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Housing and commuting in an
extended monocentric model

Vincent Breteau and Fabien Leurent
Université Paris-Est LVMT Ecole des Ponts ParisTech

Abstract

We model a city in which jobs are exogenous antfibiged across an extended business
area in which transport has a nonzero cost. Holdelawe homogeneous in terms of utility
and gross income, but each household choosesitlengial location on the basis of its place
of employment, which is deemed to be fixed.

Equilibrium conditions for this residential locationarket are established. It is shown that
there is an equilibrium that is unique (for a cthegy with absentee landlords). Households’
utility and dwelling size increase the farther therkplace is from the centre, whereas land
rent decreases.

Within a simplified framework, the model is resalvanalytically and we establish the
sensitivity of the endogenous variables to the'sitharacteristic parameters. Two extreme
cases are highlighted: the “quasi-monocentric” eityere net income decreases with distance
from the centre, versus the “eccentric” city, whaet income increases with distance from
the centre.

JEL ClassificationR21
Keywords Residential Location, Land Markets, Commuting
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1. Introduction

Commuting represents a substantial proportion tad towrban traffic, and one that is relatively
regular in terms of its origin-destination and tgistructure: it provides a framework for
transport planning and is relatively easy to stidwan, 1999). That is why the distance
between home and the workplace, and its variatiorspace, have been extensively studied,
whether in geography and urban planning (e.g. Ma&d¢orsu, 2006; Shearmur, 2006) or in
economics and regional sciences (e.g. Hamilton2188ane, 1996; Wheaton, 2004).

Commuting costs represent a fundamental variabteégnmonocentric city model, where all
jobs are concentrated in a single place, the AdBursiness District (CBD). This model plays
a central role in urban economics (Alonso, 1964;tivid969; Mills, 1972). However, the
hypothesis of a single, point-wise employment plgses a highly reductive picture of the
spread of urban employment (McMillen & McDonald,989 Glaeser & Kahn, 2001): some
authors have therefore proposed polycentric modied$,as an extension to the monocentric
model (Ogawa & Fujita, 1980; Fujita, 1985; Grimad889) then in a more general context
(Anas & Kim, 1996; Lucas & Rossi-Hansberg, 2002hilst Anas, Arnott & Small (1998)
provide a general discussion of modern urban stractHalfway between the two types of
extension, Wheaton (2004) has modelled a spatwlofiesidential and productive locations
within a monocentric framework:from this he dedutieat there is a significant concentration
of jobs in the agglomeration centre at urban egilm, and an even greater concentration at
the optimal state.

In this article, we consider a city where jobs digiributed exogenously and in an extended
area where the cost of transport is nonzero. litiaddo these hypotheses, already present in
Sullivan (1983a,b), we also assume households thop@ogeneous in terms of utility and
gross income and each household to have a fixezk p& employment that influences its
residential location. Our model is therefore one médium-term equilibrium, where
households participate in the housing market wiseesaployers remain static. We show that
residential location, household utility and livisgace increase the farther the workplace is
from the centre, whereas land rent decreases.

For simple forms of utility function, transport ¢®s employment density and land use
capacity, we resolve residential location, land,rkm size and residential density analytically
on the basis of workplace location. We show thatefach workplace location, each of these
functions varies monotonically in relation to thkacacteristic parameters of the city: the
radius limiting the location of firms, their locdénsity, the land capacity, the alternative rent,
the gross income, and the preferences betweerylspace and the other goods.

The article is structured as follows: section 2 ukes on presenting the model and
determining the equilibrium location of househol8gction 3 defines the urban equilibrium

and describes the necessary and sufficient conditior it. In section 4, we study the

structural properties of the model in its geneaahf. Section 5 looks at the equilibrium in a
simplified framework and establishes analytical pamdies, with closed formulas for the

endogenous variables, which enables their sergittei urban parameters to be analysed.
Section 6 concludes the article.
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Breteau, Leurent V.5 2010-07-23

2. The model

2.1. About firms and workplaces
Consider a city in which firms, and therefore jobe distributed around a centre in a disk of
radius po;: we call it the CBD or the employment area. Joles assumed to be distributed

following a radial densityf(p) that is non-zero on an interval 4b,p;], yielding a

cumulative distribution functiorir(po) = jopf(r)dr .

The functionF is therefore strictly increasing. The number digas fixed atN , therefore
F(o;) =N. Using a fixed number of jobs places us in thetagcal framework of a closed

city. We also make the assumption that the landosvaee absent.

2.2.Households
As regards households, let us assume: (H1) thahdhseholds are located in a ring around
the employment area. (H2) That the households araobeneous in their preferences.
(H3) That each household has only one member thaimployed by a firm in the CBD.
(H4) That each household receives an incofmieom this job, independent of residential and
professional location (i.e. employers are indiffér® the location of their personnel): this is a
very reductive hypothesis for the statistical dttion of incomes, since empirical research
has shown the existence of an income gradient nvithties (Eberts, 1981; McMillen &
Singell, 1992; Timothy & Wheaton, 2001). NevertlssleGlaeser & Kahn (2001) have shown
that employment deconcentration tends to genectptalisation of incomes.
Finally, (H5) households are differentiated by thaliace of employment. The choice of a
residential location i by a household whose workplacegs leaves them a net income of
| =Y -T(p,r), whereT(L[) is the cost of transport.
A household’s utilityU depends on the size of its living spasgand on the quantity of a
composite consumer product treated as numeraire. flihction U is assumed to be
increasing and continually differentiable into eawhits variables. In general terms, each
household is deemed to be a rational decision makleich seeks to maximise its utility
within its budget constraint.

2.3.Spatial structure of the residential area
We are interested here in the land use marketmitie residential zone only: the unit price
of land inr, or land rent, is denoteB(r). The opportunity cost of the land, correspondmg t
an alternative use (e.g. agricultural), is denofgd The economic programme of the
household employed ip is expressed as follows:

maxr,z,sU(z’ S)

s.t.z+R(r)s<Y-T(p,r) (2.1)

To analyse land occupancy, the density of the haldghn r is denotedh(r). This is the
main endogenous variable in our model. By way ofdtlyesis, h(r) =0 where r O[0,r[.
Following Fujita (1989), it can be shown that if &d¢and capacityL(r) is strictly positive,
then h(r) >0 betweenr, and the radius of the city,, from which land rent is equal to

agricultural rent. The cumulative household distiifru function, H(r) = _[rr h(r)dr, is thus

strictly increasing.

Housing and commuting in an extended monocentrieino 3
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Regarding the transport cost, it is assumed T@,r) is a decreasing function ip and
increasing inr.

