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Abstract

We consider a singular with state constraints version of the stochastic target problems
studied in [14], [16] and more recently [1], among others. This provides a general frame-
work for the pricing of contingent claims under risk constraints. Our extended version
perfectly suits to market models with proportional transaction costs and to order book
liquidation issues. Our main result is a PDE characterization of the associated pricing
function. As an example of application, we discuss the evaluation of VWAP-guaranteed
type book liquidation contracts, for a general class of risk functions.

Key words: Stochastic target problems, state constraints, pricing under risk constraint,
book liquidation.

Mathematical subject classifications: Primary 49125, 60J60; secondary 49120, 35K55.

1 Introduction

Stochastic target technics have been originally introduced in mathematical finance by Soner
and Touzi [13] in order to provide a PDE characterization of the super-hedging price of an
European claim under gamma constraints.

The classical super-hedging problem takes the general form: find the minimal Y#(0) such
that there exists a control ¢, in a suitable admissibility set A, satisfying Y*(T) > g(X?(T))
P — a.s., where g is the payoff function of an European claim, ¢ stands for the financial strat-
egy, Y? for the wealth process and X for the stock price process, which may be influenced by
the financial strategy, as in large investor models for instance. In general, such a problem is
treated in mathematical finance via the dual formulation approach which allows one to relate
the minimal Y'?(0) to a stochastic control problem in standard form. However, this approach
heavily relies on the fact that the wealth dynamics is linear in the control and that the stocks
prices are not influenced by the trading strategy. In particular, it does not apply to large
investor models or to more general dynamics or constraints, such as gamma constraints. This
was the motivation of Soner and Touzi for introducing the so-called stochastic target approach.



Their main discovery is a dynamic programming principle which is directly written on the
associated stochastic target problem, and therefore does not appeal to any form of dual formu-
lation, see Theorem 2.3 below. It turns out to be sufficient to provide a PDE characterization
for the associated value function. This approach led to a series of papers providing a direct
way to characterize super-hedging prices, see e.g. [2], [4], [15] and [17].

Up to the recent work of Bouchard, Elie and Touzi [1], this approach was however limited to
super-hedging problems which in turn typically lead to high prices which are not reasonable in
practice, see e.g. [6] and [7]. Apart from technical improvements, the main result of Bouchard,
Elie and Touzi [1] is that pricing problems under risk constraints of the form: find the minimal
Y?(0) such that there exists a control ¢ € A satisfying E [¢(Y?(T) — g(X?(T)))] > p, for
some “loss function” ¢ and a threshold p, can actually be treated via the stochastic target
approach of Soner and Touzi [13] and [14]. For ¢ of the form ¢(r) = 1,59 and p € (0,1),
one retrieves the quantile hedging problem of Follmer and Leukert [9]. When ¢ stands for
a utility function and p := sup{E [¢(Y?(T))] : Y?(0) = yo, ¢ € A}, this corresponds to
a utility indifference pricing problem. More generally, one can treat risk constraints of the
form E [U(X?(T),Y?(T))] > p, for a general class of “risk functions” —W. The success ratio
hedging problem of Follmer and Leukert [9] enters into this framework. Finally, American type
constraints can be introduced, see Bouchard and Vu [3]. This provides a general framework
for a direct characterization of risk based prices of contingent contracts.

In Bouchard, Elie and Touzi [1], the authors restrict to dynamics given by Brownian SDEs
in which only the drift and the volatility coefficients are controlled. In this paper, we show
how their results can be extended to the case where the dynamics are controlled by pro-
cesses with bounded variations and state constraints have to be satisfied. This extension is
mainly motivated by the pricing of a VWAP-type! book liquidation contract, however the
domain of application is vast, in particular it perfectly suits to partial hedging problems under
proportional transaction costs, see Example 2.3 below.

We therefore first consider a general abstract formulation that could be used in many different
practical situations/models. It is presented in Section 2 together with examples of application.
The associated general PDE characterization is provided in Section 3. The pricing problem
of a VWAP-type book liquidation contract is fully discussed in Section 4. The proofs of our
abstract results are collected in Section 5.

Notations: We denote by z* the i-th component of a vector z € R%, which will always be
viewed as a column vector, with transposed vector z, and Euclidean norm |z|. The element
e; € R? is the i-th unit vector: eg = 1;—j, i, < d. The set M is the collection of d-
dimensional square matrices M with coordinates M%, and norm |M| defined by viewing M
as an element of R%*?. We denote by S% the subset of elements of M? that are symmetric.
For a subset O of R?, we denote by O its closure, by int(O) its interior, by 0O its boundary,
and by dist(x, O) the Euclidean distance from z to O with the convention dist(z, ) = occ.
We denote by B,(z) the open ball of radius r > 0 centered at z € R%. If B = [s,t] x O for
s <tand O C R?, we write 9,8 := ([s,t) x 900) U ({t} x O) for its parabolic boundary. Given
a smooth function ¢ : (t,z1,...,x) € Ry X R* — R, we denote by 9, its derivative with
respect to its first variable, we write Dy and D%y for the Jacobian and Hessian matrix with
respect to (x1,...,xx), and D, ¢ and Di«p the Jacobian and Hessian matrix with respect
to x;, ¢ > 1. Any inequality or inclusion involving random variables has to be taken in the
a.s. sense. For a process L with bounded variations, we write |L|. to denote its total variation.

"WWAP means Volume Weighted Average Price, see Section 4 for a detailed presentation.



2 Abstract formulation and dynamic programming

2.1 The general singular stochastic target problem with state constraints

We first describe the abstract model. We refer to Section 2.2 for examples of typical dynamics
in finance, and to Section 4 for a full discussion of its application to the pricing of VWAP-type
book liquidation contracts.

From now on, we let (2, F,P) be a probability space supporting a d-dimensional Brownian
motion W, d > 1, F := (F;)t>0 denote the right-continuous completed filtration generated by
W, and T > 0 be a finite time horizon.

The abstract stochastic target problem is defined as follows.

Our set of controls is U x L, where U stands for the set of all progressively measurable
process v in L2([0,7T] x Q) taking values in a given closed subset U of RY, and £ denotes
the set of continuous R%valued adapted processes L which are non-decreasing (component
by component) and such that E [|L|7] < co.

For t € [0,T], z := (z,y) € R xR and ¢ := (v,L) € A := U x L, the controlled process
ijz = (Xfm, thi;@) is defined as the R? x R-valued unique strong solution of the stochastic
differential equation

X (s) = a+ / px (X7, (), ve)dr + Bx (X7, (r)dL, + / ox (X{,(r), v, )dW,
t t

S S
}/tibz,y(s) =Y + / MY(th,)x,y(T)’ VT)dT + BY(Zf,)x,y(T))TdLT + / O-Y(Zf,):p,y(r)’ VT’)TdWT ’

' t (2.1)
where (ux,ox) : (z,u) € R x U +— R? x M?, (uy,oy) : (z,u) € R x U — R x RY
Bx € C?(RY, M) and By € C?(R¥! R?) are assumed to be Lipschitz continuous.

Given a family of non-empty Borel subsets (O(t));<7 of R4, the stochastic target problem
consists in characterizing the value function

(t,z) € [0,T] x R — v(t,z) :=inf{y €R : (z,y) € V(t)} , (2.2)
where the set valued map V is defined as
te[0,T)— V(t):={z e R . A #0}, (2.3)
and
A, = {9 €A : Z)(s)€O(s) forall s € [t,T]P—as.} . (2.4)

In order to fully characterize the set valued map V in terms of the value function v, we shall
assume all over this paper the following:

Standing Assumption 1: For all (t,2) € [0,T] x R%: (2,y) € O(t) and ¢/ > y = (x,%/) €
O(t).

Remark 2.1. It follows from Standing Assumption 1 and standard comparison arguments for
stochastic differential equations that A; ., C Az, for ¥ > y. In particular, (z,y') € V(t)
whenever (z,y) € V(t) and ¥ > y, so that V() can be (at least when the infimum in the
definition of v is achieved) identified to {(z,y) € RE x R : y > v(t,z)}.



In order to give a sense to the following discussions, we also assume that:

Standing Assumption 2: v is locally bounded on Dy where
Dy :={(t,z) € [0,T) xR? : JyeRs.t. (x,y) € O)}

Remark 2.2. Obviously, the fact that all the relevant quantities take values in R? is used to
save notations. One could without difficulty restrict to the case where some components of X
only take positive values, which is typically the case for prices of stocks or bonds. By putting
to 0 part of the coefficients, one can also retrieve situations where W, L and X do not have
the same effective dimension. One could similarly add a time dependence in the coefficients,
e.g. by considering the first component of X as a time parameter.

2.2 Examples of application

Before to go further in the general treatment, let us immediately discuss some typical examples
of application that motivate this work (see also Section 4 for an application to optimal book
liquidation that will be studied in details).

Example 2.1. Let us first consider the case where (Bx, fy) =0,
x(z,u) = dinglzlu , ox(z,u) = dinglzlo

and
/Ly(l',y,U) = qulag[x]u ) O'y($,y,U) = quiag[x]U

where diag[z] stands for the diagonal matrix with z° as the i-th diagonal element, i € R?
and o € M?. The dynamics (2.1) then read, for s € [t, T:

Xt () J:—i—/ diag [X¢ ()] ,udr—i—/ diag [ X} »(r)] odW,
t t

S

Voal®) = v+ [ 0ldXen),
where we only write X for X*'% and Y for Y*! because X is not affected by the control and
Y depends on (v, L) only through v.
Restricting to initial condition 2 € (0, 00)?, this corresponds to the d-dimensional Black and
Scholes model: X* models the dynamics of a financial asset, the risk free interest rate is 0,
v} stands for the number of units of X held in a financial portfolio at time ¢, and Y is the
associated wealth process starting from the initial endowment y.
If we now take O of the form:

O(t):(o,oo)de1t<T+1t:T{(x,y)e(o,oo)de : ng(m)} t<T,

for some measurable map g : R — R, the value function can be written as

v(t,z) :=inf {y eR : Y

Vey(T) > g (X4 (T)) for some v eU} .

