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Minimax risks for sparse regressions:
Ultra-high-dimensional phenomenons

Nicolas Verzelen*

Abstract: Consider the standard Gaussian linear regression model Y = X60+e€, where Y € R™
is a response vector and X € R"*? is a design matrix. Numerous work have been devoted to
building efficient estimators of # when p is much larger than n. In such a situation, a classical
approach amounts to assume that 6 is approximately sparse. This paper studies the minimax
risks of estimation and testing over classes of k-sparse vectors 6. These bounds shed light on
the limitations due to high-dimensionality. The results encompass the problem of prediction
(estimation of X@), the inverse problem (estimation of @) and linear testing (testing X6 = 0).
Interestingly, an elbow effect occurs when the number of variables klog(p/k) becomes large
compared to n. Indeed, the minimax risks and hypothesis separation distances blow up in
this ultra-high dimensional setting. We also prove that even dimension reduction techniques
cannot provide satisfying results in a ultra-high dimensional setting. Moreover, we compute
the minimax risks when the variance of the noise is unknown. The knowledge of this variance
is shown to play a significant role in the optimal rates of estimation and testing.

AMS 2000 subject classifications: Primary 62J05; secondary 62F35, 62C20.
Keywords and phrases: High-dimensional regression, sparse vectors, minimax risk, minimax
hypothesis testing, dimension reduction, adaptive estimation, model selection.

1. Introduction

In many important statistical applications, including remote sensing, functional MRI and gene ex-
pressions studies the number p of parameters is much larger than the number n of observations. An
active line of research aims at developing computationally fast procedures that also achieve the best
possible statistical performances. A typical example is the study of [1-based penalization methods
for the estimation of linear regression models.

In order to assess the qualities of statistical procedures, we need to understand the intrinsic
limitations of a statistical problem: what is the best rate of estimation or testing achievable by a
procedure? Is it possible to design good procedures for arbitrarely large p or are there theoretical
limitations when p becomes ”too large”? The knowledge of such limitations may drive the research
towards areas where computationally efficient procedures are shown to be suboptimal. Furthermore,
these limitations tell us what kind of data analysis problems are too complex so that no statistical
procedure is able to provide reasonnable results.

1.1. Linear regression and statistical problems

We observe a response vector Y € R™ and a real design matrix X of size n x p. Consider the linear
regression model

Y =X60+e€, (1.1)
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where the vector 0 of size p is unknown and the random vector € follows a centered normal distribu-
tion N (0, 02In). Here, 0,, stands for the null vector of size n and I, for the identity matrix of size n.

In some cases, the design X is considered as fized either because it has been previously chosen or
because we work conditionally to the design. In other cases such as compressed sensing [20], the rows
of the design matrix X correspond to a n-sample of a random vector X of size p. The design X is then
said to be random. A specific class of random design is made of Gaussian designs where X follows a
centered normal distribution N (0p, X). The analysis of fixed and Gaussian designs share many com-
mon points. In this work, we shall enhance the similarities and the differences between both settings.

There are various statistical problems arising in the linear regression model (1.1). Let us list the
most classical issues:
(P1) : Linear hypothesis testing. In general, the aim is to test whether 6 belongs to a linear
subspace of RP. Here, we focus on testing the null hypothesis Hg: 76 = 0”. In Gaussian design, this
is equivalent to testing whether Y is independent from X.
(P2) : Prediction. We focus on predicting the expectation E[Y] in fixed design and the conditional
expectation E[Y|X] in Gaussian design.
(P3) : Inverse problem. The primary interest lies in estimating 6 itself and the corresponding loss
function is the Ha— 0|2, where ||.||,, is the Iy norm in R?.
(P4) : Support estimation aims at recovering the support of 0, that is the set of indices corre-
sponding to non-zero coefficients. The easier problem of dimension reduction amounts to estimate
aset M C {1,...p} of “reasonable” size that contains the support of § with high probability.

Many work have been devoted to these statistical questions in a high dimensional setting (p > n).
For the problem of prediction (Pg), procedures based on complexity penalization are proved to
provide good risk bounds for known variance [9] and unknown variance [4] but are computationally
inefficient. In contrast, {1-based penalization methods such as the Lasso or the Dantzig selector are
fast to compute, but only provide good performances under restrictive assumptions on the design X
[6, 11]. Exponential weighted aggregation methods [16, 35] are another examples of fast and efficient
methods. Other popular methods include the elastic net [43]. The I; penalization methods have also
been analyzed for the inverse problem (Pg) [6] and for support estimation (Py4) [31, 42]. Dimension
reduction methods are often studied in more general settings than linear regression [15, 23]. In the
linear regression model, [22] have introduced the SIS method based on the correlation between the
response and the covariate. The problem of high-dimensional hypothesis testing (P1) has attracted
less attention yet. Some testing procedures are discussed in [5] for fixed design and in [38] for
Gaussian design.

1.2. Sparsity and ultra-high-dimensionality

We are primary interested in the so-called high-dimensional setting, where the number of covariates
p is possibly much larger than n. A classical approach to perform a statistical analysis in this setting
is to assume that 6 is sparse, in the sense that most of the components of 8 are equal that to 0. Given
a positive integer k, we say that the vector 6 is k-sparse if # contains at most k non-zero components.
We call k the sparsity parameter. In this paper, we are interested in the setting £ < n < p. We note
Olk, p] the set of k-sparse vectors in RP.
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In linear regression, most of the results about classical procedures require that the triplet (k,n,p)
satisfies k[1 +1log(p/k)] < n. When k is "small”, this corresponds to assuming that p is subexponen-
tial with respect to n. Such assumptions are performed for the analysis of the Lasso in prediction,
inverse problems [6], and support estimation [33]. The exponential screening method of [35] is ana-
lyzed under the assumption log(p) < n. In dimension reduction, the SIS method of [22] also requires
this assumption. If the multiple testing procedure of [5] can be analyzed for k[1 + log(p/k)] larger
than n, it exhibits a much slower rate of testing in this case. In the sequel, we say that the problem
is ultra-high dimensional when k[1 + log(p/k)] is large compared to n. We prove in this paper that
a new phenomenon occurs in a ultra-high dimensional setting and that most of the estimation and
testing problems become much more difficult. If we take an asymptotic point of view ((ky,pn) — o),
an the ultra-high dimensionality does not necessary imply that p,, is exponential with respect to n.
As an example, taking p, = n? and k, = n/loglog(n) asymptotically yields an ultra-high dimen-
sional problem.

The study of ultra-high dimensional problems is partly motivated by the following question: in
some gene network inference problems [14], the number p of genes can be as large as 5000 while the
number n of microarray experiments is only of the order 50. Let us consider a gene A. How large
can be its degree k in the network so that it is still "reasonnable” to estimate the set of genes that
interact with the gene A from the microarray experiments? In statistical terms, inferring the set of
genes interacting with A amounts to estimate the support of € in a linear regression model (1.1).
Our answer is that if £ is larger than 4, then the problem of network estimation becomes extremely
difficult. We will come back to this example and explain this answer in Section 7.

1.3. Minimax risks

A classical way to assess the performance of an estimator 0 is to consider its maximal risk over a
class © C RP. This is the minimax point of view. For the time being, we only define the notions of
minimaxity for estimation problems (Pg and Pg). Their counterpart in the case of testing (P;) and
dimension reduction (P4) will be introduced in subsequent sections. Given a loss function [(.,.) and
estunator 8, the maximal risk of § over Ok, p| for a design X (resp. a covariance X)) and a variance
o2 is defined by SUDPgeo |k p| E97U[l(9, 0)]. Taking the infimum of the maximal risk over all possible

estimators 6, we obtain the minimaz risk

inf sup Eep[l(é\,e)].
9 0cOlkp]

We say that an estimator 6 is good if its maximal risk over O[k,p] is close to the minimax risk.

In practice, we do not know the number k of non-zero components of 6 and we seldom know the
value 02 of Var(e). If an estimator 6 does not require the knowledge of k and nearly achieves the
minimax risk over Olk, p] for a range of k we say that 0 is adaptive to the sparsity. Slmllarly, an
estimator 0 is adaptive to the Varlance o2, if it does not require the knowledge of o2 and nearly
achieves the minimax risk for all o2 > 0. When possible, the main challenge is to build adaptive
procedures. In some statistical problems considered here, adaption is in fact impossible and there is
an unavoidable loss when the variance or the sparsity parameter is unknown. In such situations, it
is interesting to quantify this unavoidable loss.
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1.4. Our contribution and related work

In the specific case of the Gaussian sequence model, where n = p and X = [,,, the minimax risks
over k-sparse vectors have been studied for a long time. Donoho and Johnstone [19, 28] provide the
asymptotic minimax risks of prediction (Pg). Baraud [3] studies the optimal rate of testing from
a non-asymptotic point of view while Donoho and Jin [18] provide the asymptotic optimal rate of
testing with exact constants.

Much less results exist for non-orthogonal designs and for p larger than n. Wainwright [39, 40]
has provided minimax lower bounds for the problem of support estimation (P4). Some minimax
lower bounds have also been stated for testing (P1) and prediction (P2) problems with Gaussian
design [37, 38].

This paper provides a general study of the minimax risks for the problems (Pq), (P2), (P3) when
the regression vector # is k-sparse. The main discoveries are the following:

1. High-dimensional and ultra-high dimensional problems. Our results cover both the
high-dimensional and ultra-high dimensional setting. Previous work do not cover the ultra-high
dimensional setting or do not exhibit its specificity. We establish that for each of the problems
(P1), (P2) and (P3), an elbow effect occurs when k[1 + log(p/k)] becomes large compared to
n. This has some consequence on support estimation (P4): in a ultra-high dimensional setting,
it is impossible to recover the support of 6 except if the signal to noise ratio is exponentially
large with respect to klog(p)/n. It even becomes almost impossible to reduce efficiently the
dimension of the problem. This phenomenon is illustrated in Section 7.

2. Adaptation to the sparsity & and to the variance o2. Most theoretical results for
the problems (P1) and (P2) require that the variance o2 is known. Here, we establish the
minimax bounds for both known and unknown variance and known and unknown sparsity.
The knowledge of the variance is proved to play a fundamental role for the testing problem
(P1) when k[1 + log(p/k)] is large compared to y/n. The knowledge of o2 is also proved to be
crucial for (P2) in a ultra-high dimensional setting.

3. Effect of the design. Lastly, the minimax bounds of (P;) and (P2) are established for fixed
and Gaussian designs. Except for the problem of prediction (Pg), the minimax risks are of
similar nature for both forms of the design. Furthermore, we investigate the dependency of
the minimax risks on the design X (resp. X).

The minimax bounds stated in this paper are non asymptotic. Most of them rely on Fano’s and
Le Cam’s methods [41] and on geometric considerations. In each case, near optimal procedures are
exhibited.

While we were writing this paper we became aware of the work of Raskutti et al. [34] and
of Rigollet and Tsybakov [35]. Raskutti et al. provide minimax upper bounds and lower bounds
for (P2) and (P3) over [, balls for general fixed designs X. In the specific case of ¢ = 0, this
corresponds to studying minimax risks over sparse vectors 6 and their bounds agree with our results
(Propositions 5.3 and 6.1). Rigollet and Tsybakov [35] also provide a minimax lower bound the
problem of prediction (P2). Except for the case of degenerate designs X, their bound agrees with
Propositions 5.3. Contrary to our results, these two work do not encompass the case of ultra-high
dimensionality and require that the variance o2 is known.
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1.5. Organization of the paper

In Section 3, we summarize the minimax bounds for specific designs called ”worst-case” and ”best-
case” designs in order to emphasize the effects of dimensionality. The general results are stated
in Section 4 for the tests and Section 5 for the problem of prediction. The problems of inverse
estimation, support estimation, and dimension reduction are studied in Section 6. In Section 7, we
address the following practical question: For exactly what range of (k,p,n) should we consider a
statistical problem as ultra-high dimensional? A small simulation studies illustrates this answer.
Section 8 contains the final discussion. Section 9 is devoted to the proof of the minimax lower
bounds, while the last section contains the remaining proofs.

2. Notations and preliminaries

Gaussian design and conditional distribution. For a Gaussian design the rows of X correspond
to a n-sample of a random vector X ~ N(0,,%). Then, (Y,X) can be interpreted a n-sample of
the random vector (Y, X*) € RPT! defined by

Y =X0+e€, (2.1)

where € ~ N(0,02). The linear regression model with Gaussian design is relevant to understand
the conditional distribution of a Gaussian variable Y conditionally to a Gaussian vector since
E[Y|X] = X6 and Var(Y|X) = 2. This is why we shall often refer to o2 as the conditional variance
of Y when considering Gaussian design. This model is also closely connected to the estimation of
Gaussian graphical models [33, 38].

We respectively note .||, and .||, the I; norms in R™ and RP, while (.),, refers to the inner
product in R™. For any # € RP and o > 0, Py, refers to the joint distribution of (Y,X). In the
sequel, we note supp(f) for the support of §. For any 1 < k < p, M(k,p) stands for the collections
of all subsets of {1,...,p} with cardinality k.

As explained later, the minimax risk over Ok, p] strongly depends on the design X. This is why
we introduce some relevant quantities on X.

Definition 2.1. Consider some integer k > 0 and some design X.

X017

ocolkp 1012

' X062
d &4(X):= inf = .
an ko (X) ocolkp] [|6]2 Y

P, (X) =

In fact, @, 1 (X) and ¢y, (X) respectively correspond to the largest and the smallest restricted eigen-
value of order k of X*X.

Given a symmetric real square matrix A, ¢max(A) stands for the largest eigenvalue of A. Finally,
C, C1,... denote positive universal constants that may vary from line to line. The notation C(.)
specifies the dependency on some quantities.

In the propositions, the constants involved in the assumptions are not always expressly specified.
For instance, sentences of the form ” Assume that n > C. Then, ...” mean that ”There exists an
universal C' > 0 such that if n > C, then ...”.
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3. Main results

The exact results will be stated in Section 4-6. In order to explain these results, we now summarize
the main minimax bounds by focusing on the role of (k,n,p) rather than on the dependency on
the design X. In order to keep the notations short, we do not provide in this section the minimal
assumptions of the results. Let us simply mention that all these results are valid if the sparsity k
satisfies k < p'/3 An /5 and that p > n > C where C' a positive numerical constant.

3.1. Prediction

First, the results are described for the problem of prediction (P2) since the problem of minimax
estimation is more classical in this setting. Different prediction loss functions are used for fixed and
Gaussian designs. When the design is considered as fixed, we study the classical loss || X (61 —62)]|? /n.
For Gaussian design, we consider the integrated prediction loss function:

V(01 = 02)[17 = E [{X (01 — 62)}7] . (3.1)
Given a design X, the minimax risk of prediction over ©lk, p] with respect to X is

Rplk,X] =inf sup Eo,[[X(0 - 0)[|2/(no?)] . (3.2)

0 6cO[k,p|

For a Gaussian design with covariance Y, we study the quantity

Relk, =] :=inf sup Eg,[[VE®@ - 0)|2/0?] . (3.3)
0 0€06[k,p]

These minimax risks of prediction do not only depend on (k,n,p) but also on the design X (resp.
the covariance ). The computation of the exact dependency of the minimax risks on X or X is
a challenging question. For the sake of simplicity, we only describe in this section the minimax
prediction risks for worst-case designs defined by

RF[k] ‘= sup RF[k7X]7 RR[k] = SupRR[k7 E] ’
X %

the supremum being taken over all designs X of size n x p (resp. all covariance matrices ¥). The
quantity Rp[k] corresponds to the smallest risk achievable uniformly over O[k,p] and all designs
X. In the sequel, we say that Rp|[k] is of order f(k,p,n,C) when there exist two positive universal
constants C7 and C5 such that

f(k7p7n701) < RF[k] < f(k7p7n702) .

These minimax risks are computed in Section 5 and are gathered in Table 1.