2.4.Equilibrium location of households
To analyse the choice of household location, wéwolVon Thiinen (1826) and Alonso
(1964) in defining the bid-rent function of a hobskl employed inp, W,(r,u), as the

maximum unit rent that that household is willinggay to live inr whilst maintaining a
utility level u. In other words:

W,(r,u) = ma@’S{L;’r)_z

U(z,5) =} (2.2)

This fixed p formulation possesses the same properties ofragtytiand ingress im and in
u as in the basic model. The dwelling sig&(r,u) at maximum bid in the previous

optimisation problem, is increasing mand in u.
On the basis of land reft and available incomé, =Y -T(p,r), we can also set the indirect

utility function for a household, which plays a @amental role later on, since it does not
depend onp:

V(R 1,) =max, {U(z,s)z+Rss | } (2.3)

The functionV(R,1, )is continuous inR and | ,, increasing inl , and decreasing iiR. This
latter property implies that:

V(R(r),1,)2V(W,(r,u).1,) asR(r) S Wy(r,u) (2.4)

As V(W,(r,u),l,)=u, property (2.4) implies a rule a la Fujita (1986haracterising the
optimum location of a household employeddrand encountering supply conditioRgr):

Rule 1 (Optimisation of residential location) Given land rent functiorR(r), a household
employed ino optimises its utilityd, in a place of residencg, if and only if
R(T,) = W,(F,,0,) andR(r)>W,(r,q,), Or.

If R and W, are differentiable irt,, then the rule requires that the two curves angeat at

this point. By applying the envelope theorem tolilterent function (2.2), we deduce Muth’s
relation:

oT(p,T,)

R(Fp) - or

IS,(r,,u,) (2.5)
We use((r) to denote the derivative of a functigfr) relative tor.

Carrying out this analysis for a particular houddhroakes it possible to compare households
i O {1,2} with different places of employment. We show ia garagraph 8.1 of the appendix
that if p, < p,, then the bid curveé¥,(r,u;) of household 1 is steeper than the cuwr,u,)

of household 2, so the Fujita (1989, p. 28) rudhplies and produces the following result.
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Proposition 1 (on the order of households in the residential zone) If two household indexed
1 and 2 are such thab, < p, thenf, <7 ,: the order of households in the residential zae i

the same as the order of their respective job&énaemployment zone.
The converse implication directly arises from this.
Corollary 1. All households living i work in the same place.

So at equilibrium, a household’s number in the @yplent order,F(0), coincides with its
number in the residence ordét(r). We define the functiom, which associates the place of
residence of the corresponding householdith a workplacep, i.e. p+— r,(p) such that
H(r,(0)) = F(p). Formally, the functions are linked by the follogirelation:

H=For?! (2.6)

Let us callr, the function for the commute from work to home, d@sdnversep, =r_,"' the

function for the commute from home to work. By carspion of increasing functions, these
two functions are increasing.

3. The urban equilibrium

Having stated the main characteristics of the madel established certain properties of
household location, let us look at urban equilibrjuestricted here to the equilibrium of the
household location system. The aim is to deternti@ things at the same time: on the
demand side, household location expressed by thsitdefunction h(r) or its primitive
H(r), and on the supply side, land rd®(r) .

Our objective is to define urban equilibrium in appropriate mathematical form to
demonstrate the existence and uniqueness of théibeigm. The appropriate form is a
differential system that links residential disttilomn and land rent to residential position.

3.1.The household location market
On the demand side, for a fixed land rent functit{n), a household employed ja chooses
a residential locatiorr that maximises its utility. In any potential pasit r the household
would require a certain living space and a certpiantity of consumption goods, which
would optimise its utility under price conditionR(r) within budget constraint

|, =Y=T(p,r). The level of utility associated with is thereforeV(R(r),l , ). We denote
this as follows:

W(r,p) =V(R().1,,) (3.1)

A household requiring a residential location segkmsition of maximum utility for itself: so
its microeconomic programme is:

max, W(r,0) (3.2)

Housing and commuting in an extended monocentriabeino 5
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Let Fp denote the optimised positiod, the optimal utility ands, the living space obtained

by the household under these conditions. If théridigion of households is optimized,
necessarilyH (1) = F(o), therefore:

r,=H™F(p)=r,(0) (3.3)
On the supply side, if the distribution of houselsois set atH(r) with radial density
h(r) =0, without providing details on the landowners, edgbal unit price reaches the

maximum value that a household is willing to pay, tbe agricultural priceR,. The
associated microeconomic condition is:

R(r) = max{R,, max, W,(r,d,)} (3.4)

In addition, beyond the boundary radius such thatH(r,)=N the total number of
households, land rent is equal to agricultural:rent

R(r)=R, = LIpr(rA,pr ), Or=ry (3.5)

Finally, in any positionr 2, such thatR(r) >R,, radial land capacityL(r) is saturated,
therefore:

h(r)s, =L(r) if r=H™<F(p)=r,(0) (3.6)
Let us summarise these considerations with a fodetahition:
Definition 1 (Urban Equilibrium) This is a pair of functiongH,R) on Z,, =[ry,+o[ such

that H increases fronD to N until ry 21, then remains constant, which verifies conditions
(3.2-6).

3.2. Alternative definition
By denotingZ =[0, o[, condition (3.2) becomes:

W(r, (0),0) 2W(r',p), O(r',p) 0 Z,; x Z (3.7)

In equilibrium, r,=H ™o F is an increasing function as the composition af increasing
functions. The inverse mapping,, is also increasing. Let us sgtl] Z- and r' =r,(0),
thereforep= p, (r'). Condition (3.7) implies:

W(r',0, (1) 2W(r,p,(r)), O(r,r)0Z, xr,(Z) (3.8)
Definition 2 (Supply-demand equilibrium of the residential location system) This is a pair

of functions(H,R) on Z,, such thatH increases fromO to N until ry 21, then remains
constant, which verifies conditions (3.8), (3.3-6).

Housing and commuting in an extended monocentriabeino 6
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Proposition 2 (equivalence of the equilibrium definitions) An urban equilibrium is a supply-
demand equilibrium of the residential location syst and reciprocally.

Proof. We deduced (3.8) from (3.2), therefore the sysw@fining a supply-demand
equilibrium is verified by an urban equilibrium. &erocally, for o O Z., condition (3.8) for

r'=r,(p) produces (3.7) therefore (3.2): therefore a suppiyand equilibrium is an urban
equilibrium.

3.3. Characteristic differential system
Let there be a supply-demand equilibrium such fbattions R and H are “sufficiently
regular”. Then the first-order necessary optimal@gndition associated with (3.8) is
oW (r,p)/or =0 at pointp = p,(r), therefore:

@Y _9T(p,().0) v

ROR o al (3.9)
By Roy’s identity, the (Marshallian) surface demafushction verifies §R,1) =-2/2",
therefore the previous relation is reformulated:
R(r) = —W@(R, 1,0 (3.10)
We are back to Muth'’s relation.
On the supply side, (3.6) results§(R,1) = L(r)/h(r) for h=H , therefore:
H(r)=L(r)/&R1,,) (3.11)

Since p, = F "o H, the relations (3.10) and (3.11) constitute aedéfftial system irfH,R):
R — _9T(Pu(r)r) s & — F—lo H

(r') or A/S(R’Ip,r)wher pw(r) (r) (312)

H(r)=L(r)/S(R1,,) 1, =Y =T(p,(r),r)

Proposition 3 (Necessary condition on urban equilibrium) At urban equilibrium the pair
(H,R) verifies the differential system (3.12). In aduiti the boundary conditions have an
initial value H(r,))=0 for H and a terminal valueR(r,)=R, in r, such that

H(r) =N =F(p,). A

Let us now reverse the perspective, conside(iidr) obtained by integrating the differential
system (3.12). We interprd(r) at the unit prices for dwelling space at locatiorThen:

Proposition 4 (Sufficient conditions for urban equilibrium) Let there be a pair of functions
(H,R) which verifies (3.12).