This corresponds to the usual definition of the super-hedging price of an European option of
payoff function g.
For O of the form

O(t) = {(r.5) € (0,00)! xR : y>g(a)} 4<T,

this corresponds to the super-hedging price of an American option.



Example 2.2. Let us now consider a two-dimensional model d = 2 with the following pa-
rameters

M}((I‘,U) = $1H ) M?X(tau) = 1‘2/1, ) O-}(l(ajvu) = xla ’ O'g(l(l}u) = [,U20'

and
%{1(.%'):—1, ﬂ?(m):l, 5Y(x7y):(1_)\a_1_)‘)7

where 4 € R, 0 > 0 and A € (0,1), and the other parameters are equal to 0. The dynamics
(2.1) then read, for s € [t,T:

Xi(s) = o'+ / XL, (r)pdr + / X}, (r)odW;
t

2,L XZL(T
xX2(s) = 22+ Xm /dLl /dL2
t, ( ) ; Xl (T t,x

S
YEh(s) = y+ / (1 —N\)dL; — / (1+N)dL?.
t t

This corresponds to the one-dimensional model with proportional transaction costs studied in
[6]. More precisely, there is only one risky asset, X', with a Black and Scholes type dynamics.
When buying or selling this risky asset, the investor pays a proportional transaction costs
A € (0,1). The process L := L? — L' stands for the cumulative net amount of money invested
in the risky asset from time 0, i.e. L2 (resp. L.) is the cumulated value of bought (resp. sold)
shares of X'. Each time a buying or selling operation dL is done, the investor pays, in money,
a proportional transaction cost Ad|L|. The wealth process is described by the two dimensional
process (Y, X?) where Y models the evolution of the cash account, and X2 corresponds to
the value of the part of the portfolio invested in X', when taking into account the transaction
costs.

For O defined as

O(t):(0,00) XR21t<T+1t:T{<$7y) € (0,00) XRz : A(y?x) Zg(:c)} ) tSTa

where
Ay, z) =y + zta? — Na2?|z?

provides the value in cash of a terminal position (y,z?) if the value of the stock is x!, one

retrieves the notion of super-hedging price of an European option with cash delivery, in the
financial market model with proportional transaction costs. Obviously, one can consider
similarly markets with more than one risky asset, see e.g. [2].

Example 2.3. Asshown in [6] and [2], the super-hedging criteria is much too strict in markets
with proportional transaction, as it leads to degenerate strategies of buy-and-hold type which
do not reflect the market behavior. It follows that it should be relaxed by using, for instance,
quantile or expected loss approaches as studied in [9], [10], for frictionless markets.

The loss function pricing approach consists in choosing a non-decreasing (typically concave)
function ¢ : R — R and defining the price at time ¢ of an European option of payoff (say with
cash delivery) g (X},(T)) as 6(t, 2", 0; p) with

o(t,z;p) :=inf{yeR : E[¢ (A(X@Ly(T),Xth(T)) -9 (thx(T)))] > p for some L € L} ,

where p is a given threshold in R, and A is defined as in the previous example.



Assuming that =,  (T) := £ (A(Y4(T), X[, (T)) — g (X{,(T))) € L? for all initial conditions
and control L, the arguments of Proposmon 3.1 in [1] then show that
0(t, z;p) = inf {y eR : EtL%y(T) > Xi;’(T) for some (L,v) € L x L[} ,
with U = R? and _
X :—p+/ vidw}.

t
Indeed, if 2, (T) > XE;’(T) then taking expectation leads to E[Zf, (T)] > p, while, if
po 1= E[_t +y(T)] = p, then the martingale representation theorem implies that we can find
v € U such that Ef, (T) = X2 (T) > Xt?’j;,"(T).

t,po
Hence, this last example enters into our general framework with the dynamics given in FEx-

ample 2.2 and an additional controlled process X3* defined as above.

Example 2.4. Influence of the trading strategies can be incorporated in the previous example
without much difficulties. It suffices to consider more general models in which the dynamics
of X! depends on L. It can for instance take the form

XpHs)=x +/ Xok(r udr+/ X F(r)odw,) — /X” (r)B_dL% + /XlL )B4 dL?

with f_, 6+ > 0. In this case, a buying order drives the price up, while a selling order pushes
the price down. Note that constraints on the liquidation value of the portfolio (X2, Y1)
could also be incorporated by playing with the definition of O. For instance,

o) = {(a;,y) € (0,00) xR? : A(y,z) > —c} 1,7
—|—{(a:,y) € (0,00) x R? : Ay, z) > g(x)} L7 ,t<T,

means that the liquidation value of the portfolio should never be less than —c.

2.3 Dynamic programming
We now come back to the abstract problem (2.2).

In order to provide a PDE characterization of the value function v, we shall appeal to the
geometric dynamic programming principle introduced in [14] and [16] in the case O(t) = R4+!
for t < T, and extended in [3] in the general case.

It expresses the fact that z € V(¢) if and only if one is able to find a control ¢ such that
Zf’)z € O(-)NV(:) on [t,T], i.e. ijz(s) lies in the domain O(s), which is our constraint, and
ijz(s) is such that, starting from this point at time s, one can find a control on [s,T] such
that the state process remains in the domains O(-) on [s, T, i.e. Zf?z(s) € V(s) by definition
of V.

This heuristical reasoning can be made rigorous under the following right-continuity assump-
tion:

Standing Assumption 3. [Right-continuity of the target] For all sequence (t,,zn)n of
[0, T] x R such that (t,,2,) — (t,2), we have

tn >tpy1and 2z, €O(t,)Vn>1 = 2z€0(1).



In the statement below, we denote by 7j, 7] the set of stopping times with values in [t,T7, for
t < T, and use the notation

7,0
O@ V:=0(7) lr<o+ V(0) 1,59 for 6,7 € 7—[07T] :

Theorem 2.3 (Geometric Dynamic Programming Principle). For allt < T,
7,0
V(t) = {z eRML . Jpe A st ijz(e/\r) € O@V forall 6,7 € T[tﬂ} .

Proof. Note that the formulation is slightly different from Theorem 2.1 in [3], however it
should be clear that their result can be stated in the above form, see the proofs of Lemma
2.1 and 2.2 in [3]. It thus suffices to check that the conditions A1-A2 and Z1-Z5 of Section
2.1 in [3] hold. Clearly, A1 holds. Also note that A is a separable metric space so that A2
holds by Lemma 2.1 and the discussion in Section 2.5 in [16]. The condition Z1 is satisfied
with the additional convention fo .(s) =0 for s < t. The verification of Z2 is standard in our
Brownian diffusion framework, up to passing to the canonical space, see e.g. Section 3.2 of
[3]. The flow and causality property Z3 and Z4 follow from the uniqueness of the solution to
(2.1) for any ¢ € A and any initial condition. As for the last condition Z5, one easily deduces

from the Lipschitz continuity of the coefficients in (2.1) that, for all s > ¢, |Z$Z(s) - Zﬁlz,(s)|
converges to 0 in L?(Q2) when (¢,2') — (¢,2), v/ — v in L?*(Q x [0,T]), and |L' — L|7 — 0 in
L?(2), where we used the identification ¢ = (v, L) and ¢’ = (v/, L'). O

Under our Standing Assumption 1, recall Remark 2.1, Theorem 2.3 translates in terms of the
value function v as follows:

Corollary 2.4. Fiz (t,z,y) € [0,T] x R,
(GDP1): Ify > v(t,x), then there evists ¢ € A such that, for all 0 € Ty p,

Yo

(0) > v(0, X7,(0)) and Z{, (s NO) € O(s AO) for all s€[t,T].

t,x,y

(GDP2): Ify < v(t,z), then

P [)@jﬁm’y(e) > v(0, X7,(0)) and Z{

0 (sAO) EO(sNO) Vs e [t,T]} <1V (5,60) € Ax Ty .

3 PDE characterization in the abstract model

Our main result is a direct PDE characterization of the risk constraint based pricing function
v.
3.1 Formal derivation

Before to state our main result rigorously, let us first explain formally how it can be deduced
from Corollary 2.4.



3.1.1 Interior of the domain

In the case where O(t) = R4*! for all t < T and Bx = fy = 0, it is shown in [1] and [16] that
v should (in a suitable sense) solve on [0,7) x RY

sup {F“ (x,v(t,x),atv(t,a:), Du(t,z), D2v(t,x)) , u € No(z,v(t, z), Dv(t,x))} =0 (3.1

where, for © = (z,y,7,p,Q) E R x R x R x R? x §% v € U, and € > 0,

FU(O) = py(ayu) —r—p pwx(ew) — ST [oxok (e wQ] |
N:(©) = {ueU : |[N“(z,y,p)| <€}
with Nu(x’y7p) = O'Y(.’E,y,U) - UX(I’U)TP : (32)

The reasoning behind the above result is the following. If y = v(¢,z), if the infimum in
the definition of v is achieved, and if v is smooth, then Theorem 2.3 implies that there
exists v € U such that, with ¢ = (v,0), di@?ﬁx,y(t) > dv(t,Xffm(t)). Formally, this implies
that v should thus be such that oy (X7, (1), Y%, (£), 1) = ox (X{,(t), v) T Du(t, X{,(t)) and
,uy(Xfx(t), Y#x,y(t), v) > Eg}v(t,Xfx(t)) where, for a smooth function ¢ and u € U,
1
L= 0p + Dy ux(u) + 5T loxox (-, u) D

Since (Xﬁw(t),n?x’y(t)) = (z,y) = (z,v(t,z)), this imposes that the left-hand side of (3.1) is
non-negative. On the other hand, the “optimality” of v should lead to equality in (3.1).