When klog(p/k) remains small compared to n, the minimax risk of prediction is of the same order
for fixed and Gaussian design. The klog(p/k)/n risk is classical and known for a long time in the
specific case of the Gaussian sequence model [28]. Some procedures based on complexity penaliza-
tion [9, 4] are proved to achieve these risks uniformly over all designs X. Computationally efficient
procedures like the Lasso or the Dantzig selector only achieve a klog(p)/n risk under assumption
on the design X [6]. If the support of # is known in advance, the parametric risk is of order k/n.
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Fixed Design | Gaussian Design
cklos(w/k) 4 ‘ cklos(w/k) [Cklogép/k)}

Table 1: Minimax risks of prediction Rp[k] and Rr[k] over Ok, p].

Thus, the price to pay for not knowing the support of 8 is only logarithmic in p.

In a ultra-high dimensional setting, the minimax prediction risk in fixed designs remains smaller
than one. It is the minimax risk of estimation of the vector E(Y) of size n. This means that the
sparsity index k does not play anymore a role in ultra-high dimension. For a Gaussian design, the
minimax prediction risk becomes of order C(p/k)“*/": it increases exponentially with respect to k
and polynomially with respect to p. Comparing this risk with the parametric rate k/n, we observe
that the price to pay for not knowing the support of € is now far higher than log(p).

In Section 5, we also study the adaptation to the sparsity index k and to the variance 2. In
short, we prove that adaptation to k and o2 is possible for a Gaussian design. In fixed design, no

procedure can be simultaneously adaptive to the sparsity k and the variance 2.

3.2. Testing

Let us turn to the problem (P7) of testing Ho: 760 = 0” against Hy: 70 € O[k,p] \ {0}”. We fix a
level a > 0 and and a type II error probability 6 > 0. Minimax lower and upper bounds for this loss
function are discussed in Section 4.

Suppose we are given a test procedure ®,, of level « for fixed design X and known variance o2. The
d-separation distance of @, over O[k,p], noted pp[®4, k, X] is the minimal number p, such that ®,
rejects Hg with probability larger than 1— ¢ if || X6||,,/+/n > po. Hence, pp[®,, k, X] corresponds to
the minimal distance such that the hypotheses "8 = 07 and || X062 > np%[®q, k, X]o?, 0 € O[k, p]”
are well separated by the test ®,,.

pr|®q, k, X] := inf {p > 0, inf Py o[Pa=1]>1— 5} .
0€8[k,p], [|X0|ln>vnpo

Then, we consider

pplk, X] = in)1fp[<I>a, k,X] . (3.4)

The infimum runs over all level-« tests. We call this quantity the («, d)-minimax separation distance
over Ok, p] with design X and variance o%. The minimax separation distance are a non-asymptotic
counterpart of the detection boundaries studied in the Gaussian sequence model [18].

Similarly, we define the (o, d)-minimax separation distance over O[k,p] with Gaussian ¥ design
by replacing the distance || X0||,,/y/n by the distance [|v/36]|,:

pr|®a, k, ¥ := inf {p >0, inf Py o[ = 1] > 1 — 5}  pulk,S] = inf pg[®a, k, 3] (3.5)
6cOlkp], IVl po Pa
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As for the problem of prediction (P3), we state the orders of the minimax separation distances in
the ”worst case” designs:

prlk] == Sl)l(pp*p[k,X] : prlk] == S;pp*R[kvz] : (3.6)

This is the smallest separation distance that can be achieved by a procedure ®, uniformly over
all designs X (resp. ). Contrary to the problem of prediction (Pg2), it is not always possible to
achieve the minimax separation distances with a procedure ®, that does not require the knowledge
of the variance 0. This is why we also consider p% ;[k] and p% ;;[k] the minimax separation distance
for fixed and Gaussian design when the variance is unknown. Roughly, p*F’U[k] corresponds to the
minimal distances p? that allows to separate well the hypotheses " = 07 and ”||X0|? > np?c?”
when o is unknown. We shall provide a formal definition at the beginning of Section 4.

In Table 2, we provide the orders of the minimax separation distances over ©[k, p| for fixed and
Gaussian designs, known and unknown variance.

| Fixed and Gaussian Design

Known o2: pi[k] and p[k] C(a, 5)k108@/k) | .
Unknown o2 pjy [k and piulk] | O, 6)H18P/K) o 0 (a, 5) 108 (/K

Table 2: Minimax separation distances over Ok, p] for fixed and Gaussian design, known and un-
known variance: (o} [K])2, (p}lk])%, (o} (k)% and (o [k])2.

In contrast to (P2), the minimax separation distances are of the same order for fixed and Gaussian
design.

When klog(p/k) < /n, all the minimax separation distances are of order klog(ep/k)/n. This
quantity also corresponds to the minimax risk of prediction (Pg) stated in the previous subsection.
This separation distance has already been proved in the specific case of the Gaussian sequence
model [3, 18].

When klog(p/k) > \/n, the minimax separation distances are different under known and unknown
variance. If the variance is known, the minimax separation distance over O[k,p] stays of order
1/y/n. Here, 1/4/n corresponds in fixed design to the minimax separation distance of the hypotheses
"E[Y] = 0” against the general hypothesis "E[Y] # 0” for known variance (see Baraud [3]).

If the variance is unknown, the minimax separation distance over Ok, p] is still of order k log(ep/k)/n
if klog(p/k) is small compared to n. Moreover, the minimax separation distance blows up to the
order C(p/k)*/™ in a ultra-high dimensional setting. This blow up phenomenon has also been ob-
served in the previous section for the problem of prediction (P2) in Gaussian design. In conclusion,
the knowledge of the variance is of great importance for klog(p/k) larger than /n.

3.3. Inverse problem and support estimation

In the inverse problem (Pg), we are primarily interested in the estimation of 6 rather than X#. This
is why the loss function under study is ||6; — HQH?). Minimax lower and upper bounds for this loss
function are discussed in Section 6. For a fixed design X, the minimax risk of prediction is

RIk,X]:=inf sup Eg,[|0 —0]?/0% . (3.7)

0 6cO[k,p|
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If one transforms the design X by an homothety of factor A > 0, then this multiplies the minimax
risk of the inverse problem by a factor 1/A2. For the sake of simplicity, we restrict ourselves to
designs X such that each columns has a unit norm. The collection of such designs is noted D, ,,.
The supremum of the minimax risks over the designs D, , is +o00. Take for instance a design where
the two first columns are equal. We are rather interested in the infimum of the minimax risks over
O[k, p] as X varies across Dy, p:

RZIk]:= inf RIZ[k,X].
XGDn,p
The quantity RZ[k] is interpreted the following way: given (k,n,p) what is the smallest risk we can
hope if we use the easiest possible design? We call this quantity the minimax risks of the inverse

problem over Ok, p]. In Table 3, we provide the minimax risks in fixed design for different values
of (k,n,p).

(k,n,p) | klog(p/k) < Cn | klog(p/k) > nlog(n)

Minimax risk RZ[k] Cklog(p/k) exp[C'klog(p/k)/n].
Table 3: Minimax risks of the inverse problem RZ[k] over ©Olk, p]

If klog(p/k) remains smaller than n, it is possible to recover the risk C'klog(p/k) for ”good”
designs. This risk is for instance achieved by the Dantzig selector of Candes and Tao [13] for nearly-
orthogonal designs, that roughly means that the restricted eigenvalues @35 4 (X) and @35, _(X) of
X*X are close to one. In a ultra high-dimensional setting, it is not anymore possible to build nearly-
orthogonal designs X and the minimax risk of the inverse problem blows up as for testing problems
(P1) or problems of prediction in Gaussian design (P2).

In Section 6, we also discuss the consequences of the minimax bounds on the problem of support
estimation (P4). We prove that, in a ultra-high dimensional setting, it is not possible to estimate
with high probability the support of 6 unless the ratio ||0]|2 /0 is larger than C(p/ k)?k/™ Moreover,
it is not possible to select of subset of {1,...,p} of size n that contains the support of # unless the
ratio ||0]|2/0? is larger than (p/k)C*/™. Observe that the quantity (p/k)“*/™ is precisely huge in a
ultra-high dimensional setting. In practice, this means that the problems of support estimation and
dimension reduction are almost hopeless in a ultra-high dimensional setting.

4. Hypothesis Testing

We start by the testing problem (P7) because some minimax lower bounds in prediction and inverse
estimation derive from testing considerations.

4.1. Known variance
4.1.1. Test T}

In order to obtain the minimax upper bounds for known variance, we consider the following testing
procedure. It is taken from Baraud [3] who applies it in the Gaussian sequence model.
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Definition 4.1. [Procedure T Define k* as the smallest integer such that k*[1+log(p/k*)] > /n.
Given a subset m of {1,...,p}, IL,, refers to the orthogonal projection onto the space generated by
the vectors (X;)iem- For any 1 < k < k*, we define the statistics T35 by

Tipi= sup [IL,Y[2—o%x, " [a/(5)]
meM(k,p)

where M(k, p) is defined in Section 2 and Xi(u) denotes the probability for a x* distribution to be
larger than u. We also consider

Ton = Y5 = o*x3 (@) .

The procedure T7; is defined by

Ty = Viskaw Toyony k| V Tajom - (4.1)

The hypothesis Ho is rejected if T} is positive.

T is a Bonferroni multiple testing procedure based on a large number of parametric tests of the
hypothesis Ho: 7§ = 0”7 against Hy , 76 # 0 and supp(d) C m”.

4.1.2. Gaussian design

As mentioned in the introduction, the knowledge of 02 = Var(Y|X) is really unlikely in many
practical applications. Nevertheless, we study this case to enhance the differences between known
and unknown conditional variances. Furthermore, these results turn out to be useful for analyzing
the minimax separation distances in fixed design problems. We recall that the notions of minimax
separation distance have been defined in Section 3.2.

Theorem 4.1. [Minimax lower bounds] Assume that o + ¢ < 53% and that p > n. For any
ke {1,...n}, the (o, §)-minimazx separation distance (3.5) with covariance I, is lower bounded by

k P P 1
* 2
This lower bound also implies that (p}[k])?> > C(«,§) [% log (1 + &V \/k%) A ﬁ} . Next, we

state that T7; achieves this rate of testing for any covariance .

Proposition 4.2. [Power of T] For any covariance X, the size of the procedure T} is smaller
than «. Consider some 6 > 0 and assume that n > 8log(2/0). For any k € {1,...,p} and any
covaritance X2, we have

PIT K, 5] < Cla, 6) [% tog () A —] . (4.3)

Remark 4.1. [Minimax adaptation]
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1. If p > n'™* with v > 0, then the procedure T defined in (4.1) simultaneously achieves up to
a constant C(«, 6,7) the optimal separation distance

k ep 1

aloe () A 7
for all sparsities k between 1 and n. The separation distance of T, proved in Proposition 4.6
1s valid for any covariance matriz X of the vector X. In contrast, the minimaz lower bound of
Theorem 4.5 1is restricted to the case X = I,. This implies that the minimax separation distance
for a general matriz 3 is (up to a positive constant that does not depend on ¥.) smaller than
the minimax separation distance for ¥ = I,. In other words, there exists a positive constant
C(a, 6) such that for all covariance matrices X,

pilk, L] = C (o 6)pilk, 5] .

2. When p is close to n and k is close to \/n, the minimaz lower bound (4.2) and the upper bound
(4.3) only match up to a possible log(n) factor. Such a difficulty has already been observed by
Baraud [3] in the case of Gaussian sequence model which corresponds to p = n and a fized
design X = I,,.

4.1.83. Fized design

The separation distances share similar behaviors with the Gaussian design case.

Theorem 4.3. [Minimax lower bound]| Assume that o+ 6 < 53% and that p > n > C(a,9).
For any k € {1,...,n}, there exist some n x p designs X such that

k D D 1
W[k, X)) > C(a,0) [~log (1+ 5 V4] | A—] . 4.4
(X1 2 Cad) | Riog (14 5 v [ B ) ] (1.4
More specifically, we consider designs X that are realisations of a standard Gaussian design: all
X ; follow independent standard normal distribution. Then, with large probability, the design X
satisfies (4.4). See the proof for more details. Theorem 4.3 implies that

(p[K))? > C(a, 8) [% log <1 + % v %) A %] .

In order to get the minimax upper bounds, we still use the procedure 77;.

Proposition 4.4. [Power of T in fixed design| For any design X, the size of the procedure Ty,
is smaller than «. Consider some § > 0 and assume that n > 8log(2/6). For any design X and any
ke{l,...,n}, we have

k ep 1
2 *
Tk, X] < C(a,8) | 21 (—)/\— , 45
T X] < C(a0) [ S10g (B) n (45)
Remark 4.2. The minimax lower bounds and the upper bounds are analogous to the random design
case studied in Section 4.1.2 and the same comments apply. If p > n'™7 with v > 0, T is minimax
adaptive to the sparsity k. Moreover, Theorem 4.3 tells us that, with high probability, realisations
X of a standard Gaussian design almost yield the largest minimazx separation distance, that is

o[k, X] = gk
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4.2. Unknown variance

4.2.1. Preliminaries

We now turn to the study of the minimax separation distances when the variance o2 is unknown. In

Section 3.2, we have introduced the notions of d-separation distances and («a, §)-minimax separation
distances when the variance 0. We now define their counterpart for an unknown variance o2.

Let us consider a test @, of the hypothesis Hg for the linear regression model with fixed design
X. We say that &, has a level o under unknown variance if

supPy »[P4(Y,X) > 0] <« .
o>0

This means that the type I error probability is controlled uniformly over all variance o2. Similarly,
we want to control the type II error probabilities uniformly over all variances. The d-separation
distance pp[®q, k, X] of @, over O[k, p| for unknown variance variance is defined by

pru[Pa, k, X] := inf {,0 > 0, inf Py o[®o =1] > 1 — (5} . (4.6)
0>0, 0€O[k,p],

X8| > /ripo

Hence, pru[®a, k, X] corresponds to the minimal distance such that the hypotheses "¢ = 07 and
"1X0)12 > np ;[ Pa, k, X]o?, 0 € Ok, p] and o > 07 are well separated by the test ®,. Taking the
infimum over all level o tests, we get the («, d) minimax separation distance over Ok, p] with design
X and unknown variance is

p}‘,U[k" X] = qu>1f PF,U[‘DQ, ky X] . (47)

Finally, p%s[k] = supx pf [k, X] corresponds to the (a,d)-minimax separation distance over
©lk, p] with the "worst-case designs”.
In the Gaussian design, we define pg u[®a, k, |, p [k, 2], and pjp, ;;[k] analogously to (4.6) and

(4.7) by replacing the norm || X0||,,/v/n by [|[VZ0|,.

4.2.2. Test T,

We introduce a second testing procedure to handle the case of unknown variance o?.

Definition 4.2. [Procedure T,] Fizing some subset m of {1,...,p} such that n — |m| > 0, we
note d,,(X) the rank of the subdesign X,, of X of size n x |m|. We define the Fisher statistic ¢, by

[ — d (X)L Y |7

(Y. X) = RN - MY 2

(4.8)

We build the statistic To (Y, X) as

Ta,k ‘= sup ¢m(Ya X) - Fd_ml(x),n—dm(x) [a/(’;)] > (4-9)
meM(k,p)
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where Fkn_k(u) denotes the probability for a Fisher variable with k and n — k degrees of freedom to
be larger than w. Finally, the statistic T, is defined by

Ta = sup Ta/|_n/2j,k . (4.10)
k=1,...,|n/2]

The hypothesis Hy is rejected when Ty, is positive.

As T7, the T, is a a Bonferroni multiple testing procedure. Contrary to 7}, it is based on Fisher
tests to handle the unknown variance. The ideas underlying this statistic have been introduced in [5]
in the context of fixed design regression.

4.2.3. Gaussian design

Theorem 4.5. [Minimax lower bound]| Suppose that o + 6 < 53% and that p > C. For any
ke {1,....[p3]}, the (a,d8)-minimaz separation distance over ©[k,p] with covariance I, and
unknown variance satisfies

(o5, I))? > C%log (%) exp [C’%log (%)} . (4.11)

Remark 4.3. This theorem extends a result of [38] to encompass both the high-dimensional and the
ultra-high dimensional setting. The condition p < kY3 can be replaced by k < p'/2=7 with v > 0.
This condition is not really restrictive for a sparse high-dimensional regression since the usual setting
sk <n<p.

