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Abstract

We exhibit the limit shape of random Young diagrams having a distribution
proportional to the exponential of their area, and confined in a rectangular box.
The Ornstein-Uhlenbeck bridge arises from the fluctuations around the limit shape.

Keywords: Young diagrams, Gauss polynomials, Ornstein-Uhlenbeck process
Math. Subject Classification: 60C05, 60F17, 05A10, 05A15, 05A30

Introduction
A partition of an integer n is a finite non-increasing sequence of integers

T = (71, T2,...,TL),

with 71 + -+ + 7 = n. A convenient graphical representation in (Z%)? of the partition
m is its Young diagram, also denoted by w. The Young diagram consists of a stack of m;
unit squares on the i-th column. See Figure [. The area |7| of the Young diagram = is
the total number of squares, which is equal to n.

If the number of summands £ is less than some integer a and all the summands 7;
are less than b, then the Young diagram stays in the box [0, a] x [0, d].

In this paper we study the limit shape and fluctuations of large random Young
diagrams assigned to stay inside a (large) rectangular box, when the probability measure
is proportional to ¢!™!, and ¢ is a suitable parameter. It is easy to see that if one doesn’t
want the system to degenerate in the limit, one has to make ¢ depend on the size of the
box. Namely 1 — ¢ has to be taken of the order of the inverse of the side of the box.

The study of the combinatorics of partitions of integers goes back to Hardy and
Ramanujan and then Erdos in the 40’s. The statistical physics point of view was intro-
duced by Vershik [[] in his study of the typical shape of the partition of a large integer
and obtained what we will call Vershik’s curve. Recently, Funaki and Sasada obtained
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Figure 1: The Young diagram for the partition m = (8,7,7,5,4,3,3,2,2,1) of n = 42.

Vershik’s result, in [fj], as a by-product of an hydrodynamic result for the corresponding
particle system model.

Our study lies at the intersection of classical topics of probability theory, combina-
torics, and statistical physics.

Along the paper, we make an extensive use of the classical Gauss polynomials, well-
known in combinatorics as the generating functions for the number of Young diagrams
with given area (see e.g. [[l]). In order to get to the asymptotic regime, we are led to
state a g-analogue for Stirling’s formula.

For all values of the parameters of the problem (limiting aspect ratio of the box, and
¢ = limn(1l — q)), the limit shape obtained turns out to be a restriction of Vershik’s
curve as it was recently noticed by Petrov in [ff].

The main part of the paper deals with the fluctuations around this limit shape
and requires a fine understanding of the boundary of the random diagram. From a
probabilistic point of view, the boundary is nothing but the g-analogue of the bridge of
the simple random walk. In the classical case (¢ = 0), the properly rescaled interface
converges to the Brownian bridge. In the general case, the limiting process is an Ornstein-
Uhlenbeck bridge. This sheds a new light on this process. Let us mention that, in the
framework of unlimited partitions, and under some specifications on the summands, the
limiting finite-dimensional marginals of the fluctuations has been computed by Vershik,
and Yakubovich [B, [lJ]. However, in contrast with the limit shape problem, the problem
of the fluctuations can’t be deduced from the unlimited case.

The paper is organized as follows. After a presentation of the combinatorics of the
problem (Section 2), we perform its asymptotic analysis through a g-version of Stirling’s
formula (Section 3). Section 4 is devoted to the derivation of the limit shape phe-
nomenon. In Section 5, we study the fluctuations around the limit shape: we first com-
pute the limiting 2-correlation function and deduce the convergence of finite-dimensional
marginals. This section ends with the delicate proof of the tightness of the fluctuations.



1 Presentation of the model

We study the asymptotic distribution of random Young diagrams fitting in a large rect-
angular box with dimensions a xb. Given a real number ¢ > 0, we assign to each diagram
7 the probability

where |7| is the number of boxes of 7 and Z,;(q) is the partition function, the sum of
all ¢/, For the sake of clarity, the probability measure ngb will be simply denoted, by
P.

We fix a parameter p € (0, 1), and choose the dimensions of the box for each n to be
an X by, where (a,) and (b,,) are sequences of positive integers satisfying:

an +b, =2n, lim dn _ L.

n—00 bn 1- P
We are interested in the limiting behavior when n goes to co. To obtain a non-degenerate
limit, ¢ must go to 1 as n goes to infinity. We fix a real parameter ¢ and pose ¢ = e .
Note that ¢ = 0 corresponds to a uniform probability measure. We will assume
that ¢ # 0. The results for ¢ = 0 can be obtained by taking limits. The physical
meaning of the parameter c is that of a pressure, since it is the variable conjugated to

the (two-dimensional) volume.

2 Combinatorics of the partitions

Let us start with a fixed box with dimensions a x b. The partition function Z,;(q) is
expressed in terms of Gaussian polynomials or g-binomial coefficients, where integers j

are replaced by their g-analogues (j), = lf_qu.
Definition 1. Let g > 0,
n n :
nly = H(j)q = H 11—_qq]
j=1 j=1
(n) nly ml—_f 1—q¢™
m), (n—m)lgmly o 1—qmi

Lemma 1. For all (a,b) € (N*)Q, and all ¢ > 0, the partition function Z,(q) is equal

’ = (1% = (1Y),

Proof. (a:b)q and Zg(q) both follow the recursion relation

Za,b(Q) = Za,b—l(Q) + qbZa—l,b(Q),



where the first term corresponds to those diagrams with all parts strictly smaller than
b, and the second term to the diagrams with at least one part of size b. U

We use the following coordinates. The bounding rectangle is the rectangle in the
plane with corners at the points (0,0) and (a + b,b — a) and sides with slopes £1. The
boundary of a diagram is encoded as a lattice path (Xk) 0<p<p irom the origin to the
point (a + b,b — a) and such that X1 = X, £1 for all k.

R
bn T

2k 2n

Figure 2: A partition as a lattice path.

Computing the probability P (X} = ¢) is straightforward. A lattice path passing
through (k,¢) is composed of a path from (0,0) to (k,¢) and a path from (k,¢) to
(a+b,b—a). Since X}, has the same parity as k, the exact formulas also depend on this
parity.

