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Abstract

This paper aims to provide a nonparametric analysis of the integrated
processes of an integer order, via a theoretical solution of a generalized
eigenvalue problem. To this end, we introduce a mean operator for the

process, by using weights belonging to a Sobolev Space.
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1 Introduction

In this paper we develop a nonparametric model to analyze a p-variate process
Y; that is integrated of order d. More generally than Bierens (1997), whose
model describe p-variate integrated processes of order 1, we take into account
the a-th differences of ¥; (o = 1,...,d), that are opportunely weighted, and
construct a pair of random matrices, related to the stationary and nonstationary

part of the process, referring to the following definition:

Given p € N, d integer, a discrete time p-variate integrated process of
order d, Y; ~ I(d), is defined by the following property: A*Y; is a nonsta-

tionary process, for k =0,1,...,d — 1 and A?Y; is a stationary process.

Then we derive their asymptotic behaviors, using Andersen et al. (1982), and
we solve a generalized eigenvalue problem.

The novelties of our model are basically two. First, we propose a nonparamet-
ric analysis of each integrated process of an integer order. Theoretical results
covering cases of order 1 and 2, that are principally linked with economic phe-
nomena, are obtained (see Bierens (1997) for the case of order 1). Second, the
Sobolev Spaces theory is introduced (see Ladyzhenskaya and Uraltseva, 1968),
in order to reduce the number of used weight functions.

The paper is organized as follows. Section 2 presents the data generating pro-
cess. In Section 3 the random matrices are defined, and their asymptotic be-
havior is studied. Section 4 provides the solution of the generalized eigenvalue

problem.



2 Data generating process

In this section we provide a description of the data generating process. First of

all, we recall the basic definition of integrated processes of an integer order d.

Definition 2.1 A discrete time p-variate integrated process of order d, Y; ~

1(d), is described by the following difference equation:
K = Aid€t = (1 — L)idEt, (1)

where p € N, Y, = (Y.L, ..., YP), & = (€},...,€)) is a zero-mean stationary

process, L is the lag operator, i.e. Ley :==€;_1, and A :=1— L.

It is easy to show that if Y; ~ I(d), then Y; — Yy ~ I(d). Therefore, we don’t
lose of generality assuming Y; ~ I(d), with Yy = 0. This assumption is used for
the rest of the paper.

If the hypotheses of the Wold decomposition theorem are satisfied, we can write
oo

€ :Zijt_j = C(L)v;, t=1,...,n, (2)
j=0

where v; is a p-variate stationary white noise process and C(L) is a p-squared
matrix of lag polynomials in the lag operator L.

Let us now state a condition for the matrix C'(L) defined in (2).

Assumption 2.1 The process € can be written as in (2), where vy are i.i.d.
zero-mean p-variate gaussian variables with variance equals to the identity ma-
triz of order p, I,, and there exist C1(L) and C2(L) p-squared matrices of lag
polynomials in the lag operator L such that all the roots of detCy(L) are outside

the complex unit circle and C(L) = C1(L)"*Cs(L).



The lag polynomial C(L) — C(1) attains value zero at L = 1 with algebraic

multiplicity equals to d. Thus, there exists a lag polynomial
D(L) = DyL*
k=0
such that C(L) — C(1) = (1 — L)4D(L). Therefore, we can write
e = C(L)vy = C(1)v, + [C(L) — C(1)]vy = C(1)wy + D(L)(1 — L)%, (3)
Let us define w; := D(L)v;. Then, substituting w, into (3), we get
€ = C(].)Ut + (1 - L)dwt. (4)
(4) implies that, given Y; ~ I(d), we can write recursively
AT, =AY e = AT+ C(Du
¢
+(1 = L)'wy, = A" Yo + (1= L) wy —wo + C(1) Y vy, (5)
j=1
where rank(C(1)) =p—r < p.

Remark 2.1 By Assumption 2.1, we have that C(L)v, and D(L)v, are well-

defined stationary processes.

Assumption 2.2 Let us consider R, the matriz of the eigenvectors of C(1)C(1)T
corresponding to the r zero eigenvalues. Then the matrit RED(1)D(1)TR, is

nonsingular.

Assumption 2.2 implies that Y; cannot be integrated of order d, with d > d. In
fact, if there exists d > d such that Y; ~ I(d), then the lag polynomial D(L)
admits a unit root with algebraic multiplicity d — d, and so D(1) is singular.