Housing and commuting in an extended monocentriabeino 7
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(i) Under price conditionsR(r), if the dwelling space is a normal good, then adehold
employed inp and seeking accommodation has an optimal locatiar)(p) wherer, = p.".

In other words, (3.12a) leads to (3.8).

(i) Assuming furthermore (3.5), then conditidt{r) coincides with the economic behaviour
that optimises the supply of living space rin each supplier of living space selects the
maximum bid by households for its product. In otherds, conditions (3.12) and (3.10)
imply condition (3.4).

(iii) Under these microeconomic conditions, in grosition r such thatR(r) >R, local land
capacity L(r) is equal to local demand by all households.

(iv) In all, conditions (3.12) and (3.10) descriae urban equilibrium.

The proof is provided in paragraph 8.2 of the appen

3.4. Properties of the differential system

Proposition 5 (Formal properties of the differential system) Where R, = R(r,) is fixed, the
differential system determines:
(i) a functionH which increases with. Therefore the function— p,(r) is increasing.

(i) a function R which decreases with.
(i) a utility function @, which increases with p: equivalently, the function

r= V(R(r),!, ) wherel, =Y -T(p,r), is increasing.
(iv) a lot size function (dwelling size}— S(r) = S(R(r), Iy
dwelling space is a normal good.

) which increases with if the

r),r

For proof, see paragraph 8.3 of the appendix, vésettee next proposition is demonstrated in
paragraph 8.4.

Proposition 6 (Algorithmic property of the differential system) For two initial valuesR,,
and Ry, > Ry, the respective solution$;,R,) and (H,,R,) of the differential system satisfy,

in each positionr: Ri<R,; Hy<Hy S28,0 0,<0,0 1, o0 S o

Proposition 7 (Ending integration) System integration is ended whénattains R, or H
attains N. If S=&£>0 such that_[rr L(r)dr = &N for acceptabler, the integration necessarily

produces such a state.

Proof. Starting fromR, = R,, sinceR is decreasing, we either obtafy or R remains>R,.

If R, is obtained inr,, as the value oH increases fron® in ry, the value it reaches in, is
less thanN, otherwise one would have stopped earlieR|fis not reached, the additional

condition ensures thatl attainsN, and as soon as this value is reached, the itiegrean
be ended.

3.5. Existence and uniqueness of the equilibrium

Housing and commuting in an extended monocentriabeino 8
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Proposition 8 (Existence and uniqueness of urban equilibrium) (i) There exists a valué?0
such that the integration of the differential syst€3.12) produces an urban equilibrium.
(ii) This value is unique, as is the urban equiliion.

The proof is provided in paragraph 8.5 of the appenwith a dichotomous algorithm.
Equivalently with this dichotomous algorithm, wencaefine a function which at any initial
integration valueR, of the differential system, associates the pasitigR,) in which
H(f(R,))=N. The condition in Property 7 ensures the existentesuch a position.
Proposition 6 ensures th&, a (R,) is a decreasing function, because Ry, <R,,, it is
verified in anyr that H,(r) < H,(r), thereforeH attains the valueN for R, in a position
r(Ry,) that is lower than the position &, .

We can also associate the valy&,) = R(F(R0)|R0) of the integrated rent function witlR,,
starting from the initial value ofR,. The function y is increasing in R, because
(r,x)a R(r|x) is a decreasing function inand increasing irx, and asf(R,) decreases with
Ry, through the composition of two decreasing fumgidR, a R(F(RO)|RO) is an increasing
function.

By the same arguments as used in the proof of pitipo 8, the functiorr takes low values
where R, is high and high values whef®, is low, thereforey takes high values whei&, is

high and low whereR, is low. Urban equilibrium is characterised by tendition that

y(lio) =R,. Therefore, our functiory plays a similar role in our model as the rent oz
function used by Fujita (1989) to tackle the cleakimodel with a point-wise CBD and a
homogeneous population of households. We calkite¢tminal rent function

4. Structural properties of urban equilibrium

We have already established, for any initial readtig R, that maximum utility and dwelling

space are functions that increase with residemiaition. In this part, we examine the
variation in the net income function and analyse sknsitivity of the urban equilibrium to
alternative rent (agricultural).

4.1.Variations in net income

Net income f(r) =1, o Wherel, =Y -T(p,r) varies with locationr firstly directly and

decreasingly, and secondly indirectly vig,(r) and increasingly. The two opposing

influences become superimposed with a variable Ilttesvhich we can illustrate in
characteristic situations.
The total influence is determined by the total dative:

d-~ 0~ 0 -~
S0 =20 +p,
dr (") or '0“’6,0

oT, . . oT/or

=(—— +

( a10)[,0,4) aT/op

]
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By assumptiondT/dp< Qand dT/or = Q therefored! /dr is positively proportional to the
sum of a positive termp,, and of a negative ternfr/ 3 .

For the first term, let us define tlwencentrationof housing relative to jobs as the condition
that r, <1, which is equivalent top, =1. Symmetrically, thedeconcentratiorof housing
relative to jobs is the condition thg; =1, equivalent top,, <1.

As regards the second term, we know ¢bagestedsituation of many urban road networks,
where traffic time and costs, per journey and pet af distance, are higher in the centre than

on the outskirts: the‘%‘ >3 therefore/ 55> -1.

Conversely, in the absolute it should be possibleinvest in the transport system by
prioritising very massive and efficient transporbdes near the city centre, where volumes

are highest, in order to ensu%‘s‘;—I therefore 5-/5; < -1, in the situation ofufficient
massification

Ouir first characteristic situation is a city whéi@using is deconcentrated relative to jobs and
transport massification is sufficient: in this caset income falls the further residential

location is from the centre. Indeeg (r) <0 since p, <1< -

The second characteristic situation is a city whenesing is concentrated relative to jobs and
the transport network is congested: here, net iecomoreases with distance from the centre,
since p,, 212 -5-/5; thereforegl(r) 2 0.

4.2.Influence of alternative rent on urban equilibrium
Alternative (agricultural) rentR, is the main boundary condition restricting the
agglomeration in a closed city model. As the teahient is an increasing function, we know
that for two given valuesR,i < R,f the respective urban equilibriums correspondiécx Iig
therefore to terminal radiif(lfié)>f(|5§): a higher alternative rent results in a smaller
agglomeration.

Since the integration conditions of both differahystems are identical apart from the initial
valueslfzg < ﬁg proposition 6 applies and notably leads to tiselteéhatR, < R,, S = S, and
L. < P.,- the second city is denser than the first in evegation, households are more
concentrated relative to jobs, and land rent isdrign every location.

