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ORBITAL STABILITY OF SPHERICAL GALACTIC MODELS

MOHAMMED LEMOU, FLORIAN MEHATS, AND PIERRE RAPHAEL

Dedicated to the memory of our friend Naoufel Ben Abdallah

ABSTRACT. We consider the three dimensional gravitational Vlasov Poisson sys-
tem which is a canonical model in astrophysics to describe the dynamics of
galactic clusters. A well known conjecture [6] is the stability of spherical mod-
els which are nonincreasing radially symmetric steady states solutions. This
conjecture was proved at the linear level by several authors in the continuation
of the breakthrough work by Antonov [2| in 1961. In the previous work [29],
we derived the stability of anisotropic models under spherically symmetric per-
turbations using fundamental monotonicity properties of the Hamiltonian under
suitable generalized symmetric rearrangements first observed in the physics lit-
terature [34, 12, 45, 1]. In this work, we show how this approach combined with
a new generalized Antonov type coercivity property implies the orbital stability
of spherical models under general perturbations.

1. Introduction and main results

1.1. The gravitational Vlasov Poisson system. We consider the three dimen-
sional gravitational Vlasov-Poisson system

of +v-Vof =Vor-Vyuf =0, (t,z,v) € Ry x R® x R3
f(t=0,2,v) = fo(z,v) >0, (1.1)

where, throughout this paper,

pre) = [ fydy and op(e) =~

K pf (1.2)
are the density and the gravitational Poisson field associated to f. This nonlinear
transport equation is a well known model in astrophysics for the description of the
mechanical state of a stellar system subject to its own gravity and the dynamics of
galaxies, see for instance [6, 11].

The global Cauchy problem is solved in [33, 37, 39] where unique global classical
solutions f(¢) in C!, the space of C' compactly supported functions, are derived.
Two fundamental properties of the nonlinear transport flow (1.1) are then first the
preservation of the total Hamiltonian

HUO) =5 [ Bt deto =5 [ Vosta)Pde = Hr0). (13

and second the preservation of all the so-called Casimir functions: VG € C1([0, +-00), RT)
such that G(0) =0,

G(f(t,z,v))dxdv = G(fo(z,v))dzdv. (1.4)
RS IR
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Equivalently, consider the distribution function associated to f:
Vs >0, pg(s)=meas{(z,0) € R: f(z,v) > s}, (1.5)
then (1.4) means the conservation law associated to nonlinear transportation:

VE=0, pp(t) = pp- (1.6)
In this paper, we will deal with weak solutions in the natural energy space
E={f>0with f € L' N L*®(R®) and |v|*f € L'(R%)} . (1.7)

For all fy € &, (1.1) admits a weak solution f(t), constructed for instance in [4, 22,
23|, which is also a renormalized solution, see |7, 8]. Moreover, this solution still
satisfies (1.4), belongs to C([0,4+00), L'(R%)) and the energy conservation (1.3) is
replaced by an inequality:

vt >0, H(f(t) < H(fo)- (1.8)

1.2. Previous results. Jean’s theorem [5] gives a complete classification of radially
symmetric steady state solutions to (1.1). Recall that radial symmetry in our setting
means f(z,v) = f(|z|, |v],z - v). They are of the form

Q(z,v) = F(e, ()
where e, £ are respectively the microscopic energy and the kinetic momentum
2
v
ew.0) = " 4 dgl@). €=z AP (1.9)

and are the only two invariants of the radially symmetric characteristic flow associ-
ated to the transport operator 7 =v -V, — Vg - V,.

A canonical problem which has attracted a considerable amount of works both
in the physical and the mathematical community is the question of the nonlinear
stability of steady states models. The linear stability of all nonincreasing anisotropic
models satisfying

OF

Oe <
is derived by Doremus, Baumann and Feix [10] (see also [13, 24, 41| for related
works), following the pioneering work by Antonov in the 60’s [2, 3]. This analysis is
based on some coercivity properties of the linearized Hamiltonian under constraints
formally arising from the linearization of the Casimir conservation laws (1.4), see
Lynden-Bell [34], known as Antonov’s coercivity property.

At the nonlinear level, the full orbital stability in the natural energy space £
has been obtained for specific subclasses of steady states as a direct consequence
of Lions’ concentration compactness principle [31, 32|, see [46, 14, 16, 17, 18, 9,
40, 26, 27, 28, 38]. This powerful strategy however only applies to specific models
which are global minimizers of the Hamiltonian (1.3) under at most two Casimir
type conservation laws, see |27, 28| for a more complete introduction.

A first attempt to treat the general case and use the full rigidity provided by
the continuum of conservation laws (1.4) is proposed in [19], [15] where the first
result of stability against radially symmetric perturbations is obtained for the King
model F'(e) = (exp(eo —e) —1),. The approach is based on Antonov’s coercivity
property and a direct linearization of the Hamiltonian near the King profile.

We proposed in [29] a different approach based on fine monotonicity properties
of the Hamiltonian under suitable generalized symmetric rearrangements as first

0 (1.10)
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observed in pioneering breakthrough works in the physics litterature, see in partic-
ular Lynden-Bell [34], Gardner [12], Wiechen, Ziegler, Schindler [45], Aly [1]. This
approach avoids the delicate step of linearization of the Hamiltonian and reduces
the stability problem for the full distribution function f to a minimization problem
for a generalized energy involving the Poisson field ¢; only. The main outcome is
the radial stability of nondecreasing anisotropic models, proved in [29]:

Theorem 1.1 (Radial stability of nonincreasing anisotropic models, [29]). Let
Q(x,v) = F(e,l) be a continuous, nonnegative compactly supported steady state so-
lution to (1.1). Assume that @Q is nonincreasing in the following sense: there exists
eo < 0 such that F is C* on O = {(e,f) e Rx Ry : F(e,l) >0} C (—o0,ep) x Ry
and

oF
%<O on O

Then Q) is stable in the energy norm by radially symmetric perturbations, ie: for all
M >0, for all e > 0, there exists 1 > 0 such that given fo € C} radially symmetric
with

1fo=@Qlir <m, ol <NQlzee + M, [H(fo) = H(Q)| < n, (1.11)
the corresponding global strong solution f(t) to (1.1) satisfies:

¥t >0, [I(1+ [uP)(f(t) ~ Q)llrr <e. (1.12)

1.3. Statement of the result. Our aim in this paper is to extend the stability
result of Theorem 1.1 to the full set of non radial perturbations. Here we recall that
the radial problem enjoys an additional rigidity because for f(z.v) radially symmet-
ric, the Casimir conservation laws (1.4) can be extended as follows: VG(h, () > 0,
C! with G(0,¢) =0,

G(f(t,z,v), |z Av|*)drdy = / G(fo(z,v),|z Av|*)dzdv. (1.13)
R6 R6

This additional conservation law is fundamental in the proof of Theorem 1.1, and
at the linear level, it is intimately connected to Antonov’s coercivity property which
is essentially equivalent to the coercivity of the Hessian of the Hamiltonian (1.3)
under the full set of linearized constraints generated by (1.13).

For the full non radial problem, (1.13) is lost. However, we claim that the strategy
developped in [29] coupled with a new generalized Antonov coercivity property allows
us to derive the classical conjecture of orbital stability of nonincreasing spherical
models.

Theorem 1.2 (Orbital stability of spherical models). Let @ be a continuous, non-
negative, non zero, compactly supported steady solution to (1.1). Assume that Q is
a nonincreasing spherical model in the following sense: there exists a continuous
function F : R — R, such that

o[

Y(z,v) €RS Q(z,v)=F <2 + qbQ(x)) , (1.14)

and there exists eg < 0 such that F(e) =0 for e > eg, F is C* on (—o0,eq) and

F' <0 on (—o0,€p). (1.15)
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Then Q is orbitally stable in the energy norm by the flow (1.1): for all M > 0, for
all € > 0, there exists n > 0 such that, given fy € € with

[fo=Qllr <n. H(fo) <H@Q)+n,  [follze < QL + M, (1.16)

for any weak solution f(t) to (1.1), there exists a translation shift z(t) such that
VE> 0,

1L+ o) (f(t,2,0) = Q(z — 2(8), )|l L2 rs) < e (1.17)

Comments on Theorem 1.2.

1. On the assumption on Q. Jean’s theorem [5] ensures that the assumptions we
make on Q are very general. Note that we allow F’ to blow up on the boundary
e — eg which is known to happen for many standard models. We in particular
extract from [6] two models of physical relevance which fit into our analysis:

— The generalized polytropic models:

; 7
Fe) = Z aijleo —e)¥, 0<¢q < 5 Qij > 0.
0<i,j<N

— The King model:

F(e) = (exp(ep —e) — 1) for some e < 0.

2. Anisotropic models. Note that Theorem 1.2 deals with spherical models Q = F'(e)
while the full class of anisotropic models @ = F'(e, ¢) is considered in Theorem 1.1.
Let us insist that the orbital stability of all anisotropic models with respect to
non radial perturbations is not expected to hold in general (see [6]) and nonradial
instability mechanisms may happen induced by the non trivial dependence on ki-
netic momentum. We present a full non radial approach for spherical models only
which is a canonical class, but which is likely not to be optimal. The derivation of
sharp criterions of stability or instability for anisotropic models under non radial
perturbations remains to be done.