In our situation where Bx, 3y # 0, one can also use the bounded variation process L in

the dynamics (2.1) to insure that di@?ﬁx’y(t) > dv(t,ijx(t)). It suffices to find a direction

e Ay :=[0,00)?N By(0) such that G*(z,y, Du(t,z)) > 0, where

G z,y,p) = (5y(x,y)T — pTﬁx(x)) ‘,

and to “push in this direction”. This corresponds to reflecting the process (s, X(s),Y (s))s
on the boundary of the set {(¢,2',y’) : v > v(¢,2')}. Assuming v smooth enough, it is
possible only if such a ¢ exists.

It thus follows that v should satisfy either (3.1) or G*(z, v(t, z), Dv(t, z)) > 0 for some £ € A,
i.e., at least,

Ho(z,v(t, ), 0(t, ), Dv(t, z), D*v(t,x)) > 0 (3.3)
where, for © = (z,y,7,p,Q) € R x R x R x R? x §¢, and ¢ > 0,
H.(©) := max {F.(0) , G(O)}
with

F.(O) = sup {F“(©), u € No(0)} , G(O) := max { (ﬁy(x, )T — pTﬁX(x)) 0, 0e A+} .



3.1.2 Space boundary

We also have to take care of the state constraint (X,Y) € O. To this purpose, we shall assume
that the set

D :={(t,z,y) €[0,T] x R . (z,9) € O(t)} . (3.4)

is smooth enough:

Standing Assumption 4: There exists a locally C1? function § on [0, T) x R%! such that
§>0inintD, § =0 on dyD := DN ([0,T) x R¥*1) and § < 0 on ([0,T) x R¥H1)\ D.

For (¢,z) such that (¢t,z,y) = (t,z,v(t,z)) € 9yD, we can then follow the same reasoning as
above, taking into account the fact that now, the control ¢ = (v, L) should be such that, at
the same time, do(t, Xﬁx(t),Y&’y(t)) > 0 and dYﬁ,,y(t) > dv(t,Xfx(t)). As above, this can
be achieved either through the drift parts, once the Brownian parts are cancelled, or through
the bounded variation process, in the case where a suitable inward direction is available. This

leads to
H(i)n(:c,v(t,m),@tv(t,a:),Dv(t, x), DQU(t,SL')) >0 (3.5)
where, for © = (t,2,5,7,p,Q) € [0,T] x R* x R x R x R x §¢, u € U, and ¢ > 0,

HM(©) := max {F"(0), G™(0)}

with
F™©) = sup min{F%©), L£%(t,z,y)}
ueNn(O)
G™O) = Erélgic min{(ﬂY(%?J)T —pTﬂX(t,x)>€, D(S(ta%y)TﬁZ(%y)f} .
and
N2(©) = {ueN®): D0 oslep )] <<}
vy = 8tg0+Dg0TMZ('aU)+%TT [azag(uu}D%}
pz = (nk.uy)' oz =lox ov]", Bz =1[8% Byl

for ¢ smooth.

3.1.3 Terminal condition

In order to fully characterize the value function v, it remains to define appropriate boundary
conditions.
We first note that (z,v(T—,x)) € O(T) can be expressed as

v(T—,z) > w(z) :=inf{yeR : (z,y) € O(T)} .

It follows that v(T'—,-) should formally satisfy v(T—,-) > w.
On the other hand, the fact that v satisfies (3.3) imposes a constraint on v and its gradient
through A and G: Ny(z,v(t,x), Dv(t,z)) = 0 or G(t,z,v(t,z), Dv(t,z)) > 0. As usual it



should propagate up to the boundary. In order to take care of this constraint, we follow [1]
and introduce the set valued map

N(z,y,p) = {r eR?: r= Nz, y,p) for some u € U} , (3.6)
together with the signed distance function from its complement set IN¢ to the origin:
R := dist (0,N°) — dist (0O,N) . (3.7)
Then,
0 € int (N(x,y,p)) iff R(xz,y,p) >0. (3.8)
With these notations, the terminal condition formally reads:
min{v(T—,z) — w(z), M(z,v(T,x), Dv(T,z))} =0, (3.9)
where
M(z,v(T,z), Dv(T, z)) := max{R(z,v(T—,z), Dv(T—,x)) , G(z,v(T—,z), Dv(T—,x))} .

However, the above expression does not incorporate the part of the state constraint that may
be imposed on (¢, x). In order to take care of this, we shall make the following assumption.

Standing Assumption 5: The function ¢ admits a locally C'1? extension on [0, T] x R4*1,

Under the above additional condition, we shall show that v(7T'—,-) indeed satisfies the con-
strained boundary condition

min {v(T—, z) — w(x) , M™(T,z,v(T—,z), Dv(T—, z))} =0, (3.10)
when
(T,2,0(T—,z)) € 0D ={T}x | (| |J 90T -2) |, (3.11)
0<r<T 0<elr
where

M .= max{R™ , Gi")
with R™ defined as R with N in place of N and
N (¢, z,y,p) = {r € R : + = N¥(z,y,p) and Dé(t,x,y) oz(x,y,u) = 0 for some u € U} .
For later use, we set

intDy := ({T} x O(T)) \ 8Dr . (3.12)
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3.2 Main results

As in [1], the operators F' and F'™ are in general neither upper-semicontinuous nor lower-
semicontinuous and need to be relaxed, i.e. we have to consider their semi-relaxed upper-
and lower-semicontinuous envelopes.

F*(©):= limsup F.(0),F.(0):= liminf F.(0"), H* := max{F* G}, H, := max{F,, G}

e\.0,0/—0 e\0,0/'—0

and we define similarly F™*, Fin, gin* [0 from F'*, " as well as R*, R,, R™, R®, M™
M, M*, M,. For ease of notations, we shall simply write H.p for H. (-, p, dip, Do, D*p),
and use similar notations for all the above defined operators. We shall also write w, and w*
for the lower- and upper-semicontinuous envelopes of w.

Remark 3.1. (i) It follows from the convention sup() = —oco that F.(©) = —oo whenever
Nf(xvya Q) = @

(ii) Since F. is non-decreasing in € > 0, we have H,(©) = liminfg/_.g Ho(©’). In particular,
F.(©) > —oo implies that there exists a neighborhood of © on which Ny # 0.

(iii) The same reasoning holds for F'".

Since the value function v may not be continuous, we also introduce the corresponding semi-
continuous envelopes:

vi(t, x) = (t/li%lin(f . o', 2'), vi(t,z) = /lillnsup v(t,2"), (t,z) € Dy, (3.13)
(t',2") € Dy (t(t’,f”z),)z G

where Dy is defined as in Standing Assumption 2 and Dy denotes its closure.
Before to state our main results, we need to introduce the following continuity assumption,
compare with Assumption 2.1 in [1], which will be used to prove the subsolution property.

Assumption 3.2. Let (to, z0,q0) be an element of D x R<.

(i) If No # 0 on a neighborhood B of (z0,q0), then for every e > 0 and ug € No(z0,q0)
there exists a locally Lipschitz map U defined on a neighborhood of B’ of (z0,q0) such that
|0(20,q0) —uo| < e and v € Ny on B'.

(ii) If N £ 0 on a neighborhood B of (to, 20, qo), then for every e > 0 and ug € N (to, 20, q0)
there exists a locally Lipschitz map U defined on a neighborhood of B' of (to, 20, qo) such that
12(to, 20, q0) — uo| < € and U € N™ on B'.

Under the above assumption, we shall show that v is a discontinuous viscosity solution of
(3.3)-(3.5)-(3.9)-(3.10) in the following sense.

Theorem 3.3. v, is a viscosity super-solution on Dy of

{ H*p >0 on ]_:)yﬂ([O,T)de) (3.14)
min {(90 - w*)l{F*g0<oo,Ggo<0} ’ M*(P} >0 on Dyn ({T} x Rd) .
If Assumption 3.2 holds, then v* is a viscosity sub-solution on Dy N ([0,T] x RY) of

H.p <0 if () €intD — d

min{p —w*, My} <0 if (-, ¢)€intDy

B d
min{p —w* , M"¢} <0 if (-, ¢)€dDr on Dy n{T} xR

Note that, as usual, the state constraints appear only on the subsolution property, see e.g.
[11] and [12]. The proof of this result is reported in Section 5.
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4 Application in optimal book liquidation

In this section, we study an application of our general model to the pricing of a book liqui-
dation contract under a VWAP (volume weighted average price) constraint.

For sake of simplicity, we shall restrict to the case where W is a one-dimensional Brownian
motion although d # 2, which amounts to set part of the coefficients equal to 0. We shall also
consider time-dependent coefficients, which corresponds to adding a component interpreted
as time in the process X and can always be done by suitably choosing the drift parameter.

Moreover, the dynamics will be only controlled by a real valued non-decreasing process L.
We shall therefore only write X* and Y*, and now consider £ as the set of continuous real-
valued non-decreasing adapted processes L satisfying E [L2T] < oo. Still, similar arguments
as those used in Example 2.3 will lead to the introduction of an additional control in U, see
Proposition 4.2 below.

4.1 Description of the model

The optimal book liquidation problem is the following. A financial agent asks a broker to
sell on the market a total of K > 0 stocks on a time interval [0,7]. The broker takes the
engagement that he will obtain a mean selling price which corresponds to (at least) v € (0, 1)
times the mean price of the market, i.e. the observed selling prices weighted by the volume
of the corresponding transactions initiated by all the traders that are acting on the market
on [0,7]. Such contracts are referred to as VWAP guaranteed. The financial agent pays to
the broker a premium y at time 0.