5. A particular set of specifications

We did not demonstrate any other generic propefdiesur model in its general assumptions.
However, we have been able to establish analyticgherties by restricting ourselves to a
particular case, by means of simplifying assumgstion

5.1.Specific assumptions
Regarding the geographical aspects of the modekuppose that th&l jobs are distributed
uniformly over an interval0, o], with a densityb:

f(P) =bLoc ey,
F(o) =bmin{p,p,} for p=0, and
F'(n) =min{g,p;} for n20

Housing and commuting in an extended monocentriabeino 10
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We also suppose that land capacity is uniform feoradius ofr:
L(r)=A for r > r, or otherwise 0

In addition, we postulate that transport cost isffime function ofr and p:
T(pr)=a+ar-ap

If ry<p;, one would expecti and a to be very close, but this specification allowstois

distinguish between a central zone primarily dedote employment, and a ring zone
primarily devoted to housing. In principle, we ragtourselves to positive transport costs,
although we put no absolute value in tfie function. When p; =r, we expect that

T(p,r)=a(r —r,) +a(r, — p) and therefore thaa, = (a' - a)r,.

Concerning the economic aspects, we assume thatl theuseholds each have one working
member, a gross incomé and the same utility function, a Cobb-Douglas fiorcwith two
parametersr,3>0:

U(z,s) =u,2°s"

Let a'=al(a+ ) and B =f/(a+ p) be the reduced parameters. It is easy to showthbat
indirect utility function, the demand for dwellirgpace and the Solow type bid-rent function
are, respectively:
V(R 1) =v,R?17*% for v, = v,0"* B*
R 1 =p1IR

w(l,u) =)
VO

5.2. Analytical solution of the differential system
Let us note:

- Ry=Rj+aN/Arentinr,

Y, @ _
- —§O+@ARof0rYO—Y—ao
B a
- B=E—"/
a ba? Ro
Y, a
- W=A+B-ry=-2%+ ARy - T,
" a abd? R~ o

In the appendix, we resolve the differential systerd obtain the inverse function of the rent
function:

Housing and commuting in an extended monocentriabeino 11
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_ R(r) R(r)\s
=A+B—2-W(—=~
r=A+ R, ( R, ) (5.1)
In addition:
A
H(r):g(Ro_R) (5.2)

Since H(r) =F(p) andF(p) =bp, we link residential rent with place of employmiie

R(r ~ _ /R
%ﬂ—%for =" (5.3)

By combining (5.1) and (5.3), we obtain resident@ation with respect to the place of
employment:

r=A+BL-2)-wa-2)F (5.4)
b P

All the variables of interest in our urban system@n cbe deduced from the place of
employment: we will successively look at residdnibi@ation and the urban fringe distance,
lot size and residential density, land rent, andskebold expenses and utilities.

5.3.Residential location and the urban fringe distance
In the appendix, we demonstrate the following progpe

Proposition 9. For a given workplacep, the residential positiom, (0):

(i) Increases with minimum residential radigs

(if) Increases with gross inconé and falls witha,.

(iii) Increases witha and decreases witla if @ is fixed. If @ =a the total effect ofa
remains decreasing.

(iv) Increases with job density, but decreases with job radiys; and with land densityl.
(v) Decreases with alternative ref, .

(vi) Increases with3 and decreases withr.

This proposition applies for any residential looatitherefore, because of the monotony of
the relations, for any interval of average residgmcation[p;,0,].

The proposition is immediately transposed for thistatice between home and work,
D(p) =r,(p)— p. The influence of the parameters other tlalgna and & is also transposed

onto the cost of transporf,(p) =T(p,r,(p) =8, +ar,(p)-ap.

The average residential location is:
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The average commuting distance can be deducedthisnby subtractin%pf. The average
transport cost is, witt :1—%‘ =Ry /Ry:

'z p -t

=_ v, & .~ P ap
T=y+2p-ChH-(v,+ 22 -ar) L
a,(p 2) Yo p aro)pf 1+ 3

In our model, the centre of the agglomeration isnprily a reference used to identify the
spatial position of each location. Since the cémoent does not represent the workplace, for
a household established in the commuting distance is not the same aby contrast with
the basic monocentric model.

Figure 1 shows residential location in relatiorttie workplace for several values afand

a . The application parameters are inspired by thés Pagion: 1.7 million jobs in a central
area with a radius of 5 km; an urbanisation boupndadius of 20 km, land capacity of around
6 km2 per radial kilometre (restricted to housebadanployed in the centre), alternative rent
of €8/m2 per month, gross income of 2,500 eurosnp@nth, utility parameters off' =0.72
and £/ =0.28. We estimated a unit transport cost of some €R25br each outward or

return journey.

Residential location: Sensitivity to the transport costs

————a=05,a'=1 4

+ z
2l a=05,a'=05 e
21} ' <7
a=1,a'=15 pr
20k a=1,a=1 P
519 = = a=15,a'=2 o
£18l — — a=15,a'=15 -
o -

1 1 1 1 1 1
0.0 05 10 15 2,0 25 3,0 35 40 4.5 50
Workplace (km from the centre)

Figure 1 - Effect of the transport costs on thédesttial location with respect to the
workplace
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Figure 2 shows the influence of the land capaaityhe urban fringe distance and the average
lot size of households. It emphasizes the choice dénd capacity of 6 kimper radial
kilometre, as it gives appropriate urban fringeatise (20 km) and average lot size (7). m

Urban fringe distance and Iot size: Sensitivity to land capacity
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Figure 2 - Effect of the land capacity on the urbrarge distance and lot size

With a fixed populationN, the increasing influence of job densltyon residential location is
reinforced by the decreasing influence of the emplent fringe distance, which is itself
decreasing, since the produbto; =N is fixed. Figure 3 shows the influence of the

employment fringe distance on the urban fringeasise and the average home-to-work
distance.

Urban fringe distance and mean home-to-work distance
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Distance (km)
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Figure 3 - Effect of the employment fringe distancethe average home-to-work distance
and the urban fringe distance

5.4.Residential density and lot size

From the correspondence between places of empldyamehof residence im =r,(p) we
know theresidential density

H(r):f(r_—'o) with f :—%+%W(1—§)'”'

H(r) = bp___
BW(QL-p/p)“ -B

Density has a hyperbolic shape basedeorfrunctionr, is positive and increasing, therefore

H or  decreases withp and likewiseH decreases with: residential density decreases with
distance from the city centre.

Lot size (dwelling space) is simply deduced from residerdesity, since land capacity per
unit of radial distance is constant:

Individual living space increases as the workplbeeomes further from the centre, hence
also as residential location becomes further frioencentre.

The following proposition is demonstrated in th@apdix.

Proposition 10 (Sensitivity of lot size and residential density). For a given workplacep,
function r(p) varies depending on a parameter as does residetization r, (o).
Therefore lot size, which is positively proportibtar, (o), is affected by a parameter in the
same direction as residential location.

Local residential density, which is the reciprocélot size, varies in the opposite direction to
residential position, therefore:

(i) It diminishes with minimum residential radiug

(ii) It diminishes with gross incomé and increases witla,.

(iii) It diminishes witha and increases witta if &' is fixed. If @ =a the total effect of
remains increasing.

