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LARGE DEVIATIONS OF THE EXTREME EIGENVALUES OF
RANDOM DEFORMATIONS OF MATRICES

F. BENAYCH-GEORGES*, A. GUIONNET', M. MAIDAY.

ABSTRACT. Consider a real diagonal deterministic matrix X,, of size n with spectral
measure converging to a compactly supported probability measure. We perturb this
matrix by adding a random finite rank matrix of a certain form, with delocalized eigen-
vectors. We show that the joint law of the extreme eigenvalues of the perturbed model
satisfies a large deviation principle, in the scale n with a good rate function for which
we give a variational expression.

We tackle both cases when the extreme eigenvalues of X,, converge to the edges of the
support of the limiting measure and when we allow some eigenvalues of X,,, that we call
outliers, to converge out of the bulk.

We can also generalize our results to the case when X, is random, with law proportional
to e~ V(X)X for V growing fast enough at infinity and any perturbation of finite rank
with orthonormal eigenvectors.
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1. INTRODUCTION

The understanding of the large deviations of the spectrum of large random matrices is
still very scarce. Concerning the global asymptotics of the spectrum, a large deviation
principle was proved in [4], based on the explicit joint law of the eigenvalues, which is
described by a Coulomb Gas interaction, for the law of the spectral measure of random
matrices distributed according to a Gibbs measure, including the case of Gaussian Wigner
random matrices. This result was extended to the eigenvalues of the sum of a self-
adjoint Gaussian Wigner random matrix and a deterministic self-adjoint matrix in [12],
using stochastic analysis. The large deviations for the law of the extreme eigenvalues are
understood in a slightly more general context. Again relying on the explicit joint law of the
eigenvalues, a large deviation principle was derived in [3] for the same models. The large
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deviation of extreme eigenvalues of Gaussian Wishart matrices was studied in [16]. In the
case where the Wishart matrix is of the form X X* with X a rectangular matrix so that
the ratio of its dimensions goes to zero, large deviations of the extreme eigenvalues could
be studied under rather general assumptions on the entries [I0]. Similar large deviation
results hold in discrete situations, see [9]. In this article, we shall be concerned by the
effect of finite rank deformations on the deviations of the extreme eigenvalues of random
matrices. In [§], a large deviation principle for the largest eigenvalue of matrices of the
GOE and GUE deformed by a rank-one matrix was obtained by using fine asymptotics of
the Itzykson-Zuber-Harich-Chandra (or spherical) integrals. The large deviations of the
extreme eigenvalues of a Wigner matrix perturbed by a matrix with finite rank greater
than one happened to be much more complicated. One of the goal of this paper is to
prove such a large deviation result when the Wigner matrix is Gaussian. In fact, our result
will include the more general case where the non-perturbed matrices are taken in some
classical matrix ensembles, namely the ones with distribution oc e *(V(X)d.X for which
the deviations are well known. We first tackle a closely related question, namely the large
deviation properties of the largest eigenvalues of a deterministic matrix X,, perturbed by
a finite rank random matrix. We show that the law of these eigenvalues satisfy a large
deviation principle for a fairly general class of random finite rank perturbations. We can
then consider random matrices X,,, independent of the perturbation, by studying the
deviations of the perturbed matrix conditionnally to the non-perturbed matrices.

Let us now present more precisely the kind of models we will be dealing with.

1.1. The models. Let X,, be a real diagonal matrix of size n x n with eigenvalues A\ >
A > > A

We perturb X,, by a random matrix whose rank does not depend on n. More precisely,
let m,r be fixed positive integers and ¢, >0y > ... >0, > 0> 0,1 > ... > 0, be fixed,
let G = (g1,...,9,) be a random vector whose law does not charge any hyperplane and

(G(k) = (g1(k), ..., g-(k)))k>1 be independent copies of G. Then, for n > r, the r vectors
with dimension n

w1 (D) ()T LG = (g.(1), ..., go(n))T

are almost surely linearly independent and we denote by (U]")1<;<, the vectors obtained
from (G7)i1<i<, by a Gram-Schmidt orthonormalisation procedure with respect to the
usual scalar product on C".

We shall consider the eigenvalues X’f > > Xz of )A(;, which is either defined by

X=X, + > _6Urur (1)
=1
or by
— 1 —
X, =X, +-=Y 0.GIG. 2
B n+n;zG,G, (2)

We refer to the model () as the orthonormalized case and to the model ([2)) as the i.i.d.
case.
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If g1,..., 9, are r independent standard (real or complex) Gaussian variables, it is well
known that the law of (U[");<;<, is the uniform measure on the set of r orthonormal vec-
tors. The model () coincides then with the one introduced in [5].

Our goal will be to examine the large deviations for the m largest eigenvalues of the

deformed matrix X,,, with m the number of positive eigenvalues of the random deforma-
tion.

1.2. The assumptions. Concerning the spectral measure of the full rank deterministic
matrix X,,, we assume the following

Assumption 1.1. The empirical distribution %Z?:l oar of X, converges weakly as n

goes to infinity to a compactly supported probability pi.

Concerning the random vector GG, we assume the following:

Assumption 1.2. G = (g¢1,...,g,) is a random vector with entries in K =R or C such
that

o for any A € K"\{0}, P>, Nigi =0) =0
o there exists a > 0 such that E(e®Zi=119") < oo,

We consider two distinct kind of assumptions on the extreme eigenvalues of X,,. We
will be first interested in the case when these extreme eigenvalues stick to the bulk (see
Assumption [[3]), and then to the case with outliers, when we allow some eigenvalues
of X,, to take their limit outside the support of the limiting measure p (see Assumption

).

1.3. The results in the case without outliers. We first consider the case where the
extreme eigenvalues of X, stick to the bulk.

Assumption 1.3. The largest and smallest eigenvalues of X, tend respectively to the
upper bound (denoted by b) and the lower bound (denoted by a) of the support of .

Our main theorem is the following (see Theorem [6.1] and Theorem [6.4] for precise state-
ments).

Theorem 1.4. Under Assumptions[L1, [1.2 and[L.3, the law of the m largest eigenvalues
(AT, ... A1) € R™ of X, satisfies a large deviation principle (LDP) in the scale n with a
good rate function L. In other words, for any closed set F' of R™,

1 ~ ~
limsup—log]P’<( T Ay) € F) < —inf L
n—oo 1N r
and for any open set O C R™,
1 ~ ~
liminf—log]P’(( T Ay) € O) > —igfL.

n—oo MM,

Moreover, this rate function achieves its minimum value at a unique m-tuple (A}, ..., A5)

towards which (\?, . . ., Al) converges almost surely.
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Theorem [[.4] is true for both the orthonormalized model and the i.i.d. model, but the
rate function L is not the same for both models. As could be expected, the minimum
(AT,..., %) only depends on the 6;’s, on the limiting spectral distribution p of X,,, and
on the covariance matrix of the vector G.

1.4. The results in the case with outliers. We now consider the case where some
eigenvalues of X,, escape from the bulk, so that Assumption is not fulfilled. We
assume that these eigenvalues, that we call outliers, converge:

Assumption 1.5. There exist some non negative integers p*,p~ such that for any i <
proNy — UF, forany § <pT N — 45, — b and \" — a with

n——+o0 n—+o0 n——+o0 =P pstoo

—oo </l <...< f;, <a<b< E;; <...< E]L < 00, where a and b denote respectively
the lower and upper bounds of the limiting measure fi.

n
pt+41

To simplify the notations in the sequel we will use the following conventions : E;, L=
and £f, | =0
In this framework, we will need to make on G the additional assumption
Assumption 1.6.
e The law of the random vector G = (g1, ..., g.) is absolutely continuous with respect

to the Lebesgue measure on R" or on C".
e The law of the vector % satisfies a large deviation principle in the scale n with a
good rate function that we denote by I.

Theorem 1.7. If Assumptions[L1, [1.2, and [0 hold, the law of the m + p™ largest
eigenvalues of X,, satisfies a large deviation principle with a good rate function L°.

Again, Theorem [[.7] is true for both the orthonormalized model and the i.i.d. model,
but the rate function is not the same for both models. See Theorem for a precise
definition of L°.

Before going any further, let us discuss Assumption

Lemma 1.8. (1) If G = (q1,---,9r) are i.i.d standard Gaussian variables, Assump-
tion [LA holds with I1(v) = L||v||} and IP(M) = Str(M) if M = za* for some
vector x, and oo otherwise.

(2) If G is such that for any o > 0, E[e®Zi=119] < oo, then the second point of

Assumption [L.8 holds with I infinite except at 0, where it takes value 0.

Proof. The first result is a direct consequence of Schilder’s theorem. For the second, it
is enough to notice by Tchebychev’s inequality that for all L, > 0,

P (max lgi|* > 5n) < re MR (el Tz loil?)
1<i<r
so that taking the large n limit and then L going to infinity yields
1 2
; _ ) > — _
thUPHIOgP(&lZ?’ng/\/m _5) 00

n—00

thus proving the claim. O
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2. LDP FOR THE LARGEST EIGENVALUES OF A PERTURBATION OF MATRIX MODELS

In this section, we apply our results to study the large deviations of the law of the
extreme eigenvalues of X,,, in the orthonormalized case but where X, is now randomly
chosen, independently of the G}’s. We suppose that X,, is distributed according to the
Gibbs measure

1
du(X) = — —ntr(V(X))dX
Nﬁ( ) Zne

with dX the Lebesgue measure on the set of n x n Hermitian (5 = 2 and G is C"-valued)
or symmetric matrices (f = 1 and G is R"-valued)). Let us first recall a few facts about
this non-perturbed model. It is well known that the law of the eigenvalues of X, is given
by

1 . &

na(dA, . dN,) = “A>Ao>>An H A — AglPen i V) Hd)‘i'

Zn
V.B 1<i<j<n i=1

A large deviation principle in the scale n? for the law of the spectral measure n=! 37" | 4y,
under Py, ; was obtained in [4], resulting in particular with the almost sure convergence of
the latter to a probability measure py. The large deviations for the extreme eigenvalues
of X,, were derived in [3], see also [I], Section 2.6.2]. We give below a slightly more general
statement to consider the deviations of the pth largest eigenvalues (note that the pthe
smallest can be considered similarly).

This will be obtained under the following assumption

Assumption 2.1. o V is continuous and liminf, m‘g#;')m' = +00.

e For all integer numbers p, the limait

1. 2
lim — log _n¥/n-pf
n—oo M, Z{}’B

exists and is denoted by of, 5
o Under Py, 5 the largest eigenvalue A} converges almost surely to the upper boundary

by of the support of .

These assumptions hold in a wide generality. It is verified for the law of the GUE
(8 =2, V(z) = 2%) and the GOE (8 = 1, V(z) = 2?/2) as the second point is verified
by Selberg formula whereas the last is well known, see Kémlos-Fiiredi [I, Section 2.1.6].
It is as well verified for Wishart matrices (case 8 = 1,2 and V (z) = gxz — alog(z)) with
the slight extension of taking the integration on the positive real line.

Theorem 2.2. Under Assumption 2] the law of the pth largest eigenvalues (A} > -+ >
Ap) of X, satisfies a large deviation principle in the scale n and with good rate function
given by

ZI;:I JV(«Iz) + 041‘267 Zf T Z T Z e Z xp’
o0, otherwise.

Jp(xl,...,xp):{

with Jy (2) = V(x) 8 [ log |z — ylduy (y).



Remark 2.3. Note that in the case of the GOE and the GUE, see [3],
Ieta) =8 [ VW= 1dy—als ol =pal
2

We now go to the perturbed model and consider the orthonormalized case. In this case,
due to the rotational invariance of the lew of X,,, one can consider perturbation of a more
general form namely

Assumption 2.4. (U, ..., U") is a family of orthonormal vectors in (R™)" (resp. (C")")
if B=1 (resp. B =2), either deterministic or independent of X,,.

