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LARGE DEVIATIONS OF THE EXTREME EIGENVALUES OF
RANDOM DEFORMATIONS OF MATRICES

F. BENAYCH-GEORGES*, A. GUIONNET', M. MAIDAY.

ABSTRACT. Consider a real diagonal deterministic matrix X,, of size n with spectral
measure converging to a compactly supported probability measure. We perturb this
matrix by adding a random finite rank matrix of a certain form, with delocalized eigen-
vectors. We show that the joint law of the extreme eigenvalues of the perturbed model
satisfies a large deviation principle, in the scale n with a good rate function given by a
variational formula.

We tackle both cases when the extreme eigenvalues of X,, converge to the edges of the
support of the limiting measure and when we allow some eigenvalues of X,,, that we call
outliers, to converge out of the bulk.

We can also generalise our results to the case when X, is random, with law proportional
to e~ V(X)X for V growing fast enough at infinity and any perturbation of finite rank
with orthonormal eigenvectors.
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1. INTRODUCTION

In the last twenty years, many features of the asymptotics of the spectrum of large
random matrices have been understood. For a wide variety of classical models of random
matrices, it has been shown that the spectral measure converges almost surely (see [32]
for Wigner matrices, or [28] for Wishart matrices). The extreme eigenvalues converge
for these models to the boundary of the limiting spectral measure (see e.g. [24] or [3]).
Fluctuations of the spectral measure and the extreme eigenvalues of these models could
also be studied under a fair generality over the entries of the matrices; we refer to [I] and
[4] for reviews. Recently, even the fluctuations of the eigenvalues inside the bulk could be
studied for rather general entries and were shown to be universal (see e.g. [16] or [30]).
Concentration of measure phenomenon and moderate deviations could also be established
in [I8, 13, 15]. Yet, the understanding of the large deviations of the spectrum of large
random matrices is still very scarce and exists only in very specific cases.

Indeed, the spectrum of a matrix is a very complicated function of the entries, so that

usual large deviation theorems, based on independence, do not apply easily. Moreover,
large deviations rate functions have to depend on the distribution of the entries and only
guessing their definition is still a wide open question. In the case of Gaussian Wigner
matrices, where the joint law of the eigenvalues is simply given by a Coulomb gas Gibbs
measure, things are much easier and a full large deviation principle for the law of the
spectral measure of such matrices was proved in [§]. This extends to other ensembles
distributed according to similar Gibbs measure, for instance Gaussian Wishart matrices
(see [19]). Similar large deviation results hold in discrete situations with a similar Coulomb
gas distribution (see [2I]). A large deviation principle was also established in [25] for the
law of the spectral measure of a random matrix given as the sum of a self-adjoint Gaussian
Wigner random matrix and a deterministic self-adjoint matrix (or as a Gaussian Wishart
matrix with non trivial covariance matrix). In this case, the proof was using stochastic
analysis and Dyson’s Brownian motion, as there is no explicit joint law for the eigenvalues,
but again relied heavily on the fact that the random matrix has Gaussian entries.
The large deviations for the law of the extreme eigenvalues were studied in a slightly more
general setting. Again relying on the explicit joint law of the eigenvalues, a large deviation
principle was derived in [7] for the same Gaussian type models. The large deviations of
extreme eigenvalues of Gaussian Wishart matrices was studied in [3I]. In the case where
the Wishart matrix is of the form X X* with X a n X r rectangular matrix so that the
ratio r/n of its dimensions goes to zero, large deviations of the extreme eigenvalues could
be studied under more general assumptions on the entries [22]. Our results allow also to
derive a full large deviation for the spectrum of such Wishart matrices when r is kept
fixed while n goes to infinity (see Section [7).

In this article, we shall be concerned with the effect of finite rank deformations on the
deviations of the extreme eigenvalues of random matrices. In fact, such finite rank pertur-
bations do not change the deviations of the spectral measure by Weyl’s interlacing prop-
erty, but it changes the deviations, and even the convergence, of the extreme eigenvalues.
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In the case of Gaussian Wishart matrices, the asymptotics of these extreme eigenvalues
were established in [6] and a sharp phase transition, known as the BBP transition, was ex-
hibited. According to the strength of the perturbation, the extreme eigenvalues converge
to the edge of the bulk or away from the bulk. The fluctuations of these eigenvalues were
also shown in [6] to be given either by the Tracy-Widom distribution in the first case, or
by the Gaussian distribution in the second case. Universality (and non-universality) of the
fluctuations in BBP transition was studied for various models, see e.g. [11], 12} 17, 5]. The
goal of this article is to study the large deviations of the extreme eigenvalues of such finite
rank perturbation of large random matrices. In [20], a large deviation principle for the
largest eigenvalue of matrices of the GOE and GUE deformed by a rank one matrix was
obtained by using fine asymptotics of the Itzykson-Zuber-Harich-Chandra (or spherical)
integrals. The large deviations of the extreme eigenvalues of a Wigner matrix perturbed
by a matrix with finite rank greater than one happened to be much more complicated.
One of the goal of this paper is to prove such a large deviation result when the Wigner
matrix is Gaussian. In fact, our result will include the more general case where the non-
perturbed matrices are taken in some classical matrix ensembles, namely the ones with
distribution oc e ""(V(X)DdX | for which the deviations are well known. We first tackle
a closely related question: the large deviation properties of the largest eigenvalues of a
deterministic matrix X,, perturbed by a finite rank random matrix, considering therefore
the same kind of models as in [9]. We show that the law of these extreme eigenvalues
satisfies a large deviation principle for a fairly general class of random finite rank per-
turbations. We can then consider random matrices X,,, independent of the perturbation,
by studying the deviations of the perturbed matrix conditionally to the non-perturbed
matrices. Even though our rate functions are not very explicit in general, in the simple
case where X,, = 0, we can retrieve more explicit formulae (see Section [7]). Our approach
is, as in [I1], 12} 5], based on the characterisation of the eigenvalues as the zeroes of the
characteristic polynomial, which can be seen as a function of the matrix whose entries are
the Stieltjes transform of the non-deformed matrix evaluated along the random vectors of
the perturbation. We therefore deduce the deviations of the extreme eigenvalues from the
deviations of this matrix, which can be obtained by classical large deviations techniques.

Let us now present more precisely the kind of models we will be dealing with.

2. STATEMENT OF THE RESULTS

2.1. The models. Let X,, be a real diagonal matrix of size n x n with eigenvalues \} >
Ay > > A

We perturb X,, by a random matrix whose rank does not depend on n. More precisely,
let m,r be fixed positive integers and ¢y > 6, > ... > 60, >0 > 0,1 > ... > 0,
be fixed, let G = (g1, ..., g,) be a random vector and (G(k) = (g1(k), ..., g-(k)))r>1 be

independent copies of GG. We then define, the r vectors with dimension n

Gli=(gu(1),...,qa(n)" ..o . G" = (g,.(1),...,g.(n)"
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and study the eigenvalues X{L > e > XZ of the deformed matrices
— 1 —
X, =X, + - 0,GTG. 1
+ - ; e (1)

In the sequel, we will refer to the model () as the i.i.d. case.

Alternatively, if we assume moreover that the law of G does not charge any hyper-
plane, then, for n > r, the r vectors G7,..., G} are almost surely linearly independent
and we denote by (U!)i<i<, the vectors obtained from (GI')1<i<, by a Gram-Schmidt
orthonormalisation procedure with respect to the usual scalar product on C".

We shall consider the eigenvalues X’f > > Xz of

X=X, + > 6.Urur (2)
i=1

and refer in the sequel to the model ) as the orthonormalized case.

If g1,..., ¢, are r independent standard (real or complex) Gaussian variables, it is well
known that the law of (U[");<;<, is the uniform measure on the set of » orthonormal vec-
tors. The model (2)) coincides then with the one introduced in [9].

Our goal will be to examine the large deviations for the m largest eigenvalues of the

deformed matrix 5\(;, with m the number of positive eigenvalues of the random deforma-
tion.

2.2. The assumptions. Concerning the spectral measure of the full rank deterministic
matrix X,,, we assume the following

Assumption 2.1. The empirical distribution %Z?:l o of X, converges weakly as n
goes to infinity to a compactly supported probability pi.

Concerning the random vector GG, we assume the following:

Assumption 2.2. G = (¢1,...,9,) is a random vector with entries in K =R or C such
that there exists o > 0 with E(e® Xi=1 ‘9”2) < 00. If we consider the orthonormalized model,
we assume moreover that for any A € K"\{0}, P(3>°/_; Nigi =0) =0

We consider two distinct kind of assumptions on the extreme eigenvalues of X,,. We
will be first interested in the case when these extreme eigenvalues stick to the bulk (see
Assumption 2.3]), and then to the case with outliers, when we allow some eigenvalues
of X,, to take their limit outside the support of the limiting measure p (see Assumption

2.5).
2.3. The results in the case without outliers. We first consider the case where the

extreme eigenvalues of X, stick to the bulk.

Assumption 2.3. The largest and smallest eigenvalues of X,, tend respectively to the
upper bound (denoted by b) and the lower bound (denoted by a) of the support of j.
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Our main theorem is the following (see Theorem [6.1] and Theorem [6.4] for precise state-
ments).

Theorem 2.4. Under Assumptions[2.1, [2.2 and[2.3, the law of the m largest eigenvalues
(AT, .. Am) € R™ of X, satisfies a large deviation principle (LDP) in the scale n with a
good rate function L. In other words, for any closed set F' of R™,
1 - -
lim sup — log IP (()\?, A € F) < —inf L
n—oo T r

and for any open set O C R™,

1 - -
lim inf = log P <()\’f, LAY e 0) > —inf L.

n—oo n
Moreover, this rate function achieves its minimum value at a unique m-tuple (A}, ..., )
towards which (N, ..., A\ ) converges almost surely.

Theorem 2.4 is true for both the orthonormalized model and the i.i.d. model, but the
rate function L is not the same for both models. As could be expected, the minimum
(A,...,A\%) only depends on the 6;’s, on the limiting spectral distribution p of X,,, and
on the covariance matrix of the vector G.

The rate function L is not explicit in general. However, in the particular case where
X, = 0 and the vector G is Gaussian, L can be computed. It allows us to recover a
large deviation principle and to refine a bound of [22] about the eigenvalues of matrices
W, = 1G*0G, for G, an n x r matrix, with r fixed and n growing to infinity (see Section

T on

).

2.4. The results in the case with outliers. We now consider the case where some
eigenvalues of X, escape from the bulk, so that Assumption is not fulfilled. We
assume that these eigenvalues, that we call outliers, converge:

Assumption 2.5. There exist some non negative integers p*,p~ such that for any i <
P A — OF, forany j<p A — by, A — band \'__ — a with

n
n——+oo n—-+00 P+l n——+0oo P pn—+too

—oo <ty <. <L <a<b< E;; <... </t < oo, where a and b denote respectively
the lower and upper bounds of the limiting measure p.

To simplify the notations in the sequel we will use the following conventions : E;_ L =a

and (" = b.

pt+1

In this framework, we will need to make on G the additional assumption
Assumption 2.6.

o The law of the random vector G = (g1, . . ., g,) is absolutely continuous with respect

to the Lebesgue measure on R" or on C".

e The law of the vector % satisfies a large deviation principle in the scale n with a

good rate function that we denote by I.

Theorem 2.7. If Assumptions (21, (22, and [Z.8 hold, the law of the m + p* largest
eigenvalues of X,, satisfies a large deviation principle with a good rate function L°.
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Again, Theorem 2.7 is true for both the orthonormalized model and the i.i.d. model,
but the rate function is not the same for both models. See Theorem for a precise
definition of L°.

Before going any further, let us discuss Assumption

Lemma 2.8. (1) If G = (g1, .., 9r) are i.i.d standard Gaussian variables, Assump-
tion 28 holds with I(v) = |jv[|3.
(2) If G is such that for any o > 0, E[e®*Zi=119] < oo, then the second point of
Assumption (2.0 holds with I infinite except at 0, where it takes value 0.

Proof. The first result is a direct consequence of Schilder’s theorem. For the second, it
is enough to notice by Tchebychev’s inequality that for all L,d > 0,

P (max |gz| > 571) < re_L‘S"E(eL i \gi\Q)
1<i<r
so that taking the large n limit and then L going to infinity yields

lim sup — logIP’(maX lgi/v/n|? >5) —00

n—oo

thus proving the claim. OJ

2.5. Large deviations for the largest eigenvalues of perturbed matrix models.
In this section, we apply our results to study the large deviations of the law of the extreme
eigenvalues of X,,, in the orthonormalized case but where X,, is now randomly chosen,
independently of the G7'’s. We suppose that X,, is distributed according to the Gibbs
measure
d n(X) _ i 7ntr(V(X))dX
Ha = Zne

with dX the Lebesgue measure on the set of n x n Hermitian (5 = 2 and G is C"-valued)
or symmetric matrices (8 = 1 and G is R"-valued). Let us first recall a few facts about

this non-perturbed model. It is well known that the law of the eigenvalues of X, is given
by

Py s(dAy, ..., dA,) = 1“}%” [T = nPeZ=v@o T an.
VB 1<i<j<n j

A large deviation principle in the scale n? for the law of the spectral measure n=! >°" | §
under Py, 5 was obtained in [8], resulting in particular with the almost sure convergence of
the latter to a probability measure py. The large deviations for the extreme eigenvalues
of X,, were derived in [7], see also [I], Section 2.6.2]. We give below a slightly more general
statement to consider the deviations of the pth largest eigenvalues (note that the pth
smallest can be considered similarly).