Therefore RF D(1)D(1)T R, is singular, and Assumption 2.2 does not hold.



3 The weighted random matrices

This section starts by considering a transformation of the data generating pro-
cess via a weighted mean operator, in order to define a pair of random matrices
related to the stationary and nonstationary part of the process.

We introduce a weight function, representing the scale factor of Y;. It can be

formalized by defining the adjusted process z as follows.
1 n
Zn ::fZYyGn(t), n € N and G : [0,+) — R. (6)
n
t=1
The nonstationary part of the process is
d—1
MY =3 "Nz, (7)
j=0

A straightforward computation gives:
1 J j n
Jy — — k CAI—k
Az, nz<k>[ZA Go(t) - A Yt} neN. (8)

k=0 t=1

By arranging the terms of A’z with respect to the differences A%Y;, a €

{0,...,7}, equation (7) can be rewritten as
d—1 n d—j—1 .
1 - k+j
NS _ k
MNS = Ejgo ;:1: AV, - [ ,;0: ( i )A Gn(t)] (9)

Under some hypotheses on the asymptotic behavior and on the functional struc-

ture of the G,,’s, the convergence of M,, is obtained. The following result holds.
Theorem 3.1 Assume that the following conditions hold.

e G, belongs to the Sobolev Space (H4~1(0,+00),|| - ||1,a-1), for each n €

N.



o [t results

lim 7n24™?=2)|G,||1.4-2 = 0.

n—-+o0o

e There exists F, : [0,4+00) — R with support (¢, &) such that

— (G, — F,,) belongs to the Sobolev Space (H'*(0,+00),|| - |[1,1), for
each n € N;

— it results

lim 4"4Y||G,,(x) — F,(z)||1.1 = 0.

n—-+o0o

Then we have

1 n
lim_[|MYS — =" F, () Ay = 0.
n
t=1

n—-+4oo
Proof. In order to prove the result, it is sufficient to show that Ve > 0, 3n. € N

such that

1 n
n>ne = HMgS—EZFn(t)Ad_lY}H <e (10)
t=1
We stress that, Ve > 0, Enil,ngl € N such that,
1 n
Hf ZAan(t) — G;k)(ac)dxH < € for n > n/, (11)
"= R+
and
1 n
521600 - ] = [ [Gole) - Fulollda]| < forn> it (12
t=1 R+

Then, by (11) and (12), for €; small enough and n > max{nl ,n2 }, we have



d—j—2 . n
1 ()RSl

4|2 300600 - Famiaty| ~
=1

d—2 n
S S
j=0  t=1

d—2 n d—j—2 k4
~ S| Z (" J) | 6@+
j=0 t=1 +
A [ 1Ga) - Fuo)lds, (13)
Since Y; = (Y}},...,Y/) is a p-variate I(d) process, then A7Y; follows a gaussian

law with zero mean and variance-covariance matrix with finite elements. By

defining the norm
1A7Y[| = [I(ATY,, ..., ATYP)|| = [E[NYth ot E[NYZ’H,
then there exists a constant depending on ¢ and j, C(¢,5) > 0, such that
17| < C(t, 7). (14)

Let us define

Crj = Jmax C(t, 4)- (15)

Then the estimate in (13) can be refined. It results:

d—2 d—j—2
<o Y (1) [ ewwad+
=0 k=0
+Cnar [ [Gule) = Fu(o)lds (16)
R



By definition of the binomial coefficient, there exists a constant C; depending

on d such that

.
(Zj)gcd, Vi=0,cd—2k=0,....d—j—2

This fact implies that

d—2 d—j—2
(16) <" Cpy - Ca 22 [Z/ G (@)l | +
§=0 k=0
Cran / Gn() — Fo(a)lde. (17)
Rt

Since G,, € H"%2 then G,, € H", foreach h=1,...,d—2, and we can write

d—2
n(n+1)C
(17) = "N S 6 Gy + Cuat G~ Bulla. (18)
=0

By standard properties of the Sobolev Spaces, we have
Hl,d*Q c C H1,2 c Hl,l
e ,

and
1Gnll1a < [|Gnlliz < ... < ||Ghll1a-2-
Such properties give a further estimate:

n(n 4+ 1)Cq||Grl|1,a—2
2

d—2
: ch,j + On,d—lHGn - Fn”l,l <
7=0

(18) <

n(n+ 1)Cq||Gpll1,d—2
- 2

: (d - 1)Cn,d72 + Cn,dleGn - Fn||1,1' (19)

A long but easy computation shows that, for each €5 > 0, there exists n., € N

such that, V7,

n>ne, = [Cpj— (27 —1)*"72 ~ |Cpy — 47| < e (20)



Therefore, for each n > max{n! Ne, } we have the following approximation:

2
€17 617

(d—1)Cq
It

(19) ~ n? 4" DGz + 4" V)G — Ful1a.

