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Abstract

Pickands constants Hp, play a significant role in the extreme value theory of
Gaussian processes. Recall that

E exp (SU-pte[O,T](\/ﬁBa (t) — ta))
HBQ = lim

T—oo T ’

where {B,(t),t > 0} is a fractional Brownian motion with Hurst parameter /2 and
a € (0,2].

In this note we derive new upper bounds for Hp, and « € (1,2]. The obtained
results improve bounds given by Shao (1996).
Key words: fractional Brownian motion, Gaussian process, Pickands constants,

scaled Brownian motion.
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1 Introduction

Let {B4(t),t > 0} be a fractional Brownian motion with Hurst parameter §, i.e., a centered
Gaussian process with covariance function Cov(Bq(t), Ba(s)) = 3 (t%+ s® — |t — s|*),

where 0 < o < 2. In this note we focus on estimates of

. Hp, (T
Hp, = Tlgréo %
where Hp, (T) = Eexp (supte[O’T](\/ﬁBa(t) - to‘)>.
Constants Hp, play a significant role in the extreme value theory of Gaussian processes
and in the literature are called Pickands constants. We refer to, e.g., Pickands (1969),
Shao (1996) or the monograph of Piterbarg (1996) for the description of theories where

Pickands constants appear.



Both in view of theoretical interest and recent efforts to find numerical approximations
of Hp, (see Burnecki et al., 2002), there is a need in analyzing properties of Pickands
constants. In particular, despite a vast literature that deals with properties of Hp, (e.g.
Shao (1996), Debicki et al. (2003), Dgbicki (2006)), the exact value of Pickands constants
is known only for Hp, = 1 and Hp, = ﬁ (see, e.g., Briaker (1993), Piterbarg (1996)).
Complementary, in Shao (1996) it was shown that

1 1 1/2)) ¥
(a/a)Y/ (1 — e Ve 1/a)) < Hp, < (\/a (0.77\/a+ 2.41(8.8 — aIn(0.4 + 2.5/a))"/ ))
for o € (0,1) and

5.271/90.625 < Hp, < (ce//m)¥ (1)
for a € (1,2). Other lower bounds were found in Degbicki et al.(2003):

/2
92+a (1)

—~ < Hp,

o

for 0 < a < 2.

In this note we derive new upper bounds for Hp, when a € (1,2), which improve (1). The
proofs rely on an application of properties of generalized Pickands constants introduced in
Debicki (2002).

Throughout the paper ®(-) denotes distribution function of the standard normal random
variable. Let () =1 — ®().

2 Generalized Pickands constants and Hp_ (7))

The idea of getting upper bounds of Hp, is based on an appropriate use of the results
on comparison of generalized Pickands constants developed in Debicki (2002). Below we
recall the definition and some useful properties of generalized Pickands constants.
Following Debicki (2002), let n(-) be a centered Gaussian process with stationary in-
crements, a.s. continuous sample paths, n(0) = 0 and with variance function U%(t) =
Var(n(t)) that satisfies

C1 02(t) € C'([0,00)) is strictly increasing and there exist ¢ > 0 such that

N0
lim sup — <eg
t—oo O',r] (t)

C2 a%(t) is regularly varying at 0 with index o € (0, 2] and U%(t) is regularly varying at
oo with index aq € (0,2).



Let . (T)
= lim ——~
T T

where H,(T) = Eexp (SuPte[o,T} (V2n(t) — a%(t))). The existence and properties of H,,
are analyzed in Debicki (2002) and Debicki (2006). Following Degbicki (2002) we call
H,, generalized Pickands constant. Recall some useful properties of generalized Pickands

constants (for the proofs we refer to Debicki, 2002):

Lemma 2.1 Let n1(t),n2(t) be centered Gaussian processes with stationary increments
that satisfy C1-C2.

1) Function H,, (-) is subadditive;

2) If o2, (t) < 02, (t) for all t >0, then Hy, < Hy,.

The following expressions for H,p, (') and H.p,(T') play an important role in further

analysis.

Lemma 2.2 For eachT >0 and a > 0

Hap, (T) = 20 (a@) + Wexp (—GZT) + a*T® (\/m) .

Proof Using self-similarity of Brownian motion, we have

Hap, (T) = EeXP( sup (\/iaBl(t) — a2t>> —

te[0,T]
= EeXP( sup (B1(t)—t/2)>,
t€(0,2a?T]

which combined with the fact that (see, e.g., Baxter & Donsker, 1957)

dz t€(0,2a2T]

1 (z + a?T)? P a’T —x
72T P 42T V22T )

p(x) = dP( sup {Bl(t)—t/2}§x>




leads to the following chain of equations

E exp sup <B1(t) - 1t> =
t€[0,2a27T] 2
a*T)? a’T —
/ 7ra2T <_ 4a?T > v < \/QQZT) GEN
a T x
1 2
29 (a\[) / /'QGQTexp< i ) dy dx =
—yV2a2T+a?T 1 y2
20 / / \/Texp( 2>dxdy:

— 2 ( Z) n \/ﬁexp (aiT) + T ( aQT/Q) .