This will be obtained under the following assumption

Assumption 2.9. o V is continuous and liminf, Blo(gx|)ar| +00.
e For all integer numbers p, the limait
1. Zyyjn-
lim —log _n¥/n-pp



exists and is denoted by avﬁ
o Under Py, 5 the largest eigenvalue A} converges almost surely to the upper boundary

by of the support of .

These assumptions hold in a wide generality. It is verified for the law of the GUE
(=2, V(z)=12? and the GOE (8 =1, V(x) = 2%/2) as the second point is verified by
Selberg formula whereas the last one is well known (see [I, Section 2.1.6]). It is as well
verified for Gaussian Wishart matrices (case 8 = 1,2 and V(z) = 222 — alog(x)) with

2
the slight extension of taking the integration on the positive real line.

Theorem 2.10. Under Assumption[2.4 the law of the pth largest eigenvalues (A} > -+ >
)\Z) oben satisfies a large deviation principle in the scale n and with good rate function
gen by

JP (2 T,) = P Jv(z) + O/‘)/’B, if 11 > 1y >0 > 1y,
o o0, otherwise.

with Jy(x) = V(x) — B [log |z — ylduy (y). Moreover, oy, 3 = pay, 5.
Remark 2.11. Note that in the case of the GOE and the GUE, see [1],

= 6/2 V(y/2)? = 1dy — a%/,ﬁa 04{7/75 = pa\l/ﬁ'

We now go to the perturbed model and consider the orthonormalized case. In this case,
due to the rotational invariance of the law of X,,, one can consider perturbation of a more
general form namely

Assumption 2.12. (U7,...,U") is a family of orthonormal vectors in (R™)" (resp.
(C))if =1 (resp. p=2), either deterministic or independent of X,,.

Under these assumptions, we know that X, has in law the same eigenvalues as D,, +
> i1 00U (0,U7)*, with D, a real diagonal matrix with eigenvalues of law Py, 5 and
O,, Haar distributed on the orthogonal (resp. unitary) group of size n if § = 1 (resp.
B = 2). Now, from the well know properties of the Haar measure, if the U’s satisfy
Assumption 212, then the O,U"’s are column vectors of a Haar distributed matrix.
It means in particular that they can be obtained by the orthonormalisation procedure
described in the introduction, with G = (g1, ..., g,) i.i.d. Gaussian standard variables
(which satisfies in particular Assumption 2.6]).

With these considerations in mind, we can state the large deviation principle for the
extreme eigenvalues of X,,. We denote by the rightmost point of the support of uy .

Theorem 2.13. With V satisfying Assumption [2.9, we consider the orthonormalized
model under Assumptzonm Then, for any integer k, the law of the kth largest eigen-
values ()\1, x )\") ofX satisfies a large deviation principle in the scale n and with good
rate function given by

J¥(xy, ..., xp) =inf  inf {Lgh.”’gp(xl,...,xk)+Jp(€1,...,€p)},

p>0L41>-->0,>by

if vpy > -+ > a1, the function being infinite otherwise.
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Here, Lgl,___,zp is the rate function defined in Theorem|[9.1l for the orthonormalized model
built on G = (g1, - .., g) i.i.d. standard Gaussian variables and X,, with limiting spectral
measure jty and outliers £y, ..., 0,

3. SCHEME OF THE PROOFS

The strategy of the proof will be quite similar in both cases (with or without outliers),
so, for the sake of simplicity, we will outline it in the present section only in the case
without outliers (both orthonormalized and i.i.d. models will be treated simultaneously).

The cornerstone is a nice representation, already crucially used in many papers on
finite rank deformations, see e.g. [0, 2], of the eigenvalues (A7, ..., A\") as roots of a fixed
polynomial of matrices of fixed size, depending only on © = diag(6,,...,0,) the r x r
diagonal matrix of the eigenvalues of the perturbation.

Indeed, if V' is the n x r matrix equal to [UI" e U,’?] in the orthonormalized model and
to [G? X ~Gﬂ in the i.i.d. model, and I,, the identity in n x n matrices, the characteristic

polynomial of X,, reads

det(zI,—X,,) = det(zI, — X, —VOV*) = det(z1,, — X,,) det ([, = V* (21, — X,,) "'VO) (3)

It means that the eigenvalues of )?; that are notl eigenvalues of X, are the zeroes
of det(I, — V*(zI, — X,,)"'VO), which is the determinant of a matrix whose size is
independent of n.

Because of the relation between V' and the random vectors G7,..., G}, it is not hard

to check that, if we let, for z ¢ {A},..., A"}, K™(z) and C" be the elements of the set H,
of r x r Hermitian matrices given, for 1 <¢ < j <r, by

ne~ oz — A}
and
R —
Ch == aik)g;(k), (5)
k=1
we have:

Proposition 3.1. In both i.i.d and orthonormalized situations, there exists a function
Po, defined on H, x H, which is polynomial in the entries of its arguments and depends

only on the matriz ©, such that any z ¢ {\?,..., A"} is an eigenvalue of X,, if and only

if
H"(2) := Po,(K"(2),C™) = 0.

Of course, the polynomial Pg , is different in the i.i.d. and the orthonormalized case. In
the i.i.d. model, Pg, is simpler and does not depend on C'. This proposition characterises
the eigenvalues of 3\(; as the zeroes of the random function H™, which depends continuously
(as a polynomial function) on the random pair (K" (-), C™). The large deviations of these
eigenvalues are therefore inherited from the large deviations of (K" (-), C™), which we thus

L We show in section [[T.3 that the spectrum of X,, and )?n is distinct in generic situation.
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study in detail before getting into the deviations of the eigenvalues themselves. Because
K"(z) blows up when z approaches A}, which itself converges to b, we study the large
deviations of (K"(z),C™) for z away from b. We shall let K be a compact interval in
(b,00), C(K,H,) and C(IC,R) be the space of continuous functions on K taking values
respectively in H, and in R. We endow the latter set with the uniform topology. We
will then prove that (see Theorem [l for a precise statement and a definition of the rate
function I involved)

Proposition 3.2. The law of (K™ (2)).ex, C™) on C(K, H,.) xH, equipped with the uniform
topology, satisfies a large deviation principle in the scale n and with good rate function 1.

By the contraction principle, we therefore deduce

Corollary 3.3. The law of (H"(z)).ex on C(IC,R) equipped with the uniform topology,
satisfies a large deviation principle in the scale n and with rate function given, for a
continuous function f € C(KC,R), by

Jic(f) = inf{I(K(-),C); (K(-),C) € C(K,H,) x H,., Po,(K(2),C)) = f(2) Vz € K}
with Pg, the polynomial function of Proposition 31l

Theorem 2.4] is then a consequence of this corollary with, heuristically, L(a) the infi-
mum of Jj 4) on the set of functions which vanish exactly at o € R™. Of course, the
problem is again to deal with deviations to b. An important technical issue will come
from the fact that the set of functions which vanish exactly at a has an empty interior,
which requires extra care for the large deviation lower bound.

The organisation of the paper will follow the scheme we have just described: in the next
section, we detail the orthonormalisation procedure and prove Proposition B.1l Section
and Section [6] will then deal more specifically with the case without outliers. In Section
[l we establish the functional large deviation principles for (K™(-),C™) and H" and in
Section [6l our main results in this case, namely the large deviation principle for the largest
eigenvalues of X,, and the almost sure convergence to the minimisers of the rate function.
We then turn to the case with outliers in Sections[8and @ Therein, the proofs will be less
detailed, but we will insist on the points that differ from the previous case. The extension
to random matrices X,, given by classical matrix models is presented in Section [0 To
make the core of the paper easier to read, we gather some technical results in Section [Tl

4. CHARACTERISATION OF THE EIGENVALUES OF )f(vn AS ZEROES OF A FUNCTION H™"
As will be seen further, the proof of this proposition is straightforward in the i.i.d. case
but more involved in the orthonormalized case and we first detail the orthonormalisation

procedure.

4.1. The Gram-Schmidt orthonormalisation procedure.

We start this section by detailing the construction of (U)1<i<, from (G})i<;<, in the
orthonormalized model. The canonical scalar product in C™ will be denoted by (v, w) =
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viw =Y, Tpwy, and the associated norm by || -||2. We also recall that H, is the space of
r X r either symmetric or Hermitian matrices, according to whether G is a real or complex
random vector.

Fix 1 <7 < n and consider a linearly independent family G, ..., G, of vectors in C".
Define their Gram matrix (up to a factor n)
1
C = [Cij];j:p with Cij = —<Gi, G]>
’ n
We then define
¢i=1andfori=2,...,r, ¢ := det[ckl]ZTllzl. (6)
and the lower triangular matrix A = [A;;]1<j<i<, as follows : forall 1 <j <i <r,
det[y] Jiita [ Cu, sil#]
o JIk = . J ki J
ij a with 73, { —Cly, sil=j. (7)

Note that by linear independence of the G;’s, none of the ¢;’s is zero so that the matrix
A is well defined.

Then the vectors Wy, ..., W, defined, for i =1,...,r, by

Gy
Wi = Z Ain—=
= Vn

are orthogonal and the U;’s, defined, for i = 1,...,r, by

Wi

[Will2

are orthonormal. They are said to be the Gram-Schmidt orthonormalized vectors from

(Gy,...,G,). The following proposition, which can be easily deduced from the definitions
we have just introduced, will be useful in the sequel.

U; =

Property 4.1. For each ig = 1,...,7, there is a real function P,,, defined on H,, poly-
nomial in the entries of the matriz, not depending on n and nor on the G;’s, such that

||Qi0VVi0 ||§ - ‘P’lO(C)

Moreover, the polynomial function P, is positive on the set of positive definite matrices.

The last assertion of the proposition comes from the fact that any positive definite r x r
Hermitian matrix is the Gram matrix of a linearly independent family of r vectors of C”
(namely the columns of its square root).

Let G be a random vector satisfying Assumption 22l and (G"(k), k > 1) be i.i.d copies
of G. Let G = (G"(k)i)1<k<n for i € {1,...,7}. One can easily check that if n > r,
these vectors are almost surely linearly independent, so that we can apply Gram-Schmidt
orthonormalisation to this family of random vectors. We define the r x r matrices C", A",
the real number ¢ and the vectors W7i',... W U, ..., U" of C" as above. As an-
nounced in Section [I] these U"’s are the Gram-Schmidt orthonormalized of the G}'’s we
used to define our model in the introduction.
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4.2. Characterization of the eigenvalues of )f(vn: proof of Proposition [3.11

As explained in Section B a crucial observation (see [9l Proposition 5.1]) is that the

eigenvalues of )/(\; can be characterised as the zeroes of a polynomial function of matrices
of size r x r. This was stated in Proposition 3.1l which we prove below.

Proof of Proposition[31. We have, from (B),

det(zl, — X,,) = det(zl, — X, —VOV")
= det(zl, — X,,)det(0)det(©~ — V*(2I, — X,,) V)
Hence any z ¢ {\",..., A"} is an eigenvalue of X, if and only if
D,(z) :i=det(©7! = V* (21, — X,,)"'V) = 0.
In the i.i.d. model, since V*(zI, — X,,)~'V = K"(2),
H"(2) :=det(07' — V*(zI, — X,,)'V)
is actually a polynomial, depending on ©, in the entries of K™(z).

Let us now treat the orthonormalized model, where the Gram-Schmidt procedure makes
things a bit more involved. If we denote by G the n x r matrix with column vectors
(GM)1<i<r, D the r x r diagonal matrix given by D = diag(||W{"2, ..., |[W;]2) and
Y = (AT, V is equal to n /2GED™'. As K"(z) = 1G*(zI, — X,,) "' G, we deduce that

D,(z) =det(07' — D'S K, (2)XD7 ).
Now, if we define @ = diag(q},...,q") (recall [@)), F = DQ, F = 3Q and H"(z) :=
det(E*©~'E — F*K,(2)F) then on one hand, one can check that
D, (2) = (det E*E) " H"(2),

so that any z ¢ {A\", ..., A"} is an eigenvalue of X,, if and only if it is a zero of H™.

On the other hand, H"(z) is obviously a polynomial (depending only on the matrix ©)
of the entries of K"(z), E*©7'E and F. Furthermore, E*©~'FE is a diagonal matrix
whose i-th entry is given by (E*©7'E); = 0. |¢"W/||2 = 6; ' P;(C™) (by Property AT
and Fj; = det [fyil];’llzl with 7,];71 defined in (7). This concludes the proof. O

5. LARGE DEVIATIONS FOR H™ IN THE CASE WITHOUT OUTLIERS
We assume throughout this section that Assumptions 2.] and hold.

5.1. Statement of the result.

In the sequel, K will denote any compact interval included in (b, 00), and we denote by
z* its upper bound. We equip C(KC, H,.) x H, with the uniform topology which is given by
the distance d defined, for (K7, CY), (Ks, Cy) € C(K,H,) x H, by

d((K1,Ch), (K2, Cy)) = Sup [ K1(2) — Ka(2)]|2 + [|C1 — Chalfa,
S

where || M ||y = +/Tr(M?) for all M € H,.
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With G = (g1, .. ., g,) satisfying Assumption 2.2 we define Z a matrix in H, such that,
for i < j, Z;; = gig; and A given, for any H € H, by

A(H) = logE (e™H2)) . (8)

The goal of this section is to show the following theorem.