Proposition 4.6. [Power of T,,| For any covariance X, the size of T,, is smaller than «. Consider
some 6 > 0 and assume that p > n > 8log(2/d). For all 1 < k < n/2 and all covariance matrices
>, we have

klog(ep/k)

1
,O%,U[Ta,k, ¥ < O(aa(s)f exp CQ(Q,é)M

- (4.12)

This proposition extends a result of [38] to encompass both the high-dimensional and the ultra-
high dimensional setting.

Remark 4.4.

1. [Minimax adaptation] If k < p'/3 A n/2, the upper bound (4.12) agrees with the minimaz
lower bound (4.11). Consequently, the test Ty, simultaneously achieves the optimal rate of test-
ing over all Ok, p| with k < n/2Ap'/3. The minimaz separation distance is of order klog(p)/n
when klog(p/k) remains small compared to n. In a ultra-high dimensional setting it blows up
to the order of exp[C(a, d)k log(p)/n].

2. [Dependent design| As for known conditional variance, the separation distance of T,, proved
in Proposition 4.6 is valid for any 3, while the minimaz lower bound of Theorem 4.5 has only
been proved for ¥ = I,. This implies that there exists a constant C(a, ) such that for all
covariance matrices X3,

pE,U[ka Ip] > O(a7 5)pE,U[k7 Z] .
For some covariance matrices X2, the minimazx separation distance with covariance ¥ is much
smaller than p*R’U[k:, I,]. Neat, we provide an example of such a matriz X.
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Example 4.1. Consider a covariance ¥, such that ¥.[i,i] = 1 and X.[i,j] = ¢ > 0 for any i # j.
Let us introduce Xpi1 = Y5 1 X;/\/p. For nc > C(«,9) the test T), defined by

ol DM YIE
© T Y My YRR

satisfies Py (T, > 0) = « and p%{U[Ta, 1,%.] < C(a,6)(cn)~t. When ¢ > 1/logp, this separation
distance is minimax.

This example is derived from Propositions 8 and 9 in [38] and its proof is analogous. Observe
that pr[Ta, 1, X.] does not depend on p. Thus, for large p, we get p}; /[1,X:] < pf (1, Ip). We
cannot easily generalize the computations of this example to other covariances. The coﬁlputation of
sharp minimax bounds that capture the dependency of p*R’U[k, Y] on ¥ remains an open problem.

Remark 4.5. [Comparison between known and unknown variance] There are three regimes
depending on (k,p,n):

1. klog(p/k) < \/n. The minimax separation distances are of the same order for known and
unknown o?. The minimaz distance klog(p/k)/n is also of the same order as the minimaz
risk of prediction.

2. v/n <klog(p/k) < n. If 0% is known, the minimaz separation distance is always of order
1/\/n. In such a case, an optimal procedure amounts to test the hypothesis “Var(Y) = o027
against “Var(Y') # o” using the statistic T, ,, introduced in Definition 4.1. If o? is unknown,
we cannot use the statistic Ty, ,, and the minimaz separation distance behaves like klog(p/k)/n.

3. klog(p/k) > n. If 0% is unknown, the minimax separation distance blows up. It is of order
(p/k)Ck/”. Consequently, the problem of testing 70 = 07 becomes extremely difficult in this
setting.

4.2.4. Fized design

Proposition 4.7. [Minimax lower bound] Assume that o+ § < 53% and that p > n > C(a,9).
For any k € {1,..., Lp1/3j}, there exist some n X p designs X such that

k ep k ep
hulk XI)* = C71og () exp | O 108 () - -
(Piur [k, X])? = O log (2 ) exp | O log (4.13)

As for Theorem 4.5, the assumption k& < p'/? can be replaced by k < /277 with v > 0.
Proposition 4.7 implies that

k ep k ep
ok X)2 > 0o (-) ua (—) .
(Prulk, X])" > Cn 0g (7 ) exp Cn og (%
To assess the optimality of the lower bound, we use the procedure T,,. The following result is a

consequence of Theorem 1 in Baraud et al [5].

Proposition 4.8. [Power of T, in fixed design| Assume that n > 4. For any design X, the size
of T,, is less than «. Consider some 6 > 0. For any k <n/2 and any n X p designs X we have

k:log(ep/l-c)] ‘

- (4.14)

k ep
2
< — _
pF,U[Ta, k,X] C(a,é)n log ( A ) exp [C’g(a, J)
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Again, we observe an analogous phenomenon to the random design: the procedure T}, is minimax
adaptive to the sparsity. Moreover, the minimax separation hypotheses grow exponentially fast with
k in a ultra-high dimensional setting.

5. Prediction

In contrast to the testing problem, the minimax risks of predictions (P2) exhibit really different
behaviors in fixed and in random design.

5.1. Gausstan design

Proposition 5.1. [Minimax lower bound for prediction] Assume that p > C. For any k €
{1,...,[p"3]}, we have

Rrlk, I, > C% log (%) exp {OQ% log (%)} . (5.1)

Remark 5.1. [General covariances Y| The lower bound (5.1) is only stated for the identity
covariance ¥ = Ip,. For general covariance matrices ¥, we have

Do, (VE) _k (@), (5.2)

Rilk, 5] > OV =) o P log
lk. ] Do (VE)  m o C\E

This statement has been proved in [37] (Proposition 4.5) in the special case of restricted isometry,
but the proof straightforwardly extends to any restricted eigenvalue. For ¥ = I, the lower bound
(5.2) does not capture the elbow effect in an ultra-high dimensional setting (compare with (5.1)).

Next, we build an estimation procedure 6V that achieves the lower bound (5.1).

Definition 5.1. [Estimator 5‘/] For any integer k € {1,...,p}, we consider a least-squares esti-
mator 0y, defined by

Oy, in ||Y - X0'||2 . 5.3
k€arg min | [ (5.3)
Let us define the penalty function pen: {1,...,[(n —1)/4]} — R by
k ep
pen(k) = KE log (Z) , (5.4)

where K > 0 is a tuning parameter. The dimension kY is selected as follows

~

v . 112
1 Y -X .
Boeag  min dog IV~ XB2] + pen(k)

For short, we note oV = %V.
This variable selection procedure relies on complexity penalization. The penalty pen(k) depends
on the size of k£ and on the number (i) of subsets of {1,...,p} of size k. Observe that the estimator

6V does not require the knowledge of o2. The choice of the tuning parameter K is universal: it
neither depends on n, p, k, nor on %, 6, o2.
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Theorem 5.2. [Risk bound for gv] Assume that n > C'. There exists a universal choice of K in
the penalty (5.4) such that the following holds. For any covariance ¥ ,any k € {1,...,[(n —1)/4]}
and any 0 € Ok, p] we have

~ ) k ep k ep 2
E [||\/§(9 — 0] < C(K)~ log (?) exp {05 log (?) } o2 . (5.5)
In contrast to similar results such as Theorem 1 in Giraud [24] or Theorem 3.4 in Verzelen [37],
we do not restrict the size of the models |m| to be smaller than n/(2log p). The proof of the theorem

is based on a new concentration inequality for the spectrum of Wishart matrices stated in Lemma
A2

Remark 5.2.

1. [Minimax risk] We derive from Theorem 5.2 and Proposition 5.1 that the minimax risk

Rrlk] is of order
C% log (%) exp {CS log <%)} .

If klog(p/k) is small compared to n, the minimax risk of estimation is of order Cklog(p/k)/n.
In an ultra-high dimensional setting, we again observe a blow up. B

2. [Adaptation to sparsity] It also follows from Theorem 5.2 and Proposition 5.1 that 6V is
minimaz adaptive to all 1 < k < p*/3 A (n—1)/4. As a consequence, adaptation is possible for
this problem. _

3. [Unknown Variance| The estimator 6V does not requires the knowledge of the variance
0% = Var(Y|X). Consequently, the minimaz risk of prediction is of the same order for known
and unknown variance. B

4. [Dependent design] The risk upper bound of 8V stated in Theorem 5.2 is valid for any
covariance matrix 3 of the covariance X. In contrast, the minimazx lower bound of Theorem
4.5 1is restricted to the identity covariance. This implies that the minimaz prediction risk for
a general matriz X is at worst of the same order as in the independent case: there exists an
uniwversal constant C' > 0 such that for all covariance %,

Rrlk,I,] > CRRr[k,%] .

In Remark 5.1, we have stated a minimazx lower bound for prediction that depends on the
restricted eigenvalues of %. Fix some 0 < v < 1. If we consider some covariance matrices 3
such that oy, (VE)/Pop + (V) > 1—7 , the minimaz lower bound (5.2) and the upper bound
(5.5) match up to constant C(v). However, the lower and the upper bounds do not exhibit the
same dependency with respect to %3, especially when $op, (V) /Por 4 (VX)) is away from one.

5.2. Fixed design
5.2.1. Known variance

Proposition 5.3. [Minimax lower bound] For any design X and any 1 < k < n, the minimaz
risk Rp[k,X] is lower bounded as follows

By (X
Rk, X] > 0272 ( )Elog<ep)
n

Dog,+(X) k) (5:6)
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For any 1 <k <n, we also have
k ep
> — — . .
Rp[kz]_C[nlog(k)/\l] (5.7)

The minimax lower bound (5.6) has been independently proved by Raskutti et al. [34]. Rigollet
and Tsybakov [35] have also independently derived a bound similar to (5.6) which better handles
the case where the rank of X is smaller than k. The bound (5.6) is useful to derive the second lower
bound (5.7). The designs X that allow to prove this second lower bound when klog(p/k) < n/32
correspond to realizations of a Gaussian standard independent design. See the proof for more details.

Remark 5.3. We easily retrieve from (5.6) a result of asymptotic geometry first observed by
Baraniuk et al. [2] in the special of restricted isometry property [12]. For any 0 < § < 1, there
exists a constant C(6) > 0 such that no n x p matriz X can fulfill & _(X)/Pp (X) > § if
k(14 log(p/k)) > C(d)n.

Proof. If @g, _(X)/Pop 1+ (X) > 6, then Rp[k,X] > Coklog (ep/k) /n.
We also have Rp[k,X] < Rp[p, X] < Rr[p] < 1 Gathering these two bounds allows to conclude. [

Let us turn to the upper bound. For the sake of simplicity, we assume in the rest of the section that
p > n. Let us define a specific version of an estimation procedure due to Birgé and Massart [9, 10].

Definition 5.2. [Procedure for fixed design regression| Define k* as the smallest integer k
such that k[1 4+ log(p/k)] < n. Let us consider the collection of dimensions K := {1,... k*} U {n}.
Then, is defined by the penalty function pen : K — RT

2
e2p . *
pen() = | 2k [1 +y/2log (F2)| i K<k
2n if k=n,

The size kBM is selected by minimizing the following penalized criterion
mPM = arg inf [[Y — X042 + o?pen(k) (5.8)
meM

For short, we write 8M = Orp -

Observe that the estimator §5M requires the knowledge of the variance o2. The following risk
bound is a special case of Theorem 1 in Birgé and Massart [10].

Proposition 5.4. [Risk bound for gBM (Birgé and Massart)] Assume that p > n. For any
1<k<n, wesetki =k if k <k* and k1 = n else. For any design X, we have

o k ep 2
sup E |[|X(0 —Q%ngC[—log—/\l]a. 5.9
2 B[IX@ ~0)lfi/n] < €| Z1og () (5.9)

For any 1 <k <n and any design X, the estimator 6V satisfies

7] k ep 2
sup E |[|X(6PM —6)|2/n SC[—log — /\1}0 . 5.10
B IX( )2 /| < | Z0g () (5.10)
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Remark 5.4.
1. [Minimax risks| We derive from (5.7) and (5.4) that the minimaz risk Rrl[k| is of order

C [S log(ep/k)} AL .

If klog(p/k) is small compared to n, the minimaz risk is of order Cklog(p/k)/n. In an ultra-
high dimensional setting, this minimazx risk remains close to one. This corresponds (up to
renormalization) to the minimax risk of estimation of the vector E[Y] of size n . As a con-
sequence, the sparsity assumption does not play anymore a role in a ultra-high dimensional
setting.

2. [Adaptation to sparsity| For any design X, stmultaneously achieves the minimax risk
of estimation at the sense of (5.7) over all ©[k,p] with 1 < k < n. Thus, adaptation to the
sparsity is possible when o is known.

3. [Adaptation to the design] For designs X, such that the ratio Pop, _(X)/Pop +(X) is close
to one, the lower bounds (5.6) and the upper bounds (5.10) agree with each other. However, the
dependency of (5.6) on X is not sharp when the ratio Pop, —(X)/Pop 4+ (X) is away from one.
Take for instance and orthogonal design with p = n and duplicate the last column. Then, the
lower bound (5.6) for this new design X is 0 while the minimaz risk is of order klog(p/k)/n.

GNBM

Remark 5.5. [Comparison with [; procedures] The designs X for which l; procedures such as
the Lasso or the Dantzig selector are proved to perform well require that ®op, —(X)/Pak,+(X) is close
to one. It is interesting to notice that these designs X precisely correspond to situations where the
minimax risk is close to its mazimum klog(p/k)/n (see Equation (5.6)).

5.2.2. Unknown variance

We now consider the problem of prediction when the variance o2 is unknown. The optimal risk of

prediction remain of the same order when 02 is unknown. Indeed, the minimax upper bound (5.9)
involves the estimator 0, that do rely on the knowledge of o?. Let us now study to what extent
adaptation is possible when the variance 2 is unknown.

The estimator 8" introduced in the previous subsection does not rely on the knowledge of o2. As
a benchmark, we first provide a risk bound for 6V . This risk bound derives from the work of Baraud
et al. [4].

Proposition 5.5. [Risk bound for gv] Assume that n > 14. There exists a universal choice of K
in the penalty (5.4) such that the following holds. For any design X and any 1 < k < [(n—1)/4],
we have

~ k ep k ep
E |1X(0Y — 0)]? < CZlog (£ Zlog (= 2 11
2 B [IXGY - 0 /n] < 07 tox (F) exp [on og k)}a (5.11)

Remark 5.6. As a consequence, 6v simultaneously achieves the minimax risk over all Ok, p] for
all k < [(n —1)/4] such that k(1+1log(p)/k) < n. In a ultra-high dimensional setting, the mazimum
risk of 6V over Olk,p| is controlled by (ep/k)“*/™ while the minimazx risk is smaller than n. In
contrast, the estimator 0, is minimaz adaptive over all O[k,p| such that k(1 +log(p)/k) > n. Can
we merge the qualities of 0¥ and of 6,,2 The following proposition tells us that it is impossible.
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Proposition 5.6. [Adaptation is impossible] Consider any p > n > C and k € {1,... ,Ql/?’}
such that klog(ep/k) > Cn. There exists a design X of size n X p such that for any estimator 0, we
have either

sup Eo,p [[X(0—0,)I3/(no?)] > C,
02>0

~ k P
or sup Eg o [|X(0 — 0 ZL no?)| > exp [C— log ( = ]
o o o [IXE =0 /(00 ~log (2)
As a benchmark, we recall the minimax upper bounds (5.9):
1 k
Re(l] <280 i Rk < 0 F log (@) A
n n k

The proof of proposition 5.6 uses the minimax lower bounds (4.13) for the testing problem (Py)
under unknown variance.

Remark 5.7. In the setup of Proposition 5.6, any estimator 0 that does not rely on o has to pay
at least one of these two prices:

1. The estimator O does not use the sparsity of the true parameter 0. Its risk for estimating 0, is
of the same order as the minimaz risk over RP. The estimator 0,, has this drawback.
2. For any 1 < k < p'/3, we have

~ k P k P
E X (6 — 0)|? Ol >Cclloe (2 —log (=
Sg{pig%%%u[lzp] 0.0 [II 0 —0)|5/(no )] > C‘n og (k) exp [Cn og (k)]

This is the price for adaptation when o is unknown. The estimator 0V exhibits this behavior.

In short, it is impossible to merge the qualities of 0V and of gn Furthermore, 0V achieves the optimal
adaptive rate of estimation under unknown variance.

In conclusion, the minimax risk of prediction are of the same order for fixed and Gaussian design
and for known and unknown variance when klog(p/k) is small compared to n. In a ultra-high
dimensional setting, the minimax risks behave differently. In Gaussian design, the minimax risk is
of the order (p/k)°*/™. In contrast, the minimax risk of prediction remains smaller than one for
fixed design regression. Finally, there is a price to pay for adaptation under unknown variance and
fixed design.