The cumulated number of stocks sold by the broker on the market since time 0 is described
by a continuous real-valued non-decreasing adapted process L. Given L € L, the dynamic of
the broker’s portfolio Y is given by

dYE(t) = XbL(t)dL; , YL(0) =0
where X! represents the stock’s selling price dynamics and is assumed to solve
dxBit)y = xB)ut, X(t)dt + XD (o t, X1 ()dWw, — XL () 8(t, X B (t))d L,
where p, 0,3 :[0,T] x R +— R are continuous functions satisfying

x € [0,00) — x (u(t,x),0(t,x), B(t,x)) is uniformly Lipschitz, uniformly in ¢ € [0,7] (4.1)
and 3:[0,T] x R +— R, is C? in space, uniformly in time.

Note that we allow the trading strategy of the broker to have an impact on the price dynamics
if 8 +# 0.

For sake of simplicity, we model the intensity of all the transactions on the market by a
deterministic non-negative integrable process 1, so that

oft) == /0 9(s)ds

denotes the cumulated number of stocks sold on the market since time 0. Then, the mean
price of selling orders in the market, denoted by X2, has the dynamics

dX12(t) = XL )yot)dt , X120)=0.
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In order to accept the contract, a highly risk adverse broker should ask for an initial premium
y such that

y+ (YHT)/K —~X"*(T)/O(T)) K >0 for some L € L s.t. Ly — Lo = K,

i.e. which a.s. compensates the loss made if the mean selling price of the market is not
matched.

In practice, it is clear that the above problem does not make sense and needs to be relaxed.
We shall therefore consider problems of the form

Find the minimal y s.t., for some L € £ with Ly =0,
Lr=KandE[((y+ [YI(T)/K —vX"2(T)/0(T)] K)] > p,

for p € R and ¢ : R — R non-decreasing.

Moreover, practitioners typically impose bounds on the cumulated number of sold stocks
X3 .= [ — Lg. We shall therefore restrict to strategies L € £ such that

XE3(s) € [A(s),A(s)] forall s < T,
where A and A are assumed here to be C! deterministic functions such that
A<Aon[0,7).

Remark 4.1. Up to an obvious change of variables, the initial premium y can be incorporated
in the initial condition Y (0) of Y. Similarly, the constant vK/©(T") can be simply written
v > 0 up to a change of variable. It follows that the above problem could be alternatively
written as

Find the minimal Y*(0) s.t., for some L € £ with Ly =0,
Xp® =K, X13(s) € [A(s),A(s)] foralls <T, and E[¢(YH(T) —vXD2(T))] > p,

with v > 0.

4.2 Value function and problem reduction

In order to define the associated value function, we now extend the above dynamics to arbi-
trary initial conditions. Given L € £, we set X© := (X5 X512 X13) We write ZtL%y =
(XtL@, Yt]jvy) the corresponding processes satisfying the initial condition Ztijvy(t) = (z,y).
In the following, we restrict to initial conditions y > 0 and z = (2!, 22, 23) € (0, 00) x [0, 00)?
to be consistent with the fact that the above quantities should be non-negative and that the
process X! takes positive values if X*!(0) > 0. In order to simplify our analysis, we make
the following assumption:

A(T) = A(T) = K and DA, DA € (0, M] on [0, T] for some M > 0. (4.2)
The first condition allows us to impose the constraint X% (T) = K via the simpler one
X3L ¢ [A,A], while the assumption on the right-hand side will be used in the proof of

Proposition 4.7 below in order to provide boundary conditions which will turn easier to
handle.
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In view of Remark 4.1 and the left-hand side of (4.2), the value function associated to the
above stochastic target problem can then be written as

v(t,z,p) :==inf{y >0 : IL € L s.t. Xf:;cL € [A,A] and E [\Il(Zlfx’y(T))} >p},

with ¥(z,y) = {(y — y2?) and v > 0.

In order to convert the above problem into a stochastic target problem in the form of the one
studied in the previous sections, we use the key argument of [1] as explained in Example 2.3.
In the following we set A := U x L, where U denotes the set of all progressively measurable
process v in L2([0,T] x ) taking values in R.

Proposition 4.2. Assume that ¢ has polynomial growth. Then, for all (t,z,p) € [0,T] X
(0,00) x [0,00)* x R,
v(t,z,p) =inf{y >0 : Aizyp # 0},

where Ag .y p denotes the set of processes (v, L) € A such that (Zt]jm’y, Pp,) €V oon [t,T] with
Vo o= {(:z:,y,p) € (0,00) x [0, 00)2 xR? : 23 € [A,K}} 10.1)
+{(29,9) € (0,00) X [0,00) X B : 2% = K and £y —1a%) > p} L7y

and

Ptljp ::p+/ vsdWs .
¢

Proof. If ¢ has polynomial growth, then it is clear that /(Y5 (T') — ’yXZ’xL(T)) € L? for all

L € L such that Xf’ IL (T') < K. It then suffices to reproduce the arguments used in Example
2.3 or in the proof of Proposition 3.1 in [1]. ]

In the following, we set
Dy = {(t,z,p) € [0,T) x (0,00) x [0,00)* xR : 2® € [A(t),A(t)]} ,

which is the natural domain on which our problem is stated. It satisfies the Standing As-
sumption 2 under the additional condition (4.4) below, see Proposition 4.5 below. In the
following, v, and v* are defined as in (3.13) for Dy as above.

4.3 Additional assumptions and a-priori estimates

In the context of the above problem, the sets (N:). reads

No={ueR : |[uDyp+a'oDp| <e}

and
Fip=Fo=Fypif D,y #0, (4.3)
where Lo
Fop = —Lxp— & 2“) (121 9/ Dyl D2 — 2(Dyrp/ Dy Dy )
with

1
Lxp =0+ anDyao+ z 9D, 20 + i(acla)zDglgo .
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In order to provide a PDE characterization in terms of the continuous operator Fy rather than
in terms of F* and F., we need to ensure that D,y # 0 for any test function for v, or v*.
Moreover, the proof of a comparison principle will require a control of the ratio D,1¢/D,p
which appears in Fyp. In order to control the last term, we shall assume from now on that:

¢ admits right- and left-derivatives, there exists ¢ > 0s.t. e < D/, DYl < et (4.4)
and lim D™4(r) = lim D {(r) =: D{(o0) , (4.5)
T—00 T—00

where DT and D~ denote the right- and left-derivatives respectively.

The above conditions indeed induce the following controls on v, in which we use the notation
€1 1= (1, 0, 0).

Proposition 4.3. For all (t,z,p) € Dy and h € (—(z* A 1),1)
v(t,z,p) > max{v(t,z,p — e '|h]) + |h| , v(t,x + he1,p — C(x)|h])},
where
C :[0,00)* — Ry is a continuous map. (4.6)

Proof. a. We start with the first inequality v(¢,z,p) > v(t,z,p — e |h|) + |h|. Fix y >
v(t,xz,p). Then, there exists ¢ = (v, L) € A such that (thjx,y,Pt”’p) € Von [t,T]. Since, by
(4.4), £(r — |n]) > £(r) — e 1|h|, we have

E [e (YL

tx,y

(1) = bl =X 1)| = p—chl.

Since Y2 —|h| = Y;fﬁv,yflhl
the required result by arbitrariness of y > v(t, z,p) and the definition of the value function v.
b. Before to prove the second inequality, let us observe that standard computations based
on Burkholder-Davis-Gundy’s inequality, Gronwall’s Lemma and the Lipschitz continuity
assumption on our coefficients imply that there exists a continuous map C : [0,00)% — R

such that, for all h € [-1,1] and L € £ such that |L|p < K,

E (|9 (280 thery(T)) =¥ (Ziay(T)]] < C(@)Ih] -

c. We now turn to the second inequality v (¢, z, p) > v(t, x+hei,p—C(z)|h|). Fixy > v(t, x, p)
and consider ¢ = (v,L) € A such that (Z£, ,,P/,) € V on [t,T]. It follows from b. above
that

and X” does not depend on the initial value of Y'X, this implies

E[%(Z0hery(T)] 2 E[¥(Z,(D)] = C@)|h| = p— C(x)|h] .
As above, the required result then follows from the arbitrariness y > v(t, z, p). O

The immediate consequence of the above estimates is a control on D,1¢ /Dy for test functions
of v* or vs.

Corollary 4.4. The function vy is a viscosity supersolution of
min {Dpp — €, (Dy1p — C(2)Dpp) 1150 , —Dyrp + C() Dy} = 0 on Dy (4.7)
and v* is a viscosity subsolution of

max{—Dpp + €, (Do —C(x)Dpp)lisg, =D+ C(z)Dpp}t =0 on Dy . (4.8)

15



We now provide additional estimates that will be used later on to establish a comparison
principle on the PDE associated to v. We first show that the conditions (4.2)-(4.4) allows us
to deduce a classical growth condition on v.

Proposition 4.5. There exists n > 0 such that
0 < vt,z,p) <€ lp—€O)| +yn(l+z[) for all (t,z,p) € Dy . (4.9)
Proof. Define L := max{z3 A}, which belongs to £ by (4.2). Then, it follows from (4.2)
again that X,f 553(T) K and X, ; 3 € [A,A] on [t, T]. Moreover, standard estimates imply
1
E [|X{(T)P]? < n(1 + |z))

for some 7 > 0 which does not depend on (¢, x). In particular, for y > 0, the above inequality
combined with our assumption (4.4) leads to

Y

E [0 (v, (1) - XEXM)] 2 E[e(y-xEAm)]

e(y —yn(1 +[z[)) + £(0) .

v

By choosing y equal to the right-hand side of (4.9), we obtain E [E (Y;ny (T) — 'thLyf(T))] >
p. The required result follows from the definition of v. O

We finally provide suitable boundary conditions for v.