Theorem 5.1. (1) The law of ((K™(2)).exc, C™), viewed as an element of the space
C(K,H,) x H, equipped with the uniform topology, satisfies a large deviation prin-
ciple in the scale n and with good rate function I defined, for K € C(KC,H,) and
C eH, byI(K(:),C) =00 if z— K(z) is not Lipschitz continuous on K. Other-
wise, K' exists Lebesque-almost everywhere and

I(K(),C) = sup {Tr ( / K'(2)P(2)dz + K (=) X + CY) _T(PY, X)}

PX)Y

where T'(P,Y, X) is given by the formula

I(P,Y,X) = /A (— / (;P(z)dz + ﬁx + Y) du(z)

z—1x)?

and the supremum is taken over piece-wise constant functions P with values in H,
and X,Y in H,.

(2) The law of (H™(2)).ex on C(K,R) equipped with the uniform topology, satisfies a
large deviation principle in the scale n and with rate function given, for a contin-
uous function f € C(K,R), by

Jie(f) = mnfH{I(K (), C); (K(-),C) € C(K,H,) x H,, Po(K(z),C)) = f(z) Vz € K}
with Pe, the polynomial function of Proposition [l

Since the map (K (-),C) — (Po,(K(2),C)).ex from C(K, H,) x H, to C(IC,R), both
equipped with their uniform topology, is continuous and I is a good rate function, the

second part of the theorem is a direct consequence of its first part and the contraction
principle [14, Theorem 4.2.1].

The reminder of the section will be devoted to the proof of the first part of the theorem
and the study of the properties of the rate function I, in particular its minimisers.

5.2. Proof of Theorem [G.11

The strategy will be to establish a LDP for finite dimensional marginals of the process
((K™(2))zex, C™) based on [27, Theorem 3.2] that we remind in Theorem [ITI] of the
Appendix. From that, we will establish a LDP in the topology of point-wise convergence
via the Dawson-Gértner theorem. As ((K™(z)).ex, C™) will be shown to be exponentially
tight for the uniform topology, the LDP will also hold in this latter topology.

5.2.1. FExponential tightness. We start with the exponential tightness, stated in the fol-
lowing lemma. As K is a compact subset of (b, 00) and the largest eigenvalue A} tends
to b, there exists 1 > ¢ > 0 (depending only on ) such that for n large enough, for any
zeKand 1 <1i<n,z—A'>e. We fix hereafter such an e.
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For any L > 0, we set, for any p > 1, §(p) = =7 and define
1
Kr:=[)qswplE )2+ IC]. < L. sup 1K (2) — K(2)[l <= ¢
p>1 zeK 2,2/ €K, |z—2"|<d(p) p
We have

Lemma 5.2.

lim sup lim sup — logIP(((K (2))zex, C") € K) = —00.

L—oo n—00

In particular, the law of ((K™(2)).exc, C™) is exponentially tight for the uniform topology
on C(KC,H,) x H,.

Proof. We claim that
el
{max ch < 5} CH{(K™(2))2exc,C™) € K1}

Indeed, for n large enough,

K7 (), — K"()) < Joncy 5T
so that, for |z — 2| < d(p),

157(2) — Kl < r2 @) max cn.

Therefore, if max;<;<, Cf < £, then ||[K"(z) — K"(2/)|» < % whereas
|IC"|2 < r max C; <
1<i<r

and [|[K"™(2)]]s < frmaxi<i<, Cf < 5.

Now, by Assumption 22 let & > 0 be such that C':=E (eo“gl‘Q) < Q.

el el

— < n —
P (1121%0 > 2r) < rP (C’H > 2r) (9)
< rE (eo‘zk \G?<k>\2) eTE < pCTe % < e TF | (10)

where the last inequality holds for n and L large enough. This gives

1
lim sup lim sup — logIP’(((K (2))zex, C™) € Kf) = —00.

L—oo n—00

By the Arzela-Ascoli theorem, Kp is a compact subset of C(XC,H,.) x H, for any L > 0,
from which we get immediately the second part of the lemma. O
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5.2.2. Large deviation principle for finite dimensional marginals. We now study the finite
dimensional marginals of our process. More precisely, we intend to show the following:

Proposition 5.3. Let M be a positive integer and b < z1 < z5 < --+ < 2.
The law of ((K™(2))1<i<ar, C™) viewed as an element of HMT1 satisfies a large deviation
principle in the scale n with good rate function I, " defined, for Ki,...,Ky,C € H,

by

M

MKy Ky, C) = sup Tr (Y EK+YC) —TyE,....Eu,Y)p,
E1yeen=p,Y EHp =1

with Tpr(Eq, ..., 20, Y) defined by the formula

M
- - Z I _
PM(‘:la"'a‘:May):/A< Zl—l’:l+Y> d/"L(x)7
=1

with A given by (8).

Proof. The proof of the proposition is a direct consequence of Theorem IT.Il1. Indeed,
let Z; be the H,-valued random variable such that for all 1 <4,5 <,

(Z1)ij = 9:(1)g;(1)
and we define f the matrix-valued continuous function with values in RIM+Drx7 gyuch
that, if we denote by I, the identity matrix in H,,
1
21—
fz) = 5

zyp—x T

T

T

Now, if (Zy)1<k<n are iid copies of Z; and if we denote by

Kn<21)
] — :
Ln = = f()\Z) . Zk = ) s
n ; K™(zur)
Cn
from Theorem MIT.Il1, we get that L, satisfies an LDP in the scale n with good rate
function 17, M. 0

5.2.3. Large deviation principle for the law of ((K,(z)).ex, C™). The next step is to estab-
lish a LDP for the law of ((K™(z)).cx,C™) associated to the topology of point-wise con-
vergence. The following proposition will be a straightforward application of the Dawson-
Géartner theorem on projective limits.

Proposition 5.4. The law of ((K"(2)).exc, C™) as an element of C(IKC,H,.) x H,. equipped
with the topology of pointwise convergence satisfies a LDP in the scale n with good rate

function J defined as follows : for K € C(K,H,) and C € H,,
J(K,C) =sup sup Iy ™M(K(z1), ..., K(zm), ).

M z1<-<zpn,2,EK



15

Proof. Let J be the collection of all finite subsets of K ordered by inclusion. For j =
{z1,..., 2} € J and f a measurable function from IC to H,, p;(f) = (f(z1), ..., f(z;))) €
HY

We know from Proposition that the law of (p;(K™),C") satisfies a LDP with good

az“ '. Moreover, one can check that the projective limit of the family
HYT x H, is H® x H, equipped with the topology of pointwise convergence.
Therefore, the Dawson-Gértner theorem [I4, Theorem 4.6.1] gives us Proposition 5.4l [J

rate function [,

The next step is the following : from Proposition 5.4l and Lemma [5.2], and as the topol-
ogy of uniform convergence is finer than the topology of pointwise convergence, we can
apply [14, Corollary 4.2.6] and get that the law of ((K™(z)).ex, C™) as an element of
C(K,H,) x H, equipped with the uniform topology satisfies a LDP in the scale n with
good rate function J.

5.3. Identification and properties of the rate function.

Now, to complete the proof of Theorem [5.1] the last step is to identify the rate function,
that is, show that I =J.

We will consider the operator norm, given, for H € H,, by || H || = sup(u, Hu), where
the supremum is taken over vectors u € C” with norm one. We also use the usual order
on Hermitian matrices, i.e. H; < H, if and only if Hy — H; is positive semi-definite
(respectively Hy < Hs if Hy — H is positive definite).

We first want to check that J(K(-),C') = oo whenever K is not Lipschitz continuous.
We prove the following more complete lemma, which also proves that I is a good rate
functionf. Moreover, some of the items will be useful in the sequel. We recall that A was

defined in ().

Lemma 5.5. (1) H— A(H) is increasing, A(—H) < 0 if H > 0 and for all non null
positive semi-definite H € H,.,

lim A(—tH) = —oc. (11)

t—+o0
(2) If we denote by (C*);; = E[gig;]. Then, for any H € H,,
A(H) > Te(HCY).
(3) There exists v > 0 so that

B:= sup A(H)<oo.
H:||Hl|oo <~
(4) If I(K(-),C) or J(K(-),C) are finite, then C' > 0 and K(z) > 0 for any z € K.
(5) For all L, there exists a finite constant My, so that on {I < L} or {J < L}, we
have

Sup K (2o < Mp, [|Cllos < My
zE

ZNote that this fact could also be deduced from the fact that J is a good rate function because of
exponential tightness and the identification I = J.
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(6)

(7)
Proof.
(1)

(2)
(3)
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and for all z1,z3 € K, || K (29) — K(21)||oo < Mp|21 — 22| -
In particular, K' exists almost surely and is bounded by M, .
IfI(K(),C) or J(K(-),C) are finite, then K'(z) <0 for almost any z € K and for
any non zero vector e, there is no non empty interval where the function (e, K'(.)e)
vanishes everywhere.
I is a good rate function.

The two first assertions of the first point are just based on the fact that almost
surely, Tr(HZ) > 0 if H > 0. Let us now prove the last assertion. Consider n > 0
and a non vanishing orthogonal projector p € H, such that H > np. For all £ > 0,
we have

0< E[eftTr(HZ)] < E[eftnTr(pZ)] _ E[eftnTr(pGG*)] _ E[eftnG*pG].

Since, by dominated convergence,

lim E[e 7] = P{G*pG = 0} = P{G € kerp} =0

t——+o0

(where we used Assumption in the last equality), we have

lim A(—tH) = lim logE[e ' "] = _oo.
t—+o00 t—+o00

The second point follows from Jensen’s inequality.
The third point is due to the fact that Tr(HZ) < [[H|loo > 5, |9i]* so that by
Holder’s inequality,

T 2 ]_ - 2
A(H) < log ElelHllee Xizi19il"] <« = loo E[ellHlleorlgil
(H) <logE[e ]_Tgl% le ]
which is finite by Assumption if [|H||oor < a.

To prove (4), (5) and (6), we shall consider I rather than J but proofs are similar

for J (even slightly simpler).
Assume I(K(+),C) < L < oo. We first prove that C' is positive. We take P, X =0
to get

sup {Tr(CY) —A(Y)} <I(K,C) < L.

YeH,
Suppose now that there exists some vector v € C" such that (u,Cu) < 0, and
define, for any t > 0, Y; = —tuu*. Then Tr(CY;) > 0 so that for all £ > 0,

“A(Y) < TH(CY:) - A(Y) < L,

which contradicts Equation ([ITI).
Let zp € K. Suppose now that there exists some vector u € C" such that

(u, K(z0)u) <0,

and take Y = 0 and P(z) = —1,5,,X so that for all X € H,, K(z*)X +
| K'(2)P(2)dz = K(z)X. Now, for t > 0, choose X; = —tuu*. To exhibit a
contradiction, we can then proceed as above, using that, for x in the support of
14, Zo%x is bounded below by some positive constant.
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Assume I(K(-),C) < L. With v and B introduced in the third point, we define
Y = +yuu* and take P, X = 0. We get

Y{u, Cu)| < B+ L

for all vector u with norm one, that is ||C||oc < v !(L+ B). Similar considerations
hold for the bound over || K (2)||oo-

We next show that K is Lipschitz. Let u,v be two vectors of norm 1. For z; <
2 € K, if we take P, ., equals to (z; — z2) ! (uv* 4+ vu*) on [21, 2] and vanishing
outside this interval, one then checks that there exists a constant x which does not

depend on z; and 25 nor on w such that for p-almost all x, the operator norm of
the matrix | P(Zzlf;)(f )dz can be bounded by k. Let 19 be such that nor <« (with
~v satisfying the third point). Then, for any z; < z5 € K,

Tr ( / nopzl,zz(z)K’(z)dz) <B+L

that is
L+ B

"o
which gives the desired control after optimisation over u, v.

(22 — 21) 2R (u, (K (2) — K(21))v) <

Let us prove that for any z, 2o € K such that 27 < 23, K(29) < K(z1) (dividing by
29 — 2z will then give the fact that K’ is negative semi-definite where it is defined).
So let us fix 21,29 € K such that z; < 2. Let us fix u € C"\{0}. For all real
number ¢ > 0, we have, for P,(z) := tl., .,)(2)uu* and X =Y =0,

[(K(-),C) > tu* (K (2) — K(21))u — T(P;,0,0).

[(P,,0,0) = /A (_t / - izx)zu*u) dp(r) <0

by (1) of this lemma. Thus for all ¢ > 0,
I(K(-),C) > tu"(K(22) — K(z1))u.

It follows that u*(K(z2) — K(z1))u is non positive by letting ¢ going to infinity,
which completes the proof of this point. Similarly, if v is a fixed vector and
(u, K'(-)u) vanishes on an interval [21, zp] with 21 < 29, P, = t1[,, ., (2)uu”, and

X=Y=0,
I(K(),C) > —/A (—t/ (ziiz@zuu) du(z)

which goes to infinity as ¢ goes to infinity by the first point.