Under these assumptions, we know that X, has in law the same eigenvalues as D,, +
> i1 0:(0,U7)(0,U7)*, with D, a real diagonal matrix with eigenvalues of law Py,
and O, Haar distributed on the orthogonal (resp. unitary) group of size n if § = 1
(resp. = 2). Now, from the well know properties of the Haar measure, if the U"’s
satisfy Assumption [2.4] then the O,U]"’s are column vectors of a Haar distributed matrix.
It means in particular that they can be obtained by the orthonormalisation procedure
described in the introduction, with G = (g1, ..., g,) i.i.d. Gaussian standard variables
(which satisfies in particular Assumption [L0]).

With these considerations in mind, we can state the large deviation principle for the
extreme eigenvalues of X,,. We denote by the rightmost point of the support of puy .

Theorem 2.5. Under Assumptions 21 and for any integer k, the law of the kth
largest eigenvalues (A7, -+, A}) of X, satisfies a large deviation principle in the scale n
and with good rate function given by, by

J*¥(xy, ... ;) = inf  inf {Lgh_.lp(:pl,...,xk) + JP (.. b)),

p>0 01> >0y >by

if 1 > -+ > xy, the function being infinite otherwise.

Here, Lgl,___,zp is the rate function defined in Theorem(8.1l for the orthonormalized model
built on G = (g1, ...,g,) 4id standard Gaussian variables and X, with limiting spectral
measure [ty and outliers £y, ..., 0.

3. SCHEME OF THE PROOFS OF THE LARGE DEVIATIONS PRINCIPLES,
ORGANIZATION OF THE PAPER

The strategy of the proof will be quite similar in both cases (with or without ouliers),
so, for the sake of simplicity, we will outline it in the present section only in the case
without outliers (both models, the orthonormalized one and the i.i.d. one, will be treated
in the same time).

The cornerstone is a nice representation, already crucially used in many papers on
finite rank deformations, see e.g. [5l, 2], of the eigenvalues (A7, ..., A") as roots of a fixed
polynomial of matrices of fixed size, depending only on © = diag(6,,...,0,) the r x r
diagonal matrix of the non-null eigenvalues of the perturbation.



8 F. BENAYCH-GEORGES, A. GUIONNET, M. MAIDA

Indeed, if V' is the n x r matrix equal to [Uln e UZ‘] in the orthonormalized model and
to [G? - Gﬂ in the i.i.d. model, and I,, the identity in n x n matrices, the characteristic

polynomial of X, reads

det(zI,—X,,) = det(zI, — X, —VOV*) = det(z1,, — X,,) det (I, = V* (21, — X,,) "'VO) (3)

It means that the eigenvalues of )f(\; that are not] eigenvalues of X, are the zeroes
of det(I, — V*(zI, — X,,)"'VO), which is the determinant of a matrix whose size is
independent of n.

Because of the relation between V' and the random vectors G7,..., G}, it is not hard
to check that, if we let, for z ¢ {A},..., A"}, K™(z) and C" be the elements of the set H,
of r x r Hermitian matrices given, for 1 <17 < 5 <r, by

D Th (@)

and
n 1 - DAY
C@'j o Zgi(l{?)%‘(k) ) (5)
k=1
we have:

Proposition 3.1. In both i.i.d and orthonormalized situations, there exists a function
Po, defined on H, x H, which is polynomial in the entries of its arguments and depends

only on the matriz O, such that any z ¢ {\}, ..., A"} is an eigenvalue of X,, if and only
of
H"(z) := Po,(K"(2),C") = 0.

Of course, the polynomial Pg , is different in the i.i.d. and the orthonormalized case. In
the ii.d. model, Pg, is simpler and does not depend on C'. This proposition characterizes

the eigenvalues of X, as the zeroes of the random function H", which depends continuously
(as a polynomial function) on the random pair (K" (-), C™). The large deviations of these
eigenvalues are therefore inherited from the large deviations of (K" (-), C™), which we thus
study in detail before getting into the deviations of the eigenvalues themselves. Because
K"(z) blows up when z approaches A}, which itself converges to b, we study the large
deviations of (K™(z),C™) for z away from b. We shall let K be a compact interval in
(b,00), C(K,H,) and C(IC,R) be the space of continuous functions on K taking values
respectively in H, and in R. We endow the latter set with the uniform topology. We
will then prove that (see Theorem [l for a precise statement and a definition of the rate
function I involved)

Proposition 3.2. The law of (K™ (2)).ex, C™) on C(K, H,) xH, equipped with the uniform
topology, satisfies a large deviation principle in the scale n and with good rate function 1.

By the contraction principle, we therefore deduce

L We show in section I3 that the spectrum of X,, and )?n is distinct in generic situation .
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Corollary 3.3. The law of (H"(2)).ex on C(K,R) equipped with the uniform topology,
satisfies a large deviation principle in the scale n and with rate function given, for a
continuous function f € C(K,R), by

Jie(f) = mH{I(K(:), C); (K(),C) € C(K,H,) x H,, Po . (K(2),C)) = f(2) Vz € K}
with P, the polynomial function of Proposition 31l

Theorem [[4] is then a consequence of this corollary with, heuristically, L(a) the infi-
mum of Jj 4) on the set of functions which vanish exactly at o € R™. Of course, the
problem is again to deal with deviations to b. An important technical issue will come
from the fact that the set of functions which vanish exactly at « has an empty interior,
which requires extra care for the large deviation lower bound.

The organization of the paper will follow the scheme we have just described: in the next
section, we detail the orthonormalisation procedure and prove Proposition Bl Section
and Section [6] will then deal more specifically with the case without outliers. In Section
[l we establish the functional large deviation principles for (K™(-),C™) and H" and in
Section [f our main results in this case, namely the large deviation principle for the largest
eigenvalues of X,, and the almost sure convergence to the minimizers of the rate function.
We then turn to the case with outliers in Sections[[]and Bl Therein, the proofs will be less
detailed, but we will insist on the points that differ from the previous case. The extension
to random matrices X,, given by classical matrix models is presented in Section @ To
make the core of the paper easier to read, we gather some technical results in Section

4. CHARACTERISATION OF THE EIGENVALUES OF X,,, PROOF OF PROPOSITION [3.1]

As will be seen further, the proof of this proposition is straightforward in the i.i.d. case
but more involved in the orthonormalized case and we first detail the orthonormalisation
procedure.

4.1. The Gram-Schmidt orthonormalisation procedure.

We start this section by detailing the construction of (U")1<i<, from (G}')i<;<, in the
orthonormalized model. The canonical scalar product in C" will be denoted by (v, w) =
viw =Y, Tpwy, and the associated norm by | - ||o. We also recall that H, is the space of
r X r either symmetric or Hermitian matrices, according to whether GG is a real or complex
random vector.

Fix 1 <r < n and consider a linearly independent family G, ..., G, of vectors in C".
Define their Gram matrix (up to a factor n)

r : 1
C= [Cij]i,jzla with Cij = ﬁ(GzaGﬁ

We then define
gi=1andfori=2,...,r, ¢;:= det[Ckl]ZTllzl. (6)
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and the lower triangular matrix A = [A;;]1<j<i<, as follows : forall 1 <j <i <r,

detfvi ity .. Cus  sil#j
= T with v;, = { —Ch, sil=j. (7)

Note that by linear independence of the G;’s, none of the ¢;’s is zero so that the matrix
A is well defined.
Then the vectors Wy, ..., W, defined, for i =1,...,r, by

i Gl
Wi = Z Ain—=
= v

are orthogonal and the U,’s, defined, for i =1,... 7, by
Wi
Wil
are orthonormal. They are said to be the Gram-Schmidt orthonormalized vectors from

(G4, ...,G,). The following proposition, which can be easily deduced from the definitions
we have just introduced, will be useful in the sequel.

1

ij

U; =

Property 4.1. For each ig = 1,...,7, there is a real function P,,, defined on H,, poly-
nomial in the entries of the matriz, not depending on n and nor on the G;’s, such that

”inWio Hg = Pl'()(C)'

Moreover, the polynomial function P, is posiltive on the set of positive definite matrices.

The last assertion of the proposition comes from the fact that any positive definite r x r
Hermitian matrix is the Gram matrix of a linearly independent family of r vectors of C”
(namely the columns of its square root).

Let G be a random vector satisfying Assumption [[2land (G"(k), k > 1) be i.i.d copies
of G. Let GI' = (G"(k)i)1<k<n for i € {1,...,7}. One can easily check that if n > r,
these vectors are almost surely linearly independent, so that we can apply Gram-Schmidt
orthonormalization to this family of random vectors. We define the r x r matrices C", A",
the real number ¢! and the vectors W7*,..., W, U}, ..., U" of C" as above. As anounced
in Section [Il these U*’s are the Gram-Schmidt orthonormalized of the G}'’s we used to
define our model in the introduction.

4.2. Characterisation of the eigenvalues of j(vnz proof of Proposition [3.1]

As explained in Section B, a crucial observation (see [B, Proposition 5.1]) is that the
eigenvalues of X,, can be characterized as the zeroes of a polynomial function of matrices
of size r x r. This was stated in Proposition B.J] which we prove below.

Proof of Proposition[31. We have, from ({3)),

det(zI, — X,,) = det(zl, — X, —VOVY)
= det(zl, — X,,) det(0)det(©0~ — V*(2I, — X,,) V)
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Hence any z ¢ {\7,..., A"} is an eigenvalue of X, if and only if
Dy (z2) :=det(07! — V*(zI, — X,,)"'V) =0.
In the i.i.d. model, since V*(zI, — X,,)~'V = K"(z),
H"(2) :=det(07' — V*(2I, — X,,)'V)
is actually a polynomial, depending on ©, in the entries of K™(z).

Let us now treat the orthonormalized model, where the Gram-Schmidt procedure makes
things a bit more involved. If we denote by G the n x r matrix with column vectors
(GM)1<i<r, D the r x r diagonal matrix given by D = diag(||W{"2,..., |[W]2) and
Y = (AT, V is equal to n/2GED™'. As K"(z) = 1G*(zI, — X,,) "' G, we deduce that

D,(2) =det(07' — D'Y* K, (2)XD1).
Now, if we define @ = diag(q},...,q") (recall {@)), F = DQ, F = 3Q and H"(z) :=
det(E*©~'E — F*K,(2)F) then on one hand, one can check that
D, (2) = (det E*E)""H"(2),
so that any z ¢ {A\",..., A"} is an eigenvalue of X,, if and only if it is a zero of H™.
On the other hand, H"(z) is obviously a polynomial (depending only on the matrix ©)

of the entries of K"(z), E*©7'E and F. Furthermore, E*©~'FE is a diagonal matrix
whose i-th entry is given by (E*©7'E); = 0, |¢"W||? = 0, ' P,(C™) (by Property ET)

and F;; = det [7%1]?11:1 with v ; defined in (). This concludes the proof. O

5. LARGE DEVIATION PRINCIPLE FOR THE LAW OF H" IN THE CASE WITHOUT
OUTLIERS

We assume throughout this section that Assumptions [, and hold.

5.1. Statement of the result.

In the sequel, K will denote any compact interval included in (b, 00), and we denote by
z* its upper bound. We equip C(KC, H,.) x H, with the uniform topology which is given by
the distance d defined, for (K7, C}), (Ks, Cs) € C(K,H,.) x H, by

d((Ky, Ch), (K, Cy)) = Sup [ K1(2) — Ka(2) ]2 + ||C1 — Calf,
1S

where ||[M || = /Tr(M?) for all M € H,.
With G = (g1, .. ., g,) satisfying Assumption [[.2] we define Z a matrix in H, such that,
for i < j, Z;; = gig; and A given, for any H € H, by

A(H) = logE (e™H7)) . (8)
The goal of this section is to show the following theorem.