Proposition 4.6. Fiz (t,z,p) € Dy. Then,
v (t,0, 22, 23 p) = v*(t,0,2%, 2%, p) = 10,22, 23, p) , (4.10)

where
U, p) :=inf{y >0 : U(z,y) >p}.

Moreover, for all sequence (t,, Tn,pn)n C Dy such that (t,,z,) — (t,z) € [0,T] x [0,00)3,

lim U*(tnaxnapn) = nh—>nolo U*(tnaxnapn) =0 i pp— —00, (4'11)

n—oo

Hm vy (tn, TnyPn)/Pn = Um 0" (tn, Tn, pn)/pn = 1/DE(c0)  if pp — 00 . (4.12)

Proof. a. We start with the first assertion. Let (t,,zy,pn)n be a sequence in Dy that
converges to (¢,0,2%, 23,p) and fix y > U~!(z, p) with = = (0,22, 2%). Then, the Lipschitz
continuity of the coefficients implies that X{ . (T) — (0,22 2%) P — a.s. and in L? for
any ¢ > 2. Since VU is Lipschitz continuous, it follows that lim, .. E [\IJ(Z?n’xn,y(T))] =
U(x,y) > p. Hence, E [\I/(Z?nl, y)] > py, for n large enough, and therefore v(t,, z,, pn) <
y. The arbitrariness of y thus implies that limsup,,_, . v(tn, Tn,pn) < ¥71(z,p). We next
deduce from the Lipschitz continuity of the coefficients again that, for any L™ € £ such that
L} < K and (yn)n> such that E [¥ (Zinxn U (T))] = pn, we have Zg,lxn,yn( ) — (0,22, 23, y)
P — a.s. and in L? for any ¢ > 2, whenever y,, — y. Hence, lim,,_,o E [\II(Z{:Ln%y(T))] =
U(z,y) > p so that y > ¥ (z,p). Taking y, := v(tn, Tn,pn) + 1/n with (t,, Zn, pn)n such
that v(tn, Tn, Pn) — v«(t,0,2% 23, p) then shows that v, (¢,0, 22, 23, p) > ¥~ 1(z, p).

b. We now turn to the second assertion. It follows from the following easy observation. Fix

(t,z) € [0,T) x(0,00) % [0,00)? such that 2® € [A(t), A(t)]. Then, for L defined by L = A+~
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A(t), one obtains Xfa}?’ € [A,A] on [t,T7], recall (4.2), and p(t,z) := E [¥ (ZF, o(T))] > —cc.
It follows that v(t,z,p) = 0 for p < p(t,z), where the function p is clearly locally bounded.
c. We finally prove the last assertion. Since p, — oo and, for any strategy L™ € L such
that L7} < K, Z{::mmo (T') is uniformly bounded in any L9, ¢ > 2, one has y,, — oo whenever
E [\D(Zinxnyn (T))] = py for all n. Using (4.5), one deduces that, for all e > 0, 3 7. € R such
that

w(zl" (T)) < L(re)+(Dl(c0)+e) (yn + Y;{jj;mo(T) — fth%;LzY; (T) - 7“5) for n large P—a.s.

tnyTn,Yn
It follows that

1 <limsupE [\Il(Zg:xmyn (T))] /Pn < (DE(00) + €) lim sup yp,/pr, -

n—oo n—oo

This implies that lim inf,, o v« (tn, Tn, Pn)/Pn > 1/ (DE(c0) 4 €). Choosing ¢ arbitrarily small

leads to the required result. On the other hand, for y, := p,(Df(c0) — )~ with € €
(0, D¢(0)), we have, by similar arguments,

(20 (T))/pn — DE(c0)(Dl(0) —e) ™t > 1

tn,Tn,Yn
so that
liminfE [¥(Z7, . ., (T)] /pn > 1

n—oo

and therefore v(t,,, T, pn) < pn(DE(c0)—¢e) ! for n large enough. This implies that lim sup,,_, .
V*(tn, Tn,Pn)/Pn < (DL(oc) —e)~L, which yields the required result by arbitrariness of & > 0.
O

4.4 PDE characterization

We can now provide the main results of this section. We first report the PDE characterization
of v.

Proposition 4.7. The functions v, is a viscosity supersolution on Dy of
max {Fop , o' +2'BDp — Dyap} =0. (4.13)
The function v* is a subsolution on Dy of

min {go ) max{Focp , 2l + 218D — Dwggo}} =0 if A<a®<A

min {¢ , #' 4+ 8D — D,3p} =0 if A=z (4.14)
min {¢ , Fop} =0 if a3=A.
Moreover,
(T, 2, p) = v*(T, 2, p) = (2, p) for all (z,p) € [0,00)* x {K} xR (4.15)

Proof. a. We first discuss the PDE characterization. In view of Theorem 3.3, we already
know that v, is a supersolution on Dy of

max {F*ap , 2l + 218D — nggo} =0
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and that v* is a subsolution on Dy N {v* > 0} of

max {F*cp , 2t +2lBDap — nggo} =0 if A<a®<A
max {min{Fyp , —DA} , min{z' + 2'8D,19o — Dsp, 1}} =0 if A=2a?
max {min{Fyp , DA} , min{z' + 2'BD,10 — Dy, —1}} =0 if 23=A.

Note that the boundary 22 = 0 does not play any role here since the process X! is non-
decreasing.
Since, by Proposition 4.3, v is strictly increasing in its p variable, any test function ¢ such
that (o, xo,po) achieves a local maximum (resp. minimum) of v* — ¢ (resp. v, — ) must
then satisfy Dyp(to, o, po) > 0. It follows that F* and F can be replaced by Fp, see (4.3).
In order to simplify the subsolution property for ¢ < T, it then suffices to use the fact that
DA > 0 and DA > 0 by assumption (4.2).
b. It remains to prove the boundary condition at 7.
b.1. We first discuss the supersolution property at 7. Let (¢,,Zn,pn)n>1 be a sequence in
Dy, with t, < T for all n, such that (t,,zn,pn) — (T,20,p0) € Dy and v(t,,zn,pn) —
v (T, o, po). Set yn 1= v(tn, Tn,pn) + 1/n and let L™ be such that E[U(Z"(T))] > p, where
Zm = (X" Y") = (X, YE, ). Since X™(T) = K, we have L"(T') — L"(t,) = K — .
Since L™ is non-decreasing, this shows that sup; << L"™(t) —L"(t,) — 0 in L*. This implies
that Z™(T) — zp := (20, y0) in any L9, ¢ > 2. Tt then follows from the dominated convergence
theorem that

W(z0) ~ po = lim E[U(Z"(T))] ~py > 0.
This shows that v, (T, 2o, po) > ¥~ (x0, po).
b.2. We finally prove the subsolution property. Let (T, xq,po) € Dy and ¢ be a smooth
function such that

T, xo,po) achieves a strict local maximum of v* — ¢ such that
¥
(v* — ©)(T,20,p0) =0 and ¢(T, 0, po) > ¥ (20, p0) . (4.16)

Let (tn, Tn,Pn)n>1 be a sequence in Dy, with ¢, < T for all n, which converges to (T, zg, po)
and such that v(t,, n, pn) — v*(T,x0,p0). Set ypn = v(tn, Tn,pn) — 1/n. Since A and A are

C*, there exists L™ such that X" is reflected on the boundary of [A, A]. It takes the form

tn,Tn

dL? = odt (4.17)

where o™ is a predictable process satisfying, recall (4.2),

sup |af| <sup sup (DA(t)V DA(t)) <M . (4.18)
te(tn,T) n>1te(ty,T]
Since ¢ is smooth, we can also define the control v" := —o (-, Xﬁ;ﬁ)(DIl@/Dp(p)(.,XtL:&),

recall from the above discussion that we must have Dpp > 0 on a neighborhood of (T', g, po).
For ease of notations, we write Z" = (X", Y") := (X}, | Ytﬁnmnyn) and P":= P/ .

Let ¢ be defined by ¢(t, z,p) := ¢(t,z,p) + VT —t + 1 — /¢ for some ¢ > 0. It follows from
the identity v(7,-) = ! and (4.16) that

) max (v*—@):=—-(<0,
({T}XBS (J:(),po))U([T—&T]XaBs(zo,po))
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for € > 0 small enough. Moreover, for €,¢ > 0 small enough, one has

| 1‘nfM (z'a+ Fop + B(z")aDu ¢ — aDys@) > 0 on [T — e, T) x dB:(z0,p0) (4.19)
al<

since 0;p — —oo as t — T and ¢« — 0. We next define the stopping times

00 = inf{s>t, : (s,X"(s),P"(s)) ¢ [T —¢e,T) x Be(xo,p0)},
O, = inf{s>t, : [Y"(s)— (s, X"(s),P"(s))| >} NO .

Using (4.17)-(4.18)-(4.19), the same arguments as in the proof of Proposition 5.2 below show
that

Y™ (0,) — v (0, X"(0n),P"(0n) > O

for n large enough. Recalling that v, = v(tn, Tn,pn) — 7' < V(tn, Tn, pn), this is in contra-
diction with (GDP2) of Corollary 2.4. O

4.5 Comparison principle and uniqueness

In order to complete the characterization of Proposition 4.7, it remains to provide a compar-
ison theorem for (4.13)-(4.14).

Note that the term D,i1¢/D,p which appears in the definition of F can be shown to be
bounded because viscosity super- and subsolution of (4.13)-(4.14) have to satisfy D,p > €
and |D,1¢/D,p| < C in the viscosity sense. Still obtaining a general comparison theorem for
the above PDE in an unbounded domain remains an open question.

In what follows, we shall therefore reduce to a bounded domain by adding the following
condition:

Fa' >0st. pu(,2t) =o(,2Y)=0. (4.20)

This implies that 2! is an absorbing point for X%!. In particular, it remains bounded as
well as X2 which is bounded by ©(T)4!. In particular, we can then restrict to the bounded
domain

Dy = Dy N ([0,T) x (0,23") x [0,20(T)z') x [0, K] x R)..