Note that

Finally, let us show that I is a good rate function, namely that {I < L} is compact
as a subset of C(IC,H,) x H,. and that I is lower semicontinuous. Clearly I is non-
negative (take P,Y, X = 0). Note first that on this set, by the fifth point K
is uniformly Lipschitz with constant Mj and is also uniformly bounded by the
fourth point (recall K is compact), hence it belongs to a compact set by the
Ascola-Arzeli theorem. Similarly, C' being uniformly bounded, we conclude that
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{I < L} is included into a compact set of C(IC,H,) x H,. Moreover, for any
piece-wise constant function P, X and Y in H,,

Lpxy(K,C):=Tr ( / P(2)K'(z)dz 4+ CY + K(z*)X)

is a continuous function of K, C'. Hence, I is lower semicontinuous as the supremum
of such functions, that is {I < L} is closed.

O

We can now identify the rate function itself. Let z +— K(z) be Lipschitz continuous on
KC taking values in H, and C' € H,.
For any M, the map (Xi,..., Xy, Y) — (=X, — (X1 + Xo),...,— (X1 + -+ Xn),Y)
being bijective on H,” " one can rewrite, for any b < 2 < --- < 2y,

_[;} ..... Z]M(K(Zl)’,,.,K(ZM)aC)

= {Tr (Z (K (201) — K (2))Zk + K (20) X + CY)

/ <Z: (Zk+1 - 1— x) =t le— :cX +Y> d”(x)} - (12)

Now, if we define the piece-wise constant function equal to 0 on (—o0,2;1), Zx on
2k, 2p11) for 1 < k < M — 1 and X on [z, 2*], the functional inside the supremum
above is equal to

K'(2)P(2)dz + K(X +0Y ) — [ A - P_<z)2dz+ )i +Y ) du(z).
/ / /(z x) 2*—x

Hence the equality I = J is straightforward.

5.4. Study of the minimisers of I.

We characterise the minima of I as follows :

Lemma 5.6. For any compact set K of (b, 00), the unique minimizer of I on C(IC,H,.) xH,.
is the pair (K*,C*) given, for 1 <i,j <, by

(K*(z))ij:/(zg*);du(k), for ze K and (C*); = E[gig;].

Proof. 1 vanishes at its minimisers (as a good rate function) and therefore a minimizer

(K, C) satisfies
</ K'(2)P(2)dz + K (%)X + cy) <T(P,X,Y) (13)

for all P, X,Y.
Now, for any fixed (P, X,Y’), there exists 9 > 0 such that for any for any 0 < e < ¢y, for
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any z in the support of u we have

€

1 1
_/mP(Z)dZ + o xX+YH < a,

with « given by Assumption .20 Therefore, there exists a constant L such that for any
x in the support of p

)E (65 (- f ﬁP(z)dz-}—z*l_xX—f—Y)Z)
1 1
—E(1+cTr| |- / ——P(2)dz + X+Y|C” <¢€’L,
(z —x)? ¥ —x

[(ePeX,eY)=¢cTr (/(K*)'(Z)P(z)dz + K*(2*)X + C*Y) +O(£%).

so that

As a consequence, for any minimizer (K, C'), we find after replacing (P, X,Y") by e(P, X, Y'),using
([3) and letting € going to zero,

Tr ( / K'(2)P(2)dz + K ()X + CY) <Tr ( / (K*)(2)P(2)dz + K* ()X + c*y) .

Changing (P, X,Y) in —(P, X,Y") gives the equality. This implies that
C=Cr K' =(K*) as. and K(z*)=K*(z")
and therefore (K, C) = (K*,C"). O

6. LARGE DEVIATIONS FOR THE LARGEST EIGENVALUES IN THE CASE WITHOUT
OUTLIERS

We again assume throughout this section that Assumptions 2] and hold.
6.1. Statement of the main result.

For any £ > 0, we define the compact set K. := [b+ ¢, !]. Let s := sign ([[_, 6) =
(_l)rfm'
For z € R, we set R)(z) = {(a1,..., ) ERPJay > ... > o, > 7}

lg(z)—g(y)| e

e [0, 00] the modulus of continuity of a

We also denote by w(g) := sup,,
function g.

For any €,7 > 0, and a € R}(b + ¢), we put

—_

So, = {f € C(K.,R) : Ig € C(K.,R) with 7 < g < —,w(g) <

2
2

and f(z) = s.9(2) H(Z' - ai)}
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Note that in the latter product, the «;’s appear with multiplicity. We also denote by

Crn = {f € C(K.,R) : Ip polynomial of degree m — k with m — k roots in K.

1 1
and dominant coefficient 1,9 € C(K.,R) with v < ¢ < — w(g) < — and f(2) = s.g(z)p(z)}
g gl
and
= U Cry
0<k<m

We have the following theorem.

Theorem 6.1. Under Assumptions(2.1, [23 and[2.3, the law of the m largest eigenvalues

X’f, Ce A of)f(\; satisfies a large deviation principle in R™ in the scale n and with good
rate function L, defined as follows. For a = (aq,...,q,) € R™ we take a1 = b and
lim, o infuwos(sal AAAAA N Jr. if a € RTY(b), g1 = b and iy, > b
L(a) = forake{0,...,m—1} ora; =b,
+00 otherwise.

Remark 6.2. The function L is well defined. Indeed, one can easily notice that for all
o € RT'(b) such that for some k € {0,...,m}, Ay py1 =b and ap,_, > b, the map

er— inf{J_(f); f € Uy>05(a,

1s increasing, so that its limits as € decreases to zero exists.

..... am_k),'y}

Remark 6.3. Note that J_(f) is infinite if f has more than r zeroes greater than b.
Indeed, by definition, if Jic_(f) is finite,

f(z) = Po,(K(2),C) =adet(A — K(2))

with a non-vanishing constant a and a self-adjoint matriz A with eigenvalues (67", ...,01)
and a function K with values in r X r positive self-adjoint matrices so that K' < 0
by Lemma [2.3. We may assume without loss of generality that f wvanishes at a point
x > b, since otherwise we are done, so that there exists a non zero e € C" so that
K(x)e = Ae. There is at most one x at which K(x)e = Ae; otherwise, (e, K'(-)e)
would vanish on a non trivial interval which is impossible by LemmalZ.6. Moreover, if
we let P be the orthogonal projection onto the orthocomplement of e, H(z) = det((1 —
P)(A—K(z))(1—P))det(PAP — PK(z)P) so that H vanishes at x and at the zeroes of
det(PAP — PK(z)P). But PAP and PK(z)P have the same properties as A and K(z)
except they have one dimension less. Thus, we can proceed by induction and see that f
can vanish at at most r points.

The minimisers are described by the following result.
Theorem 6.4. If we define on (b, o)
H(z) = Po,.(K*(2),C")

where (K*,C*) are given in Lemmali8 and Pg , is defined in Proposition[31, there exists
k€ {0,...,m} such that H has m — k zeroes (A\j,..., A, ) (counted with multiplicity).
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The unique point of R™ on which L vanishes is (A}, ..., A5 _,,b,...,b) and consequently

(X’f, e ,Xﬁl) converges almost surely to this point as n grows to infinity.

Remark 6.5. In the case when (g1,...,9,) are independent centered variables with vari-
ance one, one can check that C* = I, K*(z) = [ 2du(x).1, and

zZ—T

i=1

so that we recover [9, Theorem 2.1].

6.2. Preliminary remarks and strategy of the proof.

Let us first notice that at most m eigenvalues of 3\(; can deviate from the bulk since by
Weyl’s interlacing inequalities
A1 S AT
which converges to b as n goes to infinity.

Secondly, let us state the following lemma.

Lemma 6.6. The law of the sequence (X’f, e ,X’,;) of the m largest eigenvalues of)f(vn s
exponentially tight in the scale n.

Proof. Let us define R,, := 5(71 — X, and let us denote by ||R,||~ the operator norm of
the perturbation matrix R,. Note that for all k,
Ar = Ralloe < A% < A+ [ Rl oo

Since for any fixed k, the non random sequence A} tends to b as n tends to infinity, it
suffices to prove that

1
lim sup lim sup — log P(|| R,,|| 0 > L) = —00. (14)
n

L—o0 n— 00

For the orthonormalized model, since ||R,||s = max{6#;,—6,}, [I4) is clear. In the i.i.d.
model, we have, for 6 := max; <<, |6;],

1 T . 9 n T
1Ralloe = sup |(v, Rav)] < — Y dlGr? = - D lalk)P.
i=1

loll2=1 k=1 i=1

It implies, by Tchebychev’s inequality, that

exp <aZZ \g@-<k>|2)] =T E

P(|Rulloo > L) < e "F"E

: exXp (aZ‘gi(l)P)]

which allows to conclude by Assumption O

As the law of (A},..., A) is exponentially tight, the proof of Theorem reduces to
establishing a weak LDP. In virtue of [I4, Theorem 4.1.11] (see also [Il, Corollary D.6]),
this weak LDP (and the fact that L is a rate function) will be a direct consequence of
Equation (20) and Lemma below. The fact that L is a good rate function is then
implied by exponential tightness [14) Lemma 1.2.18].

Before getting into the proof itself in Section [6.4] we first need to know more about H™.




22 F. BENAYCH-GEORGES, A. GUIONNET, M. MAIDA

6.3. The structure of H".

From Proposition B.Il we know that the X;”s are essentially the zeroes of H". However,
H" could a priori have other zeroes than these eigenvalues or take very small values. To
control this point, we need to understand better the structure of H" and more precisely,
we intend to show the following fact

Lemma 6.7. For any € > 0 small enough, there exists a positive integer ng(e), L(e) > 0
and a deterministic function g, such that for any z € K. and n > ng(e),

STy 1P Wr2 gu(2) TIM (2 = A?) in the orthonormalized model,

7

H'(z) = (15)
s gn(2) T, (2= AD) in the i.i.d. model,
with s = (—1)™. L(2) < gn < —— and w(gy) < —— (16)
- ’ — gn — L(E) gn = L(E‘:)
In particular, for any e > 0,

1

limsup limsup — log P ((H"(2)).ex. € (C5)°) = —o0, (17)
740 n—oo T

— n

lim sup lim sup 1 log P ((H(z - X?)IH"(2)> € (C,?O)c) = —00. (18)
z€Ke

Proof. Note that once ([I6]) will be established, (7)) and (I8)) are then a direct consequence
of Lemma [IT.3] Let us define the random sequence

sTTi—, l¢?W;||3 in the orthonormalized model,

S in the i.i.d. model.

Going back to the proof of Proposition[B.1] one can easily see that, for any z ¢ {A},..., A"},

H"(z) = ¢, [ [ 07" det(zI,, — X,,) ™" det (ﬂn — X, =) QiUi"(Ui")*> .
i=1 i=1

We can rewrite the above as

with

Now, let € > 0 be fixed.



23

As K. is compact and the A\? belong to a ﬁxed compact, for ¢ > 0 small enough, for
any i and z € K. we have z — A\ < 2 and |A?| < 2 so that

n

0< Y (AL, = AP ZA” i)\?Sng. (19)

i=m+1 i=n—m

We choose ng(e) such that for n > ng(e) and any 7 and z € K. we have § < z — A} so
that as z — A\ < %,

O<)\" — A\ 1 2= ] g2
z— A\ z— A\ = 4

Now, using Weyl’s interlacing properties, we have for any ¢ > m + 1,

<A
so that
=72 (= A7),
For0 <z <1-% log(l — ) > —Z%, so that we finally get by ([I9),

mo 4

" n ALAD " m 2
AL (5) = = I Ie (5) e (@)
1=1 i=1

By very similar arguments (using log(1 + =) < x for = > 0), one can also check that for
any n > no(e),

a 2\ 4
) < 0. -1~ 8—22m
y<ITe (2)
i=1

To finish the proof, we have to verify the uniform equicontinuity of g, on K.. For any 1,
we have

2\ 2

() ir
€

Moreover, for any f, g continuous on K., w(fg) < || fllecw(9) + [|gllcw(f) so that

T 92 m—+1 N 9 m—+2 . n "
w(gn) < H 10;] 1 (m (g> e=2™ + <E) ez Z | AT — X;\)
=1

i=m-+1

1 1
2= 2= AT

Now, by Weyl’s interlacing inequalities, we have

)\n

i+r—m

<AL

so that [\ = AP| < AP, = A%y, and 300 A= A7 < 2 O
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6.4. Core of the proof.

First, from what we said in the preliminary remarks and the fact that the XZ" are ordered
in decreasing order, we obviously have that if a ¢ RT"(b), one has

1 -
lim sup lim sup — log]P’( ﬂ {IA} — | < 5})

640 n—r00 1<i<m

= hmmfhmlnf logIP’ ( ﬂ (A — o] < 5}) = —o0. (20)

610 n—00
1<i<m

The weak LDP will then be a direct consequence of the following lemma, with £ the
numbers of eigenvalues going to b,

Lemma 6.8. Let o € Ri” and k between 0 and m such that oy iy = ... =, = b and
O > b if kK <m. We have

1 - -
lim lim sup lim sup — log]P’ < ﬂ {N} — o] <6} ﬂ {\! < b+€}>

el0
W6l n—roo 1<i<m—k m—k+1<i<m

= limliminfliminfllog]P’ ( ﬂ {IAF — o] < 6} ﬂ < b+€}> = —L(a),

el0 4]0 n—oo N | )
1<i<m—k m—k+1<i<m
with the obvious convention that ﬂm_k+1<i<m{}:? <b+e}=Qifk=0.