Proposition 1. The 1-dimensional marginal of X under P is given by
(k-+i) (a—k+i)

P! (Xgp =20) =+~
a7b( 2 ) Za,b(Q)

Zy—iheti(@) Za—ktip—k—i(q) (1)

and
(k+i+1) (a—k-+i)
Za,b(q)

We focus our attention to the behaviour of the process at even times, which is
sufficient to study its scaling limit, since the process has bounded steps (+1/—1).

We now mention a unimodality result for the distribution above which turns out to
be useful later.

q

Pl (Xopy1 =20+ 1) = Zi—iko+i+1(@) Za—k-+ip—k—i—1(q) (2)



Figure 3: Illustration of Equation ([I)).

Lemma 2. The function { — P?,(Xo, = 20) is unimodal: there exists an integer
LiE) = Libq(k:) such that

PY,(Xop = 2(C +1))
P7,(Xa = 20)

<1 < (> LK) (3)

Proof. Writing the ratio

q _
PopXow =200+ 1) Zi—gp-1he1(0) Za—bres15-k-e-1(9) @R D+ D)~ (k0 (k)
P (Xox = 20) Z—k+0(0) Za—trep—k—0(q)

(- A -"") oo
(1 — gFHErD(1 — qa—hHiD)

This ratio is smaller than 1 if and only if
(1 _ qk—ﬁ)(l _ qb—k—ﬁ)qa+2£+1 < (1 _ qk+€+1)(1 _ qa—k+€+1)

— (qa+b+1 _ 1) < qa—l—l(q _ 1)q2£ + (qk-i—l(qa _ 1) + qa—k-i-l(qb _ 1)) qﬁ

Both terms on the right hand side are increasing continuous functions of ¢, proving the
existence of an integer Lf(k) with the asserted property. O



Proposition 2. The 2-dimensional marginal of (Xog)o<k<n 1S given by

]P’va(sz =20, Xo; = 2j) =
Zivik—i(@) Zjri—i—kiti—k—3(0) Za—1+j,p—1-5(q) (0= =)+ + (1= (a—1-5)
Za,b(Q)

Now we have exact expressions for probabilistic quantities, we let the dimensions
of the box depend on n and investigate the limiting behaviour of the random Young
diagram under P? an by, 11 the regime

ap + by, = 2n — +00, ;L—n—>p€(0,1), —nlogqg — c € R.
n

3 Asymptotics of g-factorials

In order to study the limit of the process as the size of the box goes to infinity, we first
need the asymptotic behavior of the g-factorial.

Proposition 3 (q-Stirling’s Formula). Let ¢ € R and fix € > 0 In the limit when n
goes to infinity, with ¢ = e n, the following asymptotics hold for all £ > en

0, = Vamn Ll exp(nSe(£))(1+0(1)).

Su(a) = /Oa log (%) dz = aSue(1).

In particular, there exist positive constants m and M such that for all n, and all £

between 1 and n,
©o1 o
e ntexp(nS. (L)) <0y < MV2r n exp(nSe(£)).

ck
n

where

mv2mn

Proof. Consider log ¢!, = Zi:l log (1_ec

formula, we have

L —£¢ _ct _c
1-— n 1-— n 1— n
log ¢!, :/ log <L> dt—i—% <log <7e> + log <7e>>
c c c
c 77t _c
1— n
/ By (t) ——=; dt — llog <7e>

) — {log (1_6(;% ) By the Euler-Maclaurin



where By(t) =t — [t] — 3 is the first periodic Bernoulli polynomial. The first term is

¢ Ry 1 p—
/ log Loem dt = nSc(ﬁ) — / log Lmew dt
1 c 0 c (5)

= nSc(g) +1+logn+O(2).
l1—e” >:

(¢~ NYlog (1‘7> = (= Ylogn+ &£ +0(2). (6)

3o

Next, the terms involving log (

c

For the second integral in ({]), we add and subtract l to get

c——t
1
B n___dt= B dt B t — — | dt
/ 1( 1_en / 1( +C/ 1n< g ct> (7)

The function f(t) = lf:_t — 1 is continuous on [0,1] and its derivative is bounded,
say \f’(t)] M for all . On the interval [2=1 ] the function By(nt) is given by
Bil(nt) nt —k + 2 and has the antiderivative By, x(t) = 22 — (k — )t + k(l;;l) with
Bmk(k;l) B, ( ) = 0. By partial integration we get

_ Mt
2 §

proving that this term is O(2) as n — oco. The first term of () is found to be

/ Bi(nt)f(ct)dt

0
/ Bi(t)dt =0—1— ({4 3)log !+ log !
1

=—1+ flog2m +O(3)

(8)

by the classical Stirling approximation ¢! = v/27f (é)z (1 + O(%)) Combining (E)7 (E)
et
and (f) and the term %log (1_ec B > from (), we have

cl

l—e™m
log £lg = nSe(£) + (€ + L) logn — (£ + 3)log e+ 3 log <7> + £ 4+ Llog2m + O(3)

proving the proposition. ]

We turn now to the the asymptotics of the 1- and 2-dimensional marginals of X
under P given by Propositions [] and JJ. For this purpose, define

c(ec(ery) _ 1)
fc(xay) = SC(CC + y) - SC(CC) - Sc(y) and hc(x’y) = (ecm _ 1)(663/ _ 1) :

7



If z = % and y = %, the asymptotics of the g-binomial coefficient is given by

740~ ("7") =\t esntarie o+ o).

As a consequence,

Corollary 1. For alle > 0, for all k between en and (1—e)n, with s = k/n and v = i/n,
we have

P(Xop = 2i) =\ 3 H(1 (s, ) exp( ann) [s,2)(1+0(2)),

and there exists a constant M > 0 such that for alln, © and k,
P(Xor = 2i) < M\/ (s,x)exp( an(}c)(s,x)),

1 —
F(s,2) = —c(2p—s+a)(s+2) + fo(s — @, s+ 2) + fe(2p— s+ 2,2 = 2p — 5 — 7) — fo(2p,2 — 2p),
he(s+x,s —x)he(2p—s+x,2—2p—s—x)
hc(2pa2_2p) .

HW (s,2) =

In the first equality, when replacing §* by p in the indices of H (1), we make an error
of order O(2), which is absorbed in the factor (1+O(2)). Making the same substitution

in the indices of F(!) would change the multiplicative constant in the asymptotics.

