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Abstract

Let x = (zv) be a multivariate Gaussian variable with covariance matrix 3. For 4
and j in V, we show that if the conditional covariance between x; and x; given any
conditioning set K C V\ {i,j} is equal to zero, then ¥ is block diagonal and ¢ and
j belong to two different blocks.

Key words: multivariate Gaussian variables, conditional independence, block
diagonal covariance matrix

1 Introduction

As pointed out by Dawid (1998), the concept of conditional independence is
believed to be fundamental knowledge in the process of scientific inference. For
multivariate Gaussian variables, conditional independence is quantified by con-
ditional covariance. Investigation of such coefficients have led to a better char-
acterization of interactions between variables, in particular through the use of
conditional independence graphs (Whittaker, 1990; Lauritzen, 1996; Edwards,
2000). Marginal correlation coefficients have also been examined through co-
variance graphs (Kauermann, 1996; Edwards, 2000). It would be interesting

* Corresponding author. Address: CHU Pitié-Salpétriere, 91 boulevard de I'Hépital,

75634 Paris Cedex 13, France.
Email address: marrelec@imed. jussieu.fr (Guillaume Marrelec).

Preprint submitted to Elsevier Science 3 July 2007



to generalize these approaches by simultaneously considering all possible con-
ditional covariances for a given pair of variables. For instance, consider the
case of a three dimensional Gaussian variable x = (1, 2, r3) with covariance
matrix 3. If Corr [z, xo|z3] = 0, then Corr [, x2] = Corr [z1, 23] - Corr [22, 3]
(Wermuth, 1976; Whittaker, 1990). If one furthermore has Corr [z, 23] = 0,
it directly comes out that either Corr [z, 3] = 0 or Corr [z2, z3] = 0. In other
words, the following yields:

{Corr [r1,22] =0 and Corr [z, zo|z3] = O} = Y is block diagonal.

To our knowledge, no generalization of such a result has been shown yet. This
paper is a first step in this direction. We prove a result that demonstrates how
this approach can inform us regarding the global pattern of interaction and
shed light into the structure of the variables.

2 Main theorem

Let V be a finite set and = = (zy) be a multivariate Gaussian variable indexed
on V with covariance matrix X.

Theorem 1 Leti and j be two elements of V and further assume that x; and
x;j are conditionally independent given any set of remaining variables, i.e.,

VK CV\{ij} Covlz;,z|rk]=0. (1)
Then ¥ is block diagonal and © and j belong to two different blocks.

Sole consideration of marginal and/or partial covariance is not sufficient to pro-
vide this result, for there exist covariance matrices that are not block diagonal
while including variables for which Cov [z;, z;] = 0 and/or Cov {:v,—, xj\xw\{hj}} =
0.

This result can be established by successive examination of conditional in-
dependence constraints (see Fig. 1 for a graphical sketch of proof). First,
Corr[z;, z;] = 0 and, hence, ¥;; = 0. We also have Cov[z;, zj|xx] = 0 for any
k € V\{i,j}. Since ¥; ; = 0, this covariance coeflicient is equal to (Anderson,
1958)
Vi kg

Sek

For Cov|z;, z;|z;] to be equal to zero, we must then have 3, ;%X ; = 0, i.e.,
either ¥; ;, = 0 or ¥; , = 0. This line of reasoning being valid for any k & {3, j},
it is possible to separate V \ {i, j} into three sets: V? such that X, ; # 0 and
Yir=0for ke Ve, \/{ such that X, ; = 0 and X;; # 0 for k € V{; and W,

Cov|z;, zj|zg] = —



such that ¥;;, = 0 and X;; = 0 for k € W;. Let then be K = {k, [} with
k € Vi and | € V4. Cov|z;, zj|zKk] is given by (see Eq. (A.1))

Z (E ) (_1>Posn<(a)+posu<(b) det [ZIK\{IJ},IK\{a}} ( )
U5, K ) g det [ZIK,IK] K,iUj/p,j

a,be K

where posg(a) stands for the position of @ in K. Since k € Vi and [ € V7,
we have ¥;; = 3, = 0. Direct calculation then shows that Cov|z;, z;|rKk] is
equal to

ik Dk 1200,
Skl — S
Since we must also have Cov|xz;, z;|rk]| = 0 according to our hypothesis, this
equation leads to X;; = 0, given that X;; and ¥;,; are different from zero.
Elements of Vi (resp. V) have hence a zero marginal correlation to both j
(resp. i) and all elements of V9 (resp. Vi).