Proof.  Let § and e positive small enough so that g — 0 > b+ 2e. In particular,
Ny — 6, i + 8] € K.. On the set MicicmiUAF — il <6} pi1<icm{AT < b+e},
for all i < m—Fk, A\ is in K.. On the other hand, for n large enough, {\},..., A"}, = 0.
Therefore, A\ ¢ {\},...,\'} for i € {1,...,m} and, by Proposition B}, is a zero of H".

Let us next prove the large deviation upper bound and fix a; > g > -+ > ;1 > b.

A function f € Cf; which vanishes within a distance § of (i)1<i<m—k With 6 < ap_ —b
belongs to the set

1 1
B 5= {f € C(K.,R) : dg € C(K.,R) with S <g<vuw(g < S
m—k
and f(z (2) [[ (== ;) with Vi <m —k, B € [o i—5,ai+5]} (21)
i=1

Moreover, writing H"(z) = h™(2) [[",(z — \}), clearly H" belongs to (% as soon as
h e C5 o and (i HIA =il <603 i N S b+e—€"}if - ()™ >y and
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g’ < e. As a consequence, we can write

IP’( ﬂ (I — a;| < 6} ﬂ {X?Sb—l—a—s'})

1<i<m—k m—k+1<i<m
<P(H" € B_;)+P (h" e (C§ﬁ70)c> .

As a consequence, by [14, Lemma 1.2.15],

lim sup — logIP’< ﬂ {A" — o] < 6} ﬂ {X?§b+€—€'}>

n—reo 1<i<m—Fk m—k+1<i<m

1 1
gmax{limsup loglP (H" € B, . 5) ; hmsup logIP’(h E(C ))},(22)

n—oo 1

Moreover, B, _ 5 is a closed subset of C(K.,R). Indeed, if we take a converging sequence
Fa(2) = sgn(2) 175" (2 = B7), since the B, n > 0 belongs to compacts and the g,,n > 0

i=1
are tight by Ascoli-Arzela ’s theorem, we can always assume up to extraction that g, and

i'»1 <4 <m —k converge so that the limit of f, belongs to B _ ;.

Smce Jic. 1s a good rate function and Ns>0B; 5 = S(,. ), Lheorem 6.1 gives

with [I4, Lemma 4.1.6] that
lim sup lim sup — logIP (H" € B ;) <— inf Ji.. (23)
5\1/0 n—oo S(Eal ,,,,, Q)Y

Taking 7" = = small enough, (I8) and ([22)) give for v/(¢')™ < vy,

hmsuphmsup log P ( n {AF — o] < 6} ﬂ N <b+te— 6'})

U 1<i<m—k m—k+1<i<m
< — inf Ji. < — inf Jic..
S(Eal AAAAA Xy k)Y UW>OS(O‘1 777 X — k)Y

We can finally take v = 0 (nothing depends on it anymore), ¢ — &’ going to zero, as the
left hand side obviously decreases as ¢ — ¢’ decreases to 0 and, as we already mentioned
it in Remark [6.2] the right hand side increases as € decreases to 0.

We turn to the lower bound, which is a bit more delicate. Let us again consider § and ¢
small enough so that N *[a; — 0,; + 0] C K.. As Ji. is a good rate function, for all

~v > 0, the infimum infs(s : Ji. is achieved, say at fé” To complete the proof, we
Qe Ay — )Y

need the following lemma,

Lemma 6.9. Let e, be fixed and small enough. There exists dg such that for any 6 < oy,
there exists &' such that for any n,

(e <fnfswlme - pewl<obc N r-al<s) N Gr<wze

zEXe 1<i<m—k m—k41<i<m

We postpone the proof of this lemma to the next subsection but it is easy to convince
oneself that this lemma holds in the particular case when k£ = 0 and all the multiplicities
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of the «;’s are one.

To prove the lower bound in Theorem [B.1], we may assume without loss of generality
that

J :=lim inf Jx. < 00
€40 Uy>0500, oy 1)
Let n > 0 be fixed. As
inf J. = inf inf . = inf Jic (),
U'y>OS(Ea1 ,,,,, Xy k)Y 7>0 S(Eal 7777 Om k)Y i

we can choose ¢, small enough so that J;Cg(fff’s) < J + 7. By Lemma [6.0] there exists
L(e) going to infinity as £ goes to zero so that for n large enough,

P <X’f > 5_1) < e e,
We choose € small enough so that L(e) > J + 2n.

The above lemma implies, that for § < dy, for ¢’ small enough, for n large enough,

]P’( N r-—al<ar {X?§b+2a}>

1<i<m—k m—k+1<i<m

~ 1
> P (sup |1(2) — 15701 < 8) =P (R 2 &) 2 Jeon

zeK,

the last inequality following from Theorem G.II2l As 7 can be chosen as small as we want,
we have

1 - -

lip Jnf lmfnf = logP( N R-al<dr ) {Aigmg})
lsism—k m—k+1<i<m

> — inf Jx..,

UW>OS(041 ,,,,, o — k)Y

and one concludes by the monotonicity of the right hand side with respect to ¢.
O

6.5. Proof of Lemma [6.9. Let ¢ > 0 be fixed and ny(¢) as in Lemmal6.7l By definition
of SEQI we know that for any z € K.,

s Ok )yY)
m—k
fjfe(z) =s-g(z)P(z), with P(z H (z — ),
i=1
with o; € K. and g > v > 0.
On the other hand, by Lemma[6.7] for n > ng(e), there exists a (random) positive number
¢, such that for any z € .,

H™(2) = 5 Cagn(2)Pal2),  with P, (2) = [J(= = A1), (24)

i=1
where g, is uniformly bounded above and below. Without loss of generality, one can
assume that s = 1 and g, > v and we choose M > 1 such that g, < M, g < M and
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el —b < M. We also restrict ourselves to the case where the eigenvalues are smaller
than 7! so that if they do not belong to K., they are smaller than b + ¢.
We also denote by

1 1

¢:=min (1, - min |a; — a;|, =|a_r — b

(15 min fo = oyl 3l 01
e =(bte)

and 77 = w A ]_

We fix hereafter § > 0 such that

2 m
vl 1
o< ? (5) A2
Obviously, as g is bounded below by 7, one can choose 0] such that for any ¢ < ¢, any

[ satisfying that sup,c,c. |f(z) — f5(z)| < & vanishes only on U "o — 6, o + 6].
Let 0} be such that

7 ()™
2 Mm+1

0< 8 < om ( - 5(2M)m)

Let now &' be strictly smaller than min (7, 8, #) and H™ be a function satisfying (24))
and sup,cx. [H™(x) — f5<(x)| < 0.

We first claim that ¢, is bounded below uniformly on this set. Indeed, if we cut K. into
m + 1 intervals of size 27, at least one of them does not contain any zero of P. We call
xo the centre of this interval. Then |g(zo)P(x¢)| > yn™. Therefore |c,gn(xo)Pa(x0)| >
™ =9 > # so that ¢, > 2]\}”—,:11

Let «; be a zero of P of multiplicity p > 1. Assume that P, has strictly less than p
zeroes on the interval [o; — §, o;; + 4]. In this case,
lg(c; + 20)P(a; +20)| < M(25)PM™P < 6P(2M)™,

and on the other hand

2,,m 2 m
VNt gmekep < V(MO
|engn (i + 26) Py (ay + 20)| > 2Mm+15p Lpm—k—p > W(;p L

where we used the fact that all the roots of P, are in U;“;lk [aj — 6, + 9] so that the
roots that are not [a; — 0, a; + d] are at distance at least ¢ of a; + 2J. Therefore,

sup [H"(2) = f75(2)] > [leaga(cs +26) Pulai + 20)| — |g(i + 20) P(as + 2)|

:BE’CE

B 2 g m - ,
N (g A?m)ﬂ — 5(2M) ) > (25)

which is a contradiction. A similar argument holds if we suppose that P, has strictly more
than p zeroes on the interval [a; — 0§, ; + ¢]. This finishes the proof since we have proved
that inside K., H™ vanishes iff ffe vanishes in a very small neighbourhood and with the

same multiplicity, and its other zeroes must be smaller than b + 2¢ on {X’f <e ')
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6.6. Identification of the minimizers.

We prove Theorem [6.4], which is straightforward. Since L is a good rate function, it
vanishes at its minimizers (A}, ..., \;,) € RT"(b). Putting A\j = b + 1, we know that there
exists 0 < k < m such that Ay _, > band \;,_, ., = b. From the definition of L, for any n
large enough such that b + % < Ak, we can find a function f,, defined on K1 vanishing
at (A],...,A\5,_,) such that Jc, (f,) < L. From the definition of Jic and the fifth point of
Lemma [5.5] all the functions f: are in a compact set of C((b, 00),R) so that we can find a
function f vanishing at (A}, ..., A\* ;) so that J_(f) = 0 for all ¢ > 0. But the latter also
implies that f(z) = Po,(K(z),C) with (K, C) minimising I, that is (K,C) = (K*,C*)
by Lemma [5.6]

7. LARGE DEVIATIONS FOR THE EIGENVALUES OF WISHART MATRICES

In this section, we study the i.i.d. case when X,, = 0. More precisely, we consider
G = (g1,.-.,9,) satisfying Assumption 2.2l n x r matrices GG,, whose rows are i.i.d. copies
of G, a diagonal matrix © = diag(6,, ..., 0,) and we study the large deviations of Wishart
matrices W,, = %G;@Gn. The large deviations for the largest and smallest eigenvalues
were already studied in [22] in the case when © = (1,...,1) and the g;’s are i.i.d.

Proposition 7.1. Assume that G satisfies Assumption[2.2. Let © = diag(b,,0s,...,0,)
be a diagonal matrix with positive entries. Then, the law of the eigenvalues of W, satisfies
a large deviation principle in the scale n with rate function which is infinite unless oy >
- >, > 0 and in this case given by

L(ay,...,a,) =inf{J(C) : (a1,...,qa,) are the eigenvalues of @_%C@_%},

with
J(C) = sup {Tr(CY) — log E[e!“Y ]} .

YeH,

The Gaussian case allows an exact computation, given by the following

Corollary 7.2. Assume that G = (g1,...,9.) is a Gaussian vector with positive def-
inite covariance matriz R. Let © = diag(bs,...,0,) be a diagonal matriz with positive
entries. We denote by 0 < r1(0) < ry(0) < ... < r.(O) the eigenvalues of the matriz
O~ 2R1OY2 in increasing order.

Then, the law of the eigenvalues of W, satisfies a large deviation principle in the scale n
with rate function which is infinite unless oy > g > ... > a,. > 0 and otherwise given by

Liag,. .., ) = % > (aimi(©) — 1 —log(a;ri(©))) .

i=1

T

In the particular case when the entries are i.i.d. standard normal, the above rate function

can be rewritten
] — o %
L Q) = = L _—1—log—2) .
@) =5 3 (51105
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Now, by a straightforward use of the contraction principle, we can derive some results
about the deviations of the largest eigenvalue. This problem was addressed in particular
in [22]. The following corollary holds for the Gaussian case.

Corollary 7.3. Under the assumptions of Corollary[7.3, the law of the largest eigenvalue
satisfies a LDP with good rate function

%(SL’T’l(@) — 1 —log(zr1(©))) if v 2 ﬁ’
Lmax<x> — 1 . 1 . 1 < 1
5 2ic(2ri(©) — 1 —log(ari(0))) if 7@y <2 < g

with the convention that r,1(0©) = oco.

In particular, in the i.i.d. standard case when © = diag(1,...,1), we have

Lonan() = {%(:1:— 1) —Lllogz ifz>1,

Lz —1)—Llogz ifz € (0,1),

and this allows to retrieve [22, Corollary 2.1] (note that a direct proof based on the for-
mula for the joint law of the eigenvalues is then also available). This is in agreement with
the fact that as r goes to infinity, we expect the deviations below one to be impossible in
this scale.

In the general case, we have

Corollary 7.4. Under the assumptions of Proposition [7.1], the law of the largest eigen-
value of W, satisfies a large deviation principle in the scale n with a rate function L,q. ()
which satisfies, for any o € R,

Lipaz() = inf{L(c,..., ) maxa; = a}
1
> inf sup{ta — log E[e{G:O2G2)} = I o(a)
llzll2=1 ter

From there, one can easily improve the upper bound on the probability of deviations
of the largest eigenvalue of [22] Theorem 2.1] :

Corollary 7.5. Assume that G satisfy Assumption [2.3 and that the g;’s are i.i.d. with
mean 0 and variance 1. Let © = diag(6y,60s,...,0,) be a diagonal matriz with positive
entries, with 01 > 0y > ... > 6,.. Then we have that, for a > 64,

1
lim — logP >a)=1 )
Jim — log P(Amax 2 @) = Ire(a)
Note that in this case I, o(a) = inf [a,00) Limaz and in particular I, g is not necessarily

lower semicontinuous. We refer to [22] for more properties of I, g, related results and
conjectures.

Proof of Proposition [Z.1l In the case where X,, = 0, we can apply Theorem with
Py (K(z),C) = det(z — ©2003) and I(C) = J(C). Hence, for a; > ay > --- > a, > 0,

L(a) is the infimum of .J over the nonnegative Hermitian matrices C' such that ©2COz
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has spectrum (aq,...,a,). Note that the case o, = 0 has infinite entropy by Lemma
£H4) O

Proof of Corollary [.2. In this case, log E[e/@Y ] equals log det[(R~! —2Y )= )R 2] if
R~ —2Y > 0, and is infinite otherwise. A classical saddle point analysis shows that the
supremum in .J is taken at

_ Elgig;e“Y 9 _ -1
Cyj = TE[GIe] (R =2Y)7);
which yields

J(C) = %tr(C’R1 —1I)— %log det(CR™).

