�/q�JKZY^�JN�(ZYwPD,O-H�JKDsH�Z\LbD�}�O�^iS/W%D
1/h

EiwpD#Q-q�JKZY^�JNH�q+E0H�Q�S/��Di^#H�E(Q�ZYD,O
ZYBXZ\H�Z%STW\W\dF^#WYEPO�D�J>S,wpD�gXZ\wpD#Q��pD,g_V]d

δx1 ∼ 2π
y
�sJKD�{]v�S(O�Z�}�u
D#Q�Z%E�g&ZY^NS(^#H�Z%ETB ETG

x2
STBKg

x3
ZYO�H�ERZ\BK^#Q�DiS(O�D

H�JKD�D#B]H�Q�E(u]d
h
�>S(OC^,ETLNu>S/Q�D,g[H�ENH�J�D�O�H�STB�gKSTQ�g[^iS(O�D�E/G-H�JKD�U�Z%^�UpD,gMQ�E(H�E(Qiy���J]vKO?�Kq+D�^iSTBMO!S,d�H�J�STHCH�J�D
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x
E/GCH�J�DRU�ZY^�UpD,g§Q�E(H�E(QMj�¥�lim�y

� BKgXDiD,ga�>q+D�U�B�EiqrH�J�STH?�KG�E(Q
K & 4

�KH�JKD�q|JKE(WYD�uXJ�S(O�D�}�O�u>S(^,D�ETG-H�J�D�U�ZY^�UpD,g[Q�E(H�E(QCZYOC^�J>S(ETH�ZY^xS/B�g�H�J�STH
x
^iSTB�V
D0^,E(BKO�ZYgXD,Q�D,gMSTO~S/B�vXB�^,E(Q�Q�D#W%STH�D,g jE(Q|O�J�ETQ�H�WYdR^iETQ�Q�D,W%STH�D,g��XH�J�D0^,E(Q�Q�D#W%STH�Z%ETBMH�ZYLND0V
D#Z\BK� ∼ 1/h

m
wPSTQ�Z%STVKWYDPy>��JXZ%O~q|Z\W\WtV<D�H�Q�vKD�STWYO�ENG�E(Qxj��pm#y>��Eiq+D#wpD#Q?�>G�E(Q

ε
BKE(HCH�E&ERO�LRSTW\W��KH�JKD�H�JKQ�D,O�JKE(WYg[Z\B

K
O�J�E(vXWYg

V
DNO�LRSTW\WYD,Qiy '£D�J>S,wpDNBKE(H�gXD?S/WYH�q�Z\H�J H�JKZYOIZYO�O�vKDNE/G+H�JKDxH�JXQ�DiO�J�ETW%g£ETG+H�JKDNgXZ�`
vKO�Z\wpD�H�Q�STB�O�u
E(Q�H�ZYB H�J�D
%/� U�ZY^�UpD,g���Q�E(H�E(Q � j-%pm�y � B�H�J�D�G�ETWYWYEiq|Z\BX���Kq+DIq|Z\W\W�Q�D,O�H�Q�ZY^#HCETvKQ�O�D#W\wpD,O~H�ExwPS/WYvKD,O~E/G K W%STQ��pD#Q~H�J>S/B

4
y

�sJ�DIg&d�B>STLxZ%^,O|ETG'H�JKDIO�d&O�H�D#L Z\B�LbE(LND#B]H�vXL O�u�S(^,D�ZYO�H�J]v�O|gXZ�`
vKO�Z\wpDP�X^�J�STQ�S(^#H�D#Q�ZYO�Dig�V]d�Sxg&Z�`
v�O�ZYE(B
H�D#BKO�E(Q

Dij (i, j = 1, 2, 3)
gKD��KB�D,gMS(O?n

Dij =
W\Z\L

n→∞
〈pinpjn

〉
n

j��pm

q|JKD#Q�D 〈X〉 Q�D#uKQ�D,O�D#B]H�OtH�JKDsSiwpD#Q�ST�pDsETG X EiwpD#Q1Z\BXZYH�Z%STWK^,ETB�g&ZYH�ZYE(BKO?y '£D+^?S/BxD#w(STW\v>STH�D�STuKuXQ�E,�&Z\LRSTH�D#WYd�H�JKZYO
gXZ�`
vKO�ZYE(B�H�D#BKO�E(Qiy $�D#H�vKO~^,E(BKO�ZYgKD#Q�H�JKD0V
D#J>S,w�ZYE(vKQ|ETG 〈p2

2〉 �]G�E(Q|D��KSTLNuXWYDpy�'£DI^iSTB�q�Q�Z\H�D0H�JXZ%O|{]v>STB]H�Z\H�dS(O?n

〈p2n
2〉 = K2ε2

n−1∑

j,m=1

〈cos x1j cos x1m〉x10
× 〈sin(x20

+ ω2j) sin(x20
+ ω2m)〉x20

×

× 〈cos(x30
+ ω3j) cos(x30

+ ω3m)〉x30
.

j�� � m

��JKDc^,E(Q�Q�D#W*S/H�ZYE(B¤G�vXB�^#H�Z%ETB 〈cos x1j cos x1m〉x10

gKD,^#Q�DiS(O�D,O�D��&u
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