3. Quantitative bounds. The proof of Theorem 1.2 will rely on a compactness argu-
ment, and one could ask for more quantitative bounds. Such bounds are available
for the Poisson field and a consequence of our analysis is that for f € £ satisfying
(1.16), we can find z5 € R? such that

H(f) = H(Q) + [|ofllzllf* — Q%llrr > col Vs — Voo - — zp)[22

for some universal constant ¢y > 0, see (4.4), where f* and Q* denote respectively
the usual symmetric decreasing rearrangements of f and @), as defined in Lemma 2.3.
The quantitative control of the full distribution function however seems to involve
more subtle norms and would rely on weighted estimates for the bathtub principles,
see (2.25). Such estimates were derived in the context of the incompressible 2D
Euler in [36, 43], but they seem to be more involved in our case due to the nonlinear
structure of the generalized symmetric rearrangement that we consider, see (1.19).
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1.4. Strategy of the proof. Let us give a brief insight into the strategy of the
proof of Theorem 1.2 which extends the approach introduced in [29].

Step 1. Monotonicity of the Hamiltonian under generalized symmetric rearrange-
ments.

Let us define the Schwarz symmetrization of f as
ff(s)=inf{r >0 : pp(r) < s}, (1.18)
where p ¢ is defined by (1.5), which is the unique decreasing function on R4 with

jf = ppe-
Given a potential ¢ in a suitable "Poisson field" class, we define the generalized
symmetric nonincreasing rearrangement of f with respect to the microscopic energy

2
e= % + ¢(x) as the unique function of e which is equimeasurable to f, explicitely

o2
F*(x,v) = f*oag(e(z,v)), agle) = meas{(r,v) € RS, 5 + ¢(x) < e}. (1.19)

Any nonincreasing spherical steady state solution to (1.1) is a fixed point of this
transformation when generated by its own Poisson field:

Q% = Q. (1.20)

Moreover, the Hamiltonian (1.3) enjoys a nonlinear monotonicity property which
was first observed in the physics litterature, see in particular Aly [1]:

H(f) = H(f*). (121)
For perturbations which are equimeasurable to () ie
[f=q, (1.22)

we can more precisely lower bound the Hamiltonian by a functional which depends
on the Poisson field only:

H(f) = H(Q) = T(¢7) = T(9q) (1.23)

where J can be interpreted as a generalized energy, [34]:
N 1
T(@n) = Q@)+ ;5 [ [Voges, = Vsl
2 Jps

Step 2. Coercivity of the Hessian: a Poincaré inequality.

We now linearize the functional J at ¢g. The linear term drops thanks to the Euler-
Lagrange equation (1.20) and the Hessian takes the following remarkable form

DQJ(ng)(h,h):/RgWh]z—/Rﬁ |F'(e)|(h — TIR)?dxdv (1.24)

where II, defined by (3.8), denotes after a suitable phase space change of variables
the projection of h onto the functions which depend only on the microscopic energy
e. A similar structure occured in [29] where the corresponding quadratic form was

/ |Vh|2—/ oF
R3 RS

87(6, 6)‘ (h — T, ¢h)*dxdv (1.25)
e

and where I, s corresponds to the projection onto functions which depend on (e, £)
only (e and ¢ being defined by (1.9)). The strict coercivity of the quadratic form
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(1.25) was then equivalent to Antonov’s stability result, but this statement is no
longer sufficient in our setting as (1.25) is lower bounded by (1.24).
We now claim the positivity of (1.24) for spherical models

D2J(¢q)(h, h) = / |Vh|? —/ |F’(e)|(h — TIh)?dxdv > 0, (1.26)
RS RG

and in fact the quadratic form is coercive up to the degeneracy induced by transla-
tion invariance®. For this, we reinterpret (1.26) as a generalized Poincaré inequality
with sharp constant, and we claim that the classical approach developed by Hor-
mander [20, 21] for the proof of sharp weighted L? Poincaré inequalities:

- - ~ fd
dp ==V, /R =P s /R VP, = Jtd

Jrn dp
under the convexity assumption
ViV > 1 (1.27)
can be adapted to our setting. In particular, the non trivial convexity property
(1.27) appears in the setting of (1.26) as a consequence of the non linear structure
of the steady state equation (1.20), see (3.48).

Step 3. Compactness up to translations.

The outcome of Step 2 is the variational characterization of @), ¢ respectively as the
locally unique (up to translation shift) minimizers of the respectively constrained
and unconstrained minimization problems

nf H(f). f T (6).

More precisely, we will show that J(¢) — J(¢q) controls the distance of ¢ to the
manifold of translated Poisson fields ¢g(- + z), x € R3, see Proposition 3.1.

From standard continuity arguments, the conservation law (1.6) and the inequal-
ity (1.8) ensure that Theorem 1.2 is now equivalent to the relative compactness in
the energy space up to translation of generalized minimizing sequences:

frf—Q* in L' and limsup™(f,) < H(Q).
n—-+00
A slight improvement of the lower bound (1.23) implies first the relative compactness
up to translations
Vo, (- +x,) = Vog in LZ(Rg).

The strong convergence in the energy norm of the full distribution function now
follows from a further use of the extra terms in the monotonicity property (1.21)
which yields:

/(1 + 03| fu(2 4 2, v) — Q(z,v)|dzdv — 0 as n — +oo

and enables to conclude the proof of Theorem 1.2.

The paper is organized as follows. In section 2, we show how a suitable phase-
space symmetrization allows to reduce the study of the Hamiltonian H to the study
of a functional J which depends on the Poisson field ¢y only. In section 3, we
show that ¢¢ is a local minimizer of this new functional and that J(¢) — J(¢q)
controls the distance of ¢ to the manifold of translated functions ¢q(- + 2), z € R3,

Lsee Proposition 3.6 for precise statements
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Proposition 3.1. In section 4, a sharp use of the monotonicity properties for both
functionals H and J yields the compactness of the whole minimizing distribution
functions. The proof of Theorem 1.2 then follows in section 5.

Acknowledgement. The authors are endebted to thank Frank Barthe who
pointed out to us Hérmander’s proof of weighted Poincaré inequalities. M. Lemou
was supported by the Agence Nationale de la Recherche, ANR Jeunes Chercheurs
MNEC. F. Méhats was supported by the Agence Nationale de la Recherche, ANR
project QUATRAIN. P. Raphaél was supported by the Agence Nationale de la
Recherche, ANR projet SWAP. M. Lemou and F. Méhats acknowledge partial sup-
port from the ANR project CBDif.

2. Reduction to a functional of the gravitational potential

In this section, we introduce the notion of rearrangement with respect to a given
Poisson type field, and show the monotonicity of the Hamiltonian under the cor-
responding transformation which allows to compare the minimization problem of
H(f) under the constraint f* = Q* to an unconstrained minimization problem on
the Poisson field ¢ only. Our approach extends the one we developed in [29] to
the case of non radial potentials, and most arguments are in fact simplified by the
absence of kinetic momentum.

2.1. Properties of Poisson fields. Let us start with defining a suitable class of
"Poisson type" potentials:

X = {¢ € C(R?) such that ¢ <0, | ‘lir:ar d(x) =0, Vo € L*(R?) and m(¢) > 0}

where

m(¢) = inf (1+ [z])[o(x)] (2.1)

inf
z€ER3
Notice that (2.1) implies:

V.6 € X, YA>0, m(d+ o) =m(g) +m(9), m(Ag)=Im(¢),  (2.2)
and thus X is convex. Moreover, there holds:

Lemma 2.1 (Properties of Poisson fields). Let f € £ nonzero and ¢y be its Poisson
field given by (1.2), then ¢ € X.

Proof. Let f € £, nonzero. From standard interpolation estimates, py € LS3n L
Hence, by elliptic regularity, ¢ € W2’5/3, Vo¢r € L*(R?) and ¢ € COs by Sobolev

loc

embedding. Also ¢y <0 and ¢¢(z) — 0 as || — +oo from (1.2). In particular, ¢
attains its infimum on R3 with

—00 < min ¢y < 0.

It remains to show that m(¢) > 0 which follows from the existence of Cy > 0 such

that:
Cy

I

vz e R?,  ¢(x) <
Indeed, pick R > 0 such that

f
/ pr(y)dy > H2|L1 >0,
lyl<R

(2.3)



8 M. LEMOU, F. MEHATS, AND P. RAPHAEL

and estimate for |z| > R:

_ pr(y) pr(y) Il
~o@) = [ PP L /|y|<R (el + B) Y % &x(la] + R)’

which yields (2.3). The proof of Lemma 2.1 is complete. O

Let us now associate to ¢ € X the following Jacobian function:

Lemma 2.2 (Properties of the Jacobian ay). Let ¢ € X. We define the Jacobian
function ay : R* — RT as:

2
Ve <0, ag(e) = meas {(x,v) €RS: ’2| +o(z) < e} .
Then:
(i) There holds the explicit formula:
8mV2
Ve <0, agle) = V2 (e — ¢(x))>* da. (2.4)

3 Jas

In particular, ag(e) = 0 for all e < min ¢;
(ii) ay is C' on (—00,0) and is a strictly increasing C' diffeomorphism from
[min ¢, 0) onto Ry.

Proof. Let us prove (i). We have the inclusion

|2
{(m,v) cRS: |2’ + é(x) < e} C {(z,v) €R%: ¢(x) < e and |v]* < 2(e —ming)} .

Let e < 0. Since ¢ is continuous and goes to zero at the infinity, the set in the
right-hand side is bounded in R®, thus a4(e) < +00. The formula (2.4) now follows
after passing to the spherical coordinates in velocity. We now prove (ii). Since, for
all e < 0, the set {x e R3: ¢(z) < e} is bounded, we may apply the dominated
convergence theorem and get the continuity and differentiability of ag on R* , with

aly(e) = 4mV/2 [ fe- é(x))? da. (2.5)

Hence aib is nonnegative and clearly continuous. Moreover, if a’d)(e) = (0 then e —

#(x) <0 for all z € R3, which means that e < min ¢. Therefore, if ¢ > min ¢, then
ag(e) > 0. It remains to prove that 11%1 agy(e) = +o00. Since ¢ € X, we have
e—0—

m(@) \*?
a¢(e)20/ <e+ ) dex — 400 as e—0,
R3 1+ |.’E‘ +

from [ps (H‘iﬁ = 400, m(¢) > 0 and the monotone convergence theorem. This
concludes the proof of Lemma 2.2. O

2.2. Rearrangement with respect to the microscopic energy. We introduce
in this section the generalized rearrangement of f with respect to a Poisson field ¢ €
X. Let us start with recalling standard properties of the Schwarz symmetrization,
[25, 30, 35].