(iv) It increases with land density.

(v) It increases with alternative rem,.

(vi) It decreases witl3 and increases witlw.

Since these properties are valid for any workpléoey also apply for the average lot size on
any interval[ o, 0,], in particular for the average lot size in theyciince total residential
density is inversely proportional to this average sit varies with respect to a parameter as
local residential density does, except for theuiafice ofA, for s=A/h.

Housing and commuting in an extended monocentriabeino 15
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Residential density: Sensitivity to the employment fringe distance
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Figure 4 - Effect of employment fringe distanceresidential density

5.5.Land rent

Condition (5.3) which links the land rent to thaqs of employment becomes:
— B = Py _ a
R(r) = R(p) = Ro(l_g) =Ryt~ (N=Dbp) (5.5)

Rent increases linearly with the place of employindrherefore it also decreases with
residential position, although in a less regulay wa

Where a =, therefore a’' = =3, condition (5.1) is reduced to = A+BE&-W /&,
therefore4/R/R, solves the second-degree equaﬁ&n—%x+% =0, in which we take the
decreasing solution with: x* =g (1-4/1-8(A~-r)). Finally:

R(r) = Ry(35)*(1—1[1- 38 (A-1))*.
The other variables in the model are deduced fiais) beginning withp, (r) then density

H, lot size<(r) etc.
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Urban rent: Sensitivity to the marginal transport cost
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Figure 5 - Influence of transport cost on land rent

Rent level (euros/im?’

The Figure 6 illustrates a result that the candmwadel does not allow, the variation in land
rent in response to variation in job density (wNhrconstant):

Urban rent: Sensitivity to employment fringe distance
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Figure 6 - Influence of employment fringe distamceland rent

5.6.Net household income and expenditure

We have already specified the cost of transport dohousehold employed ip. This
household has a netincome:
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H(p) =Y -T(p) =Y -[a,~ap+Y, +ap+fap(1-5) ~aW(1-5)"]
= (Y + 5 p-an)1-8)" - p1-4)
& _B awx

in addition, ") = —ar () =& - B 4
do a p

Since the household utility function is a Cobb-Diasgfunction, housing expenditure is
S(p).R(p) = B (p), and other goods consumptionzép) =a'l (p).

The formuladr(p)/dp enables us to find the two typical cases wherenoetme decreases
(respectively increases) with residential location.

In the first extreme casedr(,o)/d,oso is equivalent toapx” <a'faW at any point
x=1-p/p. The constraint is greatest ix=1 i.e. p=0. In this case it becomes

ap<p(Y,—ar), or else:

ap;[1+

AR ,
al\?] < B(Y-a —aK)

It is sufficient to consider a gross income larg®uwgh to meet this condition, or a low
enough unit cost’, i.e. sufficient massification of transport, oswficiently small job radius
resulting in a deconcentration of housing relattee jobs. This kind of city isquasi-
monocentric

At the other extreme, the condition is titt(p)/d p = 0 in any p, thereforea’ox® > o’BaW

for any x 0 [t,1] wheret = % =1—%*. The condition imposes the strongest constrairgrwh

x = t, at which point it implies that't” > a'faW i.e. apt” = Ba'(Y, —ar,) +a'p], which
is equivalent to:

AR — 12 a'B(Y, -ar,)
ab

This condition requires that” > . Assuming this last condition to be true (whichame
that R,(8 ™% -1) = aN/A), it is sufficient to considea'/a large enough ob small enough
or A large enough for the condition to be met. A highb corresponds to a concentration of
housing relative to jobs, whereas a relatively hégha corresponds to city centre congestion.
This kind of city iseccentri¢ which means that a household’s location becoma®asingly
favourable the further it is from the centre.
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Home-to-work transport cost: Sensitivity to the marginal transport cost in the CBD
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Figure 7 - The stylized cases: Transport cost ceamgth distance from the city centre

5.7.0n utility distribution

A household employed ip obtains through its choice of residential locaterutility of
Gp =V( ﬁ(p),r(p)), therefore in the simplified model:

0, =%R(0) "1 (p)**
_, [awa-2)7 -2 pa- 1t
T RN

Because of the properties of the general modelknesv that this utility function increases
with p, therefore as the workplace moves away from the e@ntre. Put another way, in
addition to gross income, employment location dtutsts a factor of utility, a factor of
endowment that leads to a location reference onesidential market.

Net income is not the appropriate indicator by whio evaluate the utility of the place of
employment in monetary terms, since it is only ralirect factor. It is better to evaluate the
equivalent gross income that would need to be aléxtto a reference household for it to
achieve utility i,. We can decide the reference household arbityddtyexample the initial

household for whicho=0, or the “median” household employed m /2. The equivalent
income is\?(p) ='F(pref) +E(R,,U,) where E(R,u ) denotes the expenditure function which

indicates the net income that the household needsder to obtain utility level where the
price of living space ifRR. For a Cobb-Douglas type utility function,

E(RU) =R ().
V,

0
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Relative to the initial household employed in O &wmohg in ry, the equivalent income of the
household employed ip and living inr =r_(p) is (see appendix for calculation):

Y(0) =T () +E(Ry.,)
=Y +2 A[1-(£)]

Equivalent gross income: Sensitivity to employment fringe distance
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Figure 8 - Influence of job density on equivalerdgy income

6. Conclusions

We examined the equilibrium of residential locatidior households in a closed city with
absentee landlords, where jobs are spatially digtd. We assumed that jobs are established
exogenously and bring identical gross income tcsbbalds, which are homogeneous in their
preferences but all have a fixed individual platemployment. Using these assumptions, we
studied the influence of place of employment onidesgtial location, dwelling space,
household utility, as well as land rent, residéntlansity and commuting distance. We
showed that utility and dwelling space increasehvdistance from the centre, but that net
income does not always behave monotonically. BypBiying the specifications, we
described two extreme cases: on the one hand a-moascentric city where housing is
deconcentrated relative to jobs and transport besoimcreasingly efficient as it nears the
centre, with the result that net income decreas#s distance from the centre. And on the
other hand, an eccentric city where housing is trimtad relative to jobs or transport is
congested in the centre: in this kind of town, metome increases with the distance of
residential location from the centre.