6. Inverse problem and support estimation
6.1. Minimax risk of estimation

First, we consider the problem (Pg) for a fixed design regression model. The minimax risk of
estimation over Ok, p| with a design X is noted RZ[k, X] and is defined in (3.7).

Proposition 6.1. [Minimax lower bound in fixed design]| For any design X and any 1 < k <
n, we have

1 Y klog(ep/k)
Doknp,— (X)) Popap,+ (X)

RIk,X]>C (6.1)
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Proposition 6.2. [Upper bound in fixed design] Consider any k < n A p. The least-squares
estimator 0y, defined in (5.3) satisfies

klog (ep/k) 2

Do, —(X) (6.2)

sup E |6, - 6)2] <C
0€B[k,p]

The minimax lower and upper bounds match up to the ratio @q5, 1 (X) /Poi,— (X). If the restricted
eigenvalues of X are close to one, then the minimax risk is of order klog(ep/k)o?. Note that the
Lasso is proved to achieve this optimal rate under stronger assumptions on the design matrix X
(see [34] Section 3.1).

Let us now study to what extent we can build designs that constrain the ratio @9, 4 (X) /®or, — (X)
to be close to one. We restrict ourselves to designs X such that each column has a unit norm, as
justified in Section 3.3. The collection of such designs is noted D, ;,. We recall that RZ[k] is defined
by infxep, , RZ[k, X].

Corollary 6.3. Assume that klog(ep/k) < Cn. Then, we have

Ciklog (%) < RI[K] < Coklog (%) .

This bound is achieved by gk for some designs X that are realisations of a normalized Gaussian
design.

This result is due to the following property: as soon as klog(ep/k) is small compared to n, there
exists a design X such that the restricted eigenvalues of X*X of order 2k are close to one. For such
designs, the minimax risk of estimation is of order klog(ep/k).

Proposition 6.4. For any design X € D, ), and any k < n Ap/2, we have
2k/n
Por_(X) < CK? <—> V1. (6.3)
p

Consider a sequence (ky,, py) such that [k, log(pn/kn)]/{nlog(n)} goes to infinity and k,, = o(nVpy,).
Then, we have

4kn/”log log 2kn /n
Pn > log -1 > (Pn
()" Erom® gt el 0 F (2) 7 (6.4)

log
1 . .
where ~ stands for log equivalent and 2 stands for log dominance.

In a ultra-high dimensional setting, this is not anymore possible to build a design X such that
the restricted eigenvalues of X*X of order 2k are close to one. In fact, the term 1/ (ﬁ;kln _(X) blows
up and becomes preponderant in the lower bound (6.1). As a consequence, it is not possible to
achieve a smaller risk than C(p/k)?*/™. While the quantity klog(p/k) in Corollary 6.3 is due to the
size Ok, p], the minimax risk in ultra-high dimension is essentially driven by geometrical constrains
on the (jesign X. Whatever design X € D, , we have, the minimax risk blows up to the order of
(p/k) M.



Verzelen/Ultra-high dimensional regression 21

6.2. Consequences on support estimation

We deduce from the minimax lower bounds for the inverse problem (Pg) some consequences for the
support estimation problem (P4) in a ultra-high dimensional setting.

Definition 6.1. For any p > 0 and any k < p, the set C¥(p) is made of all § in [k, p] such that 0
contains exactly k non-zero coefficients that are all equal to p/ VEk.

Proposition 6.5. [Support recovery is almost impossible] For any p?> < Ck™! (%)%/n, we

have

inf inf sup Py[m #supp(f)] >1/(2e+1) .
XEDn,p m QECQ(pO')

Assume that klog(ep/k)/[nlog(n)] is larger than 4 (ultra-high dimensional setting). Then, for
any design X € D, it is not possible to recover the support of 6 with high probability, unless 6

satisfies: H9H2
k/n
P p
=c(z)

As it is almost impossible to estimate the support of # in a ultra-high dimensional setting, we
may aim to an easier objective. Can we choose a subset M of {1,...,p} of size py < p that contains
the support of # with high probability? This would allow to reduce the dimension of the problem
from p to pg. Dimension reductions techniques are popular for analyzing high dimensional problems.
We study here to what extent dimension reduction is a realistic objective: how large should be the
non-zero components of #7 How small can we choose pgy?

Proposition 6.6. Consider a Gaussian design regression with X = I, and 0% = 1. We assume that

p>kPVC andn>C. Set
k P k P
2 _ ~F b r e
p —Cnlog (k) exp [Cnlog (k)}

There exists a universal constant 0 < § < 1 such that for any measurable subset M of {1,...,p} of
size po < p°, we have

sup Py, {supp(@) ¢ ]/\4\} >1/8. (6.5)
0€C (p)

In a ultra-high dimensional setting, it is therefore not possible to reduce the dimension of the
problem to p® unless the square norm of @ is of order exp[Ck/nlog(p/k)]. In (6.5), the number 1/8 is
of no particular significance. It can be replaced by any constant ¢ € (0,1) if we take an asymptotic
point of view ((k,p,n) — o0).

In order to shed light on the phenomenon, let us consider a simple asymptotic example: p, =
exp(n”) and k,, = = (AD+%2 with 4 > 0 and 49 > 0. If we assume that that 6,, € Olkn, pn] is
such that HHHH?) < exp(Cn2+(1=D+) then it not possible to find a subset M, of size exp(on )
that contains the support of ,, with probability going to one, where ¢ is defined as in Proposition
6.6. Consequently, we still have to keep at least exp(dn?') variables after the process of dimension
reduction!
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7. What is a ultra-high dimensional problem?

Until now, we have stated that a problem is ultra-high dimensional when klog(ep/k) is large com-
pared to n. At the end of this section, we provide a simple rule of thumb to decide whether a problem
should be considered as ultra-high dimensional. This claim is supported by a simulation study.

First simulation setting. Following the example described in the introduction, we consider a
Gaussian design linear regression model with p = 5000 and p = 200, n = 50, ¥ = I, and 0 = 1.
We set the number of non zero components k£ ranging from 1 to 15. k being fixed, we take 6

such that 6 = ... = 6, = 4y/log(p)/n ~ 1.30 (resp. 1.65) for p = 200 (resp. p = 5000) and
k41 =...=0,=0. As a consequence, we have ||0||* = 16k log(p)/n. The non-zero coefficients of 0

are chosen large enough so that the support of 6 is recoverable when the problem is not ultra-high
dimensional. Each experiment is repeated N = 100 times.

Dimension reduction procedures. We apply the SIS method [22] to reduce the dimension to a
set M* of size pg = 50. We then compute the Power of the procedure,

Card[MS N {1,...,k}]
p :

Power :=

The power measures whether the dimension reduction has been performed efficiently.

We also compute the regularization path of the LASSO using the LARS [21] algorithm. Before
applying the LASSO, each column of X is normalized. We consider the set ML made of the Po CO-
variates occurring first in the path. We do not argue that SIS and the LASSO are the best methods
here. We have chosen them because they are classical and easy to implement.

1.0

0.8

0.6

—e— SIS p=5000
~&— LASSO p=5000
—— SIS p=200

—— LASSO p=200

0.4
L

0.2

T T T T T T T
2 4 6 8 10 12 14

FIGURE 1. Power of the dimension reduction procedures (SIS and LASSO)

Results. The results are presented on Figure 1. When k is small, the dimension reduction problem
is not ultra-high dimensional and the LASSO and the SIS methods keep all the relevant covariates.
For large k, the both methods miss some of the relevant covariates. For p = 5000, there is a clear
decrease in the power beyond k = 4. For p = 5000 and &k = 8, both methods only have a power close
to 0.5. In expectation, only four covariates belong to the sets M*° and MFE of size 50. For p = 200,
there is not a so clear transition, but the power decreases slowly for k > 8.
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Second simulation setting. We still take p = 5000, n = 50, ¥ = [, 0 = 1, and k ranging from 1
to 5. k being fixed, we we take 6 such that 6; = ... = 0 = u/log(p)/n and 0441 = ... =6, = 0.
Thanks to N = 100 experiments, we estimate u; the smallest u such that MFE has a power larger
than 0.9. uj corresponds (up to the renormalization y/log(p)/n) to the minimal intensity of the
signal so that the dimension reduction method does not forget relevant covariates.

~

©4

T T T T T
1 2 3 4 5

FIGURE 2. Minimal signal uj, as a function of k.

Results. The results are presented on Figure 2. For small £, u; remains close to V2. In contrast,
we observe that uj, blows up at k = 5. We have not depicted ug, but we have ug > 100.

These two simulation studies confirm that when k becomes large (in comparison to p and n), the
dimension reduction problem becomes extremely difficult. This phenomenon is particularly striking
when p is much larger than n. From these simulations and from other theoretical arguments (e.g.
[24]), we derive a simple rule of thumb. We say that a problem is ultra-high dimensional if

klog(p/k)

>1/2.

For p = 5000 and n = 50, this corresponds to k > 4. Setting p = 200 and n = 50 yields k > 8.

8. Discussion

As proved in Sections 3-6, the behaviors of the minimax separation distances and of the minimax
risks become really different in a ultra-high dimensional setting. Apart from the test problem (Py)
with known variance and the problem of prediction (P2) with fixed design, all the other separations
distances and minimax risks blow up when klog(p/k) becomes larger than n.

This elbow effect has important practical implications: there is no hope of selecting the relevant
covariates in a ultra-high dimensional setting, except if signal over noise ratio is exponentially large.
Moreover, even dimension reduction techniques like correlation screening cannot work well in such
a setting.

In linear testing (P1), we have proved that the optimal separation distances highly depend on the
knowledge of the variance. Most of the testing procedures in the literature rely on the knowledge
o2. Some specific work is therefore needed to derive fast and efficient procedures under unknown
variance.
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We have not discussed so far the problem of variance estimation. From the testing minimax
lower bounds, we can deduce that the minimax square risks of estimation of & is at least of order
exp(Ck/nlog(p/k)) in a ultra-high dimensional setting when 6 € [k, p] is unknown.

In Propositions 5.3 and 6.1, we have provided minimax lower bounds for (P2) and (P3) over
Olk, p] for arbitrary designs X. Our corresponding upper bounds match these lower bounds when
the restricted eigenvalues of X*X are close to one. However, these bounds do not agree anymore
when these restricted eigenvalues are away from one. Deriving the exact dependency of the minimax
risks on X would require sharper lower bounds and the analysis of new estimation procedures.

Our minimax results use the Gaussianity of the noise € and the Gaussianity of the design X in
the random design setting. In a ultra-high dimensional setting, the minimax upper bounds do not
seem to be robust with respect to the Gaussianity. In smaller dimensions (k[1 + log(p/k)] < n),
the Gaussian distribution of the design seems less critical. For instance, consider a design X where
all the components are independent and follow a subgaussian distribution. By a result of Rudelson
and Vershynin [36], the restricted eigenvalues of X*X remain away from 0 with high probability.
Consequently, some of the minimax bounds should still hold for subgaussian designs. Nevertheless,
the derivation of sharp minimax bounds for non-Gaussian designs and noises remains an open
problem.

9. Proofs of the minimax lower bounds

In order to keep our notations as short as possible, we set
n=21-a-9).

We also note ||.|7y for the total variation norm. For any subset 7 C RP, o € (0,1), covariance
matrix ¥, and any variance o2, we denote Bs,0.a(T) the quantity

62,0,0{(7-) ;= inf sup Pe’a[q)a = 0] ,
Pa geT

the infimum being taken over all tests @, satisfying Py ,[®, = 0] < a. Similarly, we define fx (7))
for fixed design and fx (7 ) for fixed design and unknown variance.

Most of the minimax lower bounds in this paper are based on an approach which comes back
to Ingster [25, 26, 27]. The following lemma encompasses fixed and random design and fixed and
random variance.

Lemma 9.1. Let T be a subset of RP \ {0} x R* and let u a probability measure on F. We note
P, = fTIP’ng,u and L, = dP,,/dPy ,. Then,

1
BalT) > 1-a = 3IBy—Poglrv.

1/2

> 1—a— = (Eoe [L(Y,X)] - 1) (9.1)

1
2

Here, S, should be replaced by fs s.a, Bv.a, BX.0as O Bx,o depending on the design (fix or
random) or the variance (known or unknown). We refer to Baraud [3] Section 7.1 for a proof and
further explanations in a close framework. The main idea is to find a prior probability on T so that
the total variation distance between P, and Py, is as large as possible. We have (,(7) > 0 if
Eo,00[L2(Y,X)] < 14772
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9.1. Proof of Theorem 4.1

Proof of Theorem 4.1. By homogeneity, we can assume that o> = Var(Y|X) = 1. We first build a
suitable prior probability p, on ©[k,p] in order to apply Lemma 9.1.

Let us take the set m of size k uniformly in M(k,p). We recall that M(k,p) is the collection

of all subsets of {1,...,p} of size k. For each m € M(k,p), let ™ = (f;”)jem be a sequence of

independent Rademacher random variables. Consider some p > 0. Define A = p/ vk and consider
tp the distribution of the random variable 05, ¢ = > ;5 A{T"e;. Here, (ej)1<j<p is the orthonormal
family of vectors of RP defined by

JjeEM

(ej)i =1if i =j and (e;); = 0 otherwise.
The likelihood ratio L,,(X,Y) = P,, /P writes:

D ] IIYII?LH

Ly, (X,Y) =E¢ [exp < 5

In order to apply Lemma 9.1, we need to upper bound the expectation of Lip (X,Y). Let us first
take the expectation of Lip (X,Y) with respect to Y.

Eo [ L3, (X,Y)]

)
2 <p> > Eo [e_(”xeml,sl||%+||X9m2,£2||%)/2+<Y7X(9m1,51+9mz,£z)>n

k m7ml7§17£2
= Ex [Eml,m27§1,52 {exp (<X9m1,§17X9m2,£2>)}] : (9’2)

Lemma 9.2. If we assume that
k p
2<Cn) =1 (1 —) A—| .
pr=Cn)|log {1+ 5
then, we have
Ex [EO,Y {Lip (Y,X)H <1417
In this lemma, we have specifically distinguished the integration with respect to X from the

integration with respect with respect to Y. This will be useful for deriving minimax lower bound in
fixed design (Proposition 4.3). Gathering Lemmas 9.1 and 9.2 allow to derive that

(Rl )P = Ctad) | rog (14 ) n 02|

Proof of Lemma 9.2. Let us fix mq, mo, & and &s. First, we shall compute the expectation
E[eXp(<X9m1 €1 X9m2,§2 >)] :
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Let us decompose the set mq U ms into four sets (which possibly are empty): mq \ ma, mo \ mq,
mgs, and my, where mg and my are defined by:

mg = {jEmlﬁm2|§]l-:£]2-}
my = {j€m10m2\§]1-:—§]2-}.

For the sake of simplicity, we reorder the elements of mj Umgy from 1 to |my U ms| such that the
first elements belong to m; \ me, then to my \ my and so on.