Corollary 2. For alle > 0, for all k < between en and (1 — €)n then, with s = k/n,
t=1Il/nandx=1i/n,y=j/n

. . 1
P(Xox = 2i, Xor = 2j) = 5—H) (s, t,2,9) exp(nF (s.t,2,9)(1+ O(2)),

2mn

where

Fp(?c)(s,t,x,y) =—c(2p—s+a)(s+a)+({t—s+y—x)(2p—t+y))
+fels—z,s+x)+ fot—s+y—x,t—s—y+x)
+ fe(2p—t+y,2—2p—t —1y) — fe(2p,2 — 2p),
he(s+x,8 —2)he(t —s+y—mt—s—y+x)he(2p—t+y,2—2p—t—y)
he(2p,2 = 2p) '

We give now a slight refinement of Corollary B that will be useful in the fluctuations.

HP)(s,t,2,y) =

Corollary 3. For all e > 0, for all k <l between en and (1 — )n then, with s = k/n,
t =1/n and x = i/n, y = j/n, for all s = s+ o(1), t' = t+o(1), ' = x + o(1),
y' =y+o(l):

. . 1
Pn(sz = 2Z,X21 = 2]) 27Tn [()g(sl’t/’,l?/’yl) exp(nFé_i),c(s,t,:C,y))(l + 0(1))



4 Limit Shape

We associate to the lattice path (X}) the continuous piecewise linear function, X : s —
X defined on [0, 2n], which coincides with X} when s = k. The graph of the function
X is the boundary of the random Young diagram we consider.

Let L, . be the function on [0, 1] defined by

sinh(ct) + e“??=1 sinh(c(1 — t))
sinh ¢
—ct _ pct efc(2f2pft) _ efc(t72p)

1
Vte [0,1], L,c(t)=1-2p+ —log
c

_110ge

T c

(9)

This is the limit shape of the rescaled random process, in the sense made precise
in Theorem [[] below. First we need to estimate the proximity between the value of the
function L, . and the most probable value for Xy denoted by Lh (k) = L, b e—cin (k)
in Lemma E

Lemma 3. For all n and all 0 < k < n,

e—c(2—2p) _ g2cp

%L%(k) —me(%) < % + ‘g—g —p‘, where

c

g=e¢ n.
Consequently, in the limit when n goes to infinity, and a,/2n goes to p,

n

LK) — Lpe(5)] = 0. (10)

Proof. The ratio of probabilities () used to define L#(k) = L% (k) can be rewritten in
terms of the function

_.sinh(5(t — x))sinh(5(2 —2p —t — x))
sinh(§(t + x)) sinh(5(2p — t + x))

(p7 ¢ t, .%') = Rp,c(t7 .%') =e

namely as R;_n7c(%, %) The function « +— R, (t,z) is decreasing, and by definition

L&L(k) is the smallest integer ¢ such that Ra. C(E £ <.
2n’

n’n

On the other hand, a computation shows that for each t € [0, 1], the equation
Ry.(t,x) =1

has the (unique) solution z = L, (). Substituting §= for p, we conclude that

LEA(K) — Law (5)] <
2n’

S

(11)
for all n and all &k < n.
Differentiating L, . with respect to p, we find that
0L,
dp

for all ¢, and so by the mean value theorem,

Lay c(%) - vac(%) <

2n’ -

) <1

an

om P (12)

for all k < n. From ([]), (1) and the triangle inequality, we get the expected result. [




with

x)
respect to x. As a consequence, L, .(s) can also be viewed as the argmax of F, ,Sc) (s,),
which is nonpositive and vanishes at L, .(s). See Corollary f|.

Remark 1. It turns out that log R, .(t, ) coincides with the derivative of Fp7 (

Theorem 1. The boundary of the rescaled random Young diagram converges in proba-
bility, for the uniform topology, to the curve of t — L, .(t).

. —c/n
lim P¢ L Xopn — L, o(t =
Ve >0, lim PG, (t:}éﬂ}bn 2tn — Lp,o(t)] >6> 0,

where
e—Ct _ ect 1 670(272p7t) _ efc(tf2p)

_ 1

Remark that in the case of a square box (p = 1/2), the expression for L, . boils down

tO: (et~ )
1 cosh(c(t — 5
Li (#)==-log—~" 27/
%,c( ) c 8 cosh 5
Proof. Fix ¢ > 0. For t < § or t > 1 — 5, the difference ‘;nXgm Lp, c( ‘ is always

smaller than . We have to control what happens for ¢ € (5,1 — §). Using the fact that
L, . is differentiable, and its derivative with respect to ¢ is bounded by 1, we have that

S

|Lpe (wltn]) = Lpe(t)| <

which is smaller than £ for n sufficiently large. The same is true of ‘%thn — %XQ ltn) ‘
Thus, by an §-argument, to control the sup over (5,1 — §), it is sufficient to control
what happens at points of the form ¢ = %:

P ( sup %thn — Lp,c(t)‘ > €>
te(5,1-5)

< > P(Xor > 2n(Lpe() +¢) or Xop < 20(L,e(£) —€)) (13)
keNNn(£,1-£)

But it follows from ([l0), that for n sufficiently large, 2n(L(%) +e) > QLBL(k:) for all
ke NNn(5,1~—5), and thus using the unimodality of the law of Xo,

P(Xop > 2n(Lyc(£) +€)) = Z P(Xo, = 20)
l>n(Lp,c(%)+6)
<nxP(Xop=2|n(Lyc(E)+e)]).
which by Corollary [l] is exponentially small, uniformly in k, as n goes to infinity. Thus

for n sufficiently large, the sum on the RHS of ([J) can be made smaller than any
positive number. O

10



Remark 2. From the proof and Lemma [], we see that the convergence statement in
the theorem holds uniformly for a family of sequences (ay,) and (by,), so long as the
convergence 5 — p is uniform for the family.

5 Fluctuations

We now study the fluctuations of the interface around the limit shape. We define for
n € N* a new rescaled process:

. 1
YVt € [0, 1] , X¢= t( ) = \/ﬁ <%X2nt - Lp,c(t)> . (14)

We place ourselves in the space D of cad-lag paths on [0, 1] endowed with its usual
topology. We state now our second main result for the convergence of the fluctuations
of the interface to the Ornstein Uhlenbeck bridge. See the appendix for the definition
and some properties of this process.