We applied our model to the Paris region, in a \&@wgised way. In the future, we plan to
explore the effects of urban policies (for locationtransport), in order to characterise its
effects, possibly differentiating between quasi-ouentric or eccentric cases. Potential future
areas of research would be to model the link batviesnsport congestion and the volume of
local commuter journeys, and also employers’ wageies.
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8. Appendix 1: Properties of the general model

8.1. Proof of Proposition 1

To be able to apply Fujita’s rule 2.3 (1989), isidficient to show that the bid-rent curves of
a household working i, are steeper than those of a household working, inf p, < po,.
LetW (x,u) and W,(x,u,) be two bid-rent curves for households working an and p,
respectively, withp, < p,, which intersect irnx, i.e.:
[R,W,(x,u) =W,(x,U,) (not necessarily ar(r))
SinceT(p,r) is decreasing withp, we have:
T(0,X) <T(p,,X) thereforel, =Y -T(0,X)>Y -T(0,,X) =1,

Let us define the uncompensated demand for spasgRak) , corresponding to the solution
of (2.1) for household. Assuming that dwelling space is a normal good dffect of income
on uncompensated demand is positive, therefore:
S(xu) =8R,1;) <YR,1,) =S,(x,u,)

Finally, applying the envelope theorem to the ldtrfunction (2.2) gives us the equality:

oW (r,u) __ dT/or

a Sr,u)
By combining the latter two relations, we get, assg thatd T/ a is constant or decreasing
with o for a givenr:
_oW(r,u) _ oT/or S oT/or _ 0W,(r,u,)

or S(r,u) S(r,u,) or
This demonstrates that the bid-rent curve of thesbbold working ing, is steeper than that
of the household working i, > p,. Therefore the point at which the land rent cuR(e),
unique to the urban equilibrium, meets a bid cul¥éx,u;) is closer to the city centre for

household 1 than for household 2, and if we comsigémal bids, the equilibrium location of
household 1 is closer to the city centre than ¢fhi&ibusehold 2.

8.2.Proof of proposition 4
(i) In (3.10), sinced T/dr 20 and $= 0, necessarilyR< 0. Equation (3.10) is equivalent to
aW( , )_ . _ . . .
(3.9), =52 =0 at point p=p,(r). With fixed p, we need to show that the function
r—W(r,p) is maximal inr =r_(p). By differentiatingW(r, 0) = V(R(r),Y - T(po,r)) we
get:

OW(r.p) _ pdV _0V 3T

or OR 4dl or (8.1)

The function g :r> 202/ has the same sign a Wérr'p)
Nowg”(r) =-R§R,1) -2 since ¥R 1)=-2L/%  As p>T(p,r) is a decreasing

or
function, oY -T(p,r) =1, is increasing, and thereforer> S(R,1 ,,  i9 also increasing,

since 2X>0.

p.r
since § increases with income if dwelling space is a ndrguod. MoreoverR< 0 does not
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vary with p. Thus the functiono— ¢ (0) = g’ (r) is an increasing function gb. This
function cancels out gb = p,(r) if (3.10) is verified. From this we successivesddce:
87 (0):9" (0,(r)) i p3p,(r)
¢ ()30 if pSp,(r)
g"(r):0 if p3p,(r) ie.r(o)ir

(o) < — W(rpu(r) <
+—-0= o if r (o)sr

Therefore, with fixedp, the functionr > 22 s positive if r<r, (o) then negative if

r=r, (p): r—=>W(r,p) increases untllra(,o) then decreases, thereforg(p) is the sole

maximal argument. We can therefore unambiguoudiyel¢he maximum utility function for
a household employed m and subject to price conditior&(r):

p = U, =W(r,(p),p) on Zg

(i) We need to demonstrate that the function> R(r obtained by the differential system,
and which is assumed to constitute the price cmmdit does indeed coincide with optimised
supply conditions: a supplier of living space rinseeks to optimise their unit rei(r) by
selecting the highest bids by households. For thig, simply need to show (a) that
conditionally to the utilitie(d,) ,n,_, eachR(r) is equal to a bid by a household who wants
to bid in r because it is here that they obtain maximum wtiind (b) that this bid is higher
than that of the other households in the sameiposit

(a) Let us show first that a R(r) coincides with bids by households workingain their

optimised residential locatiorr, (p). Condition (3.5) ensures the equation fpg, in
ro(Pf) =Ta:
Ry =R(r)) =W, (1,0, )

Let us show that the derivativeR(r) and d¥/dr for r > ¥, »(r.a, ) coincide in any
location, which will ensure that the functions acgial at any point. Lep(r,p) =W ,(r,u,),

¢(1,u) denote Solow’s bid function ang{l,u) Solow’s surface demand function for a net
income | and a utility u. Since households have homogeneous preferencesiofus ¢ and
s do not depend op. At the maximum bid point:

W, (r,u,) :Y—T(p,rg—Z(s,u) for s=¢(l,u) andu=u,

From this, we deducég/op by the envelope theorem, with fixex

9 _1, 9T _9200,

op s O0p ou 6,0)

Since V(R,1) =maxU(z,s) for sk+z=1, V(R 1)=U(l -sRs) in s=§R,1) and by the
envelope theoremg V(R,1)/d =2dU/Jdz. Moreover, sinceZ is the inverse function ot
with fixed s, 22 =1/22. Therefore4z =1/4/ . In addition, when condition (3.10) is met,
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o
therefore also (3.9), then by the definition @f the result is thataip" :a_v

al

I
ro(P) ap

fw(P) *

Bringing it all together, we find that :

¢ _ Vil |_aT(p.r) Vi o1
ap VR|r alo Vl|r 6,0

()

But dl /0p=-0T(p,r)/0p, therefore inr =r, (o), d¢/dp=0.
Let us now look at the function— @(r) = ¢(r,r_(0)):

4 _3¢,3¢dp,
dodr Jp dr
_0¢
o
__10T
~ sor

This expression coincides witR(r) as defined by (3.10), which ensures the equafithe
two primitive functions. ThusR(r) gives the prices bid by householdSr Or (Z¢),
R(r)=W,(r,i,) atr=r,(0).

(b) Let us next show that these prices exceedliydte other households. Since the indirect
utility function V is decreasing in the rent varialf® a household employed jn and facing
conditionsR(r) fulfils the following property (Fujita property £2.1989):

Dp!Dryv(R(r)!Ip,r):V(Lpp(rvu)vlp,r) If R(r)zwp(rvu)
Since , is the maximum utility foro under conditionsR, we deduce that:
Op, Or, R(r)2w(l,,u,)
By combining with the conditioR(r) = W,(r,0,) at p= g, (r), we get the result that
Or O, (Ze), R(r) =max,,, ¢(l,,d,)

To summarise, the curv® obtained by integrating the differential system12} under
condition (3.5) does indeed define the optimisgapsuconditions.

(iii) It remains for us to show that the microecamo conditions are compatible with the
physical supply of living spacé,(r , poth at local and global level. By relating thetterms

of (3.12) to each other at point, we identify thath(r)s=L(r), which ensures local
compatibility (3.6) between the demand for livingase by all households and local land
capacity, under supply condition® and demand conditiondl,. As regards global
compatibility, condition (3.5) ensures that houddbaesiding betweem, and r,, therefore
under conditionsR, are equal in number tN.

(iv) In all, conditions (3.5) and (3.12), which lade condition (3.3), ensure conditions (3.2),

(3.4) and (3.6), and are therefore sufficient tarelterise (H,R) as a supply-demand
equilibrium.
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8.3. Proof of proposition 5
(i) We know the signs 0dT/dr =0, =0, L 20 andf =0.By (3.11) H = 0 thereforeH is
increasing. Ando,, =F *o H is increasing, through composition of two incregsiunctions.