Theorem 5.1. (1) The law of ((K"™(2)).exc, C™), viewed as an element of the space
C(K,H,) x H, equipped with the uniform topology, satisfies a large deviation prin-
ciple in the scale n and with good rate function I defined, for K € C(KC,H,) and
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C eH, by I(K(:),C) =00 if z+— K(z) is not Lipschitz continuous on K. Other-
wise, K' exists Lebesque-almost everywhere and

1(K(),€) = sup. {Tr ( / K'(2)P(2)dz + K(2")X + cy) —T(PY, X)}

where T'(P,Y, X)) is given by the formula

[(P,Y,X) = /A (-/ e _1x)2P(z)dz = 1_ X+ Y) du(z)

and the supremum is taken over piecewise constant functions P with values in H,
and X,Y in H,.

(2) The law of (H™(2)).ex on C(K,R) equipped with the uniform topology, satisfies a
large deviation principle in the scale n and with rate function given, for a contin-
uous function f € C(KC,R), by

Jic(f) = mf{I(K(), C); (K(-),C) € C(K,H,) X Hy, Por(K(2),C)) = f(2) Vz € K}
with Pg . the polynomial function of Proposition[3 1]

Since the map (K (-),C) — (Po,(K(2),C)).ex from C(K, H,) x H, to C(IC,R), both
equipped with their uniform topology, is continuous and I is a good rate function, the
second part of the theorem is a direct consequence of its first part and the contraction
principle [7, Theorem 4.2.1].

The reminder of the section will be devoted to the proof of the first part of the theorem
and the study of the properties of the rate function I, in particular its minimizers.

5.2. Proof of Theorem [G.11

The strategy will be to establish a LDP for finite dimensional marginals of the process
((K™(2))zexc, C™) based on [I4, Theorem 3.2] that we remind in Theorem [I0.1] of the
Appendix. From that, we will establish a LDP in the topology of pointwise convergence
via the Dawson-Gértner theorem. As ((K™(z)).ex, C™) will be shown to be exponentially
tight for the uniform topology, the LDP will also hold in this latter topology.

5.2.1. Exponential tightness. We start with the exponential tightness, stated in the fol-
lowing lemma. As K is a compact subset of (b,00) and the largest eigenvalue A} tends
to b, there exists 1 > & > 0 (depending only on K) such that for n large enough, for any
zeKand 1 <1< n, z— A" >e. We fix herafter such an ¢.

For any L > 0, we set, for any p > 1, §(p) = ]% and define
1
Kr=[){sw K2+ ICl: < L, sup K (2) — K(Z)[2 < - ¢
p>1 zeK 2,2/ €K, |z—2"|<d(p) p
We have

Lemma 5.2.

1
lim sup lim sup - logP (((K™(2)),exc, C™) € KS) = —00.

L—o0o n—00
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In particular, the law of ((K™(2)).exc, C™) is exponentially tight for the uniform topology
on C(KC,H,) x H,.

Proof. We claim that

{max ch < i} CH{(K™(2))zexc,C™) € K1}

1<i<r 2r

Indeed, for n large enough,

o
|K"(2)i5 — K"(2')i5] < (/CRCY | — 7

WU g2
so that, for |z — 2| < d(p),
d(p)
n o n(./ < p7 n
()~ )l <2 e
Therefore, if max;<;<, C% < £ then || K" (2)—K" ()| < I—l)Whereas 1C™ |2 < rmaxi<i<, Cf <

1M — 27 —

L < Land ||[K™(2)[|s < 1rmaxice, CF < L.

Now, by Assumption [[L2 let & > 0 be such that C':=E (eo“gl‘Q) < Q.
el el
[ S < n -
P <1H§1?§)§~ ch > QT) < rP (Cu > QT) (9)
< rE (eaZk ‘G?(R)F) ¢S < rCme~ "% < e*"a%, (10)

where the last inequality holds for n and L large enough. This gives

1
lim sup lim sup — log P (((K"(2)).exc, C") € K) = —o0.

L—oo n—oo N

By the Arzela-Ascoli theorem, K, is a compact subset of C(IC,H,) x H, for any L > 0,
from which we get immediately the second part of the lemma. 0

5.2.2. Large deviation principle for finite dimensional marginals. We now study the finite
dimensional marginals of our process. More precisely, we intend to show the following:

Proposition 5.3. Let M € N* and b < z1 < 29 < - -+ < 2.
The law of ((K™(2))1<i<ar, C™) viewed as an element of HMT1 satisfies a large deviation
principle in the scale n with good rate function I3y "" defined, for Ki,...,Ky,C € H,

by
M
Iy MKy, .., Ky, C) = sup Tr ZEzKH—YC —Tw(Er. - BanY) g,
Z1,..,E0M,Y EH, =1

with Ty (24, ..., 20, Y) defined by the formula

M
- - Z L
FM<:‘17"'7‘:M7Y>:/A< 5 l’:l_'_Y) dﬂ(l’),
1 —
=1

with A given by (8).
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Proof. The proof of the proposition is a direct consequence of Theorem [I0.Il1. Indeed,
let Z; be the H,-valued random variable such that for all 1 <4, 5 <,

(Z1)i5 = 9i(1)g;(1)

and we define f the matrix-valued continuous function with values in R
that, if we denote by I, the identity matrix in H,.,

1 -[7’

z21—T

f@=|

zpm—x- T

[(M+1)r]xr such

T

Now, if (Zy)1<k<n are iid copies of Z; and if we denote by

K" (1)
LS pam .y :
b= 2 S e Ko |

from Theorem [I0.111, we get that L, satisfies an LDP in the scale n with good rate funtion
[ﬁ ..... ZM . |:|

5.2.3. Large deviation principle for the law of ((K,(z)).ex, C™). The next step is to es-
tablish a LDP for the law of ((K™(2)).ex, C™) associated to the topology of pointwise con-
vergence. The following proposition will be a straightforward application of the Dawson-
Géartner theorem on projective limits.

Proposition 5.4. The law of ((K"(2)).exc, C™) as an element of C(IKC,H,.) x H,. equipped
with the topology of pointwise convergence satisfies a LDP in the scale n with good rate
function J defined as follows : for K € C(K,H,) and C € H,,

JK,C)=sup  sup Iy "M(K(z),..., K(zu), O).

M z1<-<zpn,z,EK

Proof. Let J be the collection of all finite subsets of K ordered by inclusion. For j =
{z1,-.., 25} € J and f a measurable function from K to H,, p;(f) = (f(21),..., f(2;)) €
HY

We know from Proposition that the law of (p;(K™),C") satisfies a LDP with good

rate function I‘Zj """ U1 Moreover, one can check that the projective limit of the family

HYT % H, is H® x H, equipped with the topology of pointwise convergence.
Therefore, the Dawson-Gértner theorem [7, Theorem 4.6.1] gives us Proposition 5.4l [

The next step is the following : from Proposition (.4 and Lemma B2, and as the
topology of uniform convergence is finer than the topology of pointwise convergence, we
can apply [7, Corollary 4.2.6] and get that the law of ((K™(z)).ex, C™) as an element of
C(K,H,) x H, equipped with the uniform topology satisfies a LDP in the scale n with
good rate function J.
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5.3. Identification and properties of the rate function.

Now, to complete the proof of Theorem [5.1] the last step is to identify the rate function,
that is, show that I = J.

We will consider the operator norm, given, for H € H,, by || H || = sup(u, Hu), where
the supremum is taken over vectors u € C” with norm one. We also use the usual order
on Hermitian matrices, i.e. H; < Hy if and only if Hy — H; is positive semi-definite
(respectively Hy < Hy if Hy — H; is positive definite).

We first want to check that J(K(-), ') = oo whenever K is not Lipschitz continuous.
We prove the following more complete lemma, which also proves that I is a good rate
functiorfl. Moreover, some of the items will be useful in the sequel. We recall that A was

defined in (§)).

Lemma 5.5. (1) H— A(H) is increasing, A(—H) < 0 if H > 0 and for all non null
positive semi-definite H € H,.,

lim A(—tH) = —o0. (11)

t—+o0
(2) If we denote by (C*);; = E[gig;]. Then, for any H € H,,
A(H) > Te(HCY).
(3) There exists v > 0 so that
B:= sup AH)<o0.
H:||Hloo <y
(4) IfI(K(-),C) or J(K(-),C) are finite, then C >0 and K(z) > 0 for any z € K.
(5) For all L, there exists a finite constant My, so that on {I < L} or {J < L}, we

have
Sup 1K (2)]|oo < Mp, [|Cllee < My
ze

and for all zy, 20 € K, || K (22) — K(21)||oc < Mp|21 — 22| .
In particular, K' exists almost surely and is bounded by Mj, .

(6) If I(K(+),C) or J(K(-),C) are finite, then K'(z) < 0 for almost any z € K and
for any non zero vector e, there is no non empty interval where (e, K'(z)e) is null
everywhere.

(7) 1is a good rate function.

Proof.

(1) The two first assertions of the first point are just based on the fact that almost
surely, Tr(HZ) > 0 if H > 0. Let us now prove the last assertion. Consider n > 0
and a non vanishing orthogonal projector p € H, such that H > np. For all ¢ > 0,
we have

0< E[eftTr(HZ)] < E[eftnTr(pZ)] _ E[eftnTr(pGG*)] _ E[eftnG*pG].

ZNote that this latter fact could also be deduced from the fact that J is a good rate function because
of exponential tightness and the identification I = J.



16

(2)
(3)

(5)
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Since, by dominated convergence,

lim E[e 7] = P{G*pG = 0} = P{G € kerp} =0

t——+00

(where we used Assumption in the last equality), we have

lim A(—tH)= lim logE[e*tTr(HZ)] = —00.
t—+o00 t—+o0

The second point follows from Jensen’s inequality.
The third point is due to the fact that Tr(HZ) < [[H||oo D i, |9i]* so that by
Holder’s inequality,

s 2 ]_ 4 2
ACED < log ElelHlle im0 < L ™ 100 ol Hllsorloil
(H) <logEle ]_Tgl% [e ]
which is finite by Assumption [L2if | H||.r < a.

To prove (4), (5) and (6), we shall consider I rather than J but proofs are similar

for J (even slightly simpler).
Assume I(K(+),C) < L < oco. We first prove that C' is positive. We take P, X =0
to get

sup {Tr(CY) - A(Y)} <I(K,C) < L.

YeH,
Suppose now that there exists some vector v € C” such that (u,Cu) < 0, and
define, for any t > 0, Y; = —twu*. Then Tr(CY;) > 0 so that for all ¢ > 0,

~A(Y,) < TH(CY) — A(Y) < L,

which contradicts Equation ([ITI).
Let zp € K. Suppose now that there exists some vector u € C" such that

(u, K(z0)u) <0,

and take Y = 0 and P(z) = —1,>,,X so that for all X € H,, K(z*)X +
[ K'(z)P(2)dz = K(2)X. Now, for ¢ > 0, choose X; = —tuu*. To exhibit a
contradiction, we can then proceed as above, using that, for x in the support of
14, Zol_x is bounded below by some positive constant.

Assume I(K(-),C) < L. With v and B introduced in the third point, we define
Y = +yuu* and take P, X = 0. We get

v(u, Cu)| < B+ L

for all vector u with norm one, that is ||C|oc <~ !(L+ B). Similar considerations
hold for the bound over || K(2)||s-

We next show that K is Lipschitz. Let u,v be two vectors of norm 1. For z; <
2 € K, if we take P, ., equals to (z; — 22) ' (uv* + vu*) on [21, 23] and equal to
zero outside this interval, one then checks that there exists a constant x which
does not depend on z; and z3 nor on u such that for p-almost all z, the operator

norm of the matrix [ P(zz%gi)(f)dz can be bounded by k. Let 1 be such that ngx <~
(with ~y satisfying the third point). Then, for any z; < z5 € K,

Tr < / nopzl,zz(z)K’(z)dz) <B+L
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that is
L+ B

"o
which gives the desired control after optimization over u, v.