Cov|z;, zj|rk] =

We then proceed by induction. Assume that there exist 2(N + 1) subsets V?,
and V7, with n =0,..., N, and one set Wy of V such that

Vi = {i} and V) = {j}:

o {Vi,...,V§,V{,..., V&, Wy} is a partition of V.

nonzero marginal correlations can only be found between V! _; and V¢,
between V?_, and V/, or between Wy and {Vi, V4 }.

all marginal correlations between V! _, and V', as well as between V7 _,
and VJ are different from zero.

Since we proved that ¥;; = 0, ¥;; = 0 for [ € VI, Yk = 0for k € Ve,
Ykt = 0 for (k,1) € V] x V4 and constructed Vi and V7 so that 3, # 0 for
ke Viand X, # 0 for [ € V{, the assumption holds for N = 1. We now
assume that it also holds for a given N > 1. If W is empty, then the process
stops. Otherwise, the first step consists of setting K = {kq,l1,...,kn, N, m},
with (ky,l,) € Vi x VI forn=1..., N, and m € Wy. Given the assumption
of independence between x; and z;, we must have Cov|z;, zj|xk| = 0. This
conditional covariance coefficient is equal to (cf. Eq. (A.2))

Ei,]ﬂ Ej,h Hn:l,...,Nfl Ekn,k‘n+12ln,ln+1i| 2IC]\],’!TLZl]\I,’n’L
det [EIK,]K]

and is equal to zero if and only if ¥, 2, m = 0, since, by construction all
Y kg, and Xy, ;. are different from zero. It is then possible to separate
Wy into three sets: Vi, such that ¥, ,, # 0 and X, , = 0 for all m €

i1 Vg, such that ¥y, = 0 and %y, ,,, # 0 for all m € Vi,; and
Wy such that ¥, = Xy = 0 for all m € Wyyy. It now remains
to prove that we have ¥y, = 0 for (k1) € Vi, x V. To this aim, set
K= {k’l, l17 ey kN+17 lN+1} with (kn, ln) € W:z XW?L forn=1... s N—|—1 Since



x; and z; are independent, we must have Cov|xz;, z;|rk] = 0. This quantity
being equal to (see Eq. (A.3))

zi7k1 2j,ll {Hn:l,...,N Ekn,kn-o-lzln,ln-o-l} EkN+1le+1
det [E]K,]K] ’

Cov [z, zj|rk] =

it is equal to zero if and only if X, iy, = 0. The assumption is therefore
also valid for N + 1.

The sequence (Wy) is of decreasing cardinal. V being a finite set, there ex-
ists a step Ny for which Wy, is empty: the process ends there. Set V' =
{(Vi,...,Viy} and V7 = {V{,..., V3, }. {V?, V/} is hence a partition of V
for which there exists no marginal correlation between an element of V* and
an element of V7. Consequently, the covariance matrix of # has the following
structural form:

Syiyi 0
O ij 7“/j

)

thereby proving the theorem.

3 Discussion and perspectives

In this paper, we considered = = (xy) a multivariate Gaussian variable with
covariance matrix Y. For ¢ and j in V, we showed that if the conditional
covariance between z; and z; given any conditioning set K C V \ {i,j} was
equal to zero, then ¥ was block diagonal and ¢ and j belonged to two different
blocks. Note that the converse of this theorem is straightforward. Indeed, if one
considers that the covariance matrix X is block diagonal, then any conditional
covariance between variables belonging to two different blocks is equal to zero
according to Eq. (A.1).

Theorem 1 shows that, for multivariate Gaussian variables, there is a clear
separation between two variables z; and z; that are independent with regard
to any conditioning subset, and that this separation also applies to all other
variables, which are either “with” z; or “with” z;. Consequently, their effect
can be analyzed independently in one block of variables or the other.