(i) By (3.10), R< 0 thereforeR decreases with.
(iii) The total derivative of the function— W(r, p,,(r)) is

dw _ ow 6W

o o ap el

With dW/dr =0 according to (8.1) and (3.10), whereag(r) 20 since p, is increasing,
nd %—VZ = %—\I/(—g—) is non-negative as a product of two non-negatetof's.
(iv) We notel = _dl —a—l +— o p,(r). We also haved—I Rs+a—|,ow(r)
dr or adp dr 0p
I , dS_0s5_. . 0S
The total derivative of the function— S(r |$ — = ﬁ R+— 3 I, therefore
Aas asal.
— =(=—=+5— r
dr ( ) *35 app o(F)

~0S as

By the Slutsky equation,g; Sa_l R which is negative. Therefore the first term in

dS/dr is positive as a product of two negative terméie $econd term is a product of three

non-negative termsp,, 20, g,lo =- g; >0 and g—l which is non-negative if dwelling space

is a normal good. In tota(,j =>0.
r

8.4.Proof of proposition 6
At the start of residential locationg, R, >R,, whereasl,, =1, =Y -T(0,r,) : therefore
S,(R1)>S,(R 1) =0, which implies thath,(r,) > h,(r,) and R(r,) < R,(r, ). Let us assume
that the statement’s hypothesis on the currerg saterified up tor and consider'=r +J&
for a marginal incrementr. If S|, =S|, then hy(r)=hy(r), the differenceH,-H,
increases: thereforgp,, < p,, in r' since p, =F'oH, where F" is increasing. Since
T(p,r) decreases witp, we deduce that(p;,r') =2 T(0;,r') and thereford , . <1, .
For land rent, ifR, <R, then Ry = R,(r') <R,(r') =R, even if R = R,: otherwise, if we take
r OJr,r'] such thatR,(f) = R,(F), sincel,(f) < I,(f) then S,(f) < S,(f) therefore betweem
and © the S and S, curves would have intersected at a position such that
&R.I,)=§R,.1,) given thatR <R,, therefore from this poinR <R, which makes the
inequality R; = R, impossible. Thus the inequality fét is maintained fronr to r'=r+2Jr,

and therefore also the inequality f&. In all, the inequalities are true throughout the
integration path.

8.5. Proof of proposition 8
() Algorithmic proof by a dichotomy method. Let uake an interval[Ry;,Ry,] where
Ro1 < Ry, Initially we set[Ry;, Ry,] =[Ra, R, ] for a numberR, arbitrarily large which makes
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lot size very small and fills up conditiod =N before R has significantly decreased. Let us
apply integration to R =(R,;+ R,;)/2: if termination producesR, in r, such that
H(ry) <N, then update the interval tpR,R,,], otherwise to[R,,,R]. According to
proposition 6, any initial valueR, O[R,,Ry;] is too low, whereas any initial value
Ry O [Ry2R.] is too high. Since the interval gradually shrinkse algorithm converges

towards a satisfactory solutidg,.

(i) The uniqueness comes from the conservatiothefinequalities between the two state
variables: if Ry SRy, then Hy(ra) =N~ Hy(ray) whereas Ri(ra;) = Ry S Ry(ra;), which

preventsR,, from producing an equilibrium.

9. Appendix 2: Resolution of the simplified differential system

9.1.Link between land rent and residential distribution
In the model specified in section 5, condition @)l is expressedR=-2H, therefore

AR=-2AH, and, whereR, denotes the value d&® at ry:

R(r):Ro—gH(r) for rar, 9.1)

The boundary condition giveR, =R, —EN, thereforeR, =R, + % N.

The rent at the initial location arises simply fradme parameters of the model.

9.2.Reduction to a simple differential equation
By replacing R by its expression depending ¢ in condition (3.12b), we obtain a simple
differential equation irH:

H=L1AR -8t ey —T=Y,—ar+aH /b (9.2)
B Y-T
9.3. Change of variable, transformed differential equation

Let us change the variable by takinge H™(n) for n 0[0,N], thereforer =1/H . Condition
(9.2) becomes
‘ = ,B'YO —ar+4n
AR, —an
Or:

F(AR, —an) + Bar = 5'(Y, +&n) (9.3)

9.4. Homogeneous equation
The homogeneous equation associated with (9.3) is:
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r._-pa

r AR,—an
It allows a solution in the following form, wheig is a constant:

)
r=r RjROan] (9.4)

9.5.Variation of the “constant”
We now look for a solution to the transformed difietial equation (9.3), in the form=v[F

by varying the functiorv. Sincer = —pa r,
AR, —an
v = ~pa r=r- Yo+gn
AR, —an AR, —an

If we compare it with the expressiar= VT +v [ obtained by deriving the definition of,
we get:

Yo +2 n
T AR
= %(/‘Ro)ﬁ (AR)PTY, + £ (AR, - AR)]

=L (IR (Y, +aP) IR F - £ (IR )

in which we notedAR= AR, -an and p=AR,/(ak). By integrating with respect ta, we
obtain:

(AR

v=y, +%’(ARO)E[(YO +ap) o w (AR 1}

9.6.Solution of the transformed equation
By notingW =-v;f,, we finally obtain:

r=Vvi =V, (—R))ﬁ +1(Y, +ap) + L5 AR
=-W 5+Y0+ 1+'BR
(R;) 3 Pl aR

At 1o, R=Ry and 1y =-W + 1Yy + 2 p(1+£), thereforeW = 1Y, + < 5(1+£) —1,.

9.7.Residential location depending on the place of employment
By setting A= lY +& >pandB= ——p, thenW = A+ B -r,, the solution of the transformed
equation takes the foIIowmg form:
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r=A+ B% —W(B)/’ (9.5)

R

This form is the most appropriate for linking remsitial position r with the place of
employmentp. This is becaus® and H are linked by (9.1) wheredad and o are linked by

H(r) = F(p) =bp, thereforeR(r) = R, —apr. As aresult:

r=A+Bl-2)-wa-£)F (9.6)
P p

9.8. Calculation of equivalent income

Y(0) =T (0,) + E(R,.,)
=a, +ar, +RYR(0) 1 (p)
=a, +an, +(£) 7 [aW(E)” -2 5(L)]
=a, +arn +[Y, +%’ﬁ —al _%"5(%)0’]

=Y+ P~ (2)°]

10. Appendix 3: Sensitivity of residential location

This appendix presents the proofs of propositioaa®10.

10.1. Simple influences
To reveal the direction of variation af in response to parameter changes, we can adapt
expression (5.4). We note=1- p/ p, which is non-negative becauge< p; < p.
First of all, r, =K, +1,x* where K, is independent of,, therefore residential location
increases witl,: this proves point (i) of the proposition.
Thenr, =1Y,(1- x”) + K, whereK_ is independent o¥,, hence point (ii).
Next,r, = 2K, +K; whereK, >0 andKj, are independent od'.

In addition, for point (vi), we reformulate (5.43 #llows:

[y =To= (A= 1) (A= X*) + £-Z (x - x*)
Since functionx? decreases with3 and increases withr, functions1-x? and x - x*
increase withs and decrease witkr, as does functior8/a. This influence is conserved by
the product and sum of positive functions having same property, therefore —r, is an
increasing function of3 and a decreasing function of
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10.2. Framework of analysis for a complex influence
Parameterd, a, A, R, have more complex influences, both direct andréudivia p. We
can determine the influence of a parameXeion Ar =r, —r, by considering the derivative
function 0Ar/0X : this function is well-defined becaus#r is sufficiently regular, and

whether it has a positive or negative sign deteesiimwhether X has an increasing or
decreasing influence.