(22 — 21) 2R (u, (K (2) — K(21))v) <

(6) Let us prove that for any 21, z9 € K such that z; < 2z, K(22) < K(z1) (dividing by
29 — z1 will then give the fact that K’ is negative semi-definite where it is defined).
So let us fix 21,29 € K such that z; < 2. Let us fix u € C"\{0}. For all real
number ¢ > 0, we have, for P,(z) := tl,, .,)(2)uv* and X =Y =0,

[(K(-),C) > tu* (K (2) — K(21))u — T(P;,0,0).

PG%OJD::/A<}¢ZT(ziZVum)de)So

by (1) of this lemma. Thus for all ¢ > 0,

Note that

I(K(-),C) > tu"(K(22) — K(z1))u.
It follows that u*(K(z2) — K(z1))u is non positive by letting ¢ going to infinity,

which completes the proof of this point. Similarly, if v is a fixed vector and
(u, K'(-)u) vanishes on an interval [2;, 2] with 2 < 2o, P, = tl,, .,)(2)uu*, and

X=Y=0,
I(K(),C) > —/A (—t/ - fzx)Quu*) du(z)

which goes to infinity as ¢ goes to infinity by the first point.

(7) Finally, let us show that I is a good rate function, namely that {I < L} is compact
as a subset of C(IC, H,.) x H, and that I is lower semi-continuous. Note here that
clearly I > 0 (by taking P,Y, X = 0). Note first that on this set, by the fifth
point K is uniformly Lipschitz with constant Mj and is also uniformly bounded
by the fourth point (recall K is compact), hence it belongs to a compact set by
the Ascola-Arzeli theorem. Similarly, C' being uniformly bounded, we conclude
that {I < L} is included into a compact set of C(K, H,.) x H,. Moreover, for any
piecewise constant function P, X and Y in H,,

l@XﬂKﬂD;JH(/PQMT@M2+CY+KQSX)

is a nice linear function of K,C' and therefore is continuous. Hence, I is lower
semi-continuous as the supremum of such functions, that is {I < L} is closed.

OJ

We can now identify the rate function itself. Let z +— K(z) be Lipschitz continuous on
KC taking values in H, and C' € H,.
For any M, the map (Xy,..., Xy, Y) — (=X, — (X1 + Xo),...,— (X1 + -+ Xn),Y)
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being bijective on H, " one can rewrite, for any b < 2 < --- < 2y,

_[;} ..... Z]M(K(Zl)’,,.,K(ZM)aC)

- sup {Tr (Z_(K(Z’;ﬁq) — K (21))Zk + K(20m) X + CY)

ElnBm-1,XY 1

_ /A <le (zkﬂl_ S L x) =+ le_ X +Y> du(g;)} . (12)

k=1

Now, if we define the piecewise constant function equal to 0 on (—o0, z1), Zj on [2x, Zk+1)
for 1 <k<M-—1and X on [z, 2*], the functional inside the supremum above is equal

K'()P()de + KX + 0V )= [ A (= [ —LP(a)de + —— X + V) du(a).
/ / /(z x) 2*—1

Hence the equality I = J is straightforward.

5.4. Study of the minimizers of I.

We characterize the minima of I as follows :

Lemma 5.6. For any compact set IKC of (b, 00), the unique minimizer of I on C(K, H,) xH,
is the pair (K*,C*) given, for 1 <1i,5 <, by

@ = [, for ek wnd (€ =B

Proof. 1 vanishes at its minimizers (as a good rate function) and therefore a minimizer

(K, C) satisfies
(/ K'(2)P(2)dz + K(2)X + CY) <T(P,X,Y) (13)

for all P, X,Y.
Now, for any fixed (P, X,Y’), there exists 9 > 0 such that for any for any 0 < € < ¢y, for
any z in the support of u we have

€

< a,

o0

1 1
— | ——=P(2)d X+Y
/(z—x)2 (Z)Z+z*—x N

with « given by Assumption [[2l Therefore, there exists a constant L such that for any
x in the support of p

—E(1+cTr —/#P(z)dzﬁ— ! X+Y|C” <¢e’L,
(z —x)? 2 —x

[(ePeX,eY)=¢cTr </(K*)’(2)P(z)dz + K*(2") X + C*Y) +0(e?)

so that



19

Therefore for any minimizer (K, C'), we find after replacing (P, X,Y") by (P, X,Y),using
(I3) and letting & going to zero,

Tr ( / K'(2)P(2)dz + K(2)X + CY) <Tr ( / (K*) (2)P(2)dz + K*(2*)X + c*y) .

Changing (P, X,Y) in —(P, X,Y) gives the equality. This implies that
C=cCr K' =(K*) as. and K(z*)=K*(z")
and therefore (K, C) = (K*,C*). O

6. LARGE DEVIATION PRINCIPLE FOR THE LARGEST EIGENVALUES: THE CASE
WITHOUT OUTLIERS

We again assume throughout this section that Assumptions [T and hold.

6.1. Statement of the main result.

For any € > 0, we define the compact set K. := [b+e,e7']. Let s := sign ([[;_, 6;) =
(1.
For x € R, we set Rﬁ(:c) ={(a1,...,ap) ERPJay > ... > o, > z}.

lg(z)—g(y)| c

o [0, 00] the modulus of continuity of a

We also denote by w(g) := sup,,
function g.

For any ¢,y > 0, and o € R{(b+ ¢), we put

—_

So, = {f € C(K.B) : 39 € (K R) with 7 < g <~ u(g) <

2|

and f(z) = s.g(2) H(Z - ozi)}

i=1
Note that in the latter product, the «;’s appear with multiplicity. We also denote by
Crr = {f € C(K., R) : Ip polynomial of degree m — k with m — k roots in K,

1 1
and dominant coefficient 1,¢9 € C(K.,R) with v < g < — w(g) < — and f(z) = s.g(z)p(z)}
Y

)

and

We have the following theorem.

Theorem 6.1. Under Assumptions[L1, [1.2 and[L.3, the law of the m largest eigenvalues

X’f, e ,Xﬁl ofj(\; satisfies a large deviation principle in R™ in the scale n and with good
rate function L, defined as follows. For o = (o, ..., ) € R™ we take aypq = b and
lim, o inwaoS(Eal AAAAA N . if a € RP(D), 1 = b and g >0
L(a) = forak €{0,...,m},

+00 otherwise.
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Remark 6.2. The function L is well defined. Indeed, one can easily notice that for all
o € RT'(b) such that for some k € {0,...,m}, Ay py1 =b and ap,_, > b, the map

e — inf{J.(f); f € Uy05], }

(aly---yamfk)vfy

s increasing, so that its limits as € decreases to zero exists.

Remark 6.3. Note that Jic_(f) is infinite if f has more than r zeroes greater than b.
Indeed, by definition, if Ji_(f) is finite,

F(2) = Poy(K(2),C) = adet(A - K(2))

with a non-vanishing constant a and a self-adjoint matriz A with eigenvalues (67, ..., 071)
and a function K with values in r X r positive self-adjoint matrices so that K' < 0
by Lemma [53. We may assume without loss of generality that f vanishes at a point
x > b, since otherwise we are done, so that there exists a non zero e € C" so that
K(x)e = Ae. There is at most one x at which K(x)e = Ae; otherwise, (e, K'()e)
would vanish on a non trivial interval which is impossible by Lemma[Z.6. Moreover, if
we let P be the orthogonal projection onto the orthocomplement of e, H(z) = det((1 —
P)(A—K(z))(1 = P))det(PAP — PK(z)P) so that H vanishes at x and at the zeroes of
det(PAP — PK(z)P). But PAP and PK(z)P have the same properties as A and K(z)
except they have one dimension less. Thus, we can proceed by induction and see that f
can vanish at at most r points.

The minimizers are described by the following result.
Theorem 6.4. If we define on (b, o)
H(z) = Po,.(K*(2),C")

where (K*,C*) are given in Lemmali8 and Pg , is defined in Proposition[31, there exists
k€ {0,...,m} such that H has m — k zeroes (A\j,..., A, ) (counted with multiplicity).
The unique point of R™ on which L vanishes is (A},..., A5 ., b,...,b) and consequently

m—k?
(A, ..., A) converges almost surely to this point as n grows to infinity.
Remark 6.5. In the case when (g1, ..., g,) are independent centered variables with vari-
ance one, one can check that C* = I,, K*(z) = [ Z=du(z).I, and

1o =11 (5 - [ )

i=1

so that we recover [, Theorem 2.1].

6.2. Preliminary remarks and strategy of the proof.

Let us first notice that at most m eigenvalues of )?; can deviate from the bulk since by
Weyl’s interlacing inequalities N
)‘nm+1 < )‘1117
which converges to b as n goes to infinity.

Secondly, let us state the following lemma.

Lemma 6.6. The law of the sequence (X’f, e ,Xﬁl) of the m largest eigenvalues of)?; 18
exponentially tight in the scale n.
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Proof. Let us define R,, := )f(vn — X,, and let us denote by ||R, ||~ the operator norm of
the perturbation matrix R,,. Note that for all k,

Since for any fixed k, the non random sequence A} tends to b as n tends to infinity, it
suffices to prove that

1
lim sup lim sup — logIP’(HRnHOO > L) = —o0. (14)

L—o0 n— 00

For the orthonormalized model, since ||R|| = max{6, —0,}, (I4) is clear. In the i.i.d.
model, we have, for 6 := max;<;<, |6;],

[Bnlloo = sup [{v, Rpv)| < = Z@HG"H2 ZZ\%

|| ||2* klzl

exp (az Igi(1)|2>]

which allows to conclude by the second point of Assumption L2 O

It implies, by Tchebychev’s inequality, that

exp (aZZ |g,~<k>|2)] = "TE

k=1 =1

L

P(|Rulloc > L) < e "0 E

As the law of (A},...,A") is exponentially tight, the proof of Theorem reduces in
establishing a weak LDP. In virtue of [7, Theorem 4.1.11] (see also [I, Corollary D.6]),
this weak LDP (and the fact that L is a rate function) will be a direct consequence of
Equation (I8) and Lemma below. The fact that L is a good rate function is then
implied by exponential tightness [7, Lemma 1.2.18].

Before getting into the proof itself in Section [6.4] we first need to know more about H™.

6.3. The structure of H".

From Proposition B.I we know that the A!'’s are essentially the zeroes of H". However,
H™ could a priori have other zeroes than these eigenvalues or take very small values. To
control this point, we need to understand better the structure of H" and more precisely,
we intend to show the following fact

Lemma 6.7. For any € > 0 small enough, there exists a positive integer ny(e), L(e) > 0
and a deterministic function g, such that for any z € K. and n > ny(e),

T, la2WiI3 ga(z) T1E, (2 — ) in the orthonormalized model,

H™(z) = (15)
s gn(2) TT2, (2 — ) in the i.i.d. model,
1 1
th s = (—=1)""",L(e) < g, < d < —. 1
with s = (=1)"""™, L(€) < gn < o w(gn) < o) (16)
In particular, for any e > 0,
1
lim sup lim sup —log P ((H"(2)).ex. € (C5)°) = —o0. (17)
740 n—oo T
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Proof.  Note that once (I0) will be established, (7)) is then a direct consequence of
Lemma [I0.3l Let us define the random sequence

sTTi—; l¢"W/||3 in the orthonormalized model,
Cp =

S in the i.i.d. model.

Going back to the proof of PropositionB] one can easily see that, for any z ¢ {A},..., A"},

z):anHi_ldet(zIn—X) det (z] - X, ZQU" U"))
i=1

i=1

We can rewrite the above as

with

! 1 . AT — A
=110l ' s 1+ -
211 I[Z:(z = A7) -:H z=A
Now, let € > 0 be fixed.