ORBITAL STABILITY OF SPHERICAL GALACTIC MODELS 9

Lemma 2.3 (Schwarz symmetrization or radial rearrangement). Let f € L}r NL>,
then the Schwarz symmetrization f* of f is the unique nonincreasing function on
R4 such that f and f* have the same distribution function:

Vs >0, py(s) = ppe(s)
with py given by (1.5) and pg- defined analogously?. Equivalently, f* is the pseudo-
inverse of puy:
Vt >0, f*(t)=inf{s>0: ps(s) <t}.
The following properties hold:
(i) f* € LY N L™ with
£7(0) = [ fllzee,  Supp(f*) C [0, meas(Supp(f))];
(ii) for all B € CY(R, R ) with 3(0) =0,

B (1)) dt = / B(f (z,v))dadv. (2.6)
R, RS

Observe that the above definition of f* is equivalent to
Vt >0, f*(t)=sup{s>0: pus(s)>t},

with the convention that f*(t) = 0 when the set {s > 0 : pus(s) > t} is empty.
Note also that if f is continuous then f* is continuous [42]. In particular, Q* is
continuous.

Given ¢ € X, we now define the rearrangement of f with respect to the micro-

scopic energy % + ¢(x) as follows:

Lemma 2.4 (Symmetric rearrangement with respect to a microscopic energy). Let
fe&andlet p € X. Let f* be the Schwarz rearrangement in RS given by Lemma
2.3. We define the function

“la PP x i PP x) <0
O (a0 (1 +0)) o ’3’2+¢<>< o
0 if 7+¢(x)20

on R®, where ay is defined by (2.4). Then:
(i) f*¢ is equimeasurable with f, i.e.
[ eEq(f) ={g€ LLNL>® with us=pgy}. (2.8)
(i) f*? belongs to the energy space, i.e. f** € & with
o . 4730 17/9 £112/9
/R o dade < CIVSIIF I IR, (2.9)
Proof. Let us prove (i). The equimeasurability of f and f*¢ relies on the following

elementary change of variable formula: let two nonnegative function a € CO(R) N
L*®(R) and v € L*(R4), then

/“2'2+¢(a:)<0 “ ‘UQP * ¢($)> K <a¢ <|U2‘2 * (b(x))) drdv
B /minﬂ@)”(%@))%(e)de -/ o (') 2s. (210)

2through the one dimensional Lebesgue measure
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To obtain the first equality in (2.10), we pass to the spherical coordinates in velocity
u = |v| and perform the change of variable e = “2—2 + ¢(z) in the integral of u:

/f+¢(x)<o : <\02!2 ! gm)) ! <a¢ <‘02‘2 * d’(‘r))) dwdv

0
= 471V/2 dx/ a(e)y(ag(e)) (e — ¢(x))1/2 de.
R3 ()

0
= 4m\/2 a(e)y(aq(e))de /]12{3 (e — qﬁ(x))iﬂ dx.

min ¢
We conclude thanks to the formula (2.5) of a’d). The second equality comes after the

change of variable s = ay(e). Recall from Lemma 2.2 that a is a C! diffeomorphism
from [min ¢, 0) onto R.
Let 3 € C}(Ry,Ry) such that 3(0) = 0. From (2.10) and the definition (2.7), we

get
/]RG B (f*d’(a:,v)) dxdv = (f*(s))ds = /RG B(f(x,v))dzdv,

where we use (2.6). This proves that f*¢ € Eq(f).
Let us now prove (ii). From the equimeasurability of f and f** we already
deduce that

+oo

IFllze = 1F e, WFllzoe = 1F*¢) . (2.11)

Moreover, we have

2 2
/}R6 |v2‘f*¢d9€dv = /}R6 (’1}2| + ¢(x)> f*®drdv — /RG o(x) f*dadv
< - [ o) dad < ol s <+
RS

where we used (2.7). More precisely:

2
/ ﬂf*d’dxdu < — | é(x)f*Pdedv = / Vo -V odn
R6 2 R6 R3
< OVl 2l F2 It A2 1 2

where we used the Cauchy-Schwarz inequality and the following standard interpo-
lation inequality: for all g € £,

/2 7/6 1/3
I¥84ll3> < ClllPal ol 22 gl (212)
and (2.9) follows. This concludes the proof of Lemma 2.4. O

We end this subsection with an elementary lemma which will be useful in the
sequel.
Lemma 2.5 (Pseudo inverse of f*oay). Let f € £, nonzero, and ¢ € X. We define
the pseudo inverse of f*oay for s € (0, f|lL~) as:
(f*oag) '(s) =sup{e € [ming,0) : f*oayle) > s}. (2.13)
Then (f* o ag)™t is a nonincreasing function from (0, f||re) to [min¢,0) and for
all (z,v) € R® and s € (0, f|z=),

v 2
Fo.0) > s = U 4 o(a) < (0 ag) 7 (5), (2.14)
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U2
Froa,) < 5= 0 1 6(@) 2 (1 0 ) (5), (2.15)

where f*? is defined by (2.7).

Proof. Let s € (0, f||z), then from f*(0) = ||f||ze, f*(t) — 0 as t — 400 and
Lemma 2.2,

{e € Imin¢,0) : f*oag(e) > s} is not empty (2.16)
and (f*oag)~1(s) defined by (2.13) is strictly negative. The monotonicity of (f* o
ag)~1 follows from the monotonicity of f* and a,. Assume that [ (x,v) > s,

|v]?

then from the definition (2.7), we have min¢ < 5~ + ¢(z) < 0. We also have
fro a¢($ + ¢(z)) > s, therefore @ + ¢(z) < (f* o ap)~!(s) from the definition
(2.13). This proves (2.14). Assume now that f*?(z,v) < s. Then, for all e € {& €

[min ¢,0) :  f*oay(€) > s} which is a non empty set, we have % + ¢(x) > e, and
(2.15) is proved. O

2.3. Spherical models are fixed points of the generalized rearrangement.
We now reinterpret the assumptions on () in Theorem 1.2 and claim that spherical

models are fixed points of the f — f*®f transformation®.

Lemma 2.6 (Q is a fixed point of the f*®/ rearrangement). Let Q be a radially
symmetric spherical models as in the assumptions of Theorem 1.2. Then we have

Fe) = Q" cag,(e), Vee€ [¢q(0),0), and Q¥ =Q onRS. (2.17)

Proof. Observe first that, since the boundary of {Q(xz,v) > 0} is the level set
2
% + ¢g(x) = e, we have pg(0) = meas (Supp(Q)). From the equimeasurability
of () and Q*, we have
[v]?

noF(e) = meas {(e,0) €% P (U4 o00)) > (o)}
= meas{s € R}, Q*(s) > F(e)},
for all e < eg. Since F is strictly decreasing on (—oo, g, this is equivalent to
1Q(F(e)) = ag,(e) = meas {s e Ry, Q*(s) > F(e)}, Ve < ep. (2.18)

In particular ag, (eo) = meas(Supp(Q)) > 0, which implies that ¢g(0) < eo. From
(2.18) and the invertibility of both continuous functions F and ay, on [¢g(0), e, we
deduce that pq is continuous and one-to-one from [0, F((¢g(0))] to [0, ag,(eo)]. In
particular, Q* is the inverse of s on this interval (and not only its pseudo-inverse)
and we have
Q"o ag,(e) = F(e), Ve € [¢g(0), eg]. (2.19)
Identity (2.19) is still valid for egp < e < 0. Indeed, in this case, we have F'(e) = 0,
and ag,,(e) > ag,(eo) = meas(Supp(Q)), which implies that Q* o ag,(e) = 0. The
first identity of (2.17) is then proved.
Now, the identity Q*?Q = Q is a straightforward consequence of tth first identity
lv]

of (2.17). Indeed, we first observe that % + ¢g(x) > ¢g(0). If 5+ dpg(x) >0

then F' (@ + ng(x)) =0 and Q*??(z,v) = 0 from the definitions of F' and Q*?<.