By the hypotheses, Ve > 0, 3n. € N such that, for n > n.,

(d—1)Cq
o

n24n(d_2)”Gn||1,d72 + 4n(d_1)”Gn p Fn||1,1 <e.
The result is proved, by choosing n. > max{n! ,nZ ,ne,}. =
Theorem 3.1 is a key result to define two suitable random matrices, that are

related to the stationary and the nonstationary terms of the process. These

random matrices are assumed to be dependent on an integer number m > p.

Given y=1,...,m, let us consider
d 1 n —j— k +]
N
=25 S 3 (F7) a0
] =0 t=1 k=0
with G, , (and related F}, ,,) as the functions G,, (and F,,) described in Theorem
3.1.
We define
A, = Zamn o (21)
p=1
and
m
B = bunbl: . (22)
pn=1
where
NS
\/f(cmin Jico ey Fron (@) Fpun (y) min{z, y }dady
and
nM?
bun = vn (24)

\/ Sico ) Fuumn(@)?da



with

1 n
M, = - > Fun(t)A%Y,. (25)

t=1

The random matrices defined above are the main tools of the nonparametric

analysis, that will be developed in the next section.

4 Convergence results

In this section the generalized eigenvalue problem is solved. To this end, let us

assume firstly that

li = d li =0. 2
nﬂnfoo =0 an nﬂufoo & =0 (26)
We define

Jio.y Fu(@)W (z)d

v, = )
\/f(O,l) f(o,l) F,(z)F,(y) min{z, y}dzdy
B F,(1)Ww(1) - f(0,1) fu(z)W (z)da

e f(o,1) Fu(x)zdx ,

where f,, is the derivative of F}, and

F,:= lim F,

m n—+oo MM

Moreover, we define the following p-variate standard normally distributed ran-

dom vectors:

[N

v, = (RI_,COC)TR,-, )

p—r R;lrc(l)\:[jﬂ ~ NP*T(()? IP*T)’
ot = <RZ,TC(1)C(1)TRP,T) *RT_C(1)®,,
o1 == (RTD1)D(1)" R,)"* RTD(1)®,, ~ N,(0,1,),

10



and we construct the matrix V., as

Ve = (RFD(1)D(1)T R,)2 V;5,, (RF D(1)D(1)T R,)?,

m m m 1, m
* s,k g kokT s,k T * ex T * kT
Vr,m:(zfﬁt@u e, )_(Z’YM(I)M v, )(Z\Ijumu ) (Z’Vﬂ\yuq}u )’
pn=1 pn=1 pn=1 p=1
where
fol F2(x)dx

T = ]
\/fol fol F,(2)F,(y) min{z, y}dzdy

The following result summarizes the eigenvalue problem and provide a nonpara-

metric solution for it.

Theorem 4.1 Assume that the following hypotheses hold.

/ / F,, (2)Fy, (y) min{z, y}dzdy = 0, 1 # o; (27)
(0,1) J(0,1)
[ R [ Ruldsy=0. e (28)
(0,1) (0,z)
/( Fu@Fu@d =0, # (29)
0,1

If Assumptions 2.1 and 2.2 are true, then:

(1) suppose that 5\1’m > > Xp,m are the ordered solutions of the generalized

etgenvalue problem
det [Am — A\(Bom + n—QA;})} =0, (30)
and A m > ... 2> A\p_r.m the ordered solutions of
det | i wrwT )\ i o 0;"] =0, (31)
n=1 n=1

11



Then we have the following convergence in distribution

A5 Apn) = Ay -5 Aprm, 0, ..., 0);

(II) let us consider Al = e 2 A7

+.m the ordered solutions of the generalized

etgenvalue problem
det [V;jm - )\(RZD(l)D(l)TRT)*l} = 0. (32)

Then the following convergence in distribution holds

~ ~

N2 (A p—rttims -+ s Apm) — (Af2, 0 AR ).

1,m> T,m

Proof. The proof is due to Lemmas 1, 2 and 4 (Bierens, 1997), and Theorem

3.1. m
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