As K. is compact and the A? belong to a ﬁxed compact, for ¢ > 0 small enough, for
any i and z € K. we have z — X7 < 2 and |\}| < 2 so that

n

n n n 2
0< Y (A, = AP ZA Z)\iSng.

i=m+1 i=n—m

We choose ng(e) such that for n > ng(e) and any 7 and z € K. we have 5§ < z — A and

O<)\" — A 1 2= ] g2
z— AP z—A\r = 4

Now, using Weyl’s interlacing properties, we have for any ¢+ > m + 1,

NS,
so that
A > (A D),
For0<ax<1-% log(l —x) > , so that we finally get

™

4
=T
r g m 4 2
W)= 10l (5) e (@)
() = TT100 (5)"e
By very similar arguments (using log(1+ x) < x for > 0), one can also check that for

any n > ng(e),
s 2 m
2 <[] leil (g) e
i=1
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To finish the proof, we have to verify the uniform equicontinuity of g, on K.. For any 1,

we have
2\ 2
€

Moreover, for any f, g continuous on K., w(fg) < || fllecw(g) + [|gllcw(f) so that

r 9 m+1 . 9 m+2 . n _
w(ga) < [T 167 (m (g) et + (g) e ) W—A?\)
=1

i=m+1

1 1
2= 2= AT

Now, by Weyl’s interlacing inequalities, we have

)\?-l—r—m S )\? S )\Zn—m
so that [\ — NF| < AP, — A7y, and 300 A= A7 <2 O

6.4. Core of the proof.

First, from what we said in the preliminary remarks and the fact that the X? are ordered
in decreasing order, we obviously have that if a ¢ RT'(b), one has

1 ~
lim sup lim sup — log P < ﬂ {IA} — ;| < 5})

640 n—oo T 1<i<m

= liminfliminfllog]ID ( ﬂ (A — o] < 5}) = —o0. (18)

610 n—oco N )
1<i<m

The weak LDP will then be a direct consequence of the following lemma, with £ the
numbers of eigenvalues going to b,

Lemma 6.8. Let o € Ri” and k between 0 and m such that oy i1 = ... = = b and
Oy, > b. We have

1 - -
lim lim sup lim sup — log P ( n {INF — o] <6} n {\! < b+€}>

el0 n
W60 nooo 1<i<m—k m—k41<i<m

1 - -
= lim lim inf lim inf — log P ( n {IN = aq| <6} ﬂ {\!' < b+€}> = —L(«a),

el0 610 n—oo 1
+ v 1<i<m—k m—k+1<i<m

with the obvious convention that ﬂmkarlgigm{Xln <b+e}=Qifk=0.

Proof.  Let § and e positive small enough so that «,, , —d > b+ 2e. In particular,
NP7 o — 6, 4+ 6] € Ko On the set (), ey LN — 0] < 0} Mo_psrciam At < b+l
foralli < m—k, X? is in .. On the other hand, for n large enough, {7, ..., A"}NK. = 0.
Therefore, X? ¢ {\7,..., A"} fori € {1,...,m} and, by Proposition Bl is a zero of H".
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If we define
1 1
B 5= {fEC(ICg,]R):EIQEC(ICg,R) With§§g§7,w(g)§§
m—Fk
and f(z H (z— B;) withVi <m —k,[; € [« i—5,ai+5]} (19)
i=1

we then have

{Hrecsin () {IN—al<dr () {Ar<bte}c{H"eB )

1<i<m—k m—k+1<i<m
so that
P( N r-al<sr {Xyswe})
1<i<m—k m—k+1<i<m
<P(H"e B, ;) +P(H" e (C)).

As a consequence, for all v > 0, by [7, Lemma 1.2.15],

lim sup — logIP( n (X — o] < 6} ﬂ {X?§b+€}>

n—roo 1<i<m—k m—k+1<i<m

1
< max {lim sup — logIP (H" € Bavé) lim sup — log P (H" € (Ci)c)} ;
n

n—oo T n—00
Moreover, By, _ 5 is a closed subset of C(K.,R). Indeed, if we take a converging sequence

fu(2) = sga(2) H:Zk(z — BI'), since the 8", n > 0 belongs to compacts and the g,,n > 0

are tight by Ascoli-Arzela ’s theorem, we can always assume up to extraction that g, and
B, 1 <i<m —k converge so that the limit of f,, belongs to BZ
SE

(Cl{l ----- amfk) Y

a,y,0"
Since Ji. is a good rate function and Ns~oBZ , Theorem [B.1] gives

with |7, Lemma 4.1.6] that for all v > 0,

a,y,0

1
lim sup lim sup — logIP’ (H" e B;, ;) < — inf J.. (20)
5\1/0 n—oo S(Eal ,,,,, QU k)Y
Taking v small enough, (I7) gives
hmsuphmsup log P ( n (AP — o] < 6} ﬂ < b+f—:}>
U 1<i<m—k m—k+1<i<m
< - inf JICE-
UW>OS(0¢1 AAAAA Q)Y

We can then let € go to zero as the left hand side obviously decreases as € decreases to 0
and, as we already mentioned it in Remark[6.2] the right handside increases as € decreases
to 0.

We turn to the lower bound, which is a bit more delicate. Let us again consider § and ¢
small enough so that ﬂ?l_lk[ozi — 0,5 + 0] C K.. As Jk. is a good rate function, for all
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~v > 0, the infimum inf s Ji. is achieved, say at fé‘“’a. To complete the proof, we
ay

need the following lemma,

Lemma 6.9. Let €, be fized and small enough. There exists &g such that for any 6 < dy,
there exists &' such that for any n,

{X’; < 5_1}ﬂ{sup |H"(z) — fre(2)] < 5'} c () {N—al<dr () {0 <b+2e).

zEke 1<i<m—k m—k+1<i<m

We postpone its proof to the next subsection but it is easy to convince oneself that this
lemma holds in the particular case when k& = 0 and all the multiplicities of the «;’s are one.

To prove the lower bound in Theorem [l we may assume without loss of generality
that

J :=lim inf Ji. < 00.
€40 U'Y>OS(@1 ~~~~~ Q)5
Let n > 0 be fixed. As
. . . . ke
inf Jr. = inf inf = inf '
Uy»0S8 Ke >0 5¢ Tk >0 JKE(fV ),
Y>02 (g, )y v (@] s )Y v

we can choose ¢, small enough so that J_( fé”) < J +n. By Lemma [6.6, there exists
L(e) going to infinity as & goes to zero so that for n large enough,

P <X? > 5’1) < e ke,

We choose € small enough so that L(e) > J + 2n.

The above lemma implies, that for § < dy, for ¢’ small enough, for n large enough,

1P>< N r-al<ar {Xy§b+2e}>

1<i<m—k m—k+1<i<m
> P (sup [17() - 240 <)~ P (2 =)
e

efn(J+217) . efnL(e) > lefn(J+2n)

the last inequality following from Theorem 5.2l As 7 can be chosen as small as we want,
we have

1 - -

B ing Tim inf & n_ . n <

1%(1)nf1171;r_1)g1f - logP ( n {IA} — | < 6} ﬂ {\! <b+ 25})
1<i<m—k m—k+1<i<m

> — inf J;CE,

U S¢
V>0 (g ooy )y

and one concludes by the monotonicity of the right hand side with respect to ¢.
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6.5. Proof of Lemma [6.9. Let ¢ > 0 be fixed and ng(¢) as in Lemmal[6.71 By definition
of S¢ we know that for any z € IC,,

(Q1y Q)Y

m—k
ff’e(z) =s-g(2)P(z), with P(z H z— ),

with o; € K. and g > v > 0.
On the other hand, we know, by Lemma [6.7], that for n > ng(e), there exists a (random)
positive number ¢, such that for any z € K,

H™(2) = 5 Cagn(2)Pal2),  with P, (2) = [[(= = A1), (21)

i=1

where g, is uniformly bounded above and below. Without loss of generality, one can
assume that s = 1 and ¢, > v and we choose M > 1 such that g, < M, g < M and
el —b < M. We also restrict ourselves to the case where the eigenvalues are smaller
than 7! so that if they do not belong to K., they are smaller than b + ¢.
We also denote by

a;Foy

1 1
(:=min | 1, - min |o; — oy, =|om—k — b
3 3
*(b+€) A 1.

and 7 = (m )
We fix hereafter 6 > 0 such that

nl 1
0 < ? (?) M2m+l

Obviously, as g is bounded below by 7, one can choose 0] such that for any ¢ < ¢, any
[ satisfying that sup,cx_|f(x) — fI°(2)| < ¢’ vanishes only on U ey — 6, a5 + 6.
Let 0} be such that
2 m
m (7 (nf) m
0<dy<9d (?M’”H —6(2M) )
Let now ¢’ be strictly smaller than min (7, 8, %) and H™ be a function satisfying (21))
and sup,ec_ |[H™(x) — [ (2)] < &'

We first claim that ¢, is bounded below uniformly on this set. Indeed, if we cut K. into
m + 1 intervals of size 27, at least one of them does not contain any zero of P. We call
xo the center of this interval. Then lg(zo)P(z0)| > yn™. Therefore |c,g,(xo)Pu(zo)| >

™ — 0" > % so that ¢, > 2Mm+1

Let «; be a zero of P of multiplicity p > 1. Assume that P, has strictly less than p
zeroes on the interval [a; — 0, a; + ¢]. In this case,

lg(c; + 28) P(a; + 20)| < M(26)PM™™P < 6P(2M)™,
and on the other hand

2,,m
7N 1 ym—k— (UE) 1
|engn (i +20) Py (cy; +26)| > 2Mm+15p gm—hp > 7 S 5P
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where we used the fact that all the roots of P, are in U?’;k laj — 6, + 0] so that the
roots that are not [a; — 0, ; + ¢] are at distance at least £ of a; + 25. Therefore,

sup [H"(2) = f75(2)] > [leaga(as +26)Pulas + 26)| = |g(ai + 26) P(a; + 26)|

ol
TEK:

2 m
1 (7 (mh) m
> gpt <2Mm+1 —§(2M) ) >, (22)
which is a contradiction. A similar argument holds if we suppose that P, has strictly more
than p zeroes on the interval [a; — 0§, ; + ¢]. This finishes the proof since we have proved
that inside K., H" vanishes iff ffe vanishes at in a very small neighborhood and with the

same multiplicity, and its other zeroes must be smaller than b + 2¢ on {X’f <e '}

6.6. Identification of the minimizers.

We give a proof of Theorem which is straightforward. Since L is a good rate
function, it vanishes at its minimizers (A}, ..., Ay,) € R}*(b). We know that there exists
0 <k <msuch that A}, _, >band A}, , ., = 0. From the definition of L, for any n large
enough such that b + % < A, we can find a function f, defined on K1 vanishing at
(A, Af,_p) such that Je, (f,) < 2. From the definition of Jc and the fifth point of
Lemma 53, all the functions fn are in a compact set of C((b, 00),R) so that we can find a
function f vanishing at (A}, ..., A% _,) so that Ji_(f) = 0 for all ¢ > 0. But the latter also
implies that f(z) = Peo,(K(z),C) with (K, C) minimizing I, that is (K,C) = (K*,C*)
by Lemma

7. LARGE DEVIATIONS FOR H"™ IN THE PRESENCE OF OUTLIERS

Let K := U2,[ai,b;] a compact subset of (b,00) \ {¢,..., £, }. We equip again
C(K°,H,) x H, with the uniform topology. Hereafter, we denote by ¢; = EZTF for1 <i<p"
and ;=10 . forpt+1<i<p"+p.

We recall that K"(z) and C™ were defined in (@) and (Bl respectively.
Theorem 7.1. We assume that Assumptions[I1, (.2, and [LA hold.

(1) The law of ((K™(2)).exe, C™), viewed as an element of the space C(K° H,) x H,
endowed with the uniform topology, satisfies a large deviation principle in the scale
n with rate function 1° defined, for K € C(K°,H,) and C € H, by I°(K(-),C) =
+oo if z = K(2) is not uniformly Lipschitz on K°. Otherwise, and we set
pttp”

I°(K(-),C) = inf { T*(Ko(-), Co) + Y ID(Ly) ¢,

where the infimum is taken over the families Ko(-) € C(K°,H,.), Co, L1, ..., Ly+1p- €
H, satisfying the condition
pt4+p~ pt4p~

i=1 i=1
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and with

I'"(K(),C) = Psipy{Tr (/ K'(z dz+pZOK(bl-)Xi+CY>
1 SN
—/A (—/mP(z)dz+;bi_xXi+Y> d,u(x)},

the supremum being taken over piecewise constant P with values in H,., X =
(X1,...,Xp,) € (H)? and Y € H,.