Interestingly, this result nicely relates two distinct properties of Gaussian dis-
tributions. The block diagonal property of the covariance matrix is clearly a
global feature of Gaussian probability distributions. By contrast, the relation-
ship of “complete independence” (i.e., conditioned on all subsets) is rather
a local description and characterization of the interaction structure between
variables, since the definition gives a particular role to x; and z;. This per-
spective differs from the common approach, where one usually sets a “level”



of conditioning (marginal for covariance graphs, partial for conditional inde-
pendence graphs) and then varies the two variables on which correlation is
calculated. In this “dual” approach, the definition does not so much depend
on the conditioning set than on the variables whose conditional covariance we
examine. We mainly focus on the independence pattern that can be exhibited
with a single pair of variables and its potential implications onto the global
structure. We believe that there is much to gain by analyzing variables from
this perspective and hope to be able to provide further results along the same
lines in the near future.
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A Calculation of Cov [z;, zj|rk]

The conditional covariance between i and j given K reads (Anderson, 1958)

COV[Z’@,Z’HZ’K] = Ei,j — Z (Zin,IK)i,a {(E]KJK)_l}

a,beK

wp (ZKUs)y
Calculating (EK]K)_l from the adjoint matrix (Horn and Johnson, 1999) yields

for Cov[z;, zj|rKk]:

( 1)pOSK(a)+POS]K(b) det [E ]K\{b},]K\{a}]
»J Z ( U37K>a,z det [EIK,]K] ( K, U])b] ( )

a,beK 7

where posy (a) stands for the position of a in K. From now on, we also assume
that there exist 2(IN + 1)+ 1 subsets of V, namely V¢, V/ withn =0,..., N,
and Wy, respecting the conditions detailed on page 3.

First, for N > 1, set K = {ky,l1,...,kn,Ixy,m}, k, € Vi and [, € VI for
n=1...,N, and m € Wy. By construction, only elements in V¢ (resp. V})
have nonzero marginal covariance with ¢ (resp. j). Consequently, the sum in
Equation (A.1) can be simplified into

(—1)Pos(@)+posc(®) det [Z]K\{ll},]K\{kl}}

i ke
& det [E]K,IK]

iy

Given the definition of K, Xk k, Xx\{1,},K\{k:}, and the determinant of the
latter matrix respectively read



2K\ {1 o1 } K\ {1 ko) =

YR\ {12}, K\{k1} =

0

0
0

and, hence,

g,y

det [ Zacy 1,560k} | = =Sk ke det (Zae g ooy K0 e o)

0 0 0
0 0 0
Zkg,kg, 0 0
0 El2,l3 0
0 N S 0 Sy _1in—1
Zky_1.kN 0 Zky kN 0
0 iy iy g Siy.iy
0 0 Sk m Sy ,m
0 0 0
0 0 0
Siyls 0 0
0 Sy kg 0
0 Siy_1iN—1 0 Siy_1in—1
Sky_1kN 2 Sk kN 0
0 Sin 1N 0 Sy
0 0 Sk ,m Zin.m
0 0 0
0 0
0 0
Zig.,1y 0
Sinyoin—1 0 Siyotin—1 0
0 ZknikN 0 Sk ,m
Siny_1iN 0 Zinin Ziy,m
0 ZkNvm Zlem Ym,m

det (EJK\{ll,kl},]K\{kl,kg}) = =X, 1, det (EJK\{ll,kl,lg},]K\{kl,ll,k;g}) .

This leads to

det [E]K\{ll},]K\{kl}} = Yk, ky 21y 1, det (E]K\{ll,k1,lg},]K\{kl,h,kQ}) :

Zkn,m
Zin,m

Zm,m

Zkpnm
S m

Zm,m




with

0 Sipkg O 0 0 0 0 0
0 Tpg kg 0 Sha kg 0 0 0
g3 0 D/ 0 g4 0 0
0 g1y 0 Sky kg 0 Sy ks 0
2K\ {1 kol K\ {kr ka1 } = E E . E g E E J
0 Sin_1iN 0 iy 1N 0 Siy_1iN—1 0
0 0 Shy_1.kn 0 Sk ky 0 Sk m
0 0 0 Sin_1olN 0 Ziniin iy ,m
0 - 0 0 0 0 EkNm,, ElNrm Sm,m

which is of the same form as ¥\ 1,1, x\{x,}- Consequently, a similar calculation
shows that