]E [eXp (<X0m1 751 ) XemQ,fZ > )]

n
P

p
= /R(Qﬂ)_p/2exp =Y G2+ Y Bmalilmglitity | [] dti
P =1

i=1 1<i,j<p
_ 2 ~|—1/2
- |Ilm1Um2\ - A C| J

where I}, m,| is the identity matrix of size [m1 U ma| and C is block symmetric matrix of size
|m1 U ma| defined by

— = O
_= == O
O N ==

O ==

-2

Each block corresponds to one of the four previously defined subsets of my Ums (i.e. my \ mao,
ma \ m1, mg, and my). The matrix C is of rank at most four. Hence, I, | — A2C has the same
determinant as the matrix D of size 4 defined by:

L= mi\ma| 0 —almal =2l
Do 0 L= arlma\ma| - —55img| =37 {ma|

—%|m1\m2| —%|m2\m1| 1—2)‘7|m3| 0

—Ximi\ma| =2 |my \ my| 0 1422 my|

After some computations, we lower bound the determinant of D
ID| > 1—2(2|ms|—|mi Nmg|)A% —8p* .
From now on, we assume that p? < 1/20 so that |D| > 1/2. Hence, we get

—n/2

Elexp(X0my ¢ XOmpea))] < [1 = 2(2ms| — m1 nmal)A? — 85*]

<
< exp (8np") exp [2nA*(2|ms| — |my Nmal)] . (9.3)

Then, we take the expectation with respect to &', €2, m; and mo. When m; and ms are fixed
the expression (9.3) depends on &' and &2 only through the cardinality of mg. As ¢! and &2 follow
independent Rademacher distributions, the random variable 2|mg|—|mjNmsz| follows the distribution
of Z, a sum of |m; Nma| independent Rademacher variables and

Ex [Eoy {L2, (Y, X)}| < exp (Snp") E [exp (20X22)] . (9.4)
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We now proceed as in the proof of Theorem 1 in Baraud [3] in order to upper bound the term

E [exp (Zn)\zZ)] = <£> - Z cosh (211)\2)‘777’107”2| .

m1,maEM(k,p)

Following Baraud’s arguments, we get that E [exp (2nA2Z )] < y/1+n? when
p2<C(n)Elog 1+£\/ b
- n k2 k2

Moreover, we have exp(8p*n) < /1 +n? as soon as p? < C(n)//n . Gathering these observations
with (9.4), we conclude that EX[EO{LiP (Y,X)}] < 1+n? as soon as

k P P 1
2 < —1 + = = — .
pm=Cm [n 8 (1 k2 v k2> " \/ﬁ}

9.2. Proof of Theorem 4.5

Proof of Theorem 4.5. Consider the Condition

(A.1) glog (#) >9.

We deduce Theorem 4.5 from the following result.
Lemma 9.3. Suppose that o+ 6 < 53%. We have

0 2
Bry,a ({0 € Ok, pl], o> >0, HJ# = p2}> >0, (9.5)

for any p* > 0 such that

k p p
p2§%10g <1+ﬁv ﬁ> . (9.6)

Under Condition (A.1), (9.5) holds for any p > 0 such that

k
n

P2 <1+ (%) (8k) "2/ . (9.7)

If p > kY3 v C and klog(p)/n > C; with C and C; large enough, then Assumption (A.1) is
satisfied. For C' large enough, the quantity klog(p)/log(k) is large enough so that the lower bound

(9.7) satisfies
-1+ ()

3=

k e
—2/n > — _p
(8k) > —14exp [Cnbg(l{:ﬂ

C% log (%) exp [C% log (%)} .

v
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Let us now assume that p > k'/3 v C' and klog(p)/n < Cy where C; has been previously fixed.
Then, the first lower bound (9.6) satisfies:

k p P k ep k ep
log (14 5V /45 ) = O log (%) exp | O log ()]
2n0g<+k2 k:2>_ n B\ % eXp[nog k
Gathering the two previous lower bounds with Lemma 9.3 allows to conclude that
N k ep k ep
(pi[k, I,)* > C’E log <?) exp [OE log <?)] .

O

Proof of Lemma 9.3. The minimax lower bound (9.6) has already been proved in Theorem 4.3
in [38]. We only have to prove the lower bound (9.7).

Consider some p > 0. To apply Lemma 9.1, we first have to define a suitable prior p, on 6 and
o?. More specifically, the distribution p, is support by Ok, p, p] x {o?(p)} defined by

19117
®[k7p7 10] = NS @[k,p] ) 7P2 = p2
1— 03

a*p) = 1-9];
Let m be some random variable uniformly distributed over M(k,p). For each m € M(k,p), let

& = (5;”) jem be a sequence of independent Rademacher random variables. We assume that for all
m € M(k,p), &™ and m are independent. Let p be given and p, be the distribution of the random

variable § = 3 )\fflej where

jeEM
2 ._ P’
k(14 p%)’
and where (ej)i1<j<p is the orthonormal family of vectors of RP defined by (e;); = 1 if i =
j and (e;); = 0 otherwise. By Lemma 9.1, we only have to prove that for any p? < -1+

(p/(ek))¥/™ (8k)~2/", we have
Eoa(L;, (Y, X)) <1477 .

Observe here that we use a variance 1 for Hg and a variance 1 — ||0[|2 for the hypothesis Hy. Using
these two different variances allows us to take advantage of the fact that we work under unknown
variance.

Let us define the random variable Z = ZZR:1 &, where R is distributed as a Hypergeometric
distribution with parameters p, k, and k/p and the &; are independent Rademacher random variables.
In [38] Eq.(8.6) , It has been proved that

2 -n
Eo. (L2, (Y, X)) = E<1—ﬁ> , (9.8)

Let us define the random variable W by W = Zle &ia; where (&;)i=1,. 1 are independent
Rademacher variables and (a;)i=1,.. 5 are independent Bernoulli random variables with parame-
ters k/p. We first provide the main steps of the proof. These steps are proved afterwards.
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FACT 1.

E

o) [l ] e

Hence, we only need to upper bound the expectation of the second random variable. We have

Since we need to ensure that E[{1 — p?W/((1+ p?)k)}~™ — 1] < n?, it is sufficient to prove that

E

N 2:—i
P[W > i] <1—%> < ”i for any 1 < i < |k/2] , (9.10)
p2,l' -n 772

In order to prove these bounds, we shall use a concentration inequality of the random variable

Lemma 9.4. For any k> 1, 0 <z <1, it holds that

(SR

FACT 2. For any 1 <i < |k/2], the upper bounds (9.10) hold under Condition (A.1).

FACT 3. The upper bound (9.11) holds for any [k/2| +1 <i < k as soon as

k/n 2\ 2/n
2 < b 77_ . .
e (2 ()

We derive that under (9.13), we have EO,l[Lip (Y, X)] < 1+n%. The fact that n> > 1/8 allows to
conclude.
U

Proof of Fact 1. Let us introduce the function (.) defined by

<1 . PQ ZZ:l 51) -
1+ p%k ’

FACT 4. 9(r) is a convex function with respect to r.

Y(r) =Ee

We deduce from the definition of ¢ that

9 -n
B[R = E[(l—ﬁ) ]
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where Z is a random variable distributed according to a Hypergeometric distribution with param-
eters p, k and k/p. We know from Aldous (p.173) [1] that Z follows the same distribution as the
random variable E(W|B,) where W is binomial random variable of parameters k, k/p and B, some
suitable o-algebra. By a convexity argument, we get

P’z N\ PwoNT"
|- ) | < monnse|(- @) ]
which concludes the proof.

Proof of Fact 4. We shall prove that for any 0 < r < k — 2, we have

Y(r+2) =2¢(r+1)+((r) >0
Let us first express ¢(r + 1) in terms of Y/, &.

(1 PPy z) ]
(1+p*)k

AL &N (A& D))"
(-5m) - aeee) ]

Similarly, we express ¢ (r + 2) in terms of Y ;_; &. If we define

V= 1+p §:@,

P(r+1) = E

1
= ZE
5 e

then (r 4+ 2) — 2¢(r + 1) + ¢(r) decomposes as

P
P(r+2) =29 +1)+(r) = [m]

1 3 1
x By (V=2 = (V=) IV (V)T (V)

We shall prove that the random variable inside the expectation is almost surely non-negative. For
any x > 2, we consider the expression

1 3 1
Z(m -2 " —(x—-1)""+ 5:1:_" —(z+1)"+ Z(ac +2)™"

Let us define the function g by

g(u) = (:E+\/ﬂ)—"+($_\/a)—n:(354-\/5)”-1-(:13—\/5)”'

@ —u)"

The function u ~ (22 — u)™" is positive, increasing and convex.

(z+Vu)" + (z — Vu)" = an/? (22> ulx

n
1=0
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Hence, the function u — (z + /u)" 4+ (x — \/u)"™ positive, increasing and convex. It follows that the
function g is convex. Consequently, we have

1 3 1
T@=2) "+ Se T+ @) T =@ - ) = @+ 1) 20,

and we conclude that 9(.) is convex.
O

Proof of Fact 2. Since log(1 —x) > —z/(1 —z) for any 0 < z < 1, we derive that (1 —2)!7% > e~%.
Gathering this bound with Lemma 9.4, we get a new concentration inequality for W.

P[]« ()" 016

for any x < 1. We apply this bound with = = i/k. Then, Inequality (9.10) holds if

B2e\m /4 i
») @) =t %
D 7

Taking the logarithm of this expression leads to

i 2p 1 9 i/k
——1 — —log (4 <0
n Og<ek2>+n o8 ( /n)+1—z’/k‘_ ’

Since i is constrained to be smaller than k/2, we get

By Assumption (A.1), k/nlog[2p/(ek?)] is larger than 2. Consequently, the worst case among all i
between 1 and k/2 is ¢ = 1. Hence, we only need to prove that:

% [log (%) —log (%)] >9 .

Since 7 is larger than 0.41, log(2e/n?) is smaller than 4 and this last inequality is ensured by
Assumption (A.1).
O

Proof of Fact 3. We consider here the case 1/2 < i/k < 1. We derive from (9.14) that

PW > i] < <ﬁ> .

p

Consequently, we want to ensure that

i/n 1/n 2,
() Ge) =0 atm)
p ") (1+p*)k
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for any ¢ between |k/2] and k. For any = and u between 0 and 1, (1 — x)* < (1 — zu). Setting
u=1i/k and z = p*/(1 + p*), we obtain that the last inequality holds if

1-— 5 = sup — —
L+p 7 |ky2)<i<k \ P n

Since 2k/n? is positive, the largest term in the bound corresponds to i = k/2.

1 <ek>k/" <2k>2/”
> [ — i
14+p2~ \p n?

We conclude that the upper bounds hold if

peoae () (5

O

Proof of Lemma 9.4. We prove this concentration inequality using the Laplace transform of W/k.

e () 1)
e b))

log {p{%z}} < Az +1og [E {exp(\W/R))]

< —=Xx+klog 1+£ exp é -1 .
2p k

Deriving with respect to A an upper bound of the last expression leads to to the following choice

N
‘ 1—m<k: ’
Hence, we get

log [P{% > xH < —kzlog [% (%p - 1)} + klog [%} .

Since we assume that x < 1, we conclude that

(e[ e

Since P(W = k) = [k/(2p)]”, this upper bound is also valid when x = 1. O

log [E {exp(AW/F)}]

IN

if A is positive. Consider some x € (0, 1).
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9.3. Proof of Theorem 4.3

By homogeneity, we can assume that 02 = 1. The design X will be fixed later. Given p > 0, we
take exactly the same prior probability 1, on ¢ as in the proof of Theorem 4.1. The likelihood ratio
L,,(X,Y)=P,,/F writes:

Y — Xgl® - ||Y||2>]

Ly, (X,Y) =E¢ [exp < 5

As in the random design case (proof of Theorem 4.1), we compute the expectation of Lip (X,Y):

Eo [Lip(XﬂY)] = Emimag e [eXp(<X6m1,£17X‘9m2,£2>n)] : (9.15)

We want to prove that for some design X the quantity EO[LZP (X,Y)] is smaller than 1 + 72
Suppose that the design X is the observation of a standard normal design: for any 1 < ¢ < p and

1<j<n,X;;~N(0,1). By Lemma 9.2, we have Ex [EO{Lip (Y,X)}] < 1+n?/2 if we take

k P P 1
2 < “log 1+ = A —=] .
pm=Ch) [n og( +k2\/ k2>/\\/ﬁ}

For such a p?, we apply Markov’s inequality and get

Px [EO {Lip (Y,X)} <1 +n2} > 2(1"7;72) . (9.16)

With positive probability, the design X satisfies EO{Lip (Y, X)} <1+ 7% To conclude, we need to
study different cases depending on the values of k, n, and p.

CASE 1. klog (1 + % vV ,ﬁ%) < v/n/2. It follows that k < |/p since p > n. Hence, we derive that

k(1 +log(p/k)) < Cy/nlog(n).

Applying Lemma A.2, we control the largest restricted eigenvalue of order k of the random matrix
X*X. With probability larger 1 — 2 exp(—+/n/2),

n

2
Py (XX /n) < <1+3\/’€<1+10g<p/k>>+n—1/4> |

K+ loa(p/k) _ n_1/4)2 |

&y (X*X/n) > <1—3\/

If n is larger than some constant C, then @, (X*X/n) < 3/2 and &5, _(X*X/n) < 1/2 with prob-
ability larger than 1 — 2exp(—y/n/2).

Gathering this result with (9.16), we conclude that for n larger than some quantity C(n) with
probability larger than 7?/(4(1 +n?) the design X//n satisfies a 1/v/2-restricted isometry of order
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k, and EO,Y{LZP (Y,X)} <1+n% Let us consider such a design X. For any subset m € M(k,p)
and any ¢ € {—1,1}*, we have

[ XOm ez /> 1/2]0m el = p?/2-
As a consequence p, is supported by ©'[k, p, pv/n/+v/2] defined by
Ok, p/V3] = {0 € Ok, ] , [XO]2/n > p2/2} |
Applying Lemma 9.1, we conclude that

/BX,I,a (6/ [kvpvp/Q]) >0 .

CASE 2. klog (1+ £V \/) = vi/2.

CASE 2.a. log (1 +p) < y/n/2. In such a case, there exists some k' between 1 and k such that

\/ﬁ/4§kllog<1+%\/ %) <nj2.

As proved in CASE 1, it is possible to build designs X of size nxp such that the p}.[k’, X] > C(n)/v/n.
Since pilk, X] > pi [k, X], we can conclude.

CASE 2.b. log (1 +p) > y/n/2. For n large enough, there exists some p’ between n and p, such
that

Vn/4 <log (1+p') <Vn/2.
By CASE 2.a, we can build design X’ of size n x p’ such that the (o, §) minimax separation distance
over O[k,p'] is larger than C(n)y/n. To conclude, we only have to take any completion of the design
X’ to get a design X of size n X p.

9.4. Proof of Proposition 4.7

Take some p < pjlk, Ip]/2 as defined in Theorem 4.5. Assume that for any design X of size n x p,
there exists a test ¢o[X] of level a that satisfies the following property. For any o2 > 0 and any
0 € O[k, p] such that | X0|?/n > p*o?, we have

]P)G,cr [¢o¢[X] = O] < 5/2 .

Let us consider a Gaussian random design with the identity covariance as in the proof of Theorem
4.5. Then, the test T defined by T(Y,X) = ¢,[X](Y) has a level @ and does not require the
knowledge of o2.

Take any 6 € ©[k,p] and and o > 0 such that ||0]|2/0* = 2p*. The random variable |X0|2/]10]2
follows a 2 distribution with n degrees of freedom. Applying Lemma A.1, we derive that with
probability larger than 1 — e~™/16, we have || X062 /n > p?c2. If follows that

Ppo [T(X,Y)=0] <§/2+ o n/16 ’

which contradicts Theorem 4.5.
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9.5. Proof of Proposition 5.1

We derive this minimax lower bound from the hypothesis testing problem 76 = 0”7 studied in
Section 4. Since the covariance X = I,,, the loss E [{X (61 — 65)}?] is simply ||6; — 92||%. For the sake
of simplicity, we assume that p is even. We split the p covariates into two groups M; and My of size
p/2. Given some p > 0, we fix 02 = 1 and we consider the two sets

©1lp] = O[k,p|N {6 :supp(f) C M; and |0/, = p}
©2)p] = O[k,p] N {6 :supp(f) C My and |0, = p} .

Take any estimator 6. We consider an estimator 6 € ©[p] U ©[p] such that

-0, = i o -9, .
16— 0l WEGﬁgBQﬂdH llp

By the triangle inequality, we have ||§ — 0, < 2||§— 8|, for any 6 € ©1[p] U ©2[p].

~ 2 ~
sup sup E {HG - 9”120} > pz sup sup Py [supp(0) € M;] . (9.17)
1=1,20€0;[p] i=1,2 0€0,p]

It is enough to prove that for p?> = C % log (%) exp{C % log (%)}, the supremum of the probabilities

Py [supp(a) ¢ M;] is lower bounded by a positive constant. This is equivalent to lower bounding the
minimax separation distance for Hy : 0 € ©1[p] against Hy: 6 € O3]p].