For 2! > 2!, the value function v can be easily computed explicitly, since the problem becomes
deterministic, and is continuous:

T
v(t,z,p) = UL <x1,7 <x2 +/ xlﬁ(s)ds) — (K — x3),$3,p> for 2! > 2!, (4.21)
t

1

Note that it is not a real limitation for practical applications, since = can be arbitrary large.

Proposition 4.8. Assume that (4.20) holds. Let U (resp. V) be a non-negative lower-
semicontinuous supersolution of (4.13) (resp. upper-semicontinuous subsolution of (4.14)) on
Dy, such that U and V are continuous in x>. Assume that

Ult,z,p) > V(t,z,p) ift =T orz* € {0,2z'}, (4.22)
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and that there exists ¢, > 0 and c— € R such that

limsup V(. 2',p)/p <cy < liminf Uy, p") /v, (4.23)
(tlvxlvp/)_’(tﬂfvoo) (tl7y/7p/)4)(tvyvoo)
lim sup V(' o', p)<c < lim inf Ui,y p) (4.24)
(t/7x/7pl)—>(t7557—00) (t/»ylvpl)*)(tﬁy?*oo)

V (t,x) € [0,T) x [0,00)3. If either U is a viscosity supersolution of (4.7) on Dy which is
continuous in p, or that V' is a viscosity subsolution of (4.8) on Dy which is continuous in P,
then

U>V on Dy.

Before to provide the proof of the above result, we state the following immediate corollary
which shows that the characterization of v in Proposition 4.7 is indeed sharp.

Corollary 4.9. Assume that (4.20) holds. Then, v is continuous on the closure of Dy.
Moreover, it is the unique non-negative viscosity solution of (4.13) in the class of continu-
ous functions that are either supersolutions of (4.7) or subsolutions of (4.8), and satisfy the
boundary conditions (4.10)-(4.11)-(4.12)-(4.15)-(4.21).

This follows from Proposition 4.6, Corollary 4.4, Proposition 4.7, Proposition 4.8 and the
following continuity result.

Proposition 4.10. The function v is continuous in its p and x> variables, and, therefore, so
are vy and v*.

Proof. Since ¢ is non-decreasing, so is v, in the p-variable. It thus suffices to show that
lim supyy o v(t,z,p + |h]) < v(t,2,p). To see this fix y > v(t,z,p) and L € L such that
thjz,y € Vand E [\If(thjx,y(T ))] > p, which is possible since ¢ is strictly increasing and
y > v(t,x,p). It follows that y > v(t, z,p+ |h|) for h small enough. Sending |h| — 0 and then
y — v(t, x,p) leads to the required result.

We now turn to the continuity with respect to z3. Fix h € R such that |h| < min{z3 —
A(t), A(t)—23}. Denote e3 := (0,0,1), and let L € £ and y > 0 be such that ZtL,:r,y € V. Then,
Lr—L; < K and sup;<s<r ’Zt[:x,[)‘ < cforsome ¢ > 0. Set L" := 1y 7y (L — Ly + 2% + h) A A)V
A. Then, Zf;+h637y € V and sup;<<r ’ZtL,g;,o - Z££+h6370| < c¢|h| where ¢ > 0 does not de-
pend on (¢,x,p). This implies that v(¢t,x + hes,p) < v(t,z,p) + c|h|. Similarly, v(t,z,p) <
v(t,x + hes,p) + c|h|. O

We conclude with the proof of Proposition 4.8.

Proof of Proposition 4.8. We assume that U is a viscosity supersolution of (4.7) which
is continuous in p. The case where V' is a viscosity subsolution of (4.8) which is continuous
in p is treated similarly. As usual, we argue by contradiction and assume that there exists
(to, xo,p0) € Dy such that

(V — U)(to,xo,po) =: 4770 >0.

Given k > 0 and ¢ > 1, we define Ug and V by Ug(t,:c,p) = e“(t+x3)U(t,x,pC) and
V(t, x,p) = e””(t*xS)V(t, x,p). Since U is continuous in its p-variable, one has

sup(V —Ue) =: 20 > 29 > 0, (4.25)
Dy
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for kK > 0 and ¢ > 1 small enough.
1. Note that n < co and that

2 = sup(V — U¢) = (V = Uc)(Ec, &¢, be) (4.26)
Dy

for some Z; := (fc,i’c,ﬁc) in the closure of Dy. Indeed, if (tk, @k, pr)k>1 Is a maximizing se-
quence, then (ty, x)r>1 is bounded and therefore converges along a subsequence. If pj, — —oo0,
we obtain a contradiction by appealing to (4.24). If p, — oo, then limsup_, ., V (tx, Tk, Pk) /P <
cy < c4C¢ < Climsupy_, o, Ul(tk, Tk, prC)/(pr€), which also leads to a contradiction. The fact
that the supremum is achieved then follows from the upper-semicontinuity of V — UC' From

now on, we assume that
i = A (4.27)

for all ¢ > 1 small enough. The case where i:g = A(tc) (resp. :f;g € (A(fe),A(t))) can be
treated similarly by replacing |23 — 3> — 6|2 in the definition of A, below by |y* — 23 — 4|2
(resp. 0).

2. For n > 1, we now set

O : (t,2,y,p,q) = V(t,2,p) — Uc(t,y,q) — An(t, 2,9, p, )

where
n
Aalt,z,y,p,0) = 5 (Ip—ql® + 2" —y* > + [2° — y* — 6]%)
1 . R
5 ([t = tc* + 1o — 2[)

for some § > 0. Note that, by continuity of V in 23 and (4.26),

lim inf O, (ic, i¢ + des, ic, pe, pe) = 2
51_1)1’(1)711%1 n( C,JJC+ 637xc’pC7pC) m,

with eg := (0,0, 1). It follows that

sup©, >nforalln>1, (4.28)
Dy

for § > 0 small enough, where
D? .= {(t,z,y,p,q) € [0,T] x [0,00)® x R? : ((t,z,p),(t,y,q)) € Dy x Dy , 2% = v’} .

Moreover, the same arguments as in step 1. above show that there exists z,, := (tn, Tn, Yn, Pn, qn)
in the closure of Dy satisfying

On(Zn) =supO, >nforalln>1. (4.29)
Dy

It then follows from standard arguments, combined with the ones used in step 1. above, see
e.g. [5], that

Zn — Z¢5 = (tes, Te.5,Y¢,5,P¢,5,4¢,s) in the closure of D% as n — 0o (4.30)

21



where
lim n|zl — 1?2 +nlp, — ¢ +nlzd —y2 — 52 =0
lim (V= U¢)(zn) = (V = U¢)(2¢.0) (4.31)
and lim(tc 5,27 5) = (¢, &3) lim (V' = U¢)(z¢,5) = (V = Uc) (%) = 21 > 10 -

Note that, combined with (4.27), this implies that

33%,5 = yé,aa 33%,5 = y?,a, Pes = qc,s and A(tc,a) < y?,g +0= xéa < K(tc,é) ) (4.32)

for § > 0 small enough.

3. a. Clearly, we cannot have f/(tc,g, x5, pe,s) = 0 since ﬁg > 0 by assumption.

b. We can neither have t; s = T since this would imply azg 5= yg s by definition of Dy and
(4.2), a contradiction to (4.32).

c. We can also not have .%’é s € {0,242} for all § > 0 small enough. To see this assume the con-
trary and note that the fact that U is a supersolution of (4.7) implies that it is non-decreasing
in p. First assume that g¢ s > 0 for all ( > 1 small enough. Since ¢ > 1, it then follows from
the upper-semicontinuity of V, —U and from (4.32) that V(t¢s, 2¢,s5,0c.5) — Ultes: Ye.s:Cac,s)

< (V = U)(t¢es, xe5,pc5) + O(0). Recalling (4.22) and the definition of (V,U¢), we obtain
‘N/(tg’(g, L5 DC5) — Ug(tg(;, Ye.s dc,s) < O(6) < no for § small enough whenever x%’a € {0,241},
a contradiction to (4.31).

Now assume that pc 5 < 0 for all ( > 1 small enough. Then (4.24), the fact that (t¢s5,z¢s)
takes values in a compact set and the definition of > 79 > 0 imply that |p¢ 5| < £ for some
§ > 0 which does not depend on ¢ or . In particular, as ¢ — 1, (t¢5,Z¢.5, Yc,5, P65 4¢,5)c>1

converges to some (t1 5,215, Y15, P1,5,¢1,5) such that :UL; € {0,221}, (4.32) holds at the limit

¢ =1, and limsup,_, (V (t¢.5, 2¢.6,Pc.6) — Ucltes Ye,6:Gcs)) < Vit 21,6,p1,8) —Ur(tis, 21,6 —
des,p15) < O(9) by upper-semicontinuity of V, —U, and (4.22). This shows that V(tcvg,l‘cﬁ,
Pes) — UC@C,J:Z/C,J:‘JC,J) < np < 2n for ¢ sufficiently close to 1 and § > 0 small enough, a
contradiction to (4.31).