This completes the proof. O

Lemma 2.3 For eachT >0 and a > 0
a
HaB2(T) = ]. + Tﬁ

Proof Since Bs(t) = tN, where NV is a standard normal random variable, then

Hap,(T) = Eexp ( sup <Nt — 1t2>> =
t€[0,4/2aT] 2

0 1 22 p V2aT 22 1 2 J
= /_mexp(O)mexp (—2> m—|—/0 exp (2>\/%exp (—2> T

[e'e) 1 2
+/ exp (T\ﬁa:c - a2T2> —— exp (_x) dx

V2aT V2T 2
a
= 1+T—.
+ N
This completes the proof. O

3 Main results

In this section we give two upper bounds for Hp, (Theorems 3.1 and 3.2) and compare
them with bounds obtained by Shao (1996); (1). The estimate given in Theorem 3.1
uniformly improves (1) and gives right values for &« = 1 and o = 2. Theorem 3.2 provides

sharper bounds for « in the neighborhood of 1 (see Picture 1).



Theorem 3.1 Let « € (1,2). Then

N (1 +T\/7> (2@ <\/(2 “)T> VEAL L o a)Te (W))

T>0 T

Proof Let a € (1,2) and n(t) = v2 —aBi(t) + Va — 1By(t), where B(-), Ba(-) are

independent fractional Brownian motions.

Hp, <

The proof consists on two steps.
Step 1. We show that

Hp, < H,. (2)

Observe that for each £ > 0 we have

Indeed, the above is equivalent to the fact that f(t) = (2 — a) + (o — 1)t — t*~1 > 0 for
each ¢ > 0 which follows from the observation that f(-) attains its minimum (over ¢ > 0)
at t* =1 and f(1) = 0. Hence from Lemma 2.1 we get (2).

Step 2. From subadditivity of generalized Pickands constants (Lemma 2.1) we have

<
My < jnf H,(T)/T. 3)
Additionally
HU(T) =
= Eexp ( sup (\ﬁ (V2= aBi(t) + Va—1Bs(t)) — (2 — a)t — (o — 1)t2))
te[0,T
<Eexp| sup V4 —2aBi(t) — (2—a)t |exp | sup v2a —2Bs(t) — (a — 1)t
te[0,7] te[0,7]
=M o=ap, (TVH jo=15,(T)-
We complete the proof combining this with Lemmas 2.2, 2.3. O

As an corollary to Theorem 3.1 we can get the following, more explicit bound for Hp,, .

Corollary 3.1 Let a € (1, 2). Then

<1+\/ 2 A )(H@ LN 2)

2
71'—}-e

(2—a)Va—-1

Hp, <

@




Proof Due to Theorem 3.1
—1
Hp, < inf <1+T a > x
T>0 T

2 (W) /T e (~20T) 4 (2 - a)T@ (/T a)T/2)

T
Using that ® <\/ (Q_;)T> <1 and 4/ %exp (—%) < \/%, we obtain

(1+7y/22) (2+ /2 + T2 - )

X

< inf
Hpa < %20 T
[a—1 2
where
2T+ /2
T = A ———————.
2—a)Va—1

This completes the proof. O

Theorem 3.2 Let a € (1,2). Then

2+44/%
Hp SCX(m)
@ a—1

Proof From subadditivity of Hp,(T") (Lemma 2.1) we have

o Hp,(T)
HBa < %gfo T (4)

1
-5

Let Su(t) := B1(t*) for t > 0. Observe that for « € (1,2) and each s,t > 0
1
Cov(Sa(t), Sa(s)) = s* At < 3 (s* +t* — |t — s|%) = Cov(Bu(t), Bal(s)),

while Var(S,(t)) = Var(B,(t)). Thus due to Slepian inequality (see, e.g., Theorem C.1 in
Piterbarg, 1996) for each u > 0

P ( sup (\/éBa(t) - to‘) > u) <P ( sup (\/§Sa(t) - ta) > u) .

te[0,T] t€[0,T]



The above implies that

Hp, (T) =Eexp ( sup (\/ﬁBa(t) — ta>) =

te[0,T]

< Eexp ( sup (\@Bl(to‘) - ta)>

te[0,T]

—Eexp( sup (\@Bﬂi)—)ﬁ)) §2+\/3+TD‘, (5)
te[0,7%] me

where (5) follows from Lemma 2.2. Combination of (5) with (4) and the fact that

244/ 2+ T 2+4/Z

i _
820 T a—1
completes the proof. O

In Picture 1 we compare upper bound (1) with estimates given in Theorem 3.1 and 3.2.

1 — Shao (1)

~—— Theorem 3.1
——-Theorem 3.2 _.

Picture 1
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