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Higher dimensional matrix Airy functions and equivariant cohomology.

SERGUEI BARANNIKOV

July 31, 2010

ABSTRACT. I consider the simplest example of my equivariantly closed matrix
integral from [B06], starting from super associative algebra with an odd trace.

1. EQUIVARIANTLY CLOSED MATRIX DE RHAM DIFFERENTIAL FORM FROM
ASSOCIATIVE ALGEBRAS WITH ODD TRACE.

Let A = Ayp @ A; denotes a Z/2Z—graded associative algebra, dimy A = r < oo , with
multiplication denoted by msy : A®2 — A and odd invariant scalar product (-,-) : A%? —
ITk. The multiplication tensor can be written as the Z/37Z - cyclically invariant linear
function on (ITA)®3 which I denote by m 4

ma : (may, Tag, mas) — (=) (ma(ar, az), as), ma € (Hom(IIA, k)®3)2/32,

The odd scalar product on A corresponds to the odd anti-symmetric product {-,-)" on
ITA: B
(rai, mas)™ = (=1) (a1, as)

The cyclic tensor m 4 extends to the GL(N)-invariant cubique polynomial on Z /27 —graded
vector space gl(N) ® ITA

Tr(ma): Z — Tr (ma(Z2%%)), Z € gl(N) @ 1A
where T'r denotes the trace on tensor powers
g(N)®" =k, Z1®..0Z. —Tr(Zy-...- Z,)
The associativity of the algebra A translates into the equation
{Tr(ma), Tr(ma)} =0 (1)

where {-,} is the odd Poisson bracket corresponding to the odd anti-symmetric product
Tr|ginye2 @4, Y™, The space of polynomial, respectfully analytic, functions on gl(N)®ILA
is identified naturally, preserving the odd Poisson bracket, with polyvectors on gl(N) ®
ITA; with polynomial, respectfully analytic, coefficients. If I denote by X* € gl(N),
P, € IIgl(N) the coordinates on gi(N) ® IIA corresponding to a choice of a dual pair
of bases {e“}, {{,} on Ay and Ay, so that Z = Y X* @ 7§, + Py ® me®, then (P,)"

J
W on gl(N) ® IIA;. The cyclic polynomial Tr(m4)

corresponds to the sum of the function and the bivector,

corresponds to the vector field

1 « 1 «
S (Ao Tr(XOXPX7) 4 L3 (ma) P Tr(X7 PPy @
T o,Byy a,B,y

which I'll denote by the same symbol Tr(m 4) when it does not seem to lead to a confusion.
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The odd Poisson bracket is generated by the odd second order Batalin-Vilkovisky
differential acting on functions on gl(N) ® IIA

{1, o} = (COTAfifo) = A f2 + ()T FLA(f)) (3)

52
= 2 oxtIorp
«,1,] i Ot,j

1.1. Divergence-free (unimodularity) condition.. I’ll assume from now on that
the Lie algebra Ay is unimodular.
Condition 1. (unimodularity of Ay) For any a € Ay

tr(la,]|a,) =0 (4)
Proposition 2. The unimodularity of Ay (4) is equivalent to

ATr(ma) =0 (5)
where N > 2. O

Next proposition is a standard corollary of the equations (1), (5) and the relation (3).

Proposition 3. The exponent of the sum (2) is closed under the Batalin-Vilkovisky
differential
A(expTr(ma)) =0.

O

1.2. Closed De Rham differential form.. The affine space gl(N) ® IIA4; has a

holomorphic volume element, defined canonically up to a multiplication by a constant

w=\[] dX*.

;]

It identifies the polyvectorfields on gI(N)®IIA; with de Rham differential forms Qg;(n)gra, on
the same affine space via
y—vkFw

The Batalin-Vilkovisky differential A corresponds then to the De Rham differential dpp.
By proposition 3 the polyvector exp Tr(m ) defines the closed differential form

(X) = oxph (B T )i Tr X XO XN L ) X" 585 8)) |y T dx ™

a,t,]
(6)
dpr¥(X) =0

which is a sum of closed forms of degrees rN2, rN2 —2,....
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1.3. Equivariantly closed differential form.. The unimodularity (4) implies the
invariance of w under adjoint action of the Lie algebra gl(N) ® Ag

X = [¥,X]

and it is equivalent to the invariance of w if N > 2.
Consider the gl(N) ® Ag-equivariant differential forms on gl(N) ® ITA;:

I(N)®A
Qo N§®nf41 (Qquv)ema, © Ogiv)ga,)? ™E4.
The gl(N) ® Agp-equivariant differential
dginyoa® = dDR® + D Vo (g o @)

a,l,j

(OIS Qﬂ%géi , where 7., denotes the contraction operator, corresponds when passing

back to gl(N) ® ITIA to the sum

1 s
Dgwysa, = J(ZY) = Af+5Tr (V. 2,2)
f(Z’ Y) € (Ogl(N)®HA (24 Ogl(N)®Ao)gl(N)®A0

of Batalin-Vilkovisky differential and the operator of multiplication by the odd quadratic
function 3T ([Y, Z], Z)™ = Tr(ma)(Y ® Z® Z). The function depends on the equivariant
parameters Y € gl(N) ® Ag. Notice that the odd product (-,-)" : (ILA)®? — Ik can be
viewed as the even pairing

<~7~>ﬂ- : AO ®HA1 — k

Theorem 4. The product of the de Rham closed differential form ¥(X) (6) with the
function expTr (Y, X)", Y € gl(N) ® A is gl(N) ® Ap-equivariantly closed differential
form:

9 a
dgi(Ny@ 4, exp(Tr (Y, X)" + Tr(mA)( ZNEXT] dX™ =0
3! T0X o
Proof.  Denote by i, (x o ) the operator of contraction with the bivector field
d

% Zaﬁﬁ(mA)g'yTr(X"‘ a)‘zﬁ 5%+ ) and by Rrp,.(yax) the operator of exterior multiplica-
tion by the 1-form Tr (Y,dX)™. Then

[irr(x 2 2y Brr(vax)] = if,y)
This is simply a particular case of the standard relation
[iv,» Lies,] = ify, )
for the action of polyvectorfields. Therefore

dpr(e™ N TW(X)) = ip yjet TTTw(X)
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2. THE INTEGRAL

My closed differential form W(X') can now be integrated over the cycles, which are standard
in the theory of exponential integrals fr exp f, see ([AVG] and references therein): T' €
H,(M,Re(f) — —o0). Here f is the first term in (2) which is the restriction of the cyclic
polynomial T'r(m4) to gl(N) @ IIA; = M,

1 0 a,j
Fo = /Fexp(gTr(mA)(X7 a—X)) - Aa]}j dX;

In generic situation the cohomology of such f and f + Tr (Y, X)" are the same, since
linear term is dominated when |X| — 4o00. Choosing a real form of gi(N) ® Ay and
taking the cycles in H,.(M,Re(f) — —oo) invariant under it, this gives the natural cycles
for integration of the equivariantly closed differential form ™™ (>¥)" ¥ (X)

g 1 0 a,]
FY) = /Fexp(TT Y, X)" + gTT(mA)(X, —aX)) AT dX; 7
: a,i,j

For example if the algebra is defined over R, then I can take the real slice, i.e. the cycle
of antihermition matrices as such a cycle. Localizing the integral then leads to some
generalisation of Vandermond determinants and 7—functions.
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