4. Now observe that, by assumption, Ug and V are super and subsolutions on Dy of
max {mp + Fyp, kp+at + 2t BDap — ngcp} >0 (4.33)
and
max {mp + Fyp, kp+at +2'BDap — nggo} <O0ifA<z’<A and V>0 (4.34)
respectively, with

Fop = —0wp—ztuDyp—2'9(t) D2y

(zlo

2
_2) (D% + Do/ Dy Dip = 2D/ Dyp) Dy

and that [74 is a viscosity supersolution of

min {¢"'Dypp — €, Dy — C(x)( ' Dy, —Dypip+ C(x)( ' Dpp} =0 . (4.35)
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Let PTV and 75*(~J§ denote the super- and subjets of V and UC, with (¢, 22, 23) taken as a first
order term. It then follows from Ishii’s Lemma, see e.g. [5], that we can find 2-dimensional
symmetric matrices (X,,Y;) € S? such that

(DtAn’ (-DCCAna DpAn),Xn)(tnuxnyynypm Qn) 6 75+‘7(tn’xnapn)
(_DtAn7 _(DyAn’ DqAn)a Yn)(tn7$7uynapn7Qn) € ,PiUC(tnu Yn, Qn)a

where the super- and subjets are defined with (¢,22,2%) viewed as a first order term, that

satisfy
X, 0 I -1
(50 Yem( 1) 30

where I denotes the 2-dimensional identity matrix.

We now study two cases:
Case 1. We first assume that

ﬁﬁg(tm Yn, Qn) + yrlz - yiﬁ(trw yrlz)DylAn(Zn) + Dy3An(Zn) >0,

along a subsequence. Then, by (4.29), (4.30), (4.32), (4.34), step 3. and the Lipschitz of
x — zf(t, ),

—Kn 2 H(Uc(tmym%z) - V(tmwmpn»
> _(y711 - x}m) + yiﬁ(trw y}z)DylAn(zn) + x}zﬁ(tm xvlz)DaclAn(Zn)
—DySAn(Zn) - DzsAn(Zn)
> O(nlz), — ypl* + |z, —ynl) + O(lz, — 2)) -

It then follows from (4.30)-(4.31) that
—kn > 0

which leads to a contradiction since 1 > 0.
Case 2. We now assume that

’iﬁC(tn’ Yn, qn) + y711 - yrlzﬁ(tn’ yflz)DylAn(zn) + Dy3An(zn) <0 )

along a subsequence. Then, using (4.30), (4.32), (4.33), (4.34), step 3. again, we deduce that

0 < (RUC + Dy + Y, ) Dy Ay + ygﬁ(tn)pymn) ()

_W (ynﬂ A Y22 - 2AnY,}2) (4.37)
and
0o > (MN/ — Dy, — x}p(ty, x1)Da A, — ﬂfqlqﬁ(tn)DxQAn> (Zn)
_W ( XM 4,2 x22 - 2AnX;2) : (4.38)
where

o ~DyAa(E) _ DyAa()
e D,A,,

_DqAn(zn) a (Zn) .
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Moreover, the continuity of C, recall (4.6), and the viscosity supersolution properties of UC
in (4.35), together with (4.30), imply that

[An] < ¢ C(yes) + 1 (4.39)
for n large. We now use (4.36), the Lipschitz continuity of the coefficients and (4.39) to obtain

k(V = U¢)(zn) nlah iw(tn, ) — yuit(tn, y)l|zh — yn| + O(1Z¢ = (tn, Tn, pn))

O (1 +An) o (tn, 23) = Yo (tn, yn)|?)
O(nlzy, — ynl*) + O(12 = (tn, 2n, pa)l) -

IN 4+ IA

Recalling (4.30)-(4.31) and sending n — oo and then § — 0 then leads to a contradiction
since n > 0. O

5 Proof of the viscosity property in the abstract model

We now provide the proof of Theorem 3.3. It is divided in several subsections.

5.1 Viscosity solution property on [0,7)
5.1.1 Supersolution property on [0,7)

We first consider the case (to,z0) € Dy with tg < T. The proof follows from almost exactly
the same arguments as in [1]. The only difference comes from the part of the control with
bounded variations, however it is easily handled. We provide it for completeness.

Proposition 5.1. Let (tg,x9) € Dy, with to < T, and let © be a smooth function such that

trict) min (vs — @) = (vs — ©)(to, 0) = 0 . 5.1
(stric )[O,IT%IXDR“I(U ©) = (v« — ) (to, z0) (5.1)

Then, H*¢(ty,z9) > 0

Proof. We assume to the contrary that
H*(p(to, 330) < —217 (5.2)

for some 7 > 0, and work towards a contradiction. It follows from (5.2) and the definition of
H* that we may find € > 0 such that

max By (z,y)T — De(t,2) T Bx (x)] £ < —n

HY(IE,?],U) - [’u@(tvx) < -1 Vue N’E(QT,y,Dgﬁ(t,l‘)) (53)
Y (t,z,y) € [0,T] x R4F1 st (t,2) € Bo(tg, 20) N Dy, |y — o(t,z)| <.

For later use, observe that, by (5.1) and the definition of ¢,

= min (vs—¢) >0, 5.4
Ci=, min (=) (54)

where 0, B: (o, xo) denotes the parabolic boundary of B:(to, xo).
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Let (tn,%n)n>1 be a sequence in Dy which converges to (to, o) and such that v(t,,z,) —
vi(to, o). Set yp = v(tn, ) +n~! and observe that
Yo 1= Yn — ¢(tn,Tn) — 0. (5.5)

For each n > 1, we have y, > v(t,,zy). It thus follows from (GDP1) of Corollary 2.4, that
there exists some ¢" = (v", L") € A such that

Y™t AN60p) > vt AOp, X" (tAOy)) fort>t,, (5.6)
where
2 m (XA o= (KL V) O = 000,
with

0 = {5 >t (5, X0, () & Belto,wo) b+ 0 i= {s > ta s [0, () = (s, X0, () 2 e} -
Let us define

A, = {s € [tn,0n] : py (Z"(s),v) — C”;L@(S,X”(s)) > —77} , (5.7)
and observe that (5.3) implies that the process
Y= NY" (Z", Do(s, XT)) satisfies |97 > ¢ for s € Ay, (5.8)

recall (3.2). Since L™ € L is continuous, so is the path of Z". Using (5.6), the definition of ¢
in (5.4) and the definition of 6,,, thus leads to

YU(tEAG) > o (tA O, X" (EA0,)) + (CLiog—a,} + eL(ag>0,}) Li=6,)
> @ANO, X" (ENOL)) + (CAE) L p—g,y » t >t -
Since ¢ is smooth, it then follows from It6’s Lemma, (5.3), (5.5) and the definition of ¢)" that

N
(A1, < KP4+ / b1 (s)ds
tn

tAOy,
+ [ B2 ) - Dets, X7(9) B (X7 (s)) | Lt
tn
< Kp, (5.9)
where
tAO, tAOn,
K :=~,—(CNe¢) +/ b1 4, (s)ds +/ YWy,
tn tn
and
by = [uy (Z7(s), ) = L% ¢ (s, X"(s))] -
Let M™ be the exponential local martingale defined by M’ =1 and, for s > t,,
M = M (B ) 1a, (s)aWs,

which is well defined by (5.8), the Lipschitz continuity of the coefficients and our definition
of the set of admissible controls ¢. By It6’s formula and (5.9), we see that M"™ K™ is a local
martingale which is bounded from below by the submartingale — (¢ Ag) M™. Then, M"K"
is a supermartingale, and it follows from (5.9) that

0=E[~(CAe)Lp,<p,] SE[Mg Kj ] <m—((Ae) <0,

for n large enough, recall (5.5), which leads to a contradiction. O
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5.1.2 Subsolution property on [0,7)

We first consider the case where (tg,zg,v*(tg,xg9)) € intD. The first part of the proof is
similar to those provided in [1]. The novelty comes from the second part where we play with
the part of the control with bounded variations to obtain a contradiction.

Proposition 5.2. Let (tg,79) € Dy, with to < T, and ¢ be a smooth function such that

(strict) max(v* — ) = (v* — @) (to,20) =0 . (5.10)

Dy
Assume that (tg, xo,v*(to, z0)) € intD. Then, H.p(tg, xo) < 0.
Proof. We assume to the contrary that
(to, xo, v (to, z0)) € intD and H.p(to,xo) > 21 (5.11)

for some 1 > 0, and work towards a contradiction. For later use note that (5.11) implies that,
for £ > 0 small enough,

{(t,m,y) € [0,T] x R¥ s.t. (t,x) € Bo(to, z0), |y — o(t,2)| < 5} CintD . (5.12)
Also observe that, by (5.10) and the definition of ¢,

(= a * ) <0. 5.13
¢ apBr?(tﬁfm(v ©) (5.13)

Moreover, we can find a sequence (ty, Zn)n>1 in Dy which converges to (to, zo) and such that
V(tn, Tn) — v*(to, o). Set yn = v(tn, z,) — n~' and observe that

Yn = Yn — P(tn, Tn) — 0. (5.14)

We now consider two cases.
First case. We first assume that

F.o(to,z0) > 21 . (5.15)
Then it follows from Assumption 3.2 and Remark 3.1 that may find € > 0 such that

pry (- 0) = LY > (5.16)
Y (t,z,y) € [0,T] x RFL st (t,2) € Bo(to, x0), |y — @(t,z)| < e,
where 7 is a locally Lipschitz map satisfying
v(x,y, Dp(t,z)) € No(z,y, Do(t,x)) if (t,z) € Be(to, o) and |y — (t,z)| <e. (5.17)

We now fix n large enough so that (t,,x,) € B:(to, o) and let Z" := (X", Y™) denote the

solution of (2.1) associated to the Markovian control ¢™ and the initial condition Z"(t,) =
(Zn, Yn), where

o =" L") = (#(.X"Y"),0) .
We next define the stopping times

62 = inf{s>t, : (s, X"(s)) & Belto, x0)},

n

On = inf{s>t, : [Y"(s) — (s, X"(s))| > e} AO; .