3Note that this is essentially a characterization of spherical models
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_ PP

If @ + ¢q(x) < 0, then we apply the first identity to e = 5~ + ¢g(x) and get the
desired equality. The proof of Lemma 2.6 is complete. O

2.4. Monotonicity of the Hamiltonian under symmetric rearrangement.
We are now in position to derive the monotonicity of the Hamiltonian under the
generalized rearrangement which is the first key to our analysis and was already
observed in the physics litterature, see [1] and references therein. Given f € £\ {0},
by Lemma 2.1 we have ¢y € X and we will note to ease notation:

F=frr. (2.20)
Given ¢ € X, we define the functional
. 1
Jp-(9) = H(f**) + 5V6 = Vo1 (2:21)
which is well defined from Proposition 2.4. We claim:

Proposition 2.7 (Monotonicity of the Hamiltonian under the f*?f rearrangement).
Let f € £\ {0} and f given by (2.20), then:

H(f) = T (65) = H(S). (2.22)
Moreover, H(f) = H(J?) if and only if f = f

Proof. First compute for all (f,g) € &:
1 1
) = 5 [ W= [ Ve
R6 R3

2 1 1
L5 wor) o [ wta+ [ o+ [ 190,

U2
o)+ 3190 - Vot [ (M +o0) -0 @2

RO\ 2

Replacing g by f: s yields from (2.21):
o]

=T+ [ (Y 4 o) ¢ - rondean, @2

and hence (2.7) follows from

~

/RG ('7)2’2 + ¢f(37)> (f = f)dadv > 0, (2.25)

with equality if and only if f = .]/c\ The proof of (2.25) is reminiscent from the
standard inequality for symmetric rearrangement, see [30]:

[ tels < [ el

Indeed, use the layer cake representation

1 fllpoo
f(xv U) = /t ]]'t<f(m,v)dt
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and Fubini to derive:

Kl N
7+¢f (f = f)dxdv
RS
1 £ll oo o
= /t—o dt /Rﬁ <]lt<f(a7,v) - ]lt<f(m,»u)) <2 + ¢f> dxdv

£l oo |v|?
= /t:O dt /RG (Yewsecrn = Lenzeion) (2 + ¢f) dwdv

Il o2 i o
_/t:O di (/Sl(t)< 5 +¢f> dadv /52@)< 5 +¢f) dedv | (2.26)

~ o~

S1t) = (Fle0) <t < flav)},  Sa(t) = {f(e,0) <t < Fla0)}.
Observe from f € Eq(f) that:
for a.e. t>0, meas(S1(t)) = meas(Sa(t)). (2.27)
We thus conclude from (2.14) and (2.27): ¥Vt € (0, || f|| o),

with

v 2
/52(15) <’2’ + ¢f($)> dxdv < meaS(Sz(t))(f*oa¢f)—l(t) _ /Sl(t)(f*oa¢f)_1(t)dxdv-

Injecting this into (2.26) together with (2.15) yields:

o[ 7
L (o) (- Pasao>

Illee v)? i .
/0 dt/SI(t) <2+¢f(m)—(f °ay,) (t)> dxdv > 0

and (2.25) is proved. We also have the analogous inequality for Sa():

[ (1 A
[ (1 +or) 4 = Praodo>

1£llzoo . - v
/0 dt/SQ(t) <(f oag,) 1(t)—7— f(:r)> dzxdv > 0.

Let us now study the case of equality in (2.25). If

~

/RG ('7]2’2 + ¢f(x)) (f = f) daedv = 0,

the above chain of equalities implies that for a.e ¢ > 0, either meas(51(t)) =
meas(S2(t)) = 0 or, a.e. (x1,v1) € S1(t), a.e (w2,v2) € Sa(t),

|l

+op(x1) = (fFoag,) ' (t) = —— + ¢f(x2).

Jonf?
2 2
The last assertion contradicts the fact that f(atl, v)) <t < f(xg, v2). Therefore, for
a.e t € (0,|fllze), we have meas(S1(t)) = meas(S2(¢)) = 0. On the other hand,
| fllzee = || f*]|z and hence meas(S1(t)) = meas(Sa(t)) = 0 for ¢t > || f||z. Hence
meas(S(t)) = meas(S2(t)) = 0 for a.e. ¢ > 0, which implies f = f. This concludes
the proof of Proposition 2.7. (]
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3. Study of the reduced functional 7

In this section, we focus onto the functional on X

T(6) = To-(6) = Q") + [ V6 ~ Vargeo s (31)

We claim that locally near ¢g, J(¢) — J(¢q) is equivalent to the distance of ¢ to
the manifold of translated Poisson fields ¢ (- + z), z € R3.

Proposition 3.1 (Coercive behavior of J near ¢g). There exist universal constants

co,00 > 0 and a continuous map ¢ — z4 from (H',|| - | 71) — R3 such that the
following holds true. Let ¢ € X with
nf (¢ = do( = 2)z> +[Vé = Vool = 2)ll2) < do, (3.2)
then:
J(9) = T (#Q) = ol Vo = Voo (- = 2)l 7 (3:3)

This section will be devoted to the proof of Proposition 3.1 which relies first on
the second order Taylor expansion of J at ¢g, Proposition 3.3, and then on the
coercivity of the Hessian which is the second main key to our analysis, Proposition
3.6, and corresponds to a generalized Antonov’s coercivity property.

3.1. Differentiability of 7. Our aim in this section is to prove the differentiability
of J at ¢¢g and to compute the first two derivatives.

Let us start with differentiability properties of the function ¢ — ag defined in
Lemma 2.2, see Appendix A for the proof.

Lemma 3.2 (Continuity and differentiability properties of ¢ — ag). Let ¢, (?5 ex
and let h = ¢ — ¢. Then the following holds.
(i) The function (\,e) — agrn(e) is a Ct function on [0,1] x R* and we have

0

xao(e) = —dmV2 [ (o= (@) - A(2)) Y2 h(x)da. (3.4)
(ii) Let s € R.. Then the function X — a;j_/\h(s) is differentiable on [0,1] and we
have

o /R (gl (8) — d(@) — Ah(2)){ *h(z)de

—a, v, (s) =
P ahs) = o) = v

(3.5)

We are now in position to differentiate the functional 7.

Proposition 3.3 (Differentiability of J). The functional J defined by (3.1) on X
satisfies the following properties. _
(i) Differentiability of J. Let ¢, ¢ € X, then the function

A= T(6+ Ao — )

is twice differentiable on [0, 1].
(ii) Taylor expansion of J near ¢g. There holds the Taylor expansion near ¢q:
Vo € X,

T(6)~T(60) = 5 D*T (60)(6—dq, 6—ba)+n (|6 — ball1=) [Vo—Vaql2s (3:6)
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where
n(0) — 0 as 6 — 0.

Moreover, the second derivative of J at ¢¢g in the direction h is given by

DT (¢q)(h, h) (3.7)
— /R?) \Vh|? da — /RG ‘F’ ('”2’2 + ¢Q(:c)) ' (h(z) — IIh(z,v))? dzdv

where I1h is the projector:

|v]? 1/2
/3 (2 +do(z) - ¢Q<y)> h(y)dy
i) == & ' (3.8)
|v]? 1/2
/Rg (2 +do(x) - ¢Q<y>)+ dy

Remark 3.4. The projector IIh given by (3.8) should be understood as the pro-
jector onto the functions which depend only on the microscopic energy e(x,v) =

v 2
M+ 6g(@).
Proof. Let us decompose J into a kinetic and a potential part:
x 1 1
T(6) = Jor(6) = (@) + 5V0 - Vogul =5 [ [VoPds+2(s)  (39)
with

I
Jo(9) = /6 (’2| + (b(x)) Q**(x,v) dxdv. (3.10)
R
Note from Proposition 2.4 that Q*® € £ and is supported in @ + ¢ < 0, thus
—00 < jo(qb) < 0.

Let ¢, 5 € X and let h = 5 — ¢. We shall differentiate with respect to A the function
Jo(¢ + Ah).
Step 1. First derivative of Jp.

Introduce the following primitive of QQ*:
G(s) = / Q*(0)do, (3.11)
0

which is a uniformly bounded C! function with bounded derivative, since by as-
sumption @ (thus Q*) is continuous and compactly supported. We first transform

. . . . . 2
the expression (3.10) of Jp. By making the change of variable in velocity e = % +¢
and using (2.5), we get

0 0
wo) = | €@ (ag(e)) () de = | je(Goas) (@)de
— Gy~ | GlasteNde=— [ Glagle)ae
min min ¢ ¢ —00 ¢ .

Note that the boundary term is dropped thanks to the definition (3.11) and the
following properties:

+o00
p(ming) =0, lm a(e) = oo, [ Qo) = Qs < +ov.
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In order to differentiate Jo(¢ + Ah) with respect to A, we now use (3.4) and the
C! smoothness of G to derive: Ve < 0

33 CGen(€) = ~ATVEQ" (@ssn(e) [ (e~ o) = M)V *hia)dr,
Recall that we have Supp (Q*) = [0, Lo|, with
Loy = meas (Supp Q) < +oo.
Hence, from Lemma 3.2 (i), we deduce that there exists e; < ez < 0 such that
{(A\e) €[0,1] x RY : agyanle) € Supp(Q*)} C [0,1] x [e1, ea]. (3.12)

Moreover, we have the following uniform bound: for all (A, e),

IN

S Glagean(e >>] 4mV/2)| Q1< /Rs(ez—(l—AW() AG(@)) h(x)da

IN

4V21Q 1 [ (e2 = 0la) = o))} *hla)de <+

Therefore, Lebesgue’s derivation theorem ensures:

7;70(¢+)\h / G a¢+)\h )d

= 47r\/§/ /]R3 Q" (ag+an(e)) (e — o(z) — /\h(:c))i/zh(m) dxde. (3.13)

Step 2. Second derivative of Jp.

Let us now compute the second derivative of Jy(¢ + A\h) with respect to A. First,
an integration by parts of (3.13) with respect to the variable e gives

872
3

0
%Jo(qur)\h) =— /_ N /R ] Q" (a1 2n(€)) dlyan(€)(e—d(x)—Ah()) *h(z) dade.