We finally take the infimum over C' so that ©2C02 = > azezel for some orthonormal
basis (e;)1<i<,. This gives

]_ ! ]_ r 1
L) = il (=3 ailen 0 PRIO )} - oY logait — £ — 5> logri(©)
=1 i=1

(e;JONB

r

1< 1<
il ; a;ri(©) — 5 ;log(ozm(@)) — 5

O
Proof of Corollary [T.4l. We only need to take Y = tvv* if C' has eigenvector v for its
largest eigenvalue to get the bound. O

Proof of Corollary The inequality in Corollary [[.4] gives the upper bound and the
lower bound is obtained by the same proof as in [22] as for fixed z, (z, W, z) can be also in
this case written as a sum of i.i.d. random variables so that Cramer’s Theorem apply. By
arguments as in [22], one can also check that I, ¢ is increasing on [0y, 00), which concludes
the proof. O

8. LARGE DEVIATIONS FOR H™ IN THE PRESENCE OF OUTLIERS

Let K° = [J!°,[a;,b;] a compact subset of (b,00) \ {{],... ,E;;}. We equip again
C(K°,H,) x H, with the uniform topology. Hereafter, we denote by ¢; = ¢; for 1 <i < p*
and ¢, = E;er_ﬂ.ﬂ forpt+1<i<pt+p.

We recall that K™(z) and C™ were defined in () and (B) respectively.
Theorem 8.1. We assume that Assumptions[21], [2.3, and [2.0 hold.

(1) The law of ((K™(2)).exe, C™), viewed as an element of the space C(K° H,) x H,
endowed with the uniform topology, satisfies a large deviation principle in the scale
n with rate function I°. For K € C(K° H,) and C € H,, I°(K(-),C) is infinite if
z — K(2) is not uniformly Lipschitz on K°. Otherwise, it is given by
pttp”

I°(K(-),C) = inf { T*(Ko(-), Co) + Y ID(Ly) ¢,
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where the infimum is taken over the families Ko(-) € C(K°, H,), Co, L1, ..., Ly+1p- €
H, satisfying the condition

pt+p~ pT+p~

Ko()+ Y. —7Li=K() ad Gyt Y Li=C (26)

i=1

and with

(K(),C) = Psipy{ </K' dz+§:K(bi)X,~+CY>
1 SN
_/A (—/7(z_x)2P(z)dz+; bl-—meLY) d,u(x)},

the supremum being taken over piece-wise constant P with values in H,., X =
(Xq,...,Xp,) € (H)? and Y € H,.

(2) The law of (H"(2)).exe on C(K°,R) equipped with the uniform topology, satisfies
a large deviation principle in the scale n with rate function given, for a function

fecC(Ke,R), by
Jio(f) = mf{I°(K(-),C); (K(-),C) € C(K°, H;) X H,, Po(K(2),C) = f(2) V2 € K°}.

Note that the function I'* is well defined because if K is uniformly Lipschitz on K,
then so is any K satisfying the compatibility condition (26]), so that K almost surely
exists.

Note firstly that under the second assertion of Assumption 2.6, we have the following
straightforward application of the contraction principle.

Lemma 8.2. Let Z; be the H,-valued random wvariable such that for 1 < i < 7 < r,
(Z1)ij = 9:(1)g;(1). Under Assumption [2.4, % also satisfies a large deviation principle
in the scale n with a good rate function I'2)(M) = inf{I(v) : Bjv; = M;;, 1 <i,j <r}.

The proof of Theorem follows the same lines as that of Theorem 5.1l The LDP for
finite dimensional marginals for our process is described by the second part of Theorem
MITT It is based on the large deviations for K™ and C™ that can be, up to a re-indexation,
shown to be exponentially equivalent to

n Tp~
1 1 ? 1 gi(k)g;(k)
K'(2)y== Y ——g®gk)+ > SN
(2)i5 0 . z_)\n9<)gj()+ P 0
k=pt+p=+1 k k=1

which satisfy a LDP by independence of the ¢;(k), and large deviations of each parts
by Proposition and Lemma B2l The corresponding rate function will be denoted
by (I *)°. To define this new rate function, we first extend in an obvious way the

definition of I;;"*™ for z;’s in K°. Then one can define, for Ki,..., Ky, C € H,, and
21, .., 20 € K°,
pT4p

(T3P0 (Ky, .. Koy, ) = inf I (Ko, . Koar, )+ Y I9(Ly) o,
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where the infimum is taken over families
(C,Kon, -y Koty Liy ooy Lyt ) € (Hy ) HHMAP 97
under the condition that for all 1 < 5 < M,

prp” prHp”
K0]+ Z L— j and CQ+ ZLZ:C
bi i=1
By Dawson-Gértner Theorem, we deduce that ((K"(2)).exe, C™) satisfies a LDP for the
topology of point-wise convergence with good rate function

J(K,C) = sup sup (I3 7MY (K (21), ..., K(zum), C).

M z1<...<zM,ZjEICO

Since exponential tightness is clear, this LDP can be reinforced into the uniform topology.
We then have to check that I° = J°.

From the definition of I°, the first thing to check is that J°(K(-),C) = oo if K is not
Lipschitz continuous on K°. Assume the latter and choose any L > 0. We know that
there exists n such that for any z € K° and i < p* +p~, 2 — £; > 1. As 1% is a good
rate function, its level sets are compact and there exists R > 0 such that {I(¥) < L} is

included in the ball of radius ¢ x +.=y for the norm |[.[|2 in H,. Let v and B be given by
Lemma [5.51(3). As K is not Lipschitz continuous, there exists z; < 2o € K° such that

L+ B
1K (1) — K(22)]2 > (T + R) |21 — 22].

We will show that (I5"**)°(K (21), K(22),C) > L. Let Ky, L; be such that

pt4p~ 1 pt4p~ 1
Ko(z1) + Zl p— Li=K(z) and Ko(z)+ Zl p— L = K(z).
Then
K(n) = K(z) "% 1
Ko(z1) — Ko(z0) = (21 — 2 +
O( 1) 0( 2) ( ! 2) Z1 — 29 Zl 21—6)(2’2—£)

Therefore, there exists iy such that L;, > (p%";_) or [|[Ko(z1) — Ko(22)|]2 > %;23|z1 — 29].

In the first case, I4)(L;,) > L. In the second case, we have, from the rewriting (IZ), that,

2% (Ko(2), Ko(2),C) > Tr <j:fy772K0(Zl) - KO(ZQ)) —/A <( =Ly ) du > L,

21 — 29 21— x)(z — )

if we choose the right sign.
This gives (I5"**)°(K (21, K(22),C) > L so that J°(K(-),C') = oo after optimisation.

We now suppose that K is Lipschitz continuous on K° and we want to identify the two
rate functions. By mimicking the proof at the end of Section B3, one can easily show

3We just have to be careful in the rewriting to put one border term for each interval involved in K°.
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that for K is Lipschitz continuous on K¢,

sup sup I;;77M(K(z1),...,K(zm)) =T"(K,C). (27)
M 21,520
Now, in order to achieve this identification, we have to check that we can switch the
supremum over M and the z;’s and the infimum over the admissible simultaneous decom-
positions of K and C. It is clear that,

pt4p”
J(K,C) <T*(Ko(-),Co) + > I(Ly)
i=1
for any admissible choice of L;, and therefore J° < I° after optimisation. We now need

the converse inequality. By definition of J¢, if it is finite, then for any positive integer p,
there exists M(p) and z1,. .., za(p) such that

o 21552 M (p) \O 1
TR, C) = (L™ ) (K ) K ) ©) = =
Now for each zy, ..., 2y We choose an admissible decomposition (according to (26)) of
K so that
pr+p” 1
J(K,C) > IJE,(-]-);Z]M(P)(KéW(p)(Zl)’ o Ké‘/f(P)(ZM(p))’ C) + Z ](Z)(LZM(P)) _
, p
i=1

Moreover, for each M and choices of z; < - -+ < zyy,
Iy 7K (z1), . K(2m)) = T (K™, O)
with K3 (2) = 300 1,z K (2).

By definition, since I#) and I'* are good rate functions and as for all 4, I (Z)(LM(p ))

y and

F*(Kéu(p)(zl), Ce Kéw(p)(zM(p)), (') are uniformly bounded, it implies that the arguments
are tight and we can take a converging subsequence. Let K, and L; be limits along a
subsequence, we get

pr+p”

FE,C) > T (Ky(),C) + 3 f(Z)(L")—Z%

which insures that J°(K,C) > I°(K, ). This completes the proof of Theorem

9. LARGE DEVIATIONS PRINCIPLE FOR THE LARGEST EIGENVALUES IN THE CASE
WITH OUTLIERS

We now state the main Theorem of this section, namely an analogue of Theorem
For any ¢, p small enough, we define the compact sets

p+

K2, =b+ee I\ JW& —p.tf +p)

i=1
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and K¢ := [b + ¢,e7!]. The reason why we distinguish the two parameters € and p will
become apparent in the statement and the proof of Lemma [0.7 below. We also define the

set {(} := {{],. ..,f;,b}, and for z ¢ {(}, R(z) := f; z—1£+
sign of the product [];_, ¢;

For any ¢, p,v > 0, and a € R}(b + ¢), we put

‘ 1
%ﬁ:—{fea ¢pR) 39 € C(KZ ), R) with 7 < g < — w(g) <

£,p)

2
2

and f(z) =

E%

z—oz, }
2:1

: Ip polynomial of degree m + p* — k with m + p™ — k roots in K?
=

1 1
R) with 7 < g < =, w(g) < —
7y v

and f(2) = 5.9(2).R(2).p()}

We also denote by

Ciot={fecCk

6p7

and dominant coeflicient 1, ¢ € C(K? p,

and

CEPo — U 08707
5 .

0<k<m-p*
Then the main statement of this section is the following.

Theorem 9.1. Under Assumptions 2], (2.2, [2.3 and [2.4, the law of the m +p+ largest

eigenvalues ()\?, e )\ ) ofX satisfies a large deviation principle in R™P" with good

m+pt
rate function L°. For o = (aq,...,0pipt) € R™P" we take Qpgpt41 = b and L° i
defined as follows :
. . . . + +
lim, o lim, o mewoSf;fl’f’m,a o Jl%gy,, if a € RT™7 (D), comypt kg1 = b,
) o m4pt —
L(a) = Qpipt—i > b for a k€ {0,...,m},
00 otherwise.

Even though the rate function L° is not very explicit, we show below that it must be
infinite if Horn’s inequalities are violated.

Remark 9.2. Recall that the eigenvalues (X?)lgz‘gn of the sum of two Hermitian matrices
with eigenvalues (A )1<i<n and 0 := (61, ...,60,,0,...,0) satisfy Horn’s inequalities and are
characterised by the fact that they satisfy such inequalities (see [29] for details). Assume
that X := (Xl, oo Xm+p+) is at distance of the bulk and of the outliers which is bounded
below. We claim that the rate function L"( ) is infinite if ()\ 0,0) do not satisfy the Horn

inequalities. Indeed, if LO( ) is finite, ()\1, e )\m+p+) are zeroes of a function f which
can be written

f(2) = Poy(K(2),C).
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with I°(K(+), C) is finite. It implies that there exists sequences \" € R™, g;(-) € C" so
that \" satisfies Assumptions 21, [Z.3 and 2.8 and

Zg; il on- 20

converge to K(z) (uniformly away from the bulk and the outliers) and C' respectively. By
definition, there exists a constant ¢ such that
Po, (K Hz—)\" —cdet<z—d1ag)\" Zﬁuu>
=1

with u; = g; in the 1.1.d. model and u; the Gram-Schmidt orthonormalisation of the vectors
g; in the orthonormalized model. Hence, the function f,(z) = Po,(K"(z), C™) vanishes at
the eigenvalues (A\") of the sum of the two Hermitian matrices diag(\") and y_;_, O;u;u}
(note that we can assume without loss of generality that its zeroes are different from A"
by Lemma([I17). Therefore, (A", A", 0) satisfy Horn’s inequalities by [29]. Since the (A\™)
are bounded, they are relatively compact and we see that the limit points ()\1, ey Amgpt)
of (A", ... X

passing to the limit in Horn’s inequalities, we thus deduce that if the vector ()\1, e )\m+p+)

m+p+) which stay away from the bulk and the outliers are the zeroes of f. By

has finite L°-entropy, and is away from the bulk and the outliers, ()\,E, 0) satisfies Horn'’s
inequalities. It would be interesting to have a direct proof of this fact at the asymptotic
level.

9.1. Proof of Theorem

We now prove Theorem [0.1] following roughly the same lines as for Theorem [6.11

As in the proof of Theorem [6.1] the crucial point is to use Proposition BIl In the
sticking case, if z € K, for n large enough, the condition that z should not belong to the
set of eigenvalues of X,, was very easy to check. Here, we need to show the following

Lemma 9.3. Assume that the eigenvalues \},..., N of X, are pair-wise distinct and
that Assumptions 2], and 2.4 hold, then X,, and X,, have no eigenvalue in common.