(2) The law of (H"(2)).exe on C(K°,R) equipped with the uniform topology, satisfies
a large deviation principle in the scale n with rate function given, for a function

fecC(KR), by
Jgo(f) = inf{I°(K(:),C); (K(-),C) € C(K°,H,) X H,, P ,(K(2),C) = f(z) Vz € K°}.

Note that the function I'* is well defined because if K is uniformly Lipschitz on K,
then so is any K satisfying the compatibility condition (23]), so that K almost surely
exists.

Note firstly that under the second assertion of Assumption [L.6, we have the following
straightforward application of the contraction principle.

Lemma 7.2. Let Z; be the H,-valued random wvariable such that for 1 < i < 5 < r,
(Z1)ij = 9:(1)g;(1). Under Assumption [0, —1 also satisfies a large deviation principle
in the scale n with a good rate function 1'% )(M) inf{I(v) : vju; = M;;,1 <i,j <r}.

The proof of Theorem [Z.1] follows the same lines as that of Theorem (.1l The LDP for
finite dimensional marginals for our process is described by the second part of Theorem
MO It is based on the large deviations for K™ and C™ that can be, up to a reindexation,
shown to be exponentially equivalent to

n T4p~
. 1 3 1 ”Z 1 gi(k)g;(k)
K (Z)Z] = - L )\ngi(k)gj(k:) + 7 ’
_ k — k n

which satisfy a LDP by independence of the g;(k), and large deviations of each parts.
The corresponding rate function will be denoted by (I;;"**)°. To define this new rate
function, we first extend in an obvious way the definition of I;;*" for z;’s in K°. Then
one can define, for Ky,...,Ky,C € H,, and z,..., 2y € K°,

pT4+p~

(L) (K, Ky, C) = inf § Tip ™ (Ko, ... Koar, )+ Y I(Ly) ¢

where the infimum is taken over families
(Cv K0,17 ceey KO,M7 L17 veey Lp++p_) S (Hr)1+M+p++p_
under the condition that for all 1 < 5 < M,

pTp pTp~

K0]+Z L— j and CO+ZLZZC

& i=1



29

By Dawson-Gértner Theorem, we deduce that ((K"(2)).exo, C™) satisfies a LDP for the
topology of pointwise convergence with good rate function
Jo(K,C) = sup sup (I3 7M)(K (21), ..., K(zm), C).
M z1<...<zM,Zj€/C°

Since exponential tightness is clear, this LDP can be reinforce into the uniform topology.
We then have to check that 1° = J°.

From the definition of I°, the first thing to check is that J°(K(-),C) = oo if K is not
Lipschitz continuous on K°. Assume the latter and choose any L > 0. We know that
there exists n such that for any z € K° and i < p* +p~, 2 — £; > 1. As I%) is a good
rate function, its level sets are compact and there exists R > 0 such that {I¥) < L} is

included in the ball of radius (p—f;% for the norm ||.|| in H,. Let v and B be given by

Lemma [5.51(3). As K is not Lipschitz continuous, there exists z; < 2o € K° such that
L+ B
K (21) — K(2)])2 > ( ey R) |21 — 2.

We will show that (I5"**)°(K(21), K(22),C) > L. Let Ky, L; be such that

pt+p~ 1 pT4p 1
KQ(Zl) + Zzl o — EZLZ = K(Zl) and KQ(ZQ) + Zzl o — EZLZ = K(ZQ)
Then
Tp
K(Zl) — K(ZQ) P 1
Ko(z1) — Ko(22) = (21 — Li
o(2) o7) = (21— z2) 21— 22 - ; (21— 4;) (22 — ;)

Therefore, there exists iy such that L;, > (p%";_) or [|[Ko(z1) — Ko(22)|]2 > %;23|21 — 29].

In the first case, 1(%)(L;,) > L. In the second case, we have, from the rewriting (IZ), that,

if we choose the right sign.
This gives (I57**)°(K (21, K(22),C) > L so that J°(K(-),C) = co after optimization.

We now suppose that K is Lipschitz continuous on K° and we want to identify the two
rate functions. By mimickingE the proof at the end of Section [5.3], one can easily show
that for K is Lipschitz continuous on K¢,

sup sup I3 M (K(z1),...,K(zy)) =T"(K,C). (24)

Now, in order to achieve this identification, we have to check that we can switch the
supremum over M and the z;’s and the infimum over the admissible simultaneous decom-
positions of K and C. It is clear that,

pT4p~

JO(K,C) <T*(Ko(-),Co) + Y, 1P(Ly)

3We just have to be careful in the rewriting to put one border term for each interval involved in K°.
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for any admissible choice of L;, and therefore J° < I° after optimization. We now need
the converse inequality. By definition of J°, if it is finite, then for any positive integer p,
there exists M(p) and 21, ..., zyp) such that

o 2152 M (p) \ 0 1
JU(K,C) > ([M(p) MONO(K(21), ..., K(zm@p), C) — o
Now for each zy, ...,z We choose an admissible decomposition (according to (23)) of
K so that
pr4pT 1
J(K,C) = L™ (K P (), Ky P (), ©) + Y TO(L)W) - >
i=1
Moreover, for each M and choices of z; < --- < 2y,
Ly M(K(z),. .., K(zy)) =T(Kyp ™, C)
with Kb (z) = S50 1. 0K (2).
By definition, since I4) and I'* are good rate functions and as for all 7, (% )(L?/[(p )) and

(K" (1), ..., K" (zp1()), C) are uniformly bounded, it implies that the arguments
are tight and we can take a converging subsequence. Let Ky and L; be limits along a
subsequence, we get

pt+p~

1

J(K,C) > T*(Ko(-),C) + Y 1) -2
i=1

which insures that J°(K,C) > I°(K,C). This completes the proof of Theorem [1]

8. STATEMENT ON THE MAIN RESULT IN THE CASE WITH OUTLIERS

We now state the main Theorem of this section, namely an analog of Theorem For
any ¢, p small enough, we define the compact sets

p+
K2, =[b+e e N —p.tf +0)
i=1
and K2 := [b + ¢,e7!]. The reason why we distinguish the two parameters € and p will
become apparent in the statement and the proof of Lemma R.7 below. We also define the
set {0} = {¢],... ,f;,b}, and for z ¢ {(}, R(z) = f; z—lej' We recall that s is the

sign of the product [[;_, 6;.
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For any ¢, p,v > 0, and a € RY(b + ¢), we put

s {recie, 3 ek, )withvﬁgs%,wg)s%
p
and f(z) = s. HZ—O%}
i=1

We also denote by

Cpl’ = {f ec(K?, R):3Ip polynomial of degree m + p* — k with m + p™ — k roots in K?

1 1
R) with v < g < — w(g) < —
v v

and f(z) = s.9(2).R(2).p(2)}

€p7

and dominant coefficient 1,g € C(KZ ,

and
57/)70_ 87/)70
core= | oo

0<k<m+p*
Then the main statement of this section is the following.

Theorem 8.1. Under Assumptions [, [L2, [L3 and [LG, the law of the m + p* largest

eigenvalues ()\1, ey )\"m+p+) ofX satisfies a large deviation principle in R™P" with good
rate function L°. For o = (au,...,Qmapt) € R™P" we take qupypri1 = b and L° i

defined as follows :

. + +
lim, g lim,,o inf oS0 L J"gp if a € Rin PR(b), Qppt k1 =,
o )y m+pT —k’’ ’
Lo(ar) = Qpr—k > b for a ke {0,...,m},
%) otherwise.

The statement of this theorem is quate involved so before going into the proof, let us
make a few remarks to help understanding its meaning.

Remark 8.2. Recall that the eigenvalues (X?)lgign of the sum of two Hermitian matrices
with eigenvalues (A )1<i<n and 0 := (61, ...,60,,0,...,0) satisfy Horn’s inequalities and are
characterized by the fact that they satisfy such inequalities (see [15] for details). Assume
that X := (Xl, o Xm+p+) is at distance of the bulk and of the outliers which is bounded
below. We claim that the rate function LO( ) is infinite if (>\ ¢,0) do not satisfy the Horn

inequalities. Indeed, if L"( ) is finite, ()\1, e )\m+p+) are zeroes of a function f which
can be written

f(2) = Poy(K(2),C).

with I°(K(-),C) is finite. It implies that there exists sequences \" € R", g;(-) € C" so
that \" satisfies Assumptions [, [L.2 and [I.4 and

Zg; b o 2 Do)
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converge to K(z) (uniformly away from the bulk and the outliers) and C' respectively. By
definition, there exists a constant ¢ such that

Po (K Hz—)\" —cdet<z—d1ag>\” ZHUU)
=1

with u; = g; in the 1.1.d. model and u; the Gram-Schmidt orthonormalization of the vectors
g; in the orthonormalized model. Hence, the function f,(z) = Po,(K"(z), C™) vanishes at
the eigenvalues (\") of the sum of the two Hermitian matrices diag(A\") and S Giuul
(note that we can assume without loss of generality that its zeroes are different from A"
by Lemma[107]). Therefore, ()\",X”,Q) satisfy Horn’s inequalities by [15]. Since the (X”)
are bounded, they are relatively compact and we see that the limit points (Xl, e Xm+p+)

of (A%, ..., A"

m+pt
passing to the limit in Horn’s inequalities, we thus deduce that if the vector ()\1, e )\m+p+)

) which stay away from the bulk and the outliers are the zeroes of f. By

has finite L°-entropy, and is away from the bulk and the outliers, ()\,E, 0) satisfies Horn's
inequalities. It would be interesting to have a direct proof of this fact at the asymptotic
level.

8.1. Proof of Theorem B.11

We now prove Theorem [R1] following roughly the same lines as for Theorem [G.11

As in the proof of Theorem [6.1], the crucial point is to use Proposition B.Il In the
sticking case, if z € K, for n large enough, the condition that z should not belong to the
set of eigenvalues of X, was very easy to check. Here, we need to show the following

Lemma 8.3. Assume that the eigenvalues A7, ..., A\ of X,, are pairwise distinct and that
Assumptions [, and L4 hold, then X,, and X,, have no eigenvalue in common.

The proof of this lemma is postponed to Appendix 0.3 We shall therefore give the
proof of the Theorem when the eigenvalues of X,, are distinct. This is however sufficient
to get the large deviation principle without this hypothesis due to the following Lemma.

Lemma 8.4. Let X, satisfy Assumptions[L1 and[L.3 and G Assumption[Ld. Then, there
exists a sequence X, of matrices satisfying Assumptions[I1 and [L.A such that moreover,

o the eigenvalues of X,, are pairwise distinct, .
e almost surely for all i = 1,...,m, the ith largest eigenvalue of X,, and the ith

largest eigenvalue of X,, are within n™".

Therefore, the random variables (A?);<,,, and (X?)igm are exponentially equivalent and

[7, Theorem 4.2.13] asserts that a large deviations principle for (A\?);<,, entails the large
deviations principle for the law of (A);<p.

The proof of Lemma follows by taking X,, to be the matrix with the same eigenvec-
tors as X, and the same eigenvalues except for those which are sticked together which we
separate by an arbitrary small weight w,, < 1/n, much smaller than the minimal distance
between two distinct eigenvalues of X,,, so that the eigenvalues of X,, are distinct and
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the operator norm of X, — X, is bounded above by w,. But then also the eigenvalues

of E(Vn and X, differ only at most by w, almost surely. It is straightforward to verify
Assumptions [[LT] and for X,,.

Thus, we shall restrict ourselves in the sequel to the case where X,, has distinct eigen-

values. By Lemma B3] the eigenvalues of X, are then the zeroes of H" and we can
proceed as in the case without outliers.