As in the proof of Theorem 4.5, we build a prior distribution p;,, on ©1[p]. Consider the collec-
tion M (k) of subsets of M; of size k. Let m be be some random variable uniformly distributed
over My (k). For each m € My (k), let £™ = (€]")jem be a sequence of independent Rademacher
random variables. We assume that for all m € M (k), £&™ and m are independent. Then, p; , is the
distribution 0 = 3.~ p/ \/Eﬁ?’ej. Similarly, we define the prior distribution p , on ©2[p]. We note

P,, = | Pp1du;,. We have
~ 1
sup sup Py[supp(d) € M;] 1— §”PM1 — Pllrv -

1 =[Py, — Foaqp2llTv (9.18)

Y]

Y]

by the triangle inequality. Lemma 9.1 states that

| Puy — Pollrv < Eog [Lil,p - 1} ,
where L, = dP,, /dPyq. 2. In fact, the second moment of L, , has been studied in the proof of
Theorem 4.5 and in the proof of Theorem 4.3 in Verzelen and Villers [38]. If we take o + ¢ = 53%
in these two proofs, we derive from (9.13) and from the proof of Theorem 4.3 [38] that

Eo |:Ll2ll,pi| <ell?, if p? < Ck/nlog(p/k)exp(Ck/nlog(p/k)) and if p> k3 Vv C .

Gathering this result with Equations (9.17) and (9.18) allows to conclude.
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9.6. Proof of Proposition 5.3

This lower bound is based on Birgé version of Fano’s Lemma [8]. Consider #; and 6 in C} (VEr),
where the set Cj(.) has been introduced in Definition 6.1. We upper bound the Kullback distance
between K(61,02) between the probability distribution Py, , and Py, .

_ X601 = 62)

: 161 — 612 2
e < g 0

ot < P (X)h

K(61,02) >

Let us also lower bound the loss || X (61 — 62)]|2.
IX(61 — 62) 17 = r*Poy,— (X)dir (61, 62) .

where dp is the Hamming distance. The rest of the proof is analogous to the case of Gaussian se-
quence model (e.g. Proposition 4.11 in [32]). Thanks to combinatorial results such Varshamov lemma
or Lemma 4.10 in [32], we build a subset C,;p (Vkr) of C!(Vkr) whose points are at least k/2-separated
with respect to the Hamming distance. The cardinal of C,;p (V/kr) is larger than Cklog(ep/k). Then,
we apply Birgé’s version of Fano’s lemma [8] to conclude that:
inf sup E [||X(§— 0)||2/n| > CPy _(X)E p2 5 L 1osW/k) ,
0 9eConvic? (VEr)] ’ n Dok, +(X)

where Conv[A] stands for the convex hull A. Taking 72 = [1 + log(p/k)]o? /Py + (X) allows to con-
clude.

Let us turn to the proof of (5.7). Assume that klog(ep/k) < n/16 and assume that all the entries
of X follow independent centered normal distribution with variance 1/y/n. Applying Lemma A.2,

we derive that:
P [@or(X) < 1/16] < e~ and P [Py, (X) > 4] < e 7.

Then, we deduce from (5.6) that for such X,

Relk, X] > X log (@) .
n k
Let us now assume that klog(ep/k) > n/16. For n larger than a numerical constant, we can find
k' < k and p’ < p such that

n/32 < k'log(ep’/K') <n/16 .

Hence, there exists a design X’ of size n x p’ such that

inf sup E [||X’(§— 9)||;i/n] > Co? .

8 0eo[k’ p']
Then, we only have to take any completion of X’ since

inf sup E||X'(0-0)|2] <inf sup E||X@-0)I3] .
0 0ok’ p'] 0 0eo[k,p]
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9.7. Proof of Proposition 5.6

Let us set @« = § = 0.01. Consider a design X that achieves the bound A(4.13) and take p =
p}y[k, X]/2. If klog(p/k)/n is large enough, then p > /2. Take any estimator 6 that does not rely on
the variance o2. Let us build a test T of the hypotheses Hg: 70 = 0” against Hy: “0 € Olk, p] and || X062 /(no?) >,

o]0 it 2IXO) < (YR
Lot 2)X6)3 > Y2

By Proposition 4.7, we have at least one of the two following properties:

v

supPo (T =1)
o>0
sup Pyo(T'=0) > ¢ (9.20)
>0, 0€O[k,p], [|X0|2 /(no?)>p?

o) (9.19)

CASE 1: (9.19) holds. With probability larger 1 — e /16 we have ||[Y||2 > no?/2. There exists
o > 0 such that || X68||2 > no?/4 with probability larger than «/2 — e ™16, As a consequence, we
have

supEo,, X (0 - 6)|12/[no?]] > C.
>0

CASE 2: (9.20) holds. The random variable || Y||2 /o2 follows a noncentral x? distribution with n
degrees of freedom and a non centrality parameter | X6|?/o%. By Lemma 1 in Birgé [7], we have
1Y[2 < 3/2[no?+ || X0||2] . with probability larger than 1 — e~¢". Consequently, there exists
o >0 and 0 € Ok, p] such that |X0|2/(no?) > p? and

X8I/ (no?) < ° [1+ X015/ (no®)] < <IIX0]7/(no?),

ool 3

4
with probability /2 — e~¢", since p? > 2.

~ 9 ~ 2
Eoo [IX@-0)2/n] = Eoo | (X0l — 1X0]) " /n
CIXO2/n = CpPa®.

V

9.8. Proof of Proposition 6.1

This lower bound is based on Fano’s lemma. For the sake of simplicity, we assume that 2k < p
and that o = 1. First, we consider a unit vector 6 € ©[2k, p] such that ||X8|2 = P9y (X). Let
us define k = 2¢/(2e + 1). It is possible to find two vectors (01,62) € O[k,p| such that 0; — 0y =
2k10g(2)0 /Doy, —(X) and supp(6r) N supp(f2) = 0. Consequently, the Kullback distance K(61,62)
between the two distributions Py, and Py, is exactly xlog(2). Applying Corollary 2.19 in [32], we
derive the first part of the lower bound:

1

RIkX]>C—o
kX205 )
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The proof of the second part follows closely the proof of the minimax lower bound for prediction
(Proposition 5.3). Given some r > 0, we consider the set C}(v/kr) (Definition 6.1). The Kullback
discrepansy K(61,62) between any two elements of this set is smaller than 4oy, 1 (X)72, while the
loss ||y — 622 is lower bounded by r?dg (61, 02). We recall that dg(.) is the Hamming distance. As in

the proof of Proposition 5.3, we find a subset C,;p (Vkr) C C2(Vkr) whose points are well separated
with respect to the Hamming distance. Applying Fano’s lemma, we conclude that

1 +log(p/k) o

inf sup E {Ha— HH?)} > Ck [7‘2 A Bor . (X) ol ,

0 peConv [CP(VEr)]

where Conv[A] stands for the convex hull A. Taking 72 = [1 + log(p/k)]o?/®Pax 4 (X) allows to
conclude.

9.9. Proof of Corollary 6.3

Consider a standard Gaussian design W of size n x p. Rescaling to one each column of W, we get
a new design X. If the constant C in the statement of Corollary 6.3 is large enough, we can Apply
Lemma A.2 and control the restricted eigenvalues of W:

Bop (W) < (7/4)% and B (W//) > (1/4)?
with probability larger than 1 — exp(—n/32). Consider any 6 € ©[2k,p] such that [|f||, = 1. By
definition of X, there exists some ¢’ € O[2k, p| such that X0 = W6'/,/n. Moreover we have
DL (W/Vn) < ||0']; < 1L (W /v/n) .
Hence, we derive that
P P \)\%
oy, (X) < 22t (W/V) Dok, +(W/V/n) and Gy (X) > 22k (W/vn) Dor,—(W/V/n)
o1 L(W//n) oy (W/yn)

With high probability the 2k-restricted eigenvalues of X therefore lie between 1/49 and 49. Gathering
the minimax bounds of Propositions 6.1 and 6.2 allows to conclude.

9.10. Proof of Proposition 6./

We fix some 1 > § > 0. We consider M(k, p) the collections of subsets of {1,...,p} of size k. For any
m € M(k,p), we define the vector 6,, by (6,,,); = 1/Vk if i € m and 0 else. For any m # m’, we have
|0 — Gm/||;‘; > 2/k. If there exists two sets (m,m’) € M(k,p) such that ||X(6,, — 0,,)|? < 62, then
the design X satisfies ®or  (X) < 6%k/2. A necessary condition for X to satisfy @of _(X) > §2k/2
is therefore that the vectors X#,, are d-separated. For any m € M(k,p), we have ||X60,,|, < Vk.

If X satisfies @op,(X) > 6%k/2, then the sum of the volume of the balls in R™ centered at
X#,, with radius ¢ is smaller than the volume of a ball a radius Vk + 1 in R™. This implies that

§ < (Vk+ 1)(];)—1/71' Hence, for any design X with unit columns, we have

2k/n
Por(X) < OK? <E> ,
p
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which allows to prove the first result.

Let us turn to the second result (6.4). By the first result, we have

I 2kn/n log D 2kn /n
o RBopT (i —
() men(iz) o

Comparing this results with the minimax lower bounds and upper bounds (Propositions 6.1 and
6.2), we realize RZ[k| is log-equivalent to supxep, @2_,61”7_(X).

In order to finish the proof, it remains to asymptotically upper bound supxep, o an _(X).
Consider a standard Gaussian design X,, with size n x p,,. Applying the deviation inequality (A.3)
of Lemma A.2, we derive that with probability going to one, we have

4ky /n(140(1))
Pn kyn Pn

< — — ] .

o3l v < 0 (1) = 10g (22

However, the design X,,/y/n does not belong to D,,p,. This is why we consider the design X',
which corresponds to the design X,,/y/n whose columns have been normalized to one. Hence, we
have X’,, = X,,//nD,; 1, where D, is a diagonal matrix of size p,, whose I-th diagonal element
corresponds to the norm of the I-th column of X,/ /n. Obviously, X’,, belongs to D;, p,.

' X/ 02 o X/ VAR P, —(Xn/ Vi)
oy (X)) = inf Wl X o
2kn, ( n) 96@1[11111,1771} H9”2n 06@1[%71,1771] HD OHQ N Qomax(Dy%)

Each diagonal element of nD? follows of x? distribution with n degrees of freedom. Apply Lemma
A1, we derive that ¢max(Dy) < C+/1V log(pn)/n with probability going to one. We conclude that

4ky, /n(1+0(1)) 2
_ Pn kn Pn
o050 () ()]

with probability going to one. This allows to conclude.

9.11. Proof of Proposition 6.5

For the sake of simplicity, we assume that o> = 1. Consider a design X € D,, ;. By the proof of
Proposition 6.4, there exist two vectors 6; and 05 such that:

1. 6 and 6y contain exactly k non-zero components which are all equal to 1/ Vk.

2. supp(61) # supp(62).

8. X (01— B2)|2 < (VE+1)2()) " = pr 2.

Let us set 07 = Cp*0; and 65 = Cp*fy with C = 41log(2)e/(2e + 1). Consequently, the Kullback
discrepansy between Py: and Py; is smaller than log(2)2e/(2e + 1). Consider an estimator 0 taking
its values in {607,05}. Applying Birgé’s lemma or more precisely Corollary 2.18 in [32], we derive
that infy: o Pg(é\: 0) < 2e/(2e + 1). This allows to conclude.
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9.12. Proof of Proposition 6.6

For the sake of simplicity, we assume that ¢? = 1 and that p is even. Consider any estimator M of
size pg. We set

p* = Ck/(2n)log(p/k) exp[Ck/(2n) log(p/k)]
where the constants C' correspond to the ones used at the end of the proof of Proposition 5.1. We
also consider the set Cf(p). Suppose that we have

sup Py[supp(f) C J\//.T] >7/8. (9.21)
0eCy (p)

Assume we are given a second n-sample of (Y, X) independent of the first one. We note (Y’,X’)
this new sample. We consider the estimator 6 defined by

0), == arg min Y =X9)2 .
0’€O|k,p] and supp(¢’)CM
Since ¥ = I, all the covariates that do not lie in the support of 6 play a symmetrlc role in
the distribution of (Y, X). This estimator ), has the same form as the estimator 9 introduced in

Definition 5.1. Arguing as in the proof of Theorem 5.2, we derive that

10k = 0171 ooy 7 < Cklog (%) exp [Cklog( io)] :

with probability larger than 7/8. Gathering this bound with (9.21), we derive that for any 6 € C}(p),
we have

—~ k epo k epo
— 2 < — — — —_
10k — 01, < Cn log( ? )exp [Cn log ( ? )} , (9.22)

with probability larger than 3/4.

We shall prove that (9.22) is impossible if pg is too large. Let us split the p covariates into two
groups M; and M. We consider the subsets Cj, ;(p) (resp. Cp 5(p)) of Ci(p) whose elements have

their support in M; (resp. Ms). Arguing as in (9.17) and (9.18), we derive that for any estimator 0,
there exists 6 € C} (p) UCL 5(p) such that

2
0 2 P
||0 - OHp > Z )
with probability larger than 1/4.

The last lower bound contradicts (9.22) is log(pg)/log(p) < &, where 6 > 0 is a positive constant.

10. Proofs of the upper bounds
10.1. Analysis of the testing procedures

Proof of Proposition 4.2. By homogeneity, we can assume that ¢? = 1. Let us consider a subset
m C {1,...,p}. We note d,, the rank of the covariance matrix %, of X,,. Under Hy, |[IL,,Y|]2
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follows a x? distribution with d,,, < |m/| degrees of freedom
Po [T Y2 > %22 {a/126(o)}] < /(26 ()
0 m Y lln = Xjp (& (")y| S« (Ol
Under Hp, ||Y|? is x? distribution of size n. If follows that T* is of level a.

Let us turn to the type II error probability. First, take some k between 1 and k* — 1. Consider
some 0 € O[k,p|] \ {0}. We call m the support of §. We can assume that the size of this support is
k. If the size of the support is smaller than £, then we only have to complete m to obtain a set of
size k.

LY (12 = |1X0 + el

The random vector € is independent of X. Conditionally to X, ||II,,Y||2 follows a non-centered x>
distribution with d,,, < k degrees of freedom and a non centrality parameter ||X8]2.

Let us denote Q(a, D,u) the 1 — u quantile of a noncentral x? distribution with D degrees of
freedom and noncentrality parameter a. Thanks to Lemma 1 in Birgé [7], we know that the following
inequalities hold for all u € (0, 1):

Q(a,D,1 —u) > D +a—2/(D + 2a)log(1/u) .

We derive that

QX0 d 1 —6/2) > dyut 2 |X0I — 2/ Toa(2/)
— 10log(2/9) . (10.1)

The variable || X602/ ”\/EHH;% follows a x? distribution with n degrees of freedom. With probability
1—6/2, we have ||X0|? > nH\/ieHg[l —24/log(2/§)/n] by Lemma A.1. Applying again Lemma A.1,
we derive that

*

22 > < C(a)klog (%) .

Xio ' [/ (2K (5))] < K+ 5klog <%) + 3log <
With probability larger than 1 — §, we have

ML Y17 = X" [/ (2K ()] = Cnl|VED|; - Ca, 5)% tog (2)

since we assume that log(2/6) < n/8. Hence, T > 0 with probability larger than 1 — J as soon as

k ep
v/ 2 = =
I 29||p>0(a,5)nlog(k) .

We now consider the case k > k*. Consider some 0 € Ok, p|. Arguing as previously, we derive that

__ 1
Y17 — %' (@/2) = CX6]7 — 0(04,5)% ;
with probability larger than 1 — 4. U
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Proof of Proposition 4.4. We argue as in the proof of the previous proposition, the only difference
being that the design X is now fixed.

Let us consider a subset m C {1,...,p}. We note d,,, the rank of the n x |m| submatrix X,,, of
X. Under Hy, ||T1,,, Y| follows a x? distribution with d,, < |m| degrees of freedom. Then, arguing
as in the proof of Proposition 4.2, we derive that the level of T} is smaller than a.