The proof of this lemma is postponed to Appendix 1.3l We shall therefore give the
proof of the Theorem when the eigenvalues of X,, are distinct. This is however sufficient
to get the large deviation principle without this hypothesis due to the following Lemma.

Lemma 9.4. Let X,, satisfy Assumptions[Z1 and[Z3 and G Assumption[2.8. Then, there
exists a sequence X,, of matrices satisfying Assumptions[21 and [2.3 such that moreover,

e the eigenvalues of X,, are pair-wise distinct, -
e almost surely for all i = 1,...,m, the ith largest eigenvalue of X, and the ith

largest eigenvalue of X,, are within distance n™".

Therefore, the random variables (A7);<,,, and (An )i<m are exponentially equivalent and
14, Theorem 4.2. 13] asserts that a large deviations principle for the extreme eigenvalues

(A)i<m of X entails the large deviations principle for the law of (Y,),Sm
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The proof of Lemma follows by taking X,, to be the matrix with the same eigenvec-
tors as X,, and the same eigenvalues except for those which are sticked together which we
separate by an arbitrary small weight w,, < 1/n, much smaller than the minimal distance
between two distinct eigenvalues of X,,, so that the eigenvalues of X, are distinct and
the operator norm of X, — X,, is bounded above by w,. But then also the eigenvalues

of j(vn and X,, differ only at most by w, almost surely. It is straightforward to verify
Assumptions 2.1l and for X,,.

Thus, we shall restrict ourselves in the sequel to the case where X,, has distinct eigen-

values. By Lemma [0.3] the eigenvalues of X,, are then the zeroes of H" and we can
proceed as in the case without outliers.

We first focus our attention to the function H" restricted to KZ , and show the coun-
terpart of Lemma [6.7], that is

Lemma 9.5. Let ¢, p be fized. There exists a positive integer no(e, p) and L(g) > 0 such

that for any n > ng(e, p), for any z € K2 ,,

sTLo, 1aWHI3 ga(2)R(2) 1T (2 — ™) in the orthonormalized model,
H"(z) =

s gn(2)R(2) T2, (2 — ) in the i.1.d. model,
1 25)

1) and w(gn) < 7=

with L(e) < g, < 9G] 7Ok

In particular, for any € > 0 and p > 0 small enough,

|
|
8

n
~v40 n—r00 i1

1 - ~
lim sup lim sup — log P (H(z — )\?)lH"(z)> € (Core)e
zekg ,

Proof. 1In this case,

L S SR T AT = TS U N
() = ] 11en H(”T) I = 1l <1+m>-

i=pt+1 v i=m4pt+1

The proof is exactly the same as in the sticking case once we have noticed that, from
n_pt
Assumption 2] there exists ng(e, p) such that for n > ng(e, p), f; <1 A _ZZ ) > 1

)\? - 2p+7
so that
! 1 Pt e\m 4 )2
(2) > (= <_) 72m(5—2).
n(z) = [T 10d (3) ()"

Note that we could similarly show that for n > ng(e, p),

0u(2) < L(e) = (;) (2) e (29)

€
The uniform equicontinuity is also shown very similarly. U

As in the sticking case, we have the analogue of Lemma 6.8 with L° instead of L.
To state more precisely the lemma, we introduce the following notation: we denote by
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Gi(, 0, e, p) the set of ntuples (A7 > - -+ > XQ) such that for all i« <m + p™ — k,
N — | <bifa; ¢ {0}  and [N - <pifa; e {l}
and for all m +p" —k+1<i<m+p",
X< b+e.
We shall show the following

Lemma 9.6. Let o € R" and k between 0 and m such that auyip+ k1 = .. = Qpypr 41 =
b and oy ypr—, > b. We have

lim lim lim sup lim sup — logIP’ <(X?, . ,XZ) € Gi(a, 0, ¢, p))
el0 pl0 640 n—oo N

= lim lim lim inf lim 1nf log P ((X?, LAY € Grla,de, p)) =—L°w),

el0 pl0  6J0 n—o0o0 N

with the obvious convention that ﬂm+p+fk+1§i§m+p+{}\/? <b+e}=Qifk=0.

The only point that differs substantially is the proof of the analog of Lemma We
fix € > 0 small enough such that a,,_, > b+ . Let L(¢) be as in (29)) (and denote it by

L for simplicity). We assume that L > 1. We denote by 1 := %

and

fo=min (1,1 min Jo — oy, 1| Bor min |os— &

:= min — min |o; — |, =|@m_r — bl, = min |a; — ;| |.
’ 3 ai;éozj J 3 b 3 i7j§a’i¢{€} !

Let j be such that a; = ¢; and denote by ¢ the multiplicity of ¢; as an outlier. From
the definition of R, one can check that there exists two constants ¢; and C; (depending
only on ¢) such that, for any p > 0, ¢;p™9 < |R(a; + 2p)| < Cip~ 9. Let ¢ := max; ¢; and
C = max; C;.

Let now fix p small enough such that for any ¢ such that o, ¢ {¢}, min; |oy; — ¢;| > 3p

eyt
C.om+pT+12m+1+3pT

and p <

Let f57? be a minimizer of J¢, over S32°, then we have
€,p

Lemma 9.7. There exists 09 > 0 such that for § < dq there exists §' such that for any
n Z n0<€, p)v

{X’; < 8,1} N { sup [H™(2) — fo0°(2)] < 5’} c {(X?, L) € Gk(a,é,&?,p)}

z€K2 ,

The remaining of this section will be devoted to the proof of this lemma and this will
complete the study of the case with outliers.

By definition of 57 | . we know that for any z € K2,

m—

f57°(2) = 5.R(2).9(2).P(2) with P(z H z— ),

=1
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with a; € K2 and g > v > 0.
On the other hand, from the study of the structure of H", we know that there exists a

(possibly random) positive number ¢, such that for any z € K2 .

H"(2) = 5 cuR(2)gn(2) Pa(2) with Py (2) == [ [(z = A1)

i=1

With no loss of generality, one can assume that s = 1, g, > 7 and we know that, for n
large enough, g, < L(e), with L(e) as defined in (29). One can also assume that g < L(¢)
and b* — b < L.

We fix hereafter 6 > 0 such that
2 + m+pt
Vet
0= (3 ) LmT) N

As g is bounded below by 7, one can choose ¢] such that for any ¢’ < 07, any f satisfying
that sup,ex, |f(z) — foP°(x)] < &' vanishes only in

Uj@je{g}[aj — P, Oéj + p] U Uj@jé{g} [Oéj — 5, Oéj + 5]

Let 0} be such that

? Lm+1+3p+ tp+

2 m4pt m4pt
O<5§§5m<v ()" (2L) )

and

2 m-l—p+
m (Tt m

(it exists thanks to our choices of § and p).

Let now ¢’ be such that ' < min (5{, 9, 5

7;’;1) and H" such that
sup |H"(z) — [20°(a)] <

zeK? ,

We first claim that ¢, is bounded below uniformly on this set. Indeed, if we cut K¢ into
pt +m+ 1 intervals of size 27, at least one of them do not contain any zero of a; nor any
0. We call z the centre of this interval. Then |g(zo)R(x)P(20)| > 1™ -+ Therefore

yptet
FLmiiTaT -

|Cngn(0) R(w0) Po(20)| > ’mm# -0 > ;g’—:l so that ¢, >

Let a; ¢ {¢} be of multiplicity p > 1. Assume that P, has strictly less than p zeroes on
the interval [o; — , a; + 6]. We recall that min; |a; — £]| > p. In this case,

p(b* . b)m+p+*p o (2L)m+p+
trt - (A

lg(a; + 20)R(cv; + 20) P(ay; + 26)| < L(20)
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and on the other hand

2, m+pt m+pt—k—p 2 m4pt
7’0 it 7 (nt) -
len R(c; 4+ 26)gn(a; + 28) Py (o + 26)| > T p—1 — > TREaEETe p—1

where we used the fact that all the roots of P, that are not [o; — 0, a; + §] are at distance
at least t of a; + 20. Therefore,

sup [H"(2) — f57°(x)] = [leagn(as + 26) Pulci + 26)| — |g(ai + 20) P(a; + 26)|

zeK? ,
2 m+pt m+4pt
(07 (nt) (2L)
& (5 T e | >0 (30)

which is a contradiction. Symmetrically, one can do the same kind of reasoning when we
suppose that P, has strictly more than p zeroes on the interval [a; — §, o; + ¢].

We now consider the case, specific to the framework with outliers, of an «; € {{}
of multiplicity p > 1. Assume that P, has strictly less than p zeroes on the interval
[a; — p, a; + p]. In this case, a; +2p € KZ ,. We have

|9(as +2p) R(ei + 2p) P(a; + 2p)| < LCp~(2p)P L™ ~+77 < C(2L)" pP~°.
On the other hand,
|len R + 20) gn (i + 20) Py(oy +20)] > Cwﬁ”*l*q,
so that

+
TEK: 2Lm+1+2p

2(nt m4pt
sup [H7(z) — foro(a)| > =t (% - pc<2L>m+p*) >4
This completes the proof.

10. APPLICATION TO X,, RANDOM, FOLLOWING SOME CLASSICAL MATRIX
DISTRIBUTION

This section is devoted to the proofs of the results stated in section

10.1. Proof of Theorem [2.10]
The proof is a slight extension of the proof of [I, Theorem 2.6.6]. We introduce the

notations ¢(u, x) = =V (x) + B [log |z — y|du(y), and ji, = & >°" | 6x». Then
m (A ) =

A
Men Sy ST A)FB Y <icj<p log | Xi— A l[qP"P

AL oV (npy, s Aprts - - An)dAr -+ - dAg.
V.8

By [1, Lemma 2.6.7], the law Py 5 is exponentially tight so that it is enough to estimate
the probability of a small ball around x = (x; > x9 > --- > z,,), namely events of the
form B(x,0) := {maxj<j<, |\ — ;] < 0, max|\;| < M}.

We proceed as in [7], using the fact that fi, converges to uy much faster than expo-

nentially under P:‘;ﬁn_p) 5 (indeed, its LDP is in the scale n?), we can replace ¢(ji", \;)

by ¢(uy, z;), whereas the ratio of partition functions converges by hypothesis.
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To be more precise, let us sketch the proof of the upper bound. Note that there exists a
constant ®,; such that on B(x,d), ¢(u, x) is bounded above by &, so that

zZ"r
n nV/(n—p), _ og(x1— n n n c
v o(B(x,6) < %eﬁp(p D/2log(e1-2) (¢ pch]an;)(n s (" € Be(iy)°)
V?/B

+(2M)pen Zf:l maX|y—z,[<s maXuEBg(,u,V) ¢(ﬂvy))

with B.(py) a small ball with radius e around py for a distance compatible with the
weak topology. As n~2log ]P’Z;;’(n_m 5(;2" € B:(uv)°) is bounded above by a negative real
number for all § > 0 by the LDP for the law of ", the first term is negligible as n goes
to infinity. Using the fact that (z, u)—¢(u, x) is upper continuous, we obtain the upper
bound by letting n going to infinity, then ¢ decreasing to zero and finally € going to zero.
The lower bound is similar to the proof in [I, p. 84]. Indeed, note that we may assume
the x,’s away from the boundary of the support of 11y, since otherwise we may and shall
consider only the deviations of the first p — 1th eigenvalues (and proceed by induction till
p = 1 which is already known). There exists 29,1 < i < p, whose small neighbourhood
are included in the § neighbourhood of z;,1 <1 § p, and which are distinct, so that for €
small enough
Py s(max [\ — zi] < 8) > Py (max | — 23] <€)

When the z;’s are distinct and away from by, their logarithmic interaction is negligible
and we refer the reader to [I, p. 84| as the proof is very similar. We get

1
hmmf—logIP’VB(max I\ — x| <6) ZJV ) — v

n—oo

Now, Jy is continuous away from the support of py so that we can conclude by letting o
going to zero. U]

10.2. Proof of Theorem -

As explained in Section 2.5, we have to study X,,, when X,, is diagonal with eigenvalues
having Py, ; as their joint law and the U;’s obtained by orthonormalisation procedure from
G =(g1,...,gr) iid standard Gaussian.