Applying the change of variable s = a4, (€), we obtain

0 Lo
Do) = 2 [T as@) [ (a3hls) - o00) M) V(o)

Lo
_ Sw‘f / Q(s)g\, 9)h(a)dsd, (3.14)

with
— 3 2
g\ ,5) = (a, 13, (5) = 6(a) = An(2))Y
Recall that, by (3.12), the quantity e = a;_il_)\h(s) can be restricted to some interval

[e1, e2] in this integral, with e; < ez < 0. Moreover, as in Step 1 of the proof of
Lemma 3.2, one deduces from the decay at the infinity of ¢ and ¢ that the domain

{z eR*: ¢(x) + Ma(z)} < eo

is bounded independently of A. Therefore, the variable x in the integral (3.14) can
be restricted to a bounded domain.
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Let us differentiate (3.14) with respect to A. From (3.5), one gets
0 3
an I ) = =S(agh(s) — 8(a) = M(@)}*hx)
o @5 (s) = 6(0) = b)) *h(a) da
M)

[ (ahane) = o) = () do

with the uniform estimate: for all s € [0, Lo], A € [0,1], z € R3

45 (agan(s) — o) -

Az, 5)| < 3(ez + | min ¢| + | min @)}/ || A e (3.15)

ol
ox’
Since the function s — Q*(s) is monotone decreasing from ||Q|| e to 0, the function
Q*' belongs to L' (0, Ly), and hence the uniform domination (3.15) allows us to apply
Lebesgue’s derivation theorem and get:

Do =43 [ as@s) [ (aztnle) — ot - M) 0o

2
(a5 3 (5) — H(x) — Mh())?h(z) dcs>

—4mV/2 /0 " ds Q" (s) </RB

" (3.16)
[ @tane) = @) = (@) do
Step 3. Identification of the first and second derivative of J at ¢q.
Let ¢ € X and h = ¢ — ¢g. We claim that
DI (60)(h) = 0. (3.17)
Indeed, first remark from (3.9) that
T(60)(W) = DIGQ)(M) + | Voq- Thia. (319)

Next, by (3.13) and (2.17):

0
DI(é)(h) = 4nv2 / / Q" (a0, (€)) (¢ — b (x))*h(z) drde
_ 47rf/ /Rd e)(e — do(x)) Y *h(x) dude.

Applying the change of variable e — u = /2(e — ¢g(x)), it comes
+00
DJo(¢q)(h) = 47r/ / < + ¢g(x )) h(z)u?dudz
R3
= / Q(z,v)h(z) dzdv,

where we used the expression (1.14) of Q). Hence, from the Poisson equation, we
deduce after an integration by parts that

DJo(dq)(h / Vg - Vhdz,
which together with (3.18) implies (3.17).
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Let us now identify the right second derivative of J at ¢g. We have
D27 (60)(h ) = D2To(é0) ) + [ V] da (319)
R
and, by (3.16),

D*Jo(¢q) (h, h) = 472 / s Q' (s) / (a3l (s) — o)) (h(x))?dz
’ 0 g3 @ N
2
(05306) = d(a)){*1(a)d
@) — vga)?as

Using first the change of variable s — e = a;; (), (2.5) and F' = Q" 0 ay,,, we get

—47V/2 /O " ds Q"' (s) (/R

0
D oa)h) = 42 [ deF(e) [ (e bo(e)) (h(w)ds

—47r\/§/0 F(e) </Rs (¢ — (@) *h(x) dw>2
- [ (e~ dal@)*da

We next apply the change of variable e — u = /2(e — ¢g(x)) to get

D*Jo0(¢q)(h, h) = / F'(e)(h(z))? dzdv — / F'(e)h(z)Ih(e)dzdv
RG

R(i

= /. |F'(e)|(h(z) — TTh(e))*dzdv,

where we used the shorthand notation e = @ + ¢¢(z) and the fact that II given
by (3.8) is the projector onto the functions which depend only on e. This together
with (3.19) concludes the proof of (3.7).

Step 4. Proof of the Taylor expansion (3.6).

Let ¢ € X and h = ¢ — ¢g. We first deduce from the fact that J(¢pg + Ah) is twice
differentiable with respect to A that
2

1 0
T(6q+h) - T(dq) = /0 (1= 055 (6q + Ah) X
and hence:

T(6q+h) ~ T (6) ~ 5 DT (6Q)(h, 1) (3.20)

= /01(1 —\) (D*T (¢g + Ah) — D*T (¢q)) (h,h) dA

! h h
= [|[VAh|?, 1—)\) (D? A\h) — D? < , >d>\.
VA [ (1= (D20l + 20) = D30e0)) ( e T

We now claim the following continuity property:

sup  sup | (D2oldq + A6 — 6q)) — Dolq)) ()| =0 (3.21)
Ae[0.1] Vi 2 =1
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as ||¢ — ¢gllr= — 0. Assume (3.21), then

1 h h
li 1—\) (D? A\h) — D? < , )d)\:o
[0 (9%t + 20— D20 (60) ISkl Tohl

and (3.20) now yields the Taylor expansion (3.6).
Proof of (3.21). We argue by contradiction and assume that there exists € > 0, H,,
hy and A, € [0,1] such that

1

|Hullz= <~ |IVhallz2 = 1, (3.22)

and
‘DQJO(% + MH) (s Ton) — D2 T0(60) (o, o) | > €. (3.23)
We denote h,, = A\, H,. Recall from (3.16):

D2Jo(bq + hn) (B, hn) =

Lo ~
= amv2 [T asQ70) [(a5] 0, () = (G + ) @) (@) da

( / (agen, () = (da + h) ()Y 2T () dx>2

Lo
—47r\/§/ ds Q' (s) ;
_ 1/2
0 @310, = Go + hal@)f? o
(3.24)
Let us analyze the sequence e, = ad_)é +n, (8). We claim that:
Vs € (0, Lo), ngrfoo en = a;;) (s). (3.25)

Indeed, we observe

872 1
s = togun,(en) 2 T2 [ en = 0a) — Inlli=)??di 2 a0 (e0— 1)

which yields e, < a(;; (s) + 1/n. Similarly, we also have e, > a(;; (s) —1/n and
(3.25) follows.

Let us now pass to the limit in (3.24). Note first that the domain of integration in
x of these integrals is uniformly bounded as n — +o00. Indeed, the set of integration
is

Dy(en) :={z € R3: ¢o(z) + hn(z) < en} C{ze R3: po(x) < e, + 1/n},

which is bounded for n large enough, since e, < a(;é(Lo) +1/n < %a;é(Lo), and
the continuous function ¢¢g converges to zero at infinity.

Now the local compactness of the Sobolev embedding H! — Lf e for 1 <p<6
implies that there exists heH }ad such that —up to a subsequence—

hn— h in L}, as n— 4oc. (3.26)
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Hence, for all s € (0, Lg) and for i = 0,1,2, (3.25), (3.26) ensure:
[ 5,9 = (00 + ) @)L (u0))
- /| 83840, (5) ~ (B 4 ) @) L e

. /RS(%;(S) — bo@) Y2 (h(@)) dz as n— +oo.

Moreover, by Cauchy-Schwarz and a;é L (8) <0

2
([t 6) — b0 = )R )
J @0 = 0= ) do

S / (léqllzes + I1hnllzo)'/? () da S 1.
lz|<R

= / (a50 1, (5) = b = hn) Y (hn)? do

Recall now that the function Q*' is L' on [0, Lo, since Q* is decreasing and bounded.
Therefore, Lebesgue’s convergence theorem applied to (3.24) yields:

D2 J5(¢q + ) (hn, 1tn) — D> Jo(6q) (h, ).

A similar argument gives:

D J5(6Q)(hm ) — D To(60) (h, ) (3.27)
as n — +o00. This contradicts (3.23) and concludes the proof of (3.21).
The proof of Proposition 3.3 is complete. (]

Remark 3.5. We have proved in this last Step 4 that for all sequence En bounded
in H', after extraction of a subsequence, we have the strong convergence (3.27).
Hence the quadratic form D?Jy(¢¢) is compact on H'.

3.2. A new Antonov type inequality. We now turn to the second key of our
analysis which is a generalization of the celebrated Antonov’s stability property —see
Proposition 4.1 in [29] for a precise statement—:

Proposition 3.6 (Generalized Antonov’s stability property). Let Q satisfy the as-
sumptions of Theorem 1.2 and consider the linear operator generated by the Hessian
(3.7):

Lh=—-Ah— |F'(e)|(h — ITh)dv.
R3
Then L is a compact perturbation of the Laplacian operator on H' and is positive:
Yh e H', (Lh,h) = D*J(¢g)(h,h) > 0. (3.28)

Moreover,
Ker(ﬁ) = {h S Hl with Lh = 0} = Span(aggi(ﬁQ)lgigg.

In particular, there exists cg > 0 such that
3

. 1 2
Vhe H', (Lh,h)>col| VAT, —— (/ hA(ax,.qu)) . (3.29)
Co R3

i=1
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Remark 3.7. The fact that the kernel is completely explicit and purely generated
by the symmetry group is remarkable and reminiscent from similar statements in
dispersive equations, see Weinstein [44], the coercivity on the radial sector being
always the most delicate problem.

Proof of Proposition 3.6
Step 1. Positivity away from radial modes.