Let us turn to the type II error probability. Take some k between 1 and £* — 1 and consider some
0 € Olk,p] \ {0}. We call m the support of §. We can assume that the size of this support is k.
Then, ||I1,,Y |2 follows a x? distribution with d,,, degrees of freedom and a non centrality parameter
|X60]|2. Arguing as in the proof of Proposition 4.2, we derive that

__ " k ep
I Y12 = i [/ 2 (5)] = CIXO)2 = Cla,0) log (F)
with probability larger than 1 — 0. Then, we conclude as in the proof of Proposition 4.2.
O

Proof of Proposition 4.6. A similar procedure has been studied in Theorem 3.3 in [38], the main
difference being that 3 was assumed to be non singular and that the ultra-high dimension setting
was not taken into account.

Consider a subset m C {1,...,p} whose size is smaller than n. We note d,, the rank of the
covariance matrix 3, of X,,. Almost surely, we have d,,(X) = d,,. Under Hyp, conditionally to
X, ¢m(X,Y) follows a Fisher distribution with d,,, and n — d,,, degrees of freedom. Integrating
with respect to X, we derive that ¢,,(X,Y) still follows a Fisher distribution with d,, and n — d,,
degrees of freedom. As a consequence, T, is a Bonferroni multiple testing procedure based on Fisher
statistics. It follows that T, has level a.

Let us turn to the type II error probability. We mainly follow the steps the proof of Theorem 3.3
of [38], since their specific assumptions of Theorem 3.3 are only used in the last three lines of their
proof.

Fix some 1 < k < n/2. Observe that log[(*)] < klog(ep/k). Consider a set m € M(k, p). Adapting
Eq.(7.5), (7.6), and (7.9) in [38] and using the inequality d,, < k, we find that the test Ty, is rejected
with probability larger than 1 — ¢ as soon as

Var(Y) — Var(Y|X,,) - A (6)
Var (Y| X;,,) T n <1 -2 log(2/5)/n> ’

(10.2)
where A,,(6) is defined as follows

Ap(8) :=2.5\/1+ K2,(U) klog< 5) <1+ nﬁk>+

4
Qm

2.5 [l Ko () V 5] log <aim<3> (1 4 %) ,

where o, = a/(|n/2]|M(k,p)|), U = log(2/6),

k
1 4
7 log(ep/k) + p—

b e [4 log(l/oz)—klog(n)]’

U
+ 2k, ——— .

K,U) = 142 p— p—
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Since k < n/2, log(2/6) <n/8, p > n, we get

An(d) < C(a,8)klog (@) exp <02(a,5)

klog(ep/k)
; EH)

n

Now, we take m to be the support of 6. Gathering (10.2) with this last equation, we derive that T,
is rejected with probability larger than 1 — 9 if

VD02 o ok

Vary]x) = C(@9) log(%)exp<02(a,5)M>'

n n
O

Proof of Proposition 4.8. The testing procedure has already been studied in Baraud et al. [5]. They
proved that the size T, is less than a.

Consider some k < n/2 and 0 € O[k, p|. Applying Theorem 1 in [5], we derive that the test rejects
Hy with probability larger than 1 — ¢ if

DIttt (22 xp [ o (2)] v 1 (2] 25200

o n ko n

V

v

C(a,d)klog <%) exp [C(a,é)% log (%)} .

10.2. Proof of Theorem 5.2

Proof of Theorem 5.2. We note M the collection of subsets of {1,..., p} of size smaller than (n —1)/4.
For any m € M, 6,, refers to the least-squares estimator of 6 whose support is included in m. We
have

~V . o2 /
Y € arg min ¥~ X0, [1 + pen(jm)]

where pen’(|m|) = —1 +exp[Kk/nlog(ep/k)]. In the following, 0,, refers to the best approximation
of  whose support is included in m with respect to the distance ||v/S(. — 8)]|,. We shall prove a
stronger result than (5.5):

Proposition 10.1. Assume that n > C. There exists a universal choice of K in the penalty (5.4)
such that the following holds. For any covariance ¥ and any 60 € RP, we have

E[IVE@ - 0] < €0 inf, [IVE0, ~ )31+ pen' (D} +* {pen' () v - Y03

i
m

Take any 6 € Ok, p]. Consider the risk bound (10.3) with the set m = supp(f). We obtain

E [H\/§(§V - e)ug] < O(K)% log (%) exp {C% log (%) } o2 .
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Proof of Proposition 10.1. Given a subset m € M, 3, denotes the covariance matrix of X,,. We
can assume that for all m € M, the covariance matrices ¥, are non-singular.

If this is not the case, we can define the subcollection M’ C M, which contains all subsets m
such that ¥, is non-singular. We have

mY € argmnéij\r}l/ 1Y = X6,,|2 [1 + pen’(|m])] a.s
Thus, 6Y can be analyzed using the collection M’ instead of M.
Let us fix a set m € M. By definition of m, we have
1Y — X072 [1 + pen’(|])] < [Y = X0,2[1 + pen’(jm])] (10.4)
As in [37], we define the random variable €, by
Y =X0,,+¢€,+¢€ as. .

By definition of Om, €m 1s independent of X, and follows a centered normal distribution with
variance |[v/3(0,, 0)|)2. Consider some 0 < u < 1, which will be fixed later. For any subset m and
any vector Z of size n, II;; Z stands for Z — I1,,,Z. Since ||[Y — X¢9m||2 = ||ILx€ + €m]|2, we derive
from (10.4) that
ulVE® — 07)]2

[

IN

e + eml2/nl1 + pen'(jmD)] + u [ IVE(Os — O)I2 + VS0 — ) 2
e + ell2/nl1 + pen ()]

Then, we get
uVEO = 0a)l; < [2e em)n + llenll] /(1 +pen(Im))) + i€l 2pen’(im|)/n
Vell | o (1S5 - )12 + V560 — B e+ enll? .
+ R [[VEOs - )2+ IVE O — ) 2] T [1 - pen!(J))]

We call the first line A,, and the second line Bg. We shall prove that for a good choice of u, By, is
non-positive with large probability. First, we provide a control of A,, with large probability.

Lemma 10.2. With probability larger than 1 — 3e™", we have
1v
Ay < CIVS (O = 0)|2[1 + pen!(Im])] (1+ %) + 0027@’ + CoPpen(|ml) (1+ %) . (10.5)

Let us consider a partition (Mj, Ms2) of M. such that the collection M; contains all the sets m
such that [m|log(ep/|m|) < n/16. One of the collections M; or My is possibly empty. We shall first
upper bound the loss [|vE (6 — 0)|| 17cm, and then V(0 — 49)||2 FEM, -

Lemma 10.3. Let us define Vi = |m|/nlog(ep/|m|). For any x > 0 and any 0 < u < 1, we have
2 z 2
By < o (3/2 + 45) +ul|VE (6 — 0)]2
+ [02 + H\/i(@m — 9)”120] [uC’l exp [CoVi] O3/ _ Oy exp (K — C5)Va) e~ Cer/n|

with probability larger than 1 — Ce™".
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CASE 1. Large sets: i € Mj. First, we apply Lemma 10.3 with 2 = n and u = Cy /(207 )e~¢6=C3 A
1. If we constrain K to satisfy K > Cy + (5, we have

B~ 11
n liem, < [— — Cyexp[(K — C5)Va eCG} ,
o2+ |[VE(Oq — )2 " T L2 [ ] N

which is zero for K large enough since Vi > 1/16 for m € Msy. Combining this result with (10.5),
we obtain

IVE@ ~ 02 ents < C [IVE@m — 020+ per'(ml)) + o*pen’ (m])] + 0225 (10,6

with probability larger than 1 — Ce™ — Ce™*.

CASE 2. Small sets: m € M;. In this case, we use a slightly different decomposition for By;:

S g el
Ba < ulvE(O - 0))2 - el
~ Msel?2 2 IIE ITkes + €2 N
b oulvSE- o2+ Mnle | 2 Tacn_y2 Maen b€l o)
n ||Hﬁ1€m||n n

Lemma 10.4. Let us constrain K > C and 0 < u < C(K) (explained in the proof ). For any x <n,
we have

L 9
Bﬁllff\leMl < CEO- 5

with probability larger than 1 — Ce™* — Ce=C™.
We also bound the term A,, in probability by Lemma 10.2. All in all, we get that for any z <n

IVE@ = )13 Lnean, < COR) |IVE@n ~ 030+ pent (i) + o%pen' () + 22| (10.7)

with probability larger than 1 — Ce~¢™ — C'e™®. Gathering (10.6) and (10.7), we derive that for any
x<n

VS~ 0)13 < OK) [IVE (6~ O+ pen () + opent () + 0> 109

with probability larger than 1 — Ce=¢" — Ce™.
Control of the tail. Consider Lemma 10.3 with any = > n and take u defined by
u=Cy/[2(C1 V1)]exp [—(C5 + Cg)x/n] A 1.

Constraining K > Cy 4 Cj yields
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with probability larger than 1 — Ce™". Gathering this bound with Lemma 10.2, we derive that for
any r > n

IV = 0)|2 < Cexp [Ca/n] [IVS(On — O)I2+ 0] (1 + penl (jml)) , (10.9)

with probability larger than 1 — C'e™?. Integrating the upper bounds (10.8) and (10.9), we conclude

o2

E[IVE@ - )] < C) [[VE@On — )31 + per/(m])) + o*pen’(jm])]| + C(K) =
Taking the minimum over all m € M concludes the proof. O
Proof of Lemma 10.2.

€m

)
ll€mlln

A < [2lleml2] /nlL + pen (jm))] + [lellZpen’ (Iml) /n + 2(e, —=—)2 /n[1 + pen/(|m])] .

The three random variables ||€,,]|2/||[vVE(6,, — Q)H?), l€ll? /o? and (€, —£m—)2 /a? respectively follow

" llemlln
x? distributions with n, n and 1 degrees of freedom. Applying the deviation inequalities of Lemma
A.1 allows to conclude.

O
Proof of Lemma 10.3. For any subset m of {1,...,p}, we recall that ,, denotes the covariance
matrix of the vector X;;,. Moreover, we define the row vector Z,, := X, YL in order to deal with

standard Gaussian vectors. Similarly to the matrix X,,, the n x d,, matrix Z,, stands for the n
observations of Z,,. By Lemma 7.1 in Verzelen [37], |VE (07 — 0) |5 decomposes as

IVEOm — 0212 = (€ +€r) Zal(Z5Za) 25 (e + €7)
< Poin [Z5Zm] [ (e + €))7 - (10.10)
Moreover, the random variables ||TL, € + €,/[|2 /(0% + [|[VE (0 — 0)|2) and [[TIL € + €, (|2 /(02 +

IVE (b — 0)||2) respectively follow x? distributions with [m’| and n — |m’| degrees of freedom.

By Lemma A.1, we have
lenll7/o? < 3/2+ 4 /n (10.11)

with probability larger than 1 —e™*. We recall that the maximal size of any subset m € M is smaller
than n/2. Applying the deviation inequality (A.1) and Lemma A.2, we get for any set m’ € M and
for any =z > 0,

T € + €nvllz

n (02 + VS (O — 0)2)

/ /
> Crexp |:—02 [m \log(;p/\m D] exp(—Csz/n),  (10.12)

i (220 Zyy /] < Ciexp [02 exp(Csz/n) | (10.13)

1L, 12 1
Move tonlh gyl (), Cox o
n (02 + VS (0 — 0)2) n m'|)

|| log(ep/lm’l)}
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with probability larger than 1 — 3('?')_16_‘"“/'6_1. We derive from (10.10), (10.13) and (10.14),
that

IV (65 — 9@)”% < [02 + V(05 — 9)||12>] Cy exp [Cgh:llog <|€Ap|>} exp (Csz/n) , (10.15)

with probability larger than 1 — Ce™*. We derive from (10.12) and the definition (5.4) that

T e + €l
n

[+ per/ (1)) > [0 + |VE(O — 0)|12] exp(~Coa/m)
xCy exp [(K Cg,)u g<%>}, (10.16)

with probability larger than 1 — Ce™. Gathering the bound (10.11), (10.15) and (10.16) allows to
conclude.
O

Proof of Lemma 10.4. Applying deviations inequalities for x? distributions (Lemma A.1) to all m €
M we prove
M5 em + €l
n

xeq 2
TG €mlln CIVE (b5 — )2 . (10.18)

n

v

C(o?® + V(07 — 0)2) (10.17)

v

with probability larger than 1 — 2e~¢™. We also apply the deviation inequality (A.2) for the largest
eigenvalue of an inverse Wishart matrix and we get:

Prmin [Z52Z5/n] < C,

with probability larger than 1—e~¢™. Applying again deviation inequalities for x? random variables,
we get

||Hme||2 (HJ‘ Ies

n " M emlln n

)2 < C|n| log <|,]\9‘> o2+ Lo ,
with probability larger than 1 — Ce™*. The two previous bounds allow to prove that

IVSG - 0m1 <€ [ Phiog () + 2] [o2 + VS - o)1)
with probability larger than 1 — Ce™® — Ce= ",

Gathering (10.17) and (10.18) with the last bound, we derive that for any = > 0,

By < o [Olulog<| |>+02——03pen(|m|)}

+ VS0~ 0 [u (14 2hog (L) + 062 ) - a1+ pent ()]

with probability larger 1 — Ce™* — Ce~". Since € > 1+, we have pen’(|f|) > K|m|log(ep/|m|).
It follows that if we take K larger than some numerical constant, z < n and u smaller than some
constant C(K), we have By, < Cx/no?, with probability larger than 1 — Ce™® — Ce=". O
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10.3. Proof of Proposition 5.5

Given m C {1,...,p}, we write §m, the least-squares estimator of § whose support is included in m.
For any subset m, we note d,, the rank of the subdesign X,,, of size n x |m|. Consider the collection
of M’ of non-empty subsets m such that |m| < (n — 1)/4. Upon defining the penalty pen’(m) by
the identity

pen’(m)

1
+ n—dn,

= exp[pen(|m/)] ,
we have almost surely

!/
mY € arg min ||Y — X6,,|? [1 + M] .
meM’

n—dny

Let us consider the penalty peny »: M" — RT introduced in Definition 3 in [4] with L,,, = |m/| + log[('™!)].
By Proposition 4 in [4], we have for any |m| € M/,

1+ 4/Clog (%) exp {C’h:—|log(ep/|m\)}] 2

< Cmftog (2 ) exp {hrogen/pm) }

peny o(m) < Clm|

ml n
If we choose K large enough in the penalty function (5.4), then we have for any m € M’, pen’(m) >
peny (m). By Theorem 2 and Proposition 3 in Baraud et al. [4], we obtain that for any 1 <k <
(n—1)/4 and any 0 € O[k, p],
~ (k) C k k
B (1" — 02 /tn®)] < CEEE 1 € < o) r0g (L) exp { L vogtenio}
n n n k n
10.4. Proof of Proposition 6.2
This result is a again a consequence of Theorem 1 in Birgé and Massart [10]. We have
B [IX (3 - 0)|2] < Chlog (ep/k) o .
We conclude by using the fact that §k and 0 are k-sparse.
Appendix A: Concentration inequalities
Lemma A.1 (y? distributions). For any integer d > 0 and any number 0 < x < 1,
P <X2(d) > d+ 2v/dlog(1/z) + 210g(1/x)) <z,
P (XQ(d) <d-2 dlog(l/x)) < z.
For any positive number 0 < x < 1
P [X2(d) < dC’a:2/d} < z, (A.1)

where the constant C' = exp(—1).
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Proof of Lemma A.1. The two first bounds are classical and are shown by Laplace method. We refer
to Lemma 1 in [29] for more details. We only provide a proof for the third bound (A.1). Consider
some 0 < u < 1 and some A > 0. We write X for a random variable that follows a x?(d) distribution.
Applying Laplace method, we get
d
P[Xy<wud <E [e_AXde)‘ud} = exp [A\ud] exp [—5 log (1 + 2)\)] .
Taking A = (1 — u)/(2u) leads to
d d
P[Xy < ud] < exp B (I —u+log(u))| <exp B log(eu)| .