det (EIK\{ll,kl,lg},IK\{kl,ll,kz}) = Dg kg 2l 1 et (Z]K\{ll,kl,lg,kz,lg},ﬂ(\{kl,ll,kz,lg,kzg}) ;

and, by induction, one can hence easily show that, for all n > 2,

det (EIK\{zl,kl,...,zn_l,kn_l,zn}JK\{klJl,...,kn_hzn_l,kn}) =

Ekn:kn+1zlnvln+1 det (EIK\{h,k’l,---Jmkn,lnﬂ}JK\{h,l1,---,kn,ln,kn+1,ln}) :
We hence obtain that

det EIK\{h}JK\{/ﬂ}} = det (EIK\{IIykly---7kN—27lN—27lN—1}»]K\{kl7lly-~-7kN—27lN—2»kN—1}) H kaknﬂzln,lnﬂ’
n=1....N—2

where the matrix of the right-hand side is equal to

0 Zhey_1.kN 0 0
> T 0 Skn by 0 Zkym
{kn—1,knln.m} {InN_1,kn,In,m} Sy 1N 0 Sinin Siy.m
0 EkN m ELN m Zm,m

The determinant of this matrix can be obtained by a similar argument as
previously developed:

0 0 Siy.m
det (E{ml,kmlmm},{mlJcN,lN,m}) = =Dk 1 ky | Svoviy Sty iy
0 z:LN ,m E?n,?n

0 Siym

- Ekalka Eleth

z:l N Sm,m

- E1€N71 NN ElN—l N EkN 7mElN ;m:

We finally have

det EIK\{ll }7IK\{k1} = 2IQNv'rnElNﬂﬂ H anykn+l Eln,hﬁ»l Y
n=1,...,N—1



and, in conclusion, for K = {ky,1, ..., kn,x, m}, we obtain for Cov [z;, z;|zK]

Ei,kl [Hn:lw..,Nfl Eknakn+li| EkN,m ’ Ej,ll [Hn:17...7N71 Zlnyln+1j| EZN,m
det [Z]K,]K] ’

(A.2)

The second case is rather similar to the first one. Set K = {k1,ly,..., kns1, Int1},
with N > 1, k, € V! and l,, € VJ forn = 1..., N+1. The previous line of rea-
soning can be applied in this case too, except that X\ (1, ky,....ix 1 LK\ fkil1sky 1}
reads

0 Sk _1okN 0 0 0
0 Shn kN 0 Sk kn 0
= 2 0 = 0 =
E{kN—l7kNalN7kN+17lN+1}7{lN717kNalN7kN+17lN+1} IN-1IN IN-IN INAIN41
0 E’Cz\rka+1 g 2k‘N+1JfN+1 2kN+1=lN+1
N N SindNg1 SPRNi1iNgl Sinin

leading to a determinant of g\ (1 ky.....ix_1 1 K\{k1 1. k1) €qual to

0 0 EkN>kN+1 0
— _Ek k TN PIniN 0 ZIN N1
N—-1,~FN
’ 0 0 ZhNp1 kN1 SN 41N 4L
0 ZUN N1 0 Sy
0 kN kN4 0
= EkalykNEleth 0 ChNp1kN 1SRN 4LIN
TN N1 0 Siyin
0 EkN+17lN+1

= _EkN—l kN 2lN—l N EkN KN 41
INJIN+1 ElNJN

= EkNA N3N ElN—lleZkvaN+l ZlN,lN+1 EkN+1JN+1 .

Finally, Cov [z;, zj|rk] reads

Zi,kl {Hn:l,...,N anykn+1:| ’ Zj,ll [Hn:l,..‘,N Elnylnﬁ—l ’ EkN+1le+1
det [E]K,]K] ’

(A.3)
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Fig. 1. Sketch of proof. From an original partitioning of V into {V§, ... ,V?V, Vg, . ,V?V, Wn} (a), we
that for all elements of Wy there can be no marginal covariance with both V% and V%,. We then

covariate with V% (gathered in V% ), elements that covariate with ng (gathered in V7 ), and ele
(gathered in Wy 1) (b). Last, we show that elements of Vi ; and V3, ; must have zero marginal cc