Let h € Hﬁad, and let us introduce the projection of h onto the radial sector

ho(r) = % /S2 h(ro)do,

where S? denotes the unit sphere in R and do denotes the surface measure on S?
induced by the Lebesgue measure. We have the decomposition

h=ho+hi, ho€ Hy hie(HL)E

rad

The angular integration in (3.8) ensures ITh; = 0 and thus

(ﬁh,h)z(ﬁho,ho)Jr/ Vh1|2—/ Vo h
R3 R3
with ;
Volr) = [ IF(@)ldo=4nvE [ |F(e)] (e~ ()} de,
R $0(0)

where we applied the change of variable e = @ + ¢¢(r). Since F'(e) < 0 and F
is bounded on [¢¢(0), 0], the function |F’| belongs to L. Therefore by dominated
convergence, the function Vg is continuous. Moreover, since F'(e) = 0 for e > e
and since ¢ is strictly increasing, we have:

Supp(Ve) = [0, (6) ™ (eo)].
Hence, Vg being continuous and compactly supported, the Schrédinger operator
—A — Vg is a compact perturbation of the Laplacian on H'. Observe that qﬁ’Q (and
also Oy, ¢q for i = 1,--- ,3) belongs to H L(R3). Translating the ¢ equation yields:

872 [©
Bdola-+0) = pafe+a0) = 5= [ IFEN(e ~ dofe + o)) de
and differentiating this relation with respect to xq yields at g = 0:
L(V¢gq) = 0. (3.30)

We now claim from standard argument that this implies the positivity of £ away
from radial modes, see [44] for related statements:

Vh e (H;ad)L, (Ch,h) >0, (3.31)

and
{he (H.,)' with L£h =0} = Span(d.,¢0)1<i<3, (3.32)

r

Let us briefly recall the argument. Let us decompose h € (H ! )+ into spherical

) rad
harmonics,
h=>" hy;Yi(#)
k>1 j
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T

where & = 7 is the spherical variable and —Ag2Y}, ; = AxYy ;. Then the radiality of
Vg ensures the orthogonal decomposition

Lh=>">" Aphy,
E>1 5
with

2. A
Ap= =07 =20, + 7]5 —Volr), Ak =k(k+1). (3.33)

For k = 1, we have V¢q = ¢ (r)2 and (3.30) implies A1¢p, = 0. Since ¢, > 0 for
r >0, ¢’Q e H, /Q is from standard Sturm Liouville results the ground state of
Ay which is thus positive with kernel on Hﬂad spanned by qb’Q. Now (3.33) ensures
that Ay, is definite positive on H! , for k > 2 and (3.31), (3.32) follow.

Step 2. Coercivity away from radial modes.

We now claim:
. 1 3 2
Whe ()t (Ch) =l - 23 ([ ha0nee)) a0
Lo UR®
for some universal constant ¢; > 0. Let us briefly recall the argument which is
standard. From (3.31),

I = inf {(ﬁh, h), he (H ), Voh? =1, / hA(Oz,00) = o} > 0.
R3

We argue by contradiction and assume I = 0, then there exists a sequence h,, €
(H! ) with

rad
1
/ Voh? =1, / |th|2—/ Voh? < —, / hnA(Oz,6q) = 0.
R3 R3 R3 n R3

From Sobolev embeddings, h, — h in Lf o L < p < 6, up to a subsequence.

Moreover, from (3.30), A(Ox,¢q) is compactly supported and in L? from which
passing to the limit yields

(Lh,h) <0, /hA(@ziaﬁQ):O, /VQh2:1 (3.35)
R3 R3

and hence h # 0 attains the infimum. From Lagrange multipier theory, we thus can
find (/\i)lgigfﬂ with

RS

3
Lh=XVoh+ Y NA(0r,6q)-
i=1
Taking the inner product with A yields A\g = 0, then with 0,,¢¢ yields A; = 0,
and thus £Lh = 0. From (3.32), h € Span(0s,¢¢Q)i<i<3, but this contradicts the
orthogonality relations (3.35), and (3.34) follows.

Step 3. Strategy: Hormander’s proof of Poincaré inequality.

The relative compactness of £ with respect to A in H! follows from Remark 3.5.
It thus remains to prove (3.29) which from (3.34) and the Fredholm alternative is
equivalent to:

Vh € H}yg, h#0, (Lh,h)>0. (3.36)

rad>
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Our main observation is now from (3.7) that (3.36) is nothing but a Poincaré in-
equality with sharp constant, and we now claim that we can adapt the celebrated
proof by Hérmander [20, 21] to our setting. Hormander’s approach involves two key
steps: the introduction of a self-adjoint operator adapted to the projection involved,
and a suitable convexity property. The operator will be given by

Tf(e,r)= 5 !

r2y/2(e = ¢q(r))

which essentially satisfies the requirement

ITh =0 implies h € Im(T),

o f (3.37)

and the convexity will correspond to the lower bound:

T?g 3
2 (pcz(r) +

9 (ry2(e=dq(r))*

¢’Qr<r>> (3.38)
with

3
g(r,e) = <1" 2(e — ng(r))) .
Note that the original proof of Antonov’s stability criterion can be revisited as well
using the transport operator 7 = v-V, —V;¢g -V, in the radial case as differential
operator and whose image can be realized in the radial setting as the kernel of the
full projection including the kinetic momentum ¢, see [19], [29] for more details.

Step 4. Integration by parts.
Recalling that ¢g(r) is strictly increasing, for all e € (¢g(0),0), we shall denote
r(e) = ¢ (e)-
Let h € H&ad non zero. Let
U = {(re): r>0, e (¢(0),0), e—¢g(r) >0}
= {(re): ec(9q(0),0), re(0,r(e))}.
Given € > 0, we let 0 < x.(e) <1 be a smooth cut off function such that
Supp(xe) C (¢Q(0) +e,e0 —€), xe =1 on [pg(0) + 2¢,ep — 2¢].

We let
re =1r(¢g(0) +¢).

r(e)
/ \/Je —og(T) 72dr > ¢. >0 on Supp(xe),
0

and hence the radial interpolation estimate

IVTR(r) || oo sy S IVAl L2(rs) (3.39)

Observe that

and (3.8) ensure:
[TTh(e)| < C: on Supp(xe)- (3.40)

Let us then define on U = U N (0, 7(eg)) X (6q(0),ep):

flre) = /Or(h(T) —1IIh(e))y/2(e — po(T)) 2dr. (3.41)
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Then f is C! with respect to the variable r > 0 with
Tf=h-—Tlh (3.42)

on U, where T is given by (3.37). Moreover, (3.39) and (3.40) yield the bound at
the origin: Ve € Supp(xe),
|f(r,e)] < Cr™?, (3.43)

and from (3.8) we get

+oo
fr(e)e) = V2 /0 (h(7) — TTh(e)) (e — do(r))* 72dr = 0.

Hence, near the boundary r = r(e), we estimate using (3.40): Vr > r., Ve €
Suppxe,
< Cele—¢q(r)*?, (3.44)

r(e)
fal=| [ ()~ Th(e)y/2(e — do(r)rdr

where we used e — ¢q(r) ~ C(r(e) — 1) deduced from ¢p(r) 2 ¢ (re) > 0.
We now integrate by parts from (3.42) using the cancellations at the boundary
of U given by (3.43), (3.44) and the bounds (3.40), (3.39):

/ Xe|F'(€)|(h — TIh)?daxdv
R6

0 r(e)
= 1671'2/ X€|F/(e)]de/ (h —TIR)T f/2(e — ¢po(r) rdr
$Q(0) 0

0 r(e)
= 1671'2/ X€|F'(e)]de/ (h —IIh)O, fdr
¢ 0

¢(0)

= —16%2/~X5|F/(e)|f8rhdedr.
u

We now use Cauchy-Schwarz together with the identity

_87T\/§ 0
3 Jog(0

po(r) IF'(e)|(e — dq(r)3 de

to estimate:

/ Xe|F'(€)|(h — IIh)2dadv
R6

1/2
r(eo) dr ) 2
< (4m)¥2| V|| 2 / </ xe!F'(e)lfde)
0 r dq(r)

1/2
3 [ pq(r) [ f?
< (4m) 2 (VA 2 / Q dr/ Fl(e)| ————7de
< UmYA Vbl | o L T @l

2

1/2
= IV hlz2(es) (3 [ eratr) i ¢Q))4\F’<e>rdxdv> . (3.45)
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We now claim the following Hardy type control:

% f? : :
S/Xa (pQ-i— r) o 2(e_ng))4|F (e)|dzdv < /X5|F (e)(Tf)*dzdv.
(3.46)

Assume (3.46), then (3.42) and (3.45) yield:
& f?
F'(e)|(h—T1h)%dzdv+3 | xe—2
[ xelP@lnn) X =T
Letting ¢ — 0 now yields (Lh,h) > 0. Moreover (Lh,h) = 0 implies f = 0 in

U, thus h(r) = Th(e) on U and (Lh,h) = [|Vh[> = 0 and thus h is zero. This
concludes the proof of (3.36).

4F’(e)|dmdv§/ |Vh|*dz.
R3

Step 5. Hardy type control.

The Hardy control (3.46) is a consequence of the convexity estimate (3.38). Indeed,
let g be a given smooth function in U, let f = gg and compute:

(Tf)? = (gTq+qT9)* =g*(Tq)* + 9(T9)T(¢*) + ¢*(Tg)*
*(Tq)* + T(*9(T9)) — ¢*(T'9)* + gT?%g) + ¢*(Tg)*

T?g
> T(q*gTg) — ¢°9T%g = T(q*gTg) — 7)"2- (3.47)

We now look for g such that

2 /
_ng T 2(e3— )" (pQ " ¢7“Q> ' 249

Let
Org o
u=4/2(e — ¢g) sothat Tg(r,u) = r;u - 7’232 Oug,
and thus:
2 L 1o 2 PQ & u 2
T g = @ arrg - ;arg - 43 8ug + rAyh |:6Tg + 4;8%9 - 2uarug

/ )2
+ T4Ci5 [u@fmg — 28ug] ,

where we used the Poisson equation satisfied by ¢g. The choice g = r3u? yields:

Ty s (4
g riut PQ r |

Injecting this into (3.47) and integrating on U yields:

e—¢qQ))
+ /Xs!F'(e)IT (fﬂ;g> dxdv.

/ 2
/ I F(&)(Tf)?dedy > 3 / Ye <pQ+¢f> my Q(f (P ()| dadv
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The bounds (3.43), (3.44) now justify the integration by parts

T €o r(e) T
/X€|F’(e)|T <f2g) dzxdv = 16%2/ X€|F'(e)|de/ Or <f29> dr =0
g 66(0) 0 g

and (3.46) follows. This concludes the proof of Proposition 3.6. O

3.3. Proof of Proposition 3.1. We are now in position to conclude the proof of
Proposition 3.1 which is a classical consequence of modulation theory coupled with
the coercivity estimate (3.29).