It is clear that since the largest eigenvalues of X, are exponentially tight, so are the eigen-
values of X,,, and therefore it is enough to prove a weak large deviation principle. We let
K (L) be such that the probability that A or A™ is s greater than K'(L) is smaller than e "k,

We first consider the deviations of ()\” - > )\") towards 1 > x9 > - -1, > by with
by the rightmost point of the support of py. Let € > 0 so that x; > by + . The proof
will consist in first fixing the possible deviations of the extreme eigenvalues of X,, (hence
providing outliers) and then, being given these outliers, computing the deviations of the

eigenvalues of )?; The main point of course is that with exponentially large probability,
only a finite number of eigenvalues of X, can deviate. For B an event B with positive
probability, we denote in the sequel by P(A|B) the probability of an event A conditionally
to B.
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e We first claim that for any (¢1,...,¢,) € (by,+o00) and any n > 0, there exists
e(n,£),5(n, ) > 0 so that for n large enough, for ¢ < &(n, ), < d(n, {),

1 ~ maxi<i<p | Al — ;| < e,
_Lgh___,zp(xl,...,:ck)—fr;g Elogp(g?é\)\?—xﬂ <4 1<i<p | | ) (31)

Ay Sby +¢

< =Ly (@ a) + 1

These inequalities where proven for £ going to zero a priori with n in Theorem Let
X,, be a matrix such that the event {max;<;<, |lI' — ¢;| < €} is realised. Let X, be a real
diagonal matrix with same eigenvalues of X,, except its k largest eigenvalues are equal to
the outliers (¢1,...,¢,). Then we have || X,, — X/ ||~ < €, so that, with obvious notations,

H)f(\,/1 — )f(vn/Hoo < ¢, so that the ordered eigenvalues of )f(vn and 5(71/ differ at most by e.
Thus, up to change § into ¢ £+ &, Theorem gives (1)) gives the inequalities for X, for
n/2, from which we deduce .

e By Theorem 2.I0] there exists €(n, £) > 0 so that for n large enough, for e < e(n, ()

1 n n
—JP(ly, ..., 0,) —n < ElogIP’ (f?%’;w — Uil <e, Ay Sby +5) < —JP(ly, ... 0) +n.
(32)
For all (¢,...,4,), we define the set
V(fl, R ,Ep) = {()\1, ey )\n) e R"” ; MaXi<i<p |)\z — fl| < 6(7’],f), )\p+1 < bV + 6(7’],f)}
e We observe, again by Theorem that for all x > 0, the probability that A} is greater
than by + & goes to zero as e ™) for some £(§) = inf 4, 45 400) Jv > 0.

e To prove the upper bound we can write

Nz <) < AP — g <6, A, < —npe(9)
P(mml-oi<6) < P(mylht—al <630 <h+s) 40 (20
We next consider the infinite open covering UV (¢y, ..., £,) of [b(V'), K(L)]P. We can always
extract a finite covering Ui<s<ar(s)V (€5, . .. ,E;) as the latter is compact. We then take

d = mind(n, £*) > 0. Thus, we get by the LDP estimate (32))

M(6)

~n < < —nL —npe(0) ~n < s s
P(gggﬂ)\l xl|_25) < e +e +X;IP’ lrgiaépxl ri| <200V (45,...,0)
S=
M(9)
< efnL + efnps((S) + Z e—nLgi """ Zzs)(xl,...,azk)—nﬂ’(ﬁf,...,K;)—i—nn
s=1
< M((S) —nminlgng(a)(Lgi """ Zf}(Z‘l7---7$k)+Jp(f‘i7---7£Z)_77) + efnL + efnps((s)

< 3M(5)6—nmin{L,pg((;),jk(m7“.7%)}

which gives the announced bound by taking first the limit as n goes to infinity, then ¢§ to
zero and L to infinity.
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e The lower bound is easier as we simply write

P (max I\ — 2| < 25) >P (max I — 2| < 250‘/(@,...,6;))

1<i<k 1<i<k

and use the large deviation theorems. O

11. APPENDIX

11.1. An auxiliary large deviations result.

For sake of completeness, we recall the following result, following from [27, Theorem

3.2] (see also [7] and [10]).

Theorem 11.1. Let, for eachn, A} > --- > A\ be a family of deterministic real numbers
such that there exists a compactly supported probability measure p on R such that

" n—4o0

1 n
ﬁzéw — weakly, (34)
i=1

Let (Zn)n>1 be a sequence of R%-valued i.i.d. random variables such that Z; has some
exzponential moments. Let f : R — R™*9 be a continuous matriz-valued function and
consider the sequence of R™-valued random variables

1 n
Ly =~ > O -z
=1

(1) If we assume moreover that

At = max(supp(p)), Ay —— min(supp(p)). (35)

n—-+4o00 n—-400

then L, satisfies a LDP with good rate function
AER™

where T'(X\) is defined by the formula

L'\ = /ERA (Z A - k-th row of f(x)) du(z)

and A is defined by the formula A(6) = log E(e!%%1)).
(2) If there exists p*,p~ € N such that for anyi < p™, \l — { for any j <p~,

n——+0o
it e R\ e max(S) and A, _ - e min(S) with
—o0 < /{; <...</{  <min(S) < max(S) <€;+ <...<[(lf <
and if % satisfies the LDP with a good rate function denoted by I'9), then L,
satisfies a LDP with good rate function

pT4p” pt4p”
I¢(y) = inf § I (yo) + Z [(Z)(yz‘)/yo ER™ Y, Yprap- €R% 7o + Z fmi)-yi=y o,
i=1

i=1
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with m; = 0 if 1 <i < p* and m; = €; if pt +1 <i < p" +p~ and where I'*
and A are defined as above.

Remark 11.2. Note that in [27, Theorem 3.2], the assumption that % satisfies the LDP
with a good rate function is required in both case but a careful reading of the proof shows

that in the case when [BR) is fulfilled, this is not a necessary condition.

11.2. Proof of a technical lemma.

With the notations of Section [L.I], we have the following result

Lemma 11.3. Under Assumptionl[2.2, for any 1 < iy < r, we have

. . ]' n n||2 1 o
lim lim sup — log P(| g3, Wi Iz ¢ [0, 51) = —oo.

n—o0

Proof. To simplify the notations, we shall assume that iqg = 7.

Recall that the G''s were constructed from a family (G(k) = (g1(k), ..., g-(k))r>1 of
independent copies of G, via the formula G := (g;(1),...,gi;(n))”. For 1 <k, we consider
the random r x r Hermitian matrix

2= G CR) = @R, (Rziszr and L= 37,

By Theorem [I1.1l we have that the law of L™ satisfies a LDP with convex good rate
function

1P (y) = sup {(\, y) — AN},

AeH,
where A()\) = log E(e?41)) is exactly the function defined in Equation (&).

Note that since for all n, L™ is almost surely a positive semi-definite matrix, by closed-
ness of the set of such matrices, the domain of I is contained in the set of positive
semi-definite matrices.

Let P, be the real polynomial function on H, introduced in Proposition LTk we have
|q"W™||%2 = P.(L™). Therefore, if, for any 6 > 0, we introduce the closed set & := {y €
H.; P.(y) <d}, we have

1
limsup — log P(||¢"W"||3 < §) < — inf I(L)(y)-
n

n—00 y€eEs

Let us assume that
M := lim inf I (y) < co.
610 ye&s
Since 17 is a good rate function, there exists a compact set K such that infyege 15 (y) >
M, so that for all § > 0, inf,cg, 'Y (y) = inf ee,nx [ (y). Moreover the infimum on &
is reached : let, for all n > 0, y, be an element of K such that I(¥)(y,) = inf,ce, 1F)(y).

There exists a subsequence ¢(n) such that y,,) converges, as n goes to infinity to some .
By continuity of P, P.(yo) = limy 00 Pr(Ypm)) = 0. It follows, by the last part of Propo-
sition EL1] that v is not positive definite. However, since I(%) is lower semicontinuous, we
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have %) (yy) < M < oo, which implies that g, is a positive semi-definite matrix. Let p
be the orthogonal projection onto ker yy. Note that p # 0 and that (p, yo) = Tr(yop) = 0.

1B (yy) = sup {4, yo) — AV}
> igg{<—tp,yo>—/\(—tp)}

— sup—A(~tp)

>0
= 400 by (),

which yields a contradiction (as we already proved that I (yy) < M).

Similarly, as 1) is a good rate function, it has compact level sets and therefore has to
be large on the set {y : P,(y) > 1/0}. Hence,

1
lim sup lim sup — log P(||¢"W"||? > 6 ') = —c0
610 n—oo N

which completes the proof of the lemma. O

11.3. On the eigenvalues of the deformed matrix.

The goal of this section is to prove Lemma 0.3 In fact, we will prove the slightly more
general

Lemma 11.4. Let K be either R or C. Let us fix some positive integers n,r such that
n > r, a self adjoint n x n real matriz X with eigenvalues Ay, ..., A, and some non null
real numbers 01, ...,0,.. We make the following hypothesis:

(H) i, ..., A\ are pair-wise distinct and there are pair-wise distinct indices iy, .. .,i,_1 €

{1, .. .,’I’L} such that {)\21 +91, .. '7>‘ir—1 + 07»_1} N {)\1, .. ,)\n} = @

Let us define, for g = [q1,..., 9, € K" |

Xy =X + Owug + -+ Orupuy,

where (uy, . ..,u,) is either the orthonormalized family deduced from the columns of g by
the Gram-Schmadt process or ﬁ(gl, ..., Gr). Then the Lebesgue measure of the set of the

g’s such that )?g and X have at least one eigenvalue i common is null.

Now, Lemma will be easy to deduce from the above. Indeed, one can check that for
n large enough, X,, satisfies hypothesis (H). We know that its eigenvalues A}, ..., A" are
distinct. Moreover, let 1 be such that n < %minlgigr |0;] and n < %min#j |t; — ¢;]. From
Assumption 23 there exists n large enough so that X,, has at most p™ eigenvalues greater
than b+ 7, at most p~ eigenvalues smaller than a — 7, more than 2r(p*™ + 1) eigenvalues
in the interval (b — n,b+ n) and more than 2r(p~ + 1) eigenvalues in (a — n,a + 7).
Let us assume that ¢; > 0. Then one can find an eigenvalue \;, among the p™ 4 1 greater
ones in (b—mn,b+n) such that \;, +60; do not belong to {A},..., A\"}. We then forget the
pt + 1 greater eigenvalues and look at the p*™ + 1 following. Among them, one can find
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an eigenvalue \;, such that \;, + 65 do not belong to {A},...,\"}. and so on. For the
negative 6;’s, we consider the p~ + 1 smallest eigenvalues in (a — n,a + 7).

From Assumption 2.6 the law of G is absolutely continuous with respect to Lebesgue
measure and Lemma follows.

We now prove Lemma [[T.4

Proof.  The idea ofv the proof is the following. We shall first prove (Step I) that the

set of ¢g’s such that X, and X have at least one eigenvalue in common is, up to a set of
null Lebesgue measure, the set of zeroes of a polynomial function. Since it can easily be
proved, by induction on the number of variables, that the set of zeroes of any non null
polynomial in several real variables has null Lebesgue measure, it will then only remain
to prove (Step II) that this function is not identically null to know that the set of such
¢’s has vanishing Lebesgue measure.

Let B be either 1 or 2 according to whether K is R or C.

Step I. Let us first treat the case where (uq,...,u,) = ﬁ(gl, ..., gr). Let us define P
to be the polynomial of Snr real variables which maps [g1, ..., g.] € K"*" to the resultant
of the characteristic polynomials of X and X,. The set of g’s in K"*" such that X and

)?g have an eigenvalue in common is exactly the set of ¢’s such that P(g) =0 : Step I is
achieved in the case where (uy, ..., u,) = %(gl, s )

Let us now treat the case where (uy,...,u,) is the orthonormalized family deduced
from the columns of g by the Gram-Schmidt process. In this case, the resultant of
the characteristic polynomials of X and of X, is not anymore a polynomial function
of the real coordinates of g, so we shall use the following trick. It can easily be noticed,
through a careful look at the Gram-Schmidt process, that for all k € {1,...,r}, for all

i,j € {1,...,n}, there are two polynomial functions of Dy, Ny, ; of Bnr real variables

Ni,i,5(9)
Dy(9)
which columns are linearly independent. Let us define the polynomial function of Gnr

real variables

such that the 7, j-th entry of wjuj is and that Dy(g) is positive for any g € K"*"

D(g) =[] Dx(9)-

For any ¢ such that D(g) > 0 (which is the case for any g € K™ which columns are
linearly independent), X and X , have no eigenvalue in common if and only if D(g)X and
D(g))? ¢ have no eigenvalue in common. Now, the advantage of having replaced X and )?g
by D(g)X and D(g))?g is that the entries of D(g)X and D(g))?g are polynomial functions
of g. Hence if one defines P(g) to be the resultant of the characteristic polynomials of
D(g)X and D(g))?g, P(g) is a polynomial function of the Snr real coordinates of ¢ and,
up to the set (with zero Lebesgue measure) of ¢’s in K"*" which columns are linearly
independent, the set of ¢’s in K™*" such that X and X 4 have an eigenvalue in common is
exactly the set of ¢’s such that P(g) = 0 : Step I is achieved in the second case.

Step II. Let us now prove that in both cases, the polynomial function g — P(g) is
not identically null. To treat both cases together, it suffices to prove that there exists
g = lo,...,9,] € K™ with orthonormalized columns such that X, and X have no
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eigenvalue in common. One can suppose that 1, =1,...,4,_1 =7r—1,that \, <--- <\,
and that
A
X =
An

We shall choose the » — 1 first columns gy, ..., g,_1 of g to be the r — 1 first elements of
the canonical basis and ¢, with null » — 1 first coordinates and unit norm. With such a
choice of g, we have

)\1 —91 T

0r9rg;
i Al L _
Let us suppose that 6, > 0. It was shown in [23] Section 3.2] that as g, runs through the
set of unit norm vectors of K"*! with null » — 1 first coordinates, the ordered eigenvalues

of the n— (r—1) x n— (r—1) lower right block of X, describe the set of families i, . . . , i,
of real numbers which sum up to A\, +--- 4+ A\, + 6, and such that

)\TSMTS)\T+1§§)\HSMH

One can easily find such a family .., ..., i, such that

{ur,...,,un}ﬂ{)\l,...,)\n} :@,
which concludes the proof, by hypothesis (H). O
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