We first focus our attention to the function H" restricted to K2 , and show the coun-
terpart of Lemma [6.7] that is

Lemma 8.5. Let ¢, p be fized. There exists a positive integer ny(e, p) and L(g) > 0 such

that for any n > ng(e, p), for any z € K2,

STy 1P WrI2 ga(2)R(2) TIy(z = AP) in the orthonormalized model,

H"(z) =
s gn(2)R(2) T2 (2 — ) in the i.i.d. model,
(25)
with L(e) < gn < 15 and w(ga) < 775
In particular, for any e > 0 and p > 0 small enough,
1
lim sup lim sup — log P ((H"(2))exe, € (C57°)°) = —o0. (26)

740 n—oo 1
Proof. 1In this case,

- p An g\ " AP — A
gn<z>::H‘9i‘1H<1+;—)\;) 11 Z— A" 11 (H;—A’;)

=1 =1 i=pT+1 v i=mApt+1

The proof is exactly the same as in the sticking case once we have noticed that, from
n_ pt
Assumption [LH] there exists ng(e, p) such that for n > ng(e, p), f; (1 - /\/\Z?f; ) >

el 22)_+’
so that
( )>]L[|0|‘1 A () e
gn(2) > 11 i 5 5 e .

Note that we could similarly show that for n > ng(e, p),
+

e ste=(3) (2) (1)

The uniform equicontinuity is also shown very similarly. U

™

As in the sticking case, we have the analog of Lemma[6.8, with L° instead of L. To state
more precisely the lemma, we introduce the following notation: we denote by Gx(«, 9, €, p)

the set of ntuples (A" > - > XZ) such that for all i < m + p* — k,
AP <difa; ¢ {0} and [\ - <pif a; € {0}
and forallm+pT —k+1<i<m-+pt,
X< b+e.
We shall show the following
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Lemma 8.6. Let a € RT" and k between 0 and m such that auyqp+ g1 = .. = Qypr 41 =
b and apypr— > b. We have

lim lim lim sup lim sup — logIP’ <(X?, . ,XZ) € Gi(a, 0, ¢, p))
el0 pl0 510 n—oo N

= lim lim lim inf lim 1nf log P <(X?, LAY € Grla, de, p)) =—L°w),

el0 pl0  6J0 n—o00 1,

with the obvious convention that ﬂm+p+_k+1<i<m+p+{X? <b+el=Qifk=0.

The only point that differs substancially is the proof of the analog of Lemma [6.9 We

fix € > 0 small enough such that a,,_, > b+ ¢c. Let L(¢) be as in [27) (and denote 1t by
e~ 1 —(b+e)

G rmry 20d

L for simplicity). We assume that L > 1. We denote by 7 :=

ti=min (1, min Ja; — ], <l — b, = o — &
‘= min — min |a; — oy, =|am_r — b, = min |a; — ;] | .
'3 aiay 7h gITmk 3 i {0} 7
Let j be such that a; = ¢; and denote by ¢ the multiplicity of ¢; as an outlier. From
the definition of R, one can check that there exists two constants ¢; and C; (depending
only on ¢) such that, for any p > 0, ¢;p™9 < |R(a; + 2p)| < Cip~ 9. Let ¢ := max; ¢; and
C = max; C;.

Let now fix p small enough such that for any ¢ such that o, ¢ {¢}, min; |, — ¢;| > 3p

ey ()"
C.om+pT+12m+1+43pF

and p <

Let f5#° be a minimizer of J¢, over S5, then we have
e,p ;

Lemma 8.7. There exists 09 > 0 such that for § < dq there exists &' such that for any
n Z nO(Ea p)a

{X’; < 8,1} N { sup |[H™(z) — for°(2)] < 5’} c {(;L, L) € Gk(a,é,&?,p)}

zengm

The remaining of this section will be devoted to the proof of this lemma and this will
complete the study of the case with outliers.

By definition of S Po

(ot )y WE know that for any » € K2 ,

f57°(2) = 5.R(2).9(2).P(2) with P(z H (z — ),
i=1
with a; € K2 and g > v > 0.

On the other hand, from the study of the structure of H", we know that there exists a
(possibly random) positive number ¢, such that for any z € K¢ o
H"(2) = 5 cuR(2)gn(2) Pa(2) with Py (2) == [ [(z = A1)

i=1
With no loss of generality, one can assume that s = 1, g, > 7 and we know that, for n
large enough, g, < L(e), with L(e) as defined in (27)). One can also assume that g < L(¢)
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and b* — b < L.

We fix hereafter 6 > 0 such that
2 + m+pt
'y n m—+p t
0= (3 ) LmT) M

As g is bounded below by ~, one can choose §] such that for any ¢’ < d7, any [ satisfying
that sup,exc, |f(z) — f5r°(x)] < &' vanishes only in

Uj@je{g}[aj — P, Oéj + p] U Uj@jé{g} [Oéj — 5, Oéj + 5]

Let 64 be such that

2 [ m+1+3pt tp+

2 m4pt m4pt

and

2 m+pt
m [t m
0<dy<p (C 2L(m+)1+2p+ — pC(2L) +p+>

(it exists thanks to our choices of § and p).

Let now ¢’ be such that ¢’ < min (5{, 0, 2“’2’—;1) and H" such that

sup |H"(z) — f7°(x)| < &

zeke ,

We first claim that ¢, is bounded below uniformly on this set. Indeed, if we cut K¢ into
pt +m+ 1 intervals of size 27, at least one of them do not contain any zero of a; nor any
0. We call z the center of this interval. Then |g(xo)R(x)P(20)| > 1™ -+ Therefore

e
SLmiiiET

|cngn(0) R(0) Pa(z0)| > ’mm# - > ;L"—:jr so that ¢, >

Let a; ¢ {¢} be of multiplicity p > 1. Assume that P, has strictly less than p zeroes on
the interval [o; — 6, a; + 6]. We recall that min; [a; — £]| > p. In this case,

— pymirtop _ 5p(2L)m+p+
o+ = ot

lg(cv; + 20)R(cv; + 20) P(ay; + 28)| < L(25)P G

and on the other hand

2, m+pt tm-l—p*—k—p 2 tm+p+
len R(at; + 26)gn(ai -+ 26) Py(cis + 20)] > —2 1 g1 )™ e

= 9 mti+2pt Lrt — 9 m+1+3p*
where we used the fact that all the roots of P, that are not [o; — 0, a; + d] are at distance
at least t of a; + 26. Therefore,

sup [H"(x) = f7(z)] > ||eagn(c + 20) Pulcy + 20)| — |g(c; + 26) Pa; + 26)]|

zeK? ,

2 m+pt m+pt
Sy (A () (2L)™*r
= (? [mtitapt 0 t* >4, (28)
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which is a contradiction. Symmetrically, one can do the same kind of reasoning when we
suppose that P, has strictly more than p zeroes on the interval [a; — §, a; + ¢].

We now consider the case, specific to the framework with outliers, of an «; € {/}
of multiplicity p > 1. Assume that P, has strictly less than p zeroes on the interval
[a; — p, i + p]. In this case, a; +2p € K ,. We have

l9(as + 2p) R(ai + 2p) P(as + 2p)| < LCp~(2p)P L™ ~F77 < C(2L)" pP .
On the other hand,

V2 (nt)m et

|cnBR(c; 4 26) gn (i + 26) Po(c; + 26)| = Cwﬂp_l_q,

so that

2 m+pt
sup [H7(z) — foro(a)| > =t (W - pc<2L>m+p*) >4

+
weKe 2LmH 12

This completes the proof.

9. PROOFS OF THE RESULTS RELATED TO CLASSICAL MATRIX MODELS

9.1. Proof of Theorem
The proof is a slight extension of the proof of [I, Theorem 2.6.6]. We introduce the

notations ¢(p, x) = =V (x) + S [log |z — y|du(y), and fi,, = %Z?:p-i-l Oxr. Then
va(dAr, ... dA,) =

zZ"r
%e" S0 A" M) B 1 <icjep lo8 \Aiw\dp:‘;/zzn_p) sprts - A)dAy - d
V.8 ’

By [1, Lemma 2.6.7], the law Py, 5 1s exponentially tight so that it is enough to estimate
the probability of a small ball around x = (x; > 29 > --- > z,,), namely events of the
form B(x,0) := {maxj<;<, |\ — 2;| < 0, max|)\;| < M}.

We proceed as in [3], using the fact that fi, converges to puy much faster than expo-
nentially under P:‘;/’EWPL 5 (indeed, its LDP is in the scale n?), we can replace ¢(i", \;)
by ¢(uy,x;), whereas the ratio of partition functions converges by hypothesis.

To be more precise, let us sketch the proof of the upper bound. Note that there exists a

constant @, such that on B(x,d), ¢(u, x) is bounded above by &, so that

A
n nV/(n—p), — og(x1— n, n— AT c
V’B(B(x’(;)) < é(n P):B Bp(p—1)/2log(z1 2)(6 p<I>MIp>nV5)(n_pm(M € B.(uy))
V7B

+(2M)p6n Zf:l max\yfzi\gé maXuEBg(,u,V) ¢(ﬂvy))

with B.(py) a small ball with radius e around py for a distance compatible with the
weak topology. As n=2log Pz;f(n_p)ﬂ(ﬂ" € B.(uy)°) is bounded above by a negative real
number for all § > 0 by the LDP for the law of ", the first term is negligible as n goes
to infinity. Using the fact that (x, u)—¢(u, x) is upper continuous, we obtain the upper
bound.

The lower bound is similar to the proof in [I p. 84]. For the lower bound, note that we
may assume the z,’s away from the boundary of the support of py since otherwise we
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may and shall consider only the deviations of the first p — 1th eigenvalues (and proceed
by induction till p = 1 which is already known). There exists 20,1 < i < p, whose small
neighborhood are included in the § neighborhood of z;,1 < ¢ < p, and which are distinct,
so that for e small enough

Pv,g(lrggg; A — x| <6) > Pv,g(lrg;g;w ;| <€)

When the x;’s are distinct and away from by, we refer the reader to [I, p. 84] as the proof
is very similar. We get

n—oo M

1 P
. . - n o ) > o 6 _ D
lim inf — log PVﬂ(@% N — x| <6) > ;1 Jy(x7) — oy g

Now, Jy is continuous away from the support of uy so that we can conclude by letting o
going to zero. U]

9.2. Proof of Theorem .

As explained in Section 2 we have to study X,, when X,, is diagonal with eigenvalues
having Py, 5 as their joint law and the U;’s obtained by orthonormalization procedure from
G = (¢g1,...,9r) iid standard Gaussian.