Step 1. Implicit function theorem

Given a > 0, let U, = {¢ € H'(R®); ||[Vé — Vool 2 < a}, and for ¢ € H,
z € R3, define

:(x) = dla + 2) — do(@). (3.49)
We claim that there exists @ > 0, a neighbourhood V of the origin in R® and a

unique C' map Usz — V such that if ¢ € Ug, there is a unique z € V such that e,
defined as in (3.49) satisfies

V1<i<3, / £ A (O, b0)d = 0. (3.50)
R3
Moreover, there exists a constant C' > 0 such that if © € Ug, then

2] + Vel < Cl[Vo = Vg 12 (3.51)

Indeed, we define the following functionals of (¢, z):
Fi2) = / e Ay bo)dw, 1<i<3
R3

and obtain at the point (¢, z) = (¢, 0),
o,
82j

The Jacobian of the above functional is —II3_, [V, ¢¢|/2, < 0, hence the implicit

function theorem ensures the existence of @ > 0, a neighbourhood V of the origin
in R and a unique C* map Uy — V such that (3.50) holds.

= —0;;||VOr,dql 72

Step 2. Conclusion
Let ¢ € X with

(|6 = dQ(- = 2)[[Lee + [[VO = Vg (- — 2)12) < do
for some small enough dy > 0 to be chosen later. Then there exists z; such that

¢ — dq(- — 21) L + [V — Vg - — 21)[ 12 < 260. (3.52)

For ‘?0 < % small enough, we may apply Step 1 to ¢(z + z1) and find 2z € R3,

€ € H' satisfiying the orthogonality conditions (3.50) and the smallness (3.51) such
that ¢(x + z1) = (¢ + €)(z — 22), or equivalently

P(x) = (g +e)(x — 2p), 2zp =21+ 22. (3.53)

In fact, for dp small enough, a shift z4 satisfying (3.53), the orthogonality conditions
(3.50) and the smallness condition (3.51), is unique. This is a simple consequence

inf
z€R3
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of the uniqueness of the pair (22,¢.,) in Step 1. The continuity of the map ¢ — z4
from (H',|| - || ;1) — R? then follows. Moreover, from (3.51), (3.52):

el = llo(x + 21 + 22) — ¢ (@) L=
< o + 21+ 22) = dola + 22)l|lLe + 6o (x + 22) — ¢o(2)| L=
< oz + 21) = 9q(@)| L~ + Clz|
< lo(z + 21) = ¢q(@)l| L= + Cl[Vo(x + 21) = Vog(x)| L2 < Cdo.

Provided dp small enough, we may now apply the Taylor expansion (3.6) together
with the coercivity (3.29) and the orthogonality conditions (3.50), and obtain from
the translation invariance of 7:

J(9) =T (9q) = T(éq+e)—T(9q) = cllVellz: — nlllell ) Vel72 > C§OIIV€II%2

€0
> SIVé =Vl - 26|72+
This concludes the proof of Proposition 3.1.

4. Compactness of local minimizing sequences of the Hamiltonian

The aim of this section is to prove the following compactness result which is the
heart of the proof of Theorem 1.2.

Proposition 4.1 (Compactness of local minimizing sequences). Let g > 0 be as in
Proposition 3.1. Let ¢ — zy the continuous map from (H',| - | ;) — R? build in
Proposition 3.1. Let f, be a sequence of functions of £, bounded in L, such that

(es, = da(- = 2= + IVos, = Vool = 2)ll12) < do, (4.1)

inf
z€R3

and
limsup H(fn) < H(Q), fr—Q* in LY(Ry) asn — 4oo. (4.2)

n— 00

Then
/(1+]v|2)|fn—Q(ac—z¢fn)\—>0 as n — +oo. (4.3)

Proof. Step 1: Compactness of the potential

We first claim the following quantitative lower bound which generalizes the mono-
tonicity formula (2.22): let f € & such that ¢y satisfies (3.2), let 2y, given by
Proposition 3.1, then

H() = HQ) + ésll=llf* = Q7 > collVoy = Vool — 2o )72 (44)
Indeed,
H(f) =HQ) =2 Tp-(05) = T(bq) = Tp=(¢5) = T(85) + T(b5) = T (¢q),  (45)
where we have used that H(Q) = J(¢q). Now, we recall that

o]

1
T (¢) = /Rﬁ <2 + <Z>) [ (x, v)dzdv + 2/}R3 |Vo|2da.,

and deduce from the change of variables formula (2.10) that

400
Tp(5) — T (95) = /0 a;fl(s) (f*(s) — Q*(s)) ds.
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Since \agfl(s)| < —min ¢5 = ||¢f|| L, we have

Tpe(d5) — T (b)) = =llbsllpellf*— Q11

Inserting this estimate into (4.5) and using Proposition (4.4) yields (4.4) .
Let us now consider a sequence f, € £ satisfying the assumptions of Proposition
4.1, then (4.4) applied to f, ensures:

IV (- + 20p,) = Vgl = 0, asn— oo (4.6)

Step 2: Strong convergence of f, to Q

To ease notations, we shall still denote by f,, the translated function f,,(. + 24 o v).
We then observe the identity:

2
() = 1@+ 5195, Vool = [ (15 + 60@)) (fa — Qo (47
R6
which implies, from (4.2) and (4.6), that
/ <|U2‘2 + qbQ(x)) (fn — Q)dzdv — 0, as n — oo. (4.8)
R6

Now, we observe from the change of variables (2.10) that
w _ *0Q _ oo —1 * _px
5 T 9e(@) )| (@~ fu)drdv = ag, (5) (Q7(s) = fa(s)) ds.
RS 0

Since \a;é ()] < —¢(0) we get

which implies from (4.2) that

< [pOIQ" = fallzr,

[of? _ f*Q
5 + ¢g(z) ) (Q — fn ¥ )dxdv — 0, as n — oo. (4.9)
R6
Summing (4.8) and (4.9) yields
T, = / (MQ + gZ)Q(m)) (fn — ;Lkd)Q)dmdv — 0, as n — o0. (4.10)
RS \ 2

We now argue as in the proof of (2.25), and write (4.10) in the following equivalent
form

+o0o ’v|2 ) <’v|2 )
T, = d i dadv — i dedv| —0,
/t:() t (/S?(t) ( 5 + ¢g(x) ) dedv /Sg(t) 5 + ¢g(x) ) dedv 0

(4.11)
where

SP(t) = {(x,v) € RS, f2°9(2,0) <t < fulz,v)},
S3(t) = {(z,0) € RS, fo(z,0) <t < fif%((2,0)}.
From (2.15), we have

o[

ot oe(@) 2 (fioagy) (M), V(w,v) € ST(H).
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Thus

a{f e ()
TnZ/tO dt (/S{L(t)(fn ago) " (t)dxdv /Sg(t) 5 + ¢g(x) | dedv | . (4.12)

As a consequence of the equimeasurability of f;(bQ and f,,, we know that
meas(ST (t)) = meas(S% (1)),
and then (4.12) gives:

+o0
Ty > /t_O dt /g(t) [(f:{ o a¢Q)_1(t) — <2 + ¢Q($)>:| dxdv. (4.13)
From (2.14), we have

i

(Froasg) = 2 L og), e e 550
Thus, from (4.10) and (4.13), we get
_ * -1 _ w
Ap = [(fnoagy) (1) 5 T 90(@) )| Lsp(z,0) =0 (4.14)

as n — o0, for almost every (t,z,v) € Ry x R? x R? (up to a subsequence). We
now claim that this implies

B, = [(Q* 0 agy)  (t) — <‘U2’2 + qﬁQ(m))] Lgn () (2, v) = 0, (4.15)
as n — oo, for almost every (t,z,v) € Ry x R3 x R3, where
B2(t) = {(,0) € RS, fu(z,0) <t < Qz,v)}.
To prove (4.15), we write
S5 = (S5\S3) U (S5 nSy), Sy =(5\55)u(S5NSy),
and get

v|? . _
A B, — (”+¢Q<x>—<@ o ay) 1<t>) Tgp sz

2
+ (Uoes) 0 - 2 — 00)) 150

+ [(fr 0 agy) (1) = (Q" 0 agy) ' (1)] Lonyrsze -

We shall now examine the behavior of each of these terms when n — oco. We first
observe that for all g,h € L'(R®) with g > 0, o > 0, we have

(4.16)

+o0
/ meas{g <t < h}dt = / (h—g)ydzdv < |lg — |1, (4.17)
0 R6
and thus from (4.2):
oo <n * * *
/0 meas(S5 (\S5 (1)dt < | /"% = Q| =I5 — Q" — 0.

Using in addition the estimate

(froapy) V()| < 16q(0)],
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we deduce that the first two terms of the decomposition (4.16) go to 0 almost
everywhere when n goes to infinity. We now treat the third term and show that,
for all (¢, z,v),

lim inf [(froag,)(t) — (Q* 0 ag,) ' (1)] Lsy (st = O- (4.18)

n—

To prove (4.18), we first use the strong L' convergence (4.2) to get
Ve € (99(0), 0N\, fr(agg(e)) — Q7 (agg(€)), (4.19)

where A is a zero-measure set in R, and claim that the monotonicity of f in e and
the continuity of Q* in e ensure:

Ve € (¢0(0),0), falagy(e)) — Q% (agqy(e)). (4.20)

Indeed, let e € (¢g(0),0), and (xp,yp) € (pg(0),0)\A such that z, < e < y, and
Tp — €, yp — €. As fy 0ay, is decreasing, we have

fn 0 agq(yp) < [ 0 agq(€) < fr 0 agg ().
From (4.19) we then get

Q" (agpo (yp)) < linnlgéf frn 0 ag,(e) <limsup fy 0 ag, (€) < Q" (ag, (7))
n—oo
Now we pass to the limit p — oo and use the continuity of @* oag, to get the claim
(4.20).
Now, we turn back to the proof of (4.18) and fix (¢,z,v). Take then any e such
that

$q(0) <e<0, and Q" (ag,(e)) >t, (4.21)
which implies from (4.20):
falagg(€)) > t,
for n large enough. Using the definition of the pseudo inverse given in Lemma 2.5,
we then obtain e < (f¥ o ag,)~!(t) for n large enough, and hence

e < liminf(f; o a¢Q)_1(t).