Define

1 (e2r —1)(1 — e2c(1-0)) /2 sinh(cp) sinh(c(1 — p))

N /2 sinh cs + e<(20-1) sinh(c(1 —5))  ¢c(3—7) sinh(es) + ecP=3) sinh(c(1 — s))

f(s)

Theorem 2. The sequence (Xén)/f(s))n, converges weakly in D to the Ornstein- Uhlenbeck
bridge (Ys)gejo,1), which the Gaussian process on [0,1] with covariance

sinh(cs) sinh(c(1 —t))

csinh(c) ’

E[Y,Y:] =

for0<s<t<1.

5.1 Two-point correlations

To prove convergence of the two-dimensional marginal to a Gaussian process, we apply
a saddle-point method, ie. we need to show that the function F®), which governs the
exponential decay of 2-dimensional marginals (see Corollary P), has a critical point ‘on
the limit shape’, and that it takes its maximal value of 0 at this point. We will prove
that this is indeed the case, but first we need a lemma describing the limit shape in a
subrectangle.

Lemma 4. The limit shape L satisfies the relations

1
1—s

(Loe(t) = Lpe(s)) = Ly .o (=) (15)

and
1

Tels) = Lyrer (

- ) (16)

|

11



for0<s<t<1, with

/:2p_S+prc(S)’ CI:C(l—S)
2(1—s)
and
t—L,.(t
p// — 2{270( )7 c// — tC.

Proof. These relations can be checked analytically. We sketch now a less computational
argument for Equation ([L). The same strategy applies for Equation ([§). Fix ¢ € (0,1),
and take a sequence of boxes with sidelengths [0,a,] x [0,b,] (with a, + b, = 2n,
an/2n — p). Theorem [[] states that, when n goes to infinity, the probability under

c/n

IF’Z; p, that Xy:/n converges to L,.(t) goes to 1. As a consequence, the restriction of
the limit shape L, . to the, rescaled by n, lower left subbox [0, %] x [0, %] is
t—L,.o(t) tL,.(t)
t—Lpc()Ft+Lpc(t) — 2t
factor is the perimeter of the subbox ¢. The value of the parameter ¢ remains the same.

1

the rescaled limit shape for boxes with ratio . The rescaling

—c/n

Since ¢ = e — e, we get ¢/ = te. O

This lemma basically describes the limit shape of the process restricted to a subrect-
angle defined by a point (s, L,.(s)) and either the right or left corner of the original
rectangle.

Lemma 5. For all 0 < s <t < 1, the functions FV) and F?) satisfy the relations

FR(s,t,2,) = FY (s,2) + (1 - 8)FY L (¢ y) (17)
and
Fp(,zc) (87 ta z, y) - Fp(,lc) (t7 y) + tF,E}/?c”(S”7 .%'”) (18)
with
20 —s+x t—s Yy—
I Y= I _ ' — (1 —
21— s) ' =y Y=y ¢Tdl=9)
and
t —
p//zz_ty’ 3/1:27 x//:%7 c"—tc.

Proof. The relation ([[7) follows from the identity
P(Xo, = 2i, Xop = 27) = P(Xop = 2i)P(Xop = 25| Xo, = 2i).

allied to scaling arguments similar to those used in the proof of the previous lemma.
Equation ([l§) follows from the conditioning on Xo; instead of Xyy. O

Lemma 6. The partial derivatives of F() with respect to p, s and z all vanish at
x = L,c(s).

12



Corollary 4. The partial derivatives of F®) with respect to p, s, t, © and y all vanish
at v =L, .(s) and y = L, ().

Proof. For the partial derivatives with respect to p, use ([§). For 815;2) and Bg—:),

([18) together with (L). Similarly, for 8F ® and BF @ use (L7) together with ([5). O

Corollary 5. FSY (s, L,.(s)) = 0 and F2 (s,t, Ly (), Lpo(t)) = 0.
Proof. By the chain rule and Lemma [f we get

d

S ED(s, L els)) = 0
Taking the limit s — 0 yields zero, proving the claim. For the second identity, use the
first one together with ([[§) and ([l). O

Proposition 4. Assume §= = p + 0(%). Let s < t in [0,1]. The joint law of

(Xs(n),)?t(n)) converges to the law of the centered 2-dimensional Gaussian vector

(X, Xe) = (f(5)Ys, f(DY2),

pREE \/2(62(:;) —1)(1 — e—c(2=20)) 1 \/(626p —1)(1 — e~2c(1=p))

f(s) = —1 4 e2cs — e=c(2=2p=2s) 4 o2¢p - V2 sinh s + e¢(2°=1) sinh(c(1 — 5))’

and (Yt)se(0,1) 8 an Ornstein-Uhlenbeck bridge on the interval [0, 1] with parameter c (see
Appendiz).

Remark 3. In the case of a square (p = %), the expression of f simplifies drastically to

1
fx) = V2 cosh (c(s — %)) ’

Proof. Let aq,b1,as,bs be four real numbers such that a1 < b and as < by. In the

following, we write L for L,.. Clearly, Xﬁn) € [a1,b1] if and only if X, is in the

2nL(s) + [2@1\/5, 2b1\/ﬁ] .

Since ‘Xgns — XQLnSJ‘ < 2 and |X2m§ — Xgmt” < 2, we just need to compute the limit of
P ((Xapns)> Xopnt)) € A1 x Ag) .

interval

as n goes to infinity.

Set ky, = |ns] and ¢, = |nt|. One has:

P ((Xo(ns)s Xojnt)) € A1 X Ag) = Z P (Xak, = 2i, Xy, = 2j)
(i,j)E%AlxéAg

1 .
= Y o HAGHLE), L) e (nF) (B £ 1)) (14 0(1).
(i,j) €L A1x L Ay
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Here, F®) < 0 everywhere and the number of terms is O(n), so the error terms o(1)
can be replaced with an o(1) term outside the sum. Thus, we are left with a Riemann
sum for the double integral

1
(c)s,t,Ls,Lt/
et (CUTZONZUI B

in which we make the substitution

u=zv/n+nL(s), v=yv/n+nL(t)

exp [ani) (%",%,% %)} dvdu (19)

nL(s)+by/n /nL(t)+d\/_
L(t)+cy/n 2n

to get

£2(s,t,L / / exp nFﬁic<’§:,€7,f+L( ), %%—L(f))} dy dz

We make a second degree Taylor expansion of the function Fla (2 ) (k” %”, ° ) at the point
2

(L(s),L(t)). Let z, be the point (k—" b I(s),L(t)) in R%.

b (B, 2 4 L(s), 2 + L(Y))
=nFG) () + —2° aFé_) (zn)2y/m + aFé_?‘(z Jyv/n (20)
ane " ox " dy n
1 0° g")c | OPFL) aZFﬁi) .
+ 5 02 (zn)2® + B 8;2”7 (zn)y? + 22 o7 (9 (zn)zy + O(n~ 2)

We must find the limit of this expression as n — oco. The first term on the right
has limit zero, which can be seen by Taylor expansion around (s,t, L(s), L(t)), using
Corollaries f| and f.