It is clear that since the largest eigenvalues of X, are exponentially tight, so are the eigen-
values of X,,, and therefore it is enough to prove a weak large deviation principle. We let
K (L) be such that the probability that AT or A7 is greater than K (L) is smaller than e L.
We first consider the deviations of (X’f > > XZ) towards x; > w9 > - -x;, > by with
by the rightmost point of the support of uy. Let € > 0 so that x; > by + . The proof
will consist in first fixing the possible deviations of the extreme eigenvalues of X, (hence
providing outliers) and then, being given these outliers, computing the deviations of the
eigenvalues of 3\(; The main point of course is that with exponentially large probability,
only a finite number of eigenvalues of X,, can deviate. For B an event B with positive
probability, we denote in the sequel by P(A|B) the probability of an event A conditionally
to B.

e We first claim that for any (¢1,...,¢,) € (by,+o00) and any n > 0, there exists
e(n,0),d(n,€) > 0 so that for n large enough, for e < £(n, ), < d(n,{),

1 ~ maxi<ij<p A — 4| <€,
— L) (@, @) - < —logP (g;g;lk? S - < | ) (29)

Aps1 S by +¢

< _Lgl,...,fp(xh o TE)

These inequalities where proven for ¢ going to zero a priori with n in Theorem Let
X,, be a matrix such that the event {max;<;<j |A\! —x;| < 0} is realized. Let X, be a real
diagonal matrix with same eigenvalues of X,, except its k largest eigenvalues are equal to
the outliers (¢1,...,¢,). Then we have || X, — X ||« < 0, so that, with obvious notations,

||§\(:z - E(Vn/HOO < 20, so that the ordered eigenvalues of 5\(; and )A(;/ differ at most by 20.
Thus, up to change § into § + €, Theorem gives the inequalities for X, for n/2, from
which we deduce (29).
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e By Theorem 2.2 we have

1 n n
— JP(ly,...,0,)—n < Elog]P’ (%%'Ai — Uil < e, Ay Sby —0—8) < —JP(ly, .. b)) + .
(30)
For all (¢;,...,¢,), we define the set
V(fl, R ,Ep) = {()\1 > > )\n) e R"” ; MaXi<i<p |>\Z — £2| < E(’I],E), >‘p+1 < bV -+ E(’f},g)}
e We observe, again by Theorem that for all x > 0, the probability that A} is greater
than by + & goes to zero as e () for some £(§) = inf 46,400y Jv > 0.

e To prove the upper bound we can write
1<i<k

P (1121822\5:? — 1] < 5) < P (max I — 2] <6, A1 Sby +5) + 7m0 (31)

We next consider the infinite covering UV (¢4, ...,¢,) of [by, K(L)]?. We can always ex-

tract a finite covering Ui<s<ams)V (45, ... ,Ef,) as the latter is compact. We then take

d = mind(n, £*) > 0. Thus, we get by the LDP estimate (30

1<i<k 1<i<k

M (5)
s=1

M(5)
< einL _|_ g e_nLg‘i ,,,,, [.197($17---,1‘k)—n‘]p(f‘{,._.j‘;)-{-nn
s=1

Hence, we get

~ _ : 0 s s)__
]P( 1r£1a<>§§ |)\? . $z| S 25) S M(5)6 "mmlﬁsﬁM(‘S)(Lei AAAAA Z‘IS?(xly...7$k)+Jp(£17...7617) n) + e—nL + e—npa(é)
YA

IN

3M(5)einmin{L,pE((S),jk(:vl,...,mk)}

which gives the announced bound by taking first the limit as n goes to infinity, then § to
zero and L to infinity.

e The lower bound is easier as we simply write

P (max |Xf—xl| < 25) > P (max |Xf — ;| <20NV( f,...,ﬁ;))

1<i<k 1<i<k

and use the large deviation theorems. O

10. APPENDIX

10.1. An auxiliary large deviations result.

For sake of completeness, we recall the following result, following from [I4, Theorem

3.2] (see also [3] and [d]).
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Theorem 10.1. Let, for eachn, A} > --- > A\ be a family of deterministic real numbers
such that there exists a compactly supported probability measure p on R such that

1 n
— Oyn —> Kl 32
n ; . n—r+00 . wearty, ( )

Let (Zn)n>1 be a sequence of R%-valued i.i.d. random variables such that Z; has some
exponential moments. Let f : R — R™? be q continuous matriz-valued function and
consider the sequence of R™-valued random variables

1 & .
:g;f()‘i)'z

(1) If we assume moreover that

Al — max(supp(p)), Ay —— min(supp(p)). (33)

n—-+400 n—-400

then L, satisfies a LDP with good rate function

[*(y) = sup {(\,y) —T(\)},

AER™

where T'(X\) is defined by the formula

L'\ = /ERA (Z Ak - k-th row of f(a:)) du(x)

and A is deﬁned by the formula A(0) = log E(e!%%1).
(2) If there exists p*,p~ € N such that for anyi < p™, \t — £ for any j < p~,

n—-+00

T R . max(S) and A, _ - e min(S) with

n——+0o0o p*—l—l

—oo<€1_§...§€;,<min(5)§max(5)<€;+S...§€f<oo

and if < 21 satisfies the LDP with a good rate function denoted by 1), then L,
satzsﬁes a LDP with good rate function

pt+pT pt+p
I;(y) = inf ¢ T*(yo) Z 1Py, /yoeRm,yl,---,ypup eRLyo+ > flm) -y =

i=1

with m; = 0 if 1 <i < p" and m; = €; if pt +1 <1 < p" +p~ and where I'*
and A are defined as above.

Remark 10.2. Note that in [14, Theorem 3.2], the assumption that % satisfies the LDP
with a good rate function is required in both case but a careful reading of the proof shows
that in the case when [B3) is fulfilled, this is not a necessary condition.
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10.2. Proof of a technical lemma.

With the notations of Section [4.], we have the following result
Lemma 10.3. Under Asssumption[L.2, for any 1 <ig <r, we have

1 1
lim Ii Zlog P(||lg W2 M= oo
;ﬁ’]l Hyis;ip n 08 (quo Zo”? ¢ [57 5]) o

Proof. To simplify the notations, we shall assume that iqg = 7.

Recall that the G''s were constructed from a family (G(k) = (g1(k), ..., g-(k))r>1 of
independent copies of G, via the formula G := (g;(1),..., gi;(n))”. For 1 < k, we consider
the random r x r Hermitian matrix

Z = G(k)'G(k) = [g:(k)gj(k)]i<ij<r and L™= %Zz’f

By Theorem 0.1l we have that the law of L™ satisfies a LDP with convex good rate
function

7 (y) = sup{(\,y) — A(N)},

AEH,.

where A()\) = log E(e™%1)) is exactly the function defined in Equation (8.

Note that since for all n, L™ is almost surely a positive-semidefinite matrix, by closedness
of the set of such matrices, the domain of I is contained in the set of positive-semidefinite
matrices.

Let P, be the real polynomial function on H, introduced in Proposition [£.1t we have
" W3 = P.(L™). Therefore, if, for any 6 > 0, we introduce the closed set & := {y €
H.; P.(y) <d}, we have

1
limsup — log P(||¢"W"||3 < §) < — inf I(L)(y)-
n

T
n—+00 y€eEs

Let us assume that

M := lim inf I (y) < co.
610 ye&s

Since IX) is a good rate function, there exists a compact set K such that inf,ege 15 (y) >
M, so that for all § > 0, inf,cg, IV (y) = inf,ee,nx I (y). Moreover the infimum on Es
is reached : let, for all n > 0, y, be an element of K such that I")(y,) = inf,ce, 1P (y).

There exists a subsequence ¢(n) such that y,,) converges, as n goes to infinity to some .
By continuity of P, P.(yo) = limy 00 Pr(Ypm)) = 0. It follows, by the last part of Propo-
sition EL1] that v is not positive definite. However, since I(%) is lower semicontinuous, we
have ") (yy) < M < oo, which implies that g, is a positive semi-definite matrix. Let p
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be the orthogonal projection onto ker yy. Note that p # 0 and that (p, yo) = Tr(yep) = 0.
IM(yo) = sup{(A,y0) — A(N)}
A€H,
> sup{(—tp, yo) — A(—tp)}
>0

— sup—A(~tp)

t>0

= 400 by (),

which yields a contradiction (as we already proved that I¥)(yy) < M).

Similarly, as 1) is a good rate function, it has compact level sets and therefore has to
be large on the set {y : P,(y) > 1/0}. Hence,

1
lim sup lim sup — log P(||¢"W"||3 > 0!) = —c0
640 n—oo N

which completes the proof of the lemma. O]

10.3. On the eigenvalues of the deformed matrix.

The goal of this section is to prove Lemma[R.3 In fact, we will prove the slightly more
general

Lemma 10.4. Let K be either R or C. Let us fix some positive integers n,r such that
n > r, a self adjoint n x n real matrix X with eigenvalues 1, ..., \, and some non null
real numbers 0y, ...,0,.. We make the following hypothesis:

(H) A\i,..., A\, are pairwise distinct and there are pairwise distinct indices iy, ..., i._1 €

{1,...,n} such that {\; +61,.... M _, +6,_1}N{\1,.... N} = 0.

Let us define, for g = [q1,..., 9, € K" |
Xy = X + Ol + -+ g,
where (uq,...,u,) is the orthonormalized family deduced from the columns of g by the
Gram-Schmidt process (we recall that the u;’s exist for Lebesgue-almost all g ’s). Then the
Lebesgue measure of the set of the g’s such that X, and X have at least an eigenvalue in
common s null.

Now, Lemma will be easy to deduce from the above. Indeed, one can check that for
n large enough, X,, satisfies hypothesis (H). We know that its eigenvalues A}, ..., A" are
distinct. Moreover, let 1 be such that n < %minlgigr |0;] and n < %min#j |t; — ¢;]. From
Assumption [ there exists n large enough so that X,, has at most p™ eigenvalues greater
than b+ 7, at most p~ eigenvalues smaller than a — 7, more than 2r(p*™ 4 1) eigenvalues
in the interval (b —n,b+ n) and more than 2r(p~ + 1) eigenvalues in (a — n,a + 7).
Let us assume that ; > 0. Then one can find an eigenvalue );, among the p* + 1 greater
ones in (b—mn,b+n) such that \;, +60; do not belong to {A},..., A\"}. We then forget the
pt + 1 greater eigenvalues and look at the p™ + 1 following. Among them, one can find
an eigenvalue \;, such that \;, + 6> do not belong to {A},...,A’}. and so on. For the
negative 0;’s, we consider the p~ + 1 smallest eigenvalues in (a — n,a + 7).
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From Assumption [LL6 the law of G is absolutely continuous with respect to Lebesgue
measure and Lemma follows.

We now prove Lemma [[0.4

Proof. Let [ be either 1 or 2 according to wether K is R or C.

e Note that for all £ € {1,...,r}, for all 4,7 € {1,...,n}, there are two universal
polynomials Dy, Ny, ; of frn real variables with coefficients in K such that the i, j-th

Ng,i,5(9)
Dy, (g)
universal real polynomial of Srn real variables

D = ﬁ Dy,.
k=1

Our statement is equivalent to the fact that for almost all g, D(g)X and D(g)X, have
no eigenvalue in common, i.e. that for almost all g, the resultant of the characteristic
polynomials of D(¢g)X and D(g)X ;s 1s non zero. Note that there is a universal polynomial
P in n+r+prn real variables such that this resultant is equal to P(A1, ..., Ay, 01,...,60,,9).

entry of uiuj is and Dy is Lebesgue-almost everywhere positive. Let us define the

It can easily be proved, by induction on the number of variables, that any non null
polynomial in several real variables does not vanish on any set of positive Lebesgue
measure. Hence it suffices to prove that the polynomial in Srn real variables Q(g) :=
P\, ..., \n,01,...,0,,9) is non null, i.e. that for certain g € K"*" which columns are
linearly independent, X ¢ and X have no eigenvalue in common.

e So let us prove that there exists ¢ = [g1,...,9,] € K**" such that Xg and X have
no eigenvalue in common. Up to a reindexing of the \;’s, one can suppose that i; =
1,...,4,—1 =r—1and that A\, < --- < \,. As X is a self adjoint matrix with distinct
eigenvalues, one can find an orthonormal basis of eigenvectors and express the matrices
in this basis. We shall choose the r — 1 first columns g1, ..., g,._1 of g to be the r — 1 first
columns of the identity matrix and g, with null » — 1 first coordinates and unit norm, so
that for all k =1,...,r, up = gx. With such a choice of g, we have

A\ g

Or—1
An ' .
eTgT‘gr

Let us suppose that 6, > 0 (the case 6, < 0 can be treated in the same way). It was
shown in [T1, Section 3.2] that as g, runs through the set of unit norm vectors of K"*!
with null 7 — 1 first coordinates, the ordered eigenvalues of the n — (r — 1) x n — (r — 1)
lower right block of X 4 describes the set of families p,, ..., i, of real numbers which sum
up to A\, +---+ A\, + 6, and such that

)\T‘SMTS)\T+1 SS)\nSMn
One can easily find such a family ., ..., i, such that

{,uru---’,un}m{)\l’---;)\n} :@7
which concludes the proof, by hypothesis (H). O
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