26



Note that, by definition of ¢" and (5.16), Y™ — (-, X™) is non-decreasing on [t,, 6,], so that

Y"™(0,) — @(0n, X" (01)) = yn — @(tn, Tn) =1 > —(e AN () /2 (5.18)

for n large enough, recall (5.14). Since ¢ > v* > v, it follows that

Y™"(0n) = v (0, X"(0n)) > 1ip,<003 {Y"(On) — 0 (0n, X"(0n))}
+11p,=093 {Y"(05) —v" (67, X" (67))}
= elyp, <00y + 1y9,—923 1Y (0) — 0" (07, X"(07)) }
> elgp, <00y + Lio,=003 {Y"(0) +C — (67, X™(00))}
> eNC+1p,—00y {Y"(07) — (67, X"(07))}
In view of (5.18), this leads to
Y™'(0n) —v (0, X"(0n)) > (eN()/2

for n large enough. Recalling (5.12) and the fact that v, = v(t,,r,) — n~! < v(ty,x,), this
is clearly in contradiction with (GDP2) of Corollary 2.4.

Second case. If (5.15) does not hold, then it follows from (5.11) that we can find £ € A, such
that, for € > 0 small enough,

[y — Do Bx] € >n (5.19)
Y (t,z,y) € [0,T] x R st. (t,2) € Be(to, 20), |y — o(t,7)] <. (5.20)

Set Oy, :={(t,z,y) : (t,x) € Boc(to,x0) , ly—p(t,z)] <2, y—@(t,x) > —|y|}. It follows
from (5.19) that we can find r > 0 such that

U By ((t,z,y) — M(t,z,y)) C Oy, for all (t,z,y) € 00, satistying (5.20) ,
0<A<r

where 4(t,z,y)" = (O,ﬂx(x),ﬁ;(x,y))é. Given u € U, we thus deduce from Theorem 4.8
of [8] and the assumption made on our coefficients, that there exists an adapted process
Z™ = (X™,Y") and a continuous real-valued adapted non-decreasing process M" satisfying

X"(s) = ajn—i—/ts,uX(Xn(r),u)dr—i- sﬁX(X"(r))édM,?+/tSaX(Xn(r),u)dWT

tn

Yn(s) = Yn+ /ts Iu,Y(Zn(r),u)dT’-i- /ts ﬁy(Z”(r))Té dM]" + /;S O’y(Zn(r),u>TdWr ,

Y'"sANbp) > p(sAOn, X"(sA\Op)) —2|7,| forall s >t,, (5.21)
where

00 = inf{s >t, : (s,X"(s)) ¢ Be(to,x0)},

O, = inf{s>t, : [Y"(s)— (s, X"(s))| >} NG} .

Observe that Z™ coincides with the solution of (2.1) for the control (u, {M™). In view of (5.14)
and (5.21), we have Y"(0,,) — (0pn, X™(0,)) > —2|y,| > —¢ for n large enough. Following the
arguments after (5.18) above then leads to the required contradiction. O

We now turn to the case where (¢g, zo, v*(to, z0)) € 0D.
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Proposition 5.3. Let (tg,70) € Dy, with to < T, and ¢ be a smooth function such that

(strict) r%ix(v* —¢) = (" —)(to,z0) =0. (5.22)

Assume that (to, zo, v*(to, 20)) € 0D. Then, H™p(tg, ) < 0.
Proof. The fact that
(to, xo, v (to, z9)) € 0D and Hingo(to,:no) > 2n (5.23)

for some n > 0, leads to a contradiction to (GDP2) of Corollary 2.4 follows exactly from the
same arguments as in the proof of Proposition 5.2. We therefore only sketch the case where
Fi"o(tg,29) > 2n. In this case, it follows from the definition of FI™ and (ii) of Assumption
3.2, see also Remark 3.1, that we may find £ > 0 such that

min{uy (-, 7) — L% , L35} > n (5.24)
Y (t,z,y) € [0,T] x RFL st (t,2) € Bo(to, x0), |y — @(t, )| < e,

where 7 is a locally Lipschitz map satisfying
o(t,x,y) € NgU(t, z,y, Dp(t, x)) for (t,x) € B.(to,z0) and |y — @(t,x)| < e . (5.25)

Let (tn,xn)n>1 be a sequence in Dy which converges to (tg,zo) and such that v(ty,z,) —
v*(to, o). Set yn = v(tn, x,) —n~! and observe that

Tn = Yn — Sp(tna xn) — 0. (5.26)

Let Z" := (X™,Y") denote the solution of (2.1) associated to the Markovian control (2",0)
and the initial condition Z"(t,) = (2, yn), where

vto= o, XM Y™
We next define the stopping times

00 = inf{s>t, : (s,X"(s)) & Be(to,z0)},
O, = inf{s>t, : [Y"(s)— p(s,X"(s))| >} AO .

The same arguments as in the proof of Proposition 5.2 show that
Y"(0,) —v(0n, X"(0,) > 0

for n large enough. Moreover, it follows from (5.24), (5.25) and It6’s Lemma that
o+, X" Y") >0 on [ty,0,] .

Recalling that y, = v(ty,zn) — n~' < v(ty,x,), this is in contradiction with (GDP2) of
Corollary 2.4. O
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5.2 Viscosity solution property at T'

In this part we follow standard arguments which consist in propagating the boundary condi-
tion backward on some small time [T'— ¢, T so as to be in position to repeat the arguments
used to derive the viscosity solution property on [0,7'). The arguments being standard, see
e.g. [1] or [16], we only sketch them.

We begin with the supersolution property.

Proposition 5.4. Fiz (T,x¢) € Dy, and let ¢ be a smooth function such that

trict) min (vs — @) = (v — ) (T, 20) = 0. 5.27
(strict) min (v, ) = (v. — )(T,0) (5.21)

Then, M*p(T,x0) > 0. If moreover F*o(T,xz9) < oo and Gyp(T,x0) < 0, then o(T,zq) —
wy(zo) > 0.

Proof. The fact that M*p(T,z9) > 0 is deduced from Proposition 5.1 and the upper-
semicontinuity of M* by standard arguments, see e.g. the proof of Lemma 5.2 in [14]. We
now prove the second assertion. Assume that

F*o(T,z9) < oo, Go(T,x0) <0 and (T, xo) = v.(T, z0) < wi(zo),

and let us work towards a contradiction. Since v(7,.) = w by the definition of the problem,
there is a constant 7 > 0 such that ¢ —v(T,-) < ¢ —w, < —n on B.(x¢) for some € > 0. Since
o is a strict minimizer, 2¢ := mingeyp, (zy) (v«(T,7) — (T, x)) > 0 and it follows that there
exists 7 > 0 such that v(t,z) — ¢(t,z) > ¢ > 0 for all (¢,z) € [T'—r,T] x 0B:(x9). Hence,

v(t,x) —@(t,x) > AN >0 for (t,z) € ([T —r,T] x 0B:(x)) U ({T} x Be(x0)) . (5.28)
Since F* (T, o) < oo and Go(T, xy) < 0, we can assume, after possibly changing ¢ > 0, that

Go(t,z) <0 and py(z,y,u) — L%¢(t,z) < C for all we N (z,y, Do(t,))
and (t,2,y) € [0,T] x R st. (t,x) € Bo(T,x0) and |y — p(z)| < ¢

for some constant C' > 0. Let ¢(t,z) := ¢(x) — /T —t + € + /. Then, for sufficiently small
€ > 0, we have

v(t,z) — @(t,z) > 5(CAn) >0 for (t,z) € ([T —e,T] x 0B:(z0)) U ({T} x Be(o))
Go(t,z) <0and py(zr,y,u) — LLP(t,z) <0 for all ue Ne(z,y, DP(t, )
(t,z,y) € [T —&,T] x R st. x € B.(xo) and |y — @(t, 2)| < e.

By following the arguments in the proof of Proposition 5.1, the latter inequalities lead to a
contradiction of (GDP1) of Corollary 2.4. O

We now turn to the subsolution property. As in the previous section, we first consider the
case where (to, zo, v*(to,x0)) € intDy.

Proposition 5.5. Let (to,70) € Dy, with to =T, and ¢ be a smooth function such that

(strict) r%z?/x(v* —¢) = (" —¢)(to,z0) =0. (5.29)

Assume that (T, xo,v*(T, z¢)) € intDp. Then, min {p(T, x0) — w*(xg) , Mwp(T,z0)} < 0.
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Proof. Assume to the contrary that
min {p(T, xg) — w*(xg) , Myup(T,z0)} =:2n>0.

Let ¢ be defined by ¢(t,x) := ¢(t,x) + VT —t+¢e — /e for € > 0 small. Clearly, (T, xg)
achieves a strict maximum of v* — @, and it follows from the identity v(7',-) = w(zg), the fact
that (T, zg) — w*(zg) > 0 and (5.29) that

. max (v*—@):=—-(<0.
{T}xBe(z0))U([T—e,T)x 0B (z0))

Also observe that, the fact that M, (T, xo) > 0, means that
max{R.p(T,zo) , Gp(T,z0)} > 0.

Since Oyp — —oo ast — T and € — 0, we can find £ > 0 small enough such that
max{F.o(T, zo) , Go(T,29)} > 0.

Moreover, the assumption (T, zg, (T, z¢)) = (T, zo,v*(T,x0)) € intDr, recall (3.11)-(3.12),
implies that, for € > 0 small enough,

{(t, z,y) € [0,T) x R st (t,2) € Bo(T,a0), ly — 4(t,z)| < s} C intD .

Following line by line the arguments of Proposition 5.2 then leads to a contradiction to
(GDP2) of Corollary 2.4. O

We finally consider the case (T, zo, v*(T, z¢)) € ODr.

Proposition 5.6. Let (tg,79) € Dy, with to =T, and ¢ be a smooth function such that

(strict) r%a)u/x(v* —¢) = (" —¢)(to,z0) =0. (5.30)

Assume that (T, zo,v*(T, z0)) € dDp. Then, min {¢(T,xz0) — w*(zo) , MPp(T,z0)} < 0.

Proof. The result follows from an obvious combination of the arguments used in the proofs
of Proposition 5.5 and Proposition 5.3 above. O
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