Since F(?) is an analytic function, we have in general

FO L (s+o(nTE)t+o(n ) ay) = F2 (s, tay) +o(nh)  (21)

p+o(n77 ) ,C
and similarly for all partial derivatives of F(?). Since S =p+ o(nfé), %" =s+ o(nfé)
and %" =t+ o(n_%), this shows that the second and third terms on the right in (R0)
tend to zero as n — oo. Thus, if z = (s, ¢, L(s), L(t)),

2 17(2) 2 77(2) 2 17(2)
(2) (ko LI Fp 2 LOTF,¢ 2, 0L
nFg (B8 S + L6 R+ L) = 355 (e A O e oy
(22)
asn — oo. From (R1)) it also follows that the sequence Fa (2 )C(%", %", -, +) is equicontinuous,
2n?

hence by Ascoli’s theorem that the sequence converges uniformly, hence that the double
integral () converges to

1 1 aZF(Z) 1 82F(2) 82 (2)
2o pic 2 L0 fpc 2 X:
w0, 1, 10) [ [ e | 3208 gt SO Gy DI

dy dzx
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To find these double derivatives, we use ([[7) and ([[§). Hence we need

aQFp(,lc) Coen 908 (1 — e—c(2-2p) _ ,—2cs + 6—6(28—2/}))2
Or2 (S’ L(S)) - C(l - ¢ )6 (1 _ e2cp)(1 _ 67203)(1 _ 670(272p))(1 _ 670(2723))

and exploit the fact that

02F% 1 2P,

axg (S,t,L(S),L(t)) = ;#( Hva”,c”(S ,))
82F(26) 1 aQF(ll)c/

gy (56 L) L) = 75555t Ly o (1)

This way, we find the double derivatives of F, ,S?c)(s, t,-,-), evaluated at the critical point
(2,9) = (L(s), L(£)), to be

2F(2(:) 1 — 2¢t)(] — 2cs —c(2—2p—2s) __ _2¢cp)\2
TIne (st ). L) = O o
ox2 (1 _ 6203)(62015 _ 6205)(1 _ e2cp)(1 _ 670(272p))
B —csinhct
~ sinhcssinhc(t — s)f(5)2’
82Fp(,2c) c(e2cs _ ec)(l . e2ct + efc(2f2p72t) . e2cp)2

(s,t,L(s),L(t)) =

ay2 (62CS _ cht)(ec _ cht)(l _ chp)(l _ 670(272p))
B —csinh (1 — s)
~ sinh (1 — t)sinh c(t — s) f(t)2
aQF[E,QC) (S . L(S) L(t)) _ C(l — e2cs + 6—0(2—2p—25) _ 620p)(1 — 2ct + e—c(Z—Zp—Zt) _ 620p)
axay o ’ (6203 _ 6202&)(1 _ e2cp)(1 _ 670(272p))

sinhe(t — s)f(s)f(t)

The last one, the mixed derivative, was calculated from scratch, i.e. by calculating

62Fp(,2c) - c(e2ct _ 6203)
 (ecltHy) — eclsta))(eclt—y) — ee(s—))

and evaluating at the critical point (x,y) = (L(s), L(t)). Thus, the Hessian of FP(QC) (s,t,+-)
at the critical point is

—c
X
sinh cssinh ¢(1 — ¢) sinh ¢(t — s)

f(ls) 0 sinhetsinhe(l —¢)  —sinhessinhe(1 — ) f(ls) 0
0 ﬁ —sinh essinh (1 — t) sinh ¢s sinh c(l _ 3) 0 ﬁ .

H(F)) =

15



The covariance matrix of the limiting Gaussian distribution is the negative of the inverse
of H(F®), which we compute to be

S <f(s) 0 ) . <sinh cssinhc¢(l — s) sinhcssinhe(l — t)) . <f(s) 0 )
csinhec \ 0  f(t) sinhessinh (1 —¢) sinhetsinhe(1 — ) 0 f(t)
(23)
The matrix in the middle together with the factor m is the covariance matrix of
the Ornstein-Uhlenbeck bridge on the interval [0, 1] with parameter ¢ (see Appendix).
Further computations reveal that

b
det(X)

— HP(s,t, L(s), L(1))

since both sides equal

c sinh ¢
f(s)f(t)\/ sinhessinhe(t — s)sinhe(l —t)°
This completes the proof. ]

We explain now that for m points 0 < t; < t5 < -+ < t,, < 1, the limit of the cor-
v () () x (™)

responding m-dimensional marginal (th s X,y Xy, ) is Gaussian, with covariance
matrix ¥ = (0;,;) defined by
1

Ei,j = Csinhcf(ti)f(tj) sinh Cti sinh C(l — tj)

for all 4 < j.

A first approach would be to repeat similar computations as for the 2-dimensional
case, and observe that the matrix o is the inverse of the m-dimensional Hessian of
FP (b, ). i

Another way takes advantage of the Markov property satisfied by the process (X,,).
Denote by P(,Ttb) (x,y) the transition kernel of this Markov chain. The law of the m-tuple

(x5, x40,

.. aXt(,:)) is given by

Péz (0, xl)Pt(lrfz2 (x1,2) ... pm) (Tm—1,Tm)-

tm—1,tm

Proposition [ implies the convergence of each \/ﬁﬂ(zngzﬂ(xn,yn) to the density of
the kernel of the Ornstein-Uhlenbeck bridge as n — oo, and (x,,), (y,) converge. The
convergence in law follows from Lebesgue dominated convergence theorem. Domination

is ensured by Lemma f below and unimodality stated in Lemma [.