Consider some 0 < z < 1. Then 2%¢/e is smaller than one and we get

P [Xd < 51332/‘1] <.
e
O

Lemma A.2 (Wishart distributions). Let Z*Z be a standard Wishart matriz of parameters (n,d)
with n > d. For any number 0 < x < 1,

P [gomax (Z*Z) >n (1 +/djn+ /2 1og(1/x)/n)1 <z,
p [gomin (Z*Z) <n (1 —Jdn— /2 log(l/m)/n)j < (A.2)
For any (n,d) with n > 4d + 1 and any number 0 < z < 1,
P [gomin (Z2*Z) < nCxm [w %]_1 < z, (A.3)

where C' is a numerical constant.

The two first deviation inequalities are taken from Theorem 2.13 in [17]. The bound (A.3) allows to
control the tail of the distribution of the largest eigenvalue of a Wishart distribution. Rudelson and
Vershynin [36] have provided a control similar to (A.3) under subgaussian assumptions. However,

their results only holds for events of probability smaller than 1 —e™".

Proof of Lemma A.2. In this proof, we adopt the same approach as Litvak et al. [30]. Fix some
x > 0 and some ¢ > 0. We consider a minimal e-net A(¢) of the I unit sphere in R?, whose elements
are included in the unit sphere. Since the e-covering number of the ball in R? is smaller than (5/¢)?,
we get

IN(e)] < (10/€)? . (A.4)

Consider some 6 € N(e). The random variable ||Z8||? follows a x? distribution with n degrees of
freedom. Applying Lemma A.1, we derive that for any 0 < z < 1

P ||Z0]? < Cna®™| < .



Verzelen/Ultra-high dimensional regression 50

Applying an union bound over all § € N (¢), we derive that

2d
P| inf |Z6]2 < 02/”(i>" <1/2.
Lt 120 < ncan ()" | </
Applying the first result of Lemma A.2, we control the largest singular value of Z.

2
2log(2
P sup 120]7 < n 1+\/E+\/M <z/2.
feR? | ||6]12<1 n n

d

Consider any 0 € R? such that ||§]|q = 1. There exists 6y € N(e) such that || — p|lq < e.

1260117 = 1Z00lla+ < Z(6 — 60), Z(0 + 60) >n
> inf [|Z60)3 — V2e sup [ Z0]% .
GOGN(E) 0, ”9”321

Applying the two deviations inequalities, we derive that for any € > 0

2
o 2log(2
inf  [|20)2/n > C2¥/" (i) —V2ed1+ \/E+ s (A.5)
0, 6]I3=1 10 n n

with probability larger than 1 — . Since we assume that 2d/n < 1, we can choose € so that the first
term of (A.5) is twice the second term. After some computations, this leads to the bound

2 n
inf ZQinszm[l/\i},
0, ||e||3=1” In/ log(2/x)

with probability larger than 1 — z. This allows to conclude.

Acknowledgements

I am grateful to Yannick Baraud and Christophe Giraud for interesting suggestions that lead to an
improvement of the paper.

References

[1] ALpous, D. J. (1985). Ezchangeability and related topics, Ecole d’été de probabilités de Saint
Flour XIII. Lecture Notes in Mathematics, Vol. 1117. Springer-Verlag, Berlin.

[2] BARANIUK, R., DAVENPORT, M., DEVORE, R., AND WAKIN, M. (2008). A simple proof
of the restricted isometry property for random matrices. Constr. Approx. 28, 3, 253-263.
http://dx.doi.org/10.1007/s00365-007-9003-x. MR2453366

[3] BARAUD, Y. (2002). Non-asymptotic rates of testing in signal detection. Bernoulli 8, 5, 577-606.

[4] BARAUD, Y., GIrRAUD, C., AND HUET, S. (2009). Gaussian model selection with an unknown
variance. Ann. Statist. 37, 2, 630-672.

[5] BARAUD, Y., HUET, S., AND LAURENT, B. (2003). Adaptive tests of linear hypotheses by
model selection. Ann. Statist. 31, 1, 225-251. MR1962505 (2004a:62091)


http://www.ams.org/mathscinet-getitem?mr=MR2453366
http://www.ams.org/mathscinet-getitem?mr=MR1962505

Verzelen/Ultra-high dimensional regression 51

[6] BICKEL, P., RiTov, Y., AND TSYBAKOV, A. (2009). Simultaneous analysis of lasso and Dantzig
selector. Ann. Statist. 37, 4, 1705-1732. http://dx.doi.org/10.1214/08-A0S620. MR2533469

[7] BIRGE, L. (2001). An alternative point of view on Lepski’s method. In State of the
art in probability and statistics (Leiden, 1999). IMS Lecture Notes Monogr. Ser., Vol. 36.
Inst. Math. Statist., Beachwood, OH, 113-133. http://dx.doi.org/10.1214/Inms/1215090065.
MR1836557 (2002j:62049)

[8] BIRGE, L. (2005). A new lower bound for multiple hypothesis testing. IEEE Trans. Inform.
Theory 51, 4, 1611-1615. MR2241522 (2007b:62024)

[9] BIRGE, L. AND MASSART, P. (2001). Gaussian model selection. J. Eur. Math. Soc. (JEMS) 3, 3,
203-268. MR 1848946 (2002i:62072)

[10] BIRGE, L. AND MASSART, P. (2007). Minimal penalties for Gaussian model selection.
Probab. Theory Related Fields 138, 1-2, 33-73. http://dx.doi.org/10.1007/s00440-006-0011-8.
MR2288064 (2008g:62070)

[11] CanDpEs, E. AND PLAN, Y. (2009). Near-ideal model selection by ¢; minimization. Ann.
Statist. 37, bA, 2145-2177. http://dx.doi.org/10.1214/08-A0S653. MR2543688

[12] CanDES, E. J. aAnD Tao, T. (2005). Decoding by linear programming. IEEFE
Trans. Inform. Theory 51, 12, 4203-4215. http://dx.doi.org/10.1109/TIT.2005.858979.
MR2243152 (2007b:94313)

[13] CANDES, E. J. AND TA0, T. (2007). The Dantzig selector: statistical estimation when p is
much larger than n. Ann. Statist. 35, 6, 2313-2351. MR2382644

[14] Cuu, J.-H., WEIss, S., CAREY, V., AND RABYL, B. (2009). A graphical model approach
for inferring large-scale networks integrating gene expression and genetic polymorphism. BMC
Systems Biology 3:55.

[15] Cook, R. D. AND L1, B. (2002). Dimension reduction for conditional mean in regression. Ann.
Statist. 30, 2, 455-474. http://dx.doi.org/10.1214/a0s/1021379861. MR1902895 (2003¢:62087)
[16] DALALYAN, A. AND TSYBAKOV, A. (2008). Aggregation by exponential weighting, sharp oracle

inequalities and sparsity. Machine Learning 72, 1-2, 39— 61.

[17] DavipsoN, K. R. AND SZAREK, S. J. (2001). Local operator theory, random matrices and
Banach spaces. In Handbook of the geometry of Banach spaces, Vol. I. North-Holland, Amsterdam,
317-366. MR1863696 (2004f:47002a)

[18] DoNnoHO, D. AND JIN, J. (2004). Higher criticism for detecting sparse heterogeneous
mixtures.  Ann. Statist. 32, 3, 962-994.  http://dx.doi.org/10.1214/009053604000000265.
MR2065195 (2005€:62066)

[19] DoNoHO, D. AND JOHNSTONE, I. (1994). Minimax risk over l,-balls for [,-error. Probab. Theory
Related Fields 99, 2, 277-303. http://dx.doi.org/10.1007/BF01199026. MR1278886 (95g:62019)

[20] DoNonO, D. L. (2006). Compressed sensing. IEEE Trans. Inform. Theory 52, 4, 1289-1306.
http://dx.doi.org/10.1109/TIT.2006.871582. MR2241189 (2007¢:94013)

[21] EFrON, B., HasTIE, T., JOHNSTONE, I., AND TIBSHIRANI, R. (2004). Least angle re-
gression. Ann. Statist. 32, 2, 407-499. With discussion, and a rejoinder by the authors.
MR2060166 (2005d:62116)

[22] FAN, J. AND Lv, J. (2008). Sure independence screening for ultrahigh dimensional feature
space. J. R. Statist. Soc. B 70, 5, 849-911.

[23] Fukumizu, K., BAcH, F., AND JORDAN, M. 1. (2009). Kernel dimension reduction in regres-
sion. Ann. Statist. 37, 4, 1871-1905. http://dx.doi.org/10.1214/08-A0S637. MR2533474

[24] GIrRAUD, C. (2008). Estimation of Gaussian graphs by model selection. FElectron. J. Stat. 2,


http://www.ams.org/mathscinet-getitem?mr=MR2533469
http://www.ams.org/mathscinet-getitem?mr=MR1836557
http://www.ams.org/mathscinet-getitem?mr=MR2241522
http://www.ams.org/mathscinet-getitem?mr=MR1848946
http://www.ams.org/mathscinet-getitem?mr=MR2288064
http://www.ams.org/mathscinet-getitem?mr=MR2543688
http://www.ams.org/mathscinet-getitem?mr=MR2243152
http://www.ams.org/mathscinet-getitem?mr=MR2382644
http://www.ams.org/mathscinet-getitem?mr=MR1902895
http://www.ams.org/mathscinet-getitem?mr=MR1863696
http://www.ams.org/mathscinet-getitem?mr=MR2065195
http://www.ams.org/mathscinet-getitem?mr=MR1278886
http://www.ams.org/mathscinet-getitem?mr=2241189
http://www.ams.org/mathscinet-getitem?mr=MR2060166
http://www.ams.org/mathscinet-getitem?mr=MR2533474

Verzelen/Ultra-high dimensional regression 52

542-563.

[25] INGSTER, Y. (1993a). Asymptotically minimax hypothesis testing for nonparametric alterna-
tives I. Math. Methods Statist. 2, 85-114.

[26] INGSTER, Y. (1993b). Asymptotically minimax hypothesis testing for nonparametric alterna-
tives II. Math. Methods Statist. 3, 171-189.

[27] INGSTER, Y. (1993c). Asymptotically minimax hypothesis testing for nonparametric alterna-
tives III. Math. Methods Statist. 4, 249-268.

[28] JOHNSTONE, I. (1994). On minimax estimation of a sparse normal mean vector. Ann.
Statist. 22, 1, 271-289. http://dx.doi.org/10.1214/a0s/1176325368. MR1272083 (95g:62020)

[29] LAURENT, B. AND MAsSART, P. (2000). Adaptive estimation of a quadratic functional by
model selection. Ann. Statist. 28, 5, 1302-1338. MR1805785 (2002¢:62052)

[30] LiTvak, A. E., PAJOR, A., RUDELSON, M., AND TOMCZAK-JAEGERMANN, N. (2005). Small-
est singular value of random matrices and geometry of random polytopes. Adv. Math. 195, 2,
491-523. http://dx.doi.org/10.1016/j.aim.2004.08.004. MR2146352 (2006g:52009)

[31] Lounict, K. (2008). Sup-norm convergence rate and sign concentration property of Lasso
and Dantzig estimators. Flectron. J. Stat. 2, 90-102. http://dx.doi.org/10.1214/08-EJS177.
MR2386087 (20092a:62287)

[32] MASSART, P. (2007). Concentration inequalities and model selection. Lecture Notes in Mathe-
matics, Vol. 1896. Springer, Berlin. Lectures from the 33rd Summer School on Probability Theory
held in Saint-Flour, July 6-23, 2003, With a foreword by Jean Picard. MR2319879 (2010a:62008)

[33] MEINSHAUSEN, N. AND BUHLMANN, P. (2006). High-dimensional graphs and variable selection
with the lasso. Ann. Statist. 34, 3, 1436-1462. MR2278363 (2008b:62044)

[34] RaskuTTi, G., WAINWRIGHT, M., AND YU, B. (2009). Minimax rates of estimations for
high-dimensional regression over [, balls. Tech. rep., UC Berkeley.

[35] RIGOLLET, P. AND TSYBAKOV, A. (2010). Exponential screening and optimal rates of sparse
estimation. http://arxiv.org/pdf/1003.2654.

[36) RUDELSON, M. AND VERSHYNIN, R. (2009). Smallest singular value of a random rectangu-
lar matrix. Comm. Pure Appl. Math. 62, 12, 1707-1739. http://dx.doi.org/10.1002/cpa.20294.
MR2569075

[37] VERZELEN, N. (2010). High-dimensional gaussian model selection on a gaussian design. Ann.
Inst. H. Poincaré Probab. Statist. 46, 2, 480-524.

[38] VERZELEN, N. AND VILLERS, F. (2010). Goodness-of-fit tests for high-dimensional Gaussian
linear models. Ann. Statist. 38, 2, 704-752. MR2604699

[39] WAINWRIGHT, M. (2009a). Information-theoretic limits on sparsity recovery in the
high-dimensional and noisy setting. IEEE Trans. Inform. Theory 55, 12, 5728-5741.
http://dx.doi.org/10.1109/TIT.2009.2032816. MR2597190

[40] WAINWRIGHT, M. (2009b). Sharp thresholds for high-dimensional and noisy sparsity recovery
using ¢1-constrained quadratic programming (lasso). IEEE Trans. Inform. Theory 55, 5, 2183~
2202.

[41] Yu, B. (1997). Assouad, Fano, and Le Cam. In Festschrift for Lucien Le Cam. Springer, New
York, 423-435. MR1462963 (99¢:62137)

[42] Zuao, P. AND YU, B. (2006). On model selection consistency of Lasso. J. Mach. Learn. Res. 7,
2541-2563. MR2274449

[43] Zou, H. AND HASTIE, T. (2005). Regularization and variable selection via the elastic net. J.
R. Stat. Soc. Ser. B Stat. Methodol. 67, 2, 301-320. MR2137327


http://www.ams.org/mathscinet-getitem?mr=MR1272083
http://www.ams.org/mathscinet-getitem?mr=MR1805785
http://www.ams.org/mathscinet-getitem?mr=MR2146352
http://www.ams.org/mathscinet-getitem?mr=MR2386087
http://www.ams.org/mathscinet-getitem?mr=MR2319879
http://www.ams.org/mathscinet-getitem?mr=MR2278363
http://www.ams.org/mathscinet-getitem?mr=MR2569075
http://www.ams.org/mathscinet-getitem?mr=MR2604699
http://www.ams.org/mathscinet-getitem?mr=MR2597190
http://www.ams.org/mathscinet-getitem?mr=MR1462963
http://www.ams.org/mathscinet-getitem?mr=MR2274449
http://www.ams.org/mathscinet-getitem?mr=MR2137327

	1 Introduction
	1.1 Linear regression and statistical problems
	1.2 Sparsity and ultra-high-dimensionality
	1.3 Minimax risks
	1.4 Our contribution and related work
	1.5 Organization of the paper

	2 Notations and preliminaries
	3 Main results
	3.1 Prediction
	3.2 Testing
	3.3 Inverse problem and support estimation

	4 Hypothesis Testing
	4.1 Known variance
	4.1.1 Test T*
	4.1.2 Gaussian design
	4.1.3 Fixed design

	4.2 Unknown variance
	4.2.1 Preliminaries
	4.2.2 Test T
	4.2.3 Gaussian design
	4.2.4 Fixed design


	5 Prediction
	5.1 Gaussian design
	5.2 Fixed design
	5.2.1 Known variance
	5.2.2 Unknown variance


	6 Inverse problem and support estimation
	6.1 Minimax risk of estimation
	6.2 Consequences on support estimation

	7 What is a ultra-high dimensional problem?
	8 Discussion
	9 Proofs of the minimax lower bounds
	9.1 Proof of Theorem 4.1
	9.2 Proof of Theorem 4.5
	9.3 Proof of Theorem 4.3
	9.4 Proof of Proposition 4.7
	9.5 Proof of Proposition 5.1
	9.6 Proof of Proposition 5.3
	9.7 Proof of Proposition 5.6
	9.8 Proof of Proposition 6.1
	9.9 Proof of Corollary 6.3
	9.10 Proof of Proposition 6.4
	9.11 Proof of Proposition 6.5
	9.12 Proof of Proposition 6.6

	10 Proofs of the upper bounds
	10.1 Analysis of the testing procedures
	10.2 Proof of Theorem 5.2
	10.3 Proof of Proposition 5.5
	10.4 Proof of Proposition 6.2

	A Concentration inequalities 
	Acknowledgements
	References