SinceAr = B(x —1)+ W (1- x#),
OAr _ oW . 0B oy OX
= (A-X)+—(x-1)+(B- BWXT)—
oX ax( ) ax( )+ (B-SW )ax

According to the expression=1-p/p,

ox _p az)=1—x 0

220X aX
0

e}

X prox  p
Thereforedk/oX =0 at pointx =1. Therefore ifoy—Ar 0.

= <
< 2

on[0]] then@
oX

The next calculation is:
9°Ar o O0W 0B -1 O 0(0x/0X) .
=-fX" —+—+a WX T —+——=(B- WX
0x0X g 0X oX AW oX 0X ( )

The notation%(ék/é’)() corresponds to a two-step operation: fi& :éﬁ second the
oX  dpoX

derivation of x in response to variations gb, with p fixed: so & =-do/p. A more
rigourous expression is :

é %@):él_xﬁz—lﬁ
X 0poX" x p X  poX
Therefore
9°Ar _»O0W 0B g OX 10D
==X —+—+a WX T —-(B-LWX")—
0X0X d oX 0X W oX (B-AW poX
10.3. Influence of job density
Let us study the total influence bf including viaN =bp;:
aN

RO:RA+?:RA+ab%pf

éz—ﬁi/]%:—ﬁt wheret =R, /R, <1
& aab b

ow _108
ab S ob
@:—%RA:—Et henceﬁ:—l(l—x) and 2% =L
A ab b Ad b Ko b
Therefore:
0%Ar ot ot oyt o Y,
== BW@L- X)X T = -B-(1-X")+—[BL-Xx")-Bx (2
FWTS BW(1-x) 5Byl )+ [B )BT 7o)l
, PR S
=-a'fW(L-x)x“* 1E—Bﬂx ”(EO—rO)
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The cross derivative is the sum of two negativenggrand therefore negative, which implies
that b has an increasing influence on residential locatio

10.4. Influence of job radius
As regards the influence g¢d;, including viaN = bp;, we first calculate:
P =1 thereforeﬁ =17 andiﬁ = —%.
Ps Pr P oK 9p; P
Next:

ﬁ:éngandM—ldB—lB
gy aa p do; By B P
Therefore:

2
Ohr :Ta )+ apw X e g
OX0p; p b

=apwx e X Do
p P a
The cross derivative is the sum of two positiventgrand therefore positive, which implies

that p; has a decreasing influence on residential locafidrus, where job densitp is
constant, an increase gk is equivalent to an increase in the number of ébalsis, therefore
to increasing land pressure, which increases nealeensity.

10.5. Influence of the unit cost of transport
Let us now look at the unit cost of transport ie tlesidential areaa, initially independently
of a'. We start by calculating:

io:—ﬁt thereforeﬁz—l_)< diﬁ:l.
a oa a Koa a

Next:

B _ ,8 oW 2, 1 dB

— 2AR, + 0;) = —l+t and— =-Y,a

This glves us:

2 — . '

OAr :——(1+t)(1 XY+ BYa e —t1 X arpwi+ LB - s
oxoa a a

which we analyse as the sum of three terms inflee@mespectively byB, Y, andr,.
The term inB is:

2L+ a- X ) -t @-xx - = - {1 x ) + a0
a a
As t=% = minp% =min, x, on the effective domaimp U [0,p;] we know thatx [J[t,1].

Thereforel- x@ +a't(L- X)X @ 1 <1-x7 +a'(x@ - xP).
Let us useg(x) =1- BX @ —a'x? to denote this function, which takes the va(@ =0 and
has the derlvatlv dg —a’,[?[x'”"l—x'”'] which is positive or[0,1]: therefore@(x) <0 on

this interval, WhICh ensures that the termBins positive.

The term inY; is

BY@ X (A-1) - at1-X)x "} = B x T x(1-t) - a't(1- X)}
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The expression in brackets is reformulated:
XA-t)—atl-x)=x—-tx—a't+atx=x(1-Lt)—at=x—-t(a' + Bx)

When x<1, soisa’'+ % <1 and, ast < X, this term is positive, and therefore the ternyjn

is also positive.

, I 1-X o - —a'-
Finally, the term inry is Brgt=——=x"7 "+ rolﬂx ” :,Hrolx 7120,
a a a

In all, as the sum of three positive terms, thessrderivative is positive, which ensures that
the derivative is negative: residential locatiorcigser to the centre when the unit cost of
transport in the residential zone is higher.

In the event thal' = a, the parametea continues to have a decreasing influence.Indéed, t
effect on p is maintained, whereas:

:—p therefore”> = - B¢ andﬂ——Y0 2, LB
A a 2 "B
Asaresult.
2 —_ '
0" :——t(l X )+ BY,@ X7 +a' WX (= 417X X)+£[B—,6’Wx‘”]
oxda a a

= AY,a " Yx@-t) - a't@-x)} + roﬂ'g X (a"l_TX +1)

The coefficient ofr, is positive, as is that of; sincel>x >t thereforel-t=21-x2>0, and
alsoa’'<1.

Therefore the cross derivative is positive, whiowes that the total influence afon Ar is
decreasing.

10.6. Influence of alternative rent
As regards the parametgy, :
Ib:ARA—-'-aN therefor ed_p:izﬁltheni:l__x andiﬁ:—i_
b R, ab R, R, Ry K OR, Ry
Next : dB ,Ba o",?) B andﬂ=ii.
R, aaR, R R, BR
This gives us :
9°Ar - aaql-x 1 o
=—(1-x")+qa a1z Z_ -~ 1B X7
2X0R, RO( )+ a' BWX R, RO[ BWXT]
=a a1l X+£ _a( O—ro)
R, R

This is the sum of two positive terms, therefore ttross derivative is positive and the
derivative is negative: an increaseRy brings residential location closer to the centre.

10.7. Influence of land capacity
The parameterl has exactly the same effect as paramBfeon the model’s results, because
both parameters appear in the formulas solelyargtiouped formiR, .
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10.8. Sensitivity of lot size (Proposition 10)

We analyse the sensitivity @f (o) to a parameteX by considering the functioiX — 4-7,,.
Sincer,, =& Ar, formally we have:
0°Ar _ 0%Ar
dXdp  9poX
asr, is a sufficiently regular function. Moreover, wave already established the variations
of JAr /(dxdX) with respect tox that would correspond solely to variationsgn according
to the relationdx = -dp/ p. Therefore:

O°Ar _ 5 0Ar _ 1 50Ar _ 1 0N

9pIX  Jdp X p ok dX P oxaX
The sign of &Ar /(dpdX), therefore of %1 (0), is the opposite of that oB?Ar /(xdX),
therefore identical to that oblAr/oX =d, /dX. Thus the function X - r (p) varies
according toX as X - r,(p), and the results of Proposition 9 are also trug o) .

0 .
_r =
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