5.2 Tightness and proof of Theorem

We already proved the convergence of the finite-dimensional distributions. We need to
show that the sequence of the distribution is tight. For this we use Theorem 13.5 p.142
of [f]. The criterion is checked in Lemma [[0.

Before entering the proof, we need a geometric definition.

16



Definition 2. Let ABCD be a rectangle with sides having slopes £1 in the (s,x)
coordinates. For € € (0, 1), the e-parallelogram of the rectangle ABCD is the unique
parallelogram with diagonal AC' and sides with slopes 1 — ¢ and —1 + ¢ in the (s,x)
coordinates. The e-interior of the rectangle is the interior of the e-parallelogram. The
complement of the e-interior in the rectangle is called the e-boundary of the rectangle.
See Figure f.9. For sy € (0,1), the sides of the parallelogram intersect the straight line
s = ¢ in two points. We denote the ordinates of these two points by g (s¢) and g2 (so)-

D
~
r,, s
. N
. D\
, D\
*(s0) i ‘
s0) + ®
gE 0 ,/ C
ot
Y
/,, 4
4 ”
7 .
.
.
T 28
A & S0 y
N\ ’
N ’
— \‘ v
9= (s0) T N
~
B

Figure 4: The e-parallelogram of a rectangle.

We first state the following useful fact.

Fact 1. For all § € (0,1), for all A > 0, there exists €, such that for all rectangular

bozes of side lengths a, b satisfying p = 45 € (6,1 —0), and all c € [-A, A], the limit

shape L, . is entirely included in the e-interior of the box.

The following lemma controls the function F,E}c) in an e-boundary of a rectangular
box with side lengths p and 1 — p.

Lemma 7. Let 6 € (0,1) and A > 0. Take ¢ as in Fact[]. Then there exists a positive
constant C' such that for all p € [§,1 — 6], and all c € [—-A, A],

V(s,z) € B, Fp(}c)(s,x) < —-Cs(1—s),

where B, is the (macroscopic) box with perimeter 1 and aspect ratio p.

. 1 . . . .
Proof. For a fixed s, the function z — F,gc) (s,x) is concave, and its maximum is reached

at x = L,.(s), and the point (s,L,(s)) is inside the e-interior of the box. Therefore
1 1 1 _
Fyd(s.0) < max{Fy (5. 92 (), Ffd (5. 92 ()}
In a neighborhood of 0, gF(s) = (1 —¢)s, and s F,g,lc)(s, (1 —¢)s) < s because it
is differentiable and vanishes at s = 0 with a non zero derivative. The same argument
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applied to a neighborhood of s = 1, and for g_ gives the result. The uniform bound on
C results from a compactness argument. U

Lemma 8 (L.U.F.). Let § € (0,1) and A > 0. Take € as in Fact[]. For this €, there
exist two constants M and k such that if a +b = 2n and % € (6,1 — &) and for all
c € [—A, A], then

2
%exp <_2/isz(llfs)>
Vo \2rks(1—s)

e—c/n

k
VO<k<n, P, (Xok=2[nLy(-) +yvn]) <

as soon as (2k, Lan,C(%) + yy/n]) is in the e-interior of the box.

Proof. Use Corollary []. Notice that he(z,y) = ,/xx—? uniformly in ¢. Therefore

s 1-s
H.e(s,@) < V/p(1 = p) (s—x)(s+x)\/(2p—s+x)(2—2p—s—:v)'

The first term is bounded. The second term is of order % in a neighborhood of (0,0)

in the e-interior of the box. A simple change of variable (s,z) — (1 —s,2p — 1 — x)
exchanges the second and the third term, which shows that the third term is of order
\/11: in a neigborhood of (1,1 — p) in the e-interior of the box. Therefore,

1
H

pe(s,x) < \/ﬁ’

as long as (s,z) is in the e-interior of the box.

In order to bound the exponential term in Corollary [, we bound from below the

BQF,S}C) (s,x)

absolute value of =55~ Using that S; (u) = zz—, we get

82Fp(,1c)(s,x) _ c c c c
Ox2 = T ec(s+zr) _q o ecls—z) _ 1 - ec(2p—s+z) _q o ec(2—2p—s—z) _ 1’

For s close to 0, the main contribution comes from the second and the third term, that
are both negative, and of order s~!. For s close to 1, the main contribution comes from
the fourth and the fifth term, that are both negative, and of order (1 — s)~L. O

Lemma 9. Let § € (0,1) and A > 0, and € € (0,1) given by Fact [|. Then there exists
a constant C' > 0 such that: for alln > 1, for all c € [—A, A], for all sequences of bozes
(By) with sides ay, b, such that a, + by, = 2n, 22 € (6,1 —§),

' 2n

- 1 —5))?
VA >0,Vs € [0,1], P(Xs ¢ [\ N;(Xans,2ns) € B) < CM

18



Proof. Lemma J gives the following bound:

2

X M P (— 51—
P(X, & [-X\ A; (Xons, 2n8) € BE) < > — 2rs(1=5)

oA Vv \f2rks(1—s)

where the index of the sum y runs on the set ﬁZ —/nL,(s).
Comparing the sum on the right-hand side and the corresponding integral, we get

2

X exp (= 55(1=5)
P(X, & [-A ]} (Xons, 205) € BS) < M’ / (o)

R\(—=\,\) v/ 27mks(1l — s)

This last integral is equal to P(|JN| > 7\/m)’ where N is a standard Gaussian variable.

Conclude by using Markov inequality for the fourth moment. U

ds.

We can now verify Billingsley’s condition for tightness [f].

Lemma 10. Let ((an,bn))n be a sequence such that a, + b, = 2n, and 5= = p + 0(\/#5).
Then there exists a constant C such that for allm > 0, for all0 <r < s <t <1, for all
A>0,

c/n

- 5 5 5 ~ C(t—r)?
P; b, (1Xs — X0 > XX — X[ > X) < ct—r)

4
Proof. Inequality (R4) is automatically satisfied, as soon as |r — s| or |t — s] is less than
1/n, or X\ is greater than /n(|r — s| A |t — s|). We suppose now that none of these
conditions are satisfied.

Introduce now the three following e-interiors: B¢, the e-interior of the box B :=
[0, a,] % [0,b,], BS the e-interior of the box By, := [0,ns — 3 Xas,] % [0, sn 4+ 3 Xas,] and
Bj, the e-interior of the box Bg := [ns — %Xan, anp] x [sn+ %ngn, bn]. See Fig. fi

Let us first control the probability that the random interface exits the e-interior of
the box. We use unimodality of the distribution of Xo,s, Corollary [ll, and Lemma [§ to
get:

(24)

P((2ns, Xons) & BY) < 4ens(1 — s)P(Xaps = ngZ(s))

<™= (5 g8 () exp(—nCs(1 - 5)).

NG

L obtained in the beginning of the proof of

s(1—s)

Using the uniform bound of H, . =<
Lemma f, we get

P((2ns, Xops) & B%) < My/ns(1 - s)exp(—nC(s(1 - 5))) < (nCs(1 = )2

Using our assumption that n > we obtain:

)\2
[s—r[2AJt—s]??

4 4 2 2 2
lr—s|* At —s| < lr —s|* At —s| < M\t 7| .
Ms2(1—5)2 — S - S

P((2ns, Xons) € B) < M (25)
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Figure 5: The e-interiors B¢ (grey), Bz(a) (blue) and B;]%(a) (red).
Remark 4. The weaker condition n > — /\()12_8)2 yields

P((2ns, Xopns) & B®) < MM

= (26)

Now we consider three cases depending on the values of r and ¢.
Case 1: r < 2~

777+ Then | X,| <2ryn < 3. Thus,

P(X, — X,| > N | X — X, > \) <P

% o 5 A
an,bn (’XS - XT’ > )‘) < P(‘Xs’ > 5)
< IP>(|Xs| > %, (ns, Xps) € BY) +P((ns, X,s) € B°).

But we just saw in (25) that

t — 2
P((2ns, Xons) & BY) < =t

2\
Moreover, according to Lemma JJ,
- A 2(1—-5)2 _ Cs?
P(IXs| > 5. (205, Xons) € BY) < o X 5)° . Cs

A
Since r < ﬁ < £, we get that s < (s —r), and thus

~ Y Y
IP>(|‘Xvs| > ,(2ns,X2ns) c Ba) < C(s T) < C(t 7“) .

A4 A
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And the tightness condition (B4) is satisfied in that case.

Case 2: 1 -t < \/— This case is treated similarly as the previous one, and (P4) is
again satisfied.

Case 3: r > ﬁ and 1 —¢ > ﬁ. This is the generic situation.

Conditional on {(2ns, Xa,s) € B}, the boxes By, and Bg have an aspect ratio in the
interval (¢,1—¢). Applying Lemma [] with § = ¢ in the subboxes By, and Bp, we get the
existence of an 7(e) such that with sufficient probability (2nr, Xon,) (resp. (2nt, Xont))
is in BZ(‘;) (resp. B?%(g)). More precisely, the assumptions on r and ¢ allow to repeat the
argument to derive (R6) with the proper scaling in the subboxes By, and Br and get for
some constant M:

7\2 s—1r\2 s—7 2

P((2nr, Xon,) & BY®|(2ns, Xons) € BY) < M% < ! a L (27)
1=s)2 A (1=t)2 _ )2

P((2nt, Xont) & BE7|(2ns, Xons) € B°) < M(l(;/) \/%)34) < ut A4) . (28)

By the Markov property of X, the variables X, and X; are independent conditional
on the value of X,. Hence we can write

P X — Xo| > X | X — X | > N\) =

= > P(X,=k)P(X, =j|X, = H)P(X; = |X, = k), (29)

Jik,l
PR
1=k =\

where 4, k, I runs through all possible values for X, X,, X, (two successive values of j, k, [
differ by 1/y/n).
Let B2, , = {(2ns, Xans) € B}N{(207, Xapy) € BIYN{(20t, Xant) € BV}, From

7,8t
Inequahtles (B3), (B7), (RY), there exists a constant M such that:
(t—r)?
—P(E; ) <M o

As a consequence, it suffices to bound the sum in (R9) for values of (4, k,1) such that

(X, =7, X =k X, =D C{| X, — X, | >N n{|X;, - X,| >\}NE

rst

By a scaling argument, when looking at what happens on the left of s,

—c/n —c/n It ] n
Pe ( = ]|an) = eQns—2X2nS 72nS+2X2ns (Xg = % + \/;LP,C(T) Y nSLQ"SZ;:%s ,sc(;)> .
Note that on the right hand side, X} /s is defined with respect to the limit shape inside
the box [0, 2”sln)§2"s] x [0, Q"SZn)?”S]. See Fig. [.

When summing over the values of j such that l7 — X s| > A, one can get an upper
bound for P, 5, (| X, — Xs| > A|X;) using Lemma f] as long as the limit shape in the
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Figure 6: Limit shapes in the box B and the subboxes By, and Br. The double arrow
represents the difference of the limit shapes in B and By, at time r, whose expression,
2nL, (1) — 2nsL2ns—xy,, o (g), appears in the sticking condition (B().

4ans ’

original box B and the one in By, are sufficiently close to each other. We express this
proximity by the following sticking condition for By:

1 > n r A A

%[XS - A X+ A+ \/ELP’C(T) — \/nngns;;igm ,Sc(g) D [—— —] . (30)
Indeed, when the sticking condition (BQ) is satisfied, IP)Z;Z:(DN(T — X,| > \|X,) takes

the form:

—c/n i 1 > < n r
62"S*2)(2ns st <X§ 4 E[XS AN Xs+ A+ \/;Lp,c(r) — \/nstns;f?m Sc(;))

—c/n e )\ )\ (Eﬂ)2 (t _ T')Q
<Pens— ns Xr B -~ R SMLSZLM
= 2 2X2ns ’2 +2)(2ns < s g |: % 25:| > ( \/%)4 )\4

by Lemma [ in the small box.

We follow the same idea for the right box Br. Whenever the sticking condition for
Bp, is satisfied,
(t—r)?

P (1K — X > A XL) < AM v

an,bn

Therefore, conditional on one of the sticking conditions to be satisfied, the probability
of {|X, — X,| > A} N {|X; — X,| > A} is bounded by 40577,

Let us now investigate the probability that both of the sticking conditions fail. It is
bounded by the probability that the one for By, fails.

Using Equation (f[)) of Lemma [, we replace 1L, .(r) in (BO) by L. 1, v (L).

2s ’
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Condition (B() is equivalent to

T r )\
X, —i—s\/—( Lpels) <;)_LW,SC<§>>‘S§-

By the mean value theorem applied to p — L, s.(1/s), there exists a p in the interval

B B % —1/2
(s LQpS,C(S)7 s Lp,C(S)ZSXSn ) such that

- r 15 OL,es(r/s)
o AN o (_) _ 2x. YLpes\l/S)
sf( s=Lpels) <s> s=lpels)=Fon=1/2 L\ > 277 dp

But differentiating (fl) with respect to p, for generic values of p, ¢, t yields

L1OL,(t) 01 sinh(c(1 — t))

0<1 =
T2 T 0p T sinh(ct) + e D sinh(e(1 — 1))

- sinh(ct) —
with a constant K which works for all ¢ € [—A, 4], all p € (0,1), and all ¢ € [0, 1].
As a consequence, the sticking condition (B() is satisfied as soon as

r A
< —.
)_2

Therefore the probability that (Bd) is not verified is less than

| X (

P(XJANK

) >

which, by Lemma f] is bounded by A™%s?(1 — s)%(1 A K*(£Z)*). This bound is less
than some constant times A\~%(s — )% < A=%(¢ — )2, as one can check in both regimes
(2r) < K. This finishes the proof of Lemma [[J. O

— A
i 5 , (2sn, Xosn) € B®),

6 Link with the infinite shape

When writing this paper, we discovered that Petrov recently discussed in [[f] the link be-
tween the limit shapes obtained above and the infinite shape of the unbounded problem.
We explain it in this short section.

The family of limit shapes obtained above has the following property: if we fix
sp € (0,1) and take the point (sg, L, c(s0)) as the right corner of a new family of bounding
boxes, then the limit shape of this new problem is simply the restriction of L, . to the
interval [0, so], rescaled by so (See Lemma H).

We are therefore led to the idea that there exists some ‘inverse limit’ of these curves,
from which they can all be recovered by restriction. Indeed, this is the case. The
universal limit shape is Vershik’s curve [f]]

Loo(s) = 2—\/%10g2COSh <§> ,
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Figure 7: The limit shape in a subbox.

s
the solution of e~ 3= (=% 4+ e~ F @) — 1. For every p € (0,1) and ¢ € R, one can find

two real numbers sy < s; such that the restriction of Ly, to [sg,s1] is (up to an affine
transformation) L, ., more precisely.
L t(s1 — —L

S1 — So

For given values of sy < s1, the parameter p is given by

o 1 _ Loo(sl) - Loo(SO)
p= 2 2(81 - 80)

and c is found for example by comparing the slopes of the limit shape in the corner

3 LY oL c(2p—1) _
and identifying 85;” s—s0 (31 — 30) and BZ’C B coshe

, which is an increasing

s=0 sinh ¢
function of c.

The limit case ¢ — 0 correspond to s; — sg. For negative values of ¢ one can take
advantage of the symmetry of the model.

W

S0 51

Figure 8: Limit shapes are restrictions of the universal curve.
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7 Concluding remarks and open questions

Another twin model of random partitions in a box is obtained by taking for the proba-
bility measure P the uniform measure on diagrams with a given area. It can be shown
that in that context, the limit shape is one of the curves ¢t — L, .(t) for a suitable value
of c.

When the diagrams fill half of the box, the corresponding value of ¢ is 0, and the limit
shape is a straight line. However we expect the fluctuations to be of a different nature.
Indeed, the integral of the fluctuations should be 0 almost-surely, whereas the integral of
the Brownian bridge is different from 0 almost surely. We conjecture that in that case,
the fluctuations would be described by the Brownian bridge on [0, 1] conditioned to have
an integral equal to 0. In terms of a standard Brownian motion (B;), this process (Y;)
can be expressed as

1
Vt€[0,1], Y;= B;— (3t> —2t)B; — 6(t — t2)/ Bids. (32)

0
Formula (BJ) can be easily obtained in the same way as the formula for the Ornstein-
Uhlenbeck bridge (see Appendix). It is a special case of the general tool developed by
Biane and Yor [f]] for extensions of Lévy’s formula about the characteristic function of

the Lévy area.
We are not able to formulate an analogous conjecture when ¢ # 0.

8 Appendix: The Ornstein-Uhlenbeck Bridge

In this short appendix, we give a short description of the Ornstein-Uhlenbeck bridge.
Let (B¢) be a Brownian motion on [0,00). The Ornstein-Uhlenbeck process (Z;) is the
Gaussian random process defined by

t t
Zy =By —c / ZsdBs =e / e® d Bs. (33)
0 0

Using the right-hand side of (B3), we can also represent Z; as:

Zy=¢e B e B oae_,. (34)

t pr—
ecs ds
fO 2¢

From (B4) we derive the covariance. For 0 < s < t,

2 .
E[Z.7)] = e—<(s+) e c;— 1 ot s1nh(cs)‘ (35)
c c

‘Tying down’ this process at t = 1 gives the Ornstein-Uhlenbeck (Y;)ic[o,1) bridge of
length 1. Set
inh
h(t) = sinh(ct) (36)

sinh ¢
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and define
Yi =2, — h(t)Z;. (37)

Observe that, for 0 <t <1,

E[Y:Z1] =E (2.2 — h() Z7]
o sinh(ct)  sinh(ct) e_csinhc

c sinh ¢ c
— O’

showing that Y; is independent of Z7. Now let f be any test function and consider

E[f(X:) [ X1 = 0] = E[f(Y; + h(t)X1) | X1 = 0]
=E[f(Y:) | X1 =0]
=E[f(Y))],

where the last equality is a consequence of the independence just proved. Thus, the
process (Y;) has the probability law of the Ornstein-Uhlenbeck process conditional on
X7 = 0. Its covariance is

E[Y,Y}] = E[Ys(Z: — h(t)Z1)] = E[YsZ)]
sinh(cs)

= E[ZZ] — h(s)E[Z1Z;] = ¢sinh ¢)

(e~ sinhc — e~ “sinh(ct))

_sinh(cs) sinh(c(1 — 1))
B csinhc

cf. the middle matrix in (23).

Notice that this covariance is also the Green function of a Brownian motion on [0, 1]
killed an exponential rate ¢ [[f]. Let us mention also, that this process was used by C.
Donati in her solution of Buffon-Synge problem concerning the typical distance between
the extremities of a string of given length, thrown at random [fj].

)
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