Since this equality holds for all e satisfying (4.21), we conclude from the definition
of the pseudo inverse (Q* o ag,,) ' (t) that

lim inf(f; 0 as) ™ (£) 2 (Q" 0 ase) ™! (1)

which yields (4.18).
We now turn to the decomposition (4.16) and get from (4.18)
liminf(A, — B,) >0, for almost all (¢, z,v).

Finally, observing that B,, > 0 and using (4.14), we conclude that (4.15) holds true.
Observe now that

2
t < Q(z,v) implies Q(z,v)=F <|U2’ + qﬁQ(m)) >t
By the assumptions of Theorem 1.2, e — F'(e) is continuous and strictly decreasing
2
with respect to e = % + ¢g(x) for (z,v) € {Q > 0}, and thus:
o]

t < Q(x,v) implies (Q*o a¢Q)(_1)(t) - ¢g(x) > 0.
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We then deduce from (4.15) and from S5 (t) = {(z,v) : fa(z,v) <t < Q(z,v)} that,
up to a subsequence extraction,

Lip.<t<qy — 0, as n— o0,

for almost every (t,x,v) € R% x R®. Now from 1y ;o0 < 1y} and

/0 /RG :H.{t<Q}d£L'dUdt = ||QHL1 < 40o0.

we may apply the dominated convergence theorem to conclude:

/ / Lys,<t<gydzdvdt — 0 as n — oo.
0 R6 B

Injecting this into (4.17) yields
/ (Q — fn)+dxdv — 0 as n — oo. (4.22)
R6
Now we claim that, using f* — Q* in L', this implies

/ (fn—Q)sdxdv — 0 as n — co. (4.23)
R6

Indeed, we write

/ (fn — Q)ydzdv < / (fn — ;¢Q)+dazdv +/ (f;:d)Q — Q)4dzdv
RS RS RO
+oo
S/o meas{f 0 <t<fn}dt+Hf*¢Q QL
+oo
= [ meas { <t < 10+ 117 - @
0

:/ (92 — f)edwdv + || — Q7|

IN

Q- n+MM+/Xﬁ%—QMMM+W$4wm

R6 RS

IN

[ Q= fu)vdrdv+201 75 = Q|

where we repeatedly used (4.17) and the fact that f;d)Q € Eq(f,) implies

vt > 0, meas{f;% <t< fn} :meas{fn <t< f;¢Q}.
As ff — @Q* in L', we then conclude that (4.22) implies (4.23). Finally adding
(4.22) and (4.23) gives

|frn—Qllz1 — 0 as n — +oo.

Furthermore, (4.2) and the strong convergence V¢y, — Vg in L? imply:

[ lt= [ 0fQ asn— o,

Together with the a.e. convergence of f,, this yields the strong L' convergence of
|v]?f,, to [v|>Q. Note that the uniqueness of the limit now implies the convergence
of all the sequence f,, which completes the proof of (4.3).

This concludes the proof of Proposition 4.1.
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5. Non linear stability of )

We now turn to the proof of the nonlinear stability result stated in Theorem 1.2,
which is a direct consequence of Proposition 4.1 and the known regularity of weak
solutions to the Vlasov-Poisson system.

Proof of Theorem 1.2.

Step 1. Continuity claim for weak solutions

Let fo € € and let f(t) € £ be a corresponding weak solution to (1.1). By the
properties of weak solutions of the Vlasov-Poisson system |7, 8], we have

vt>0,  f(t)€Ea(fo),  H(f(®)) <H(fo) (5.1)
We claim:
o5 € C([0, +00), L®(R3) N Hl(R3)). (5.2)
Note that this implies from Proposition 3.1 that

t — 24,(+) 1s continuous. (5.3)

To prove (5.2), recall that f € C([0,+oc), L) (see [7, 8]) and hence (5.2) follows
from: Vf,g €&,

IV — Voyllie + 65 — dglle < Crallf — gl i, (5.4)

where Cf 4 only depends on || f||¢ and ||g||e. Let us prove (5.4). First, from Hélder:

3 B pr(y) — pg(y) 5/6 1/6
Ve e R%, o5 — dgl(z) = ‘/Rg mdy Sller = pollfsslles — pgll s

and from Hardy-Littlewood-Sobolev:

7/12 5/12
IV65 — Voglre S log — pallzern < llog — pgll a2 los — ngL/5/3-

Second, by interpolation,

2 3/5
log = pllzsrs S IIF = glZRN(F = 9135 < Cry.
Since ||pf — pgllzr < ||f — gllp, this yields (5.4) and the continuity (5.2) of ¢
follows.

Step 2: Conclusion.

An equivalent reformulation of Proposition 4.1 is the following: for all £ > 0 small
enough, there exists > 0 such that if f € £ with

1f* = Q%M <, N fllze <@L + M, H(f) <H(Q) +1n (5.5)
and
(llor — Q- — 2|l + [[Voy — V(- — 2)|12) < do, (5.6)

inf
2€R3
then
10+ [o2)(f = Q- — 211 < = (5.7)
Let € > 0 and let n > 0 be the associated constant. We consider an initial data
fo € € with

1fo=QllLr <, [lfollze < [|Qllzee + M and  H(fo) < H(Q) +n
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and a corresponding weak solution f(t) of (1.1). Observe that, by the contractivity
of the symmetric rearrangement in L' (see [30]), we have

1fo = Q% llr = [[fo—Qllr <. (5.8)

Moreover, (5.4) implies that, for  small enough,

0
V5, = VoQ(- = zo5 iz + 167(0) = dol- = 20y, )l < -

From (5.1), we first deduce that the corresponding solution f(¢) of (1.1) satisfies
(5.5) for all t > 0. Hence, if we prove that

VE20,  (IVor(t) = V(- — 2p,w)llLz + 105 (8) — dq(- = 26, )L < do, (5.9)

then (5.7) holds true for all £ > 0, which is nothing but (1.17). Now (5.9) follows for
1 > 0 small enough from a straightforward bootstrap argument using the continuity
(5.2), (5.3) and the bound (5.4). The proof of Theorem 1.2 is complete. O

Appendix A. Proof of Lemma 3.2

Proof. The proof is similar to the one in [29] and we briefly sketch the argument
for the sake of completeness. Recall that the set X is convex, thus ¢ + Ah =
(1 = AN)é(x) + Ap(x) belongs to X for all A € [0, 1] and agrp is well-defined.

Step 1. Proof of (i).

Let e; < 0 be fixed. For all e < ey, we consider the domain
Dyian(e) ={z e R¥: (¢4 \h)(z) <e}.

From (2.4), we have

8mv/2

ag+an(e) = 3

(e — p(x) — A(2))>/? da.
Dyian(e)

We clearly have
D¢+)\h(6) C D¢(€1) @] Dg(el).

Since ¢(z) and ¢(z) go to zero at the infinity, Dy(eg) and Da(eo) are bounded.
Hence for all e < e, Dy ap(e) is contained in a fixed compact domain of R3. As in

addition the functions ¢ and ¢ are continuous, the Lebesgue dominated convergence
theorem may thus be applied to obtain the continuity and the differentiability of
ag+an(e) with respect to A and e. The expression (3.4) follows.

Step 2. Continuity of the function X\ — a;}r)\h(s).

Let s € R%. In this step, we prove that the function A — a;}r/\h(s) is continuous.
To this aim, we consider a sequence A, € [0, 1] converging to A9 as n — +oo and
prove that a(;j_ A, 1 (8) converges to a;j_ Aoh(8). We set

en = a;}r)\nh(s) € (min(¢ + A,h),0) C (min ¢ + min ¢, 0).

Hence, up to a subsequence, e,, converges to some e < 0 as n — —+00.
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Let us prove that e < 0 by contradiction. Assume that e = 0. For n large enough
such that % <\, < H/\O, we have

2
~ /
s = apinnlen) = V2 [ (en= 1= 2)o0) = 2o0) o
B N 3/2
. 8mV2 <€n_ L AO(b(m)—/\OMx)) dz = ay(en),
3 Jus 2 2 .

where ¢ (z) = I_T/\Ogb(x) + %QNS(:B) From Lemma 2.2, we have lim;_o_ ay(t) = 400,
which implies that lim, .4 ay(en) = +00, a contradiction.
Therefore, we have e,, — e < 0. The continuity of (A, e) — agian(e) proved in
Step 1 gives that
s = a¢+>\nh(en) — a¢+)\0h(e) as n — +o00.

Thus e = aq;lr/\oh(s). This ends the proof of (ii).

Step 3. Differentiability of \ — a;}r)\h(s).

Denoting ¢g = ¢ + Agh and ¢y = ¢ + Ah, we write

A, () =gy (5) _ ag (s) —ag (s)  agy(ag(5) — agy(ag, (s))
A agy(ay) (s)) — ag(ag, (s)) A
= Al()\) AQ()‘)v
(A.1)

where we have set
ayl(s) —ag(s) ag, (ag () — ag, (ag, (5))
2N ) . As(\) = (25N [N :
i@ 1) — (a2

A1(\) = \

and where we simply used that ag, (a(;ol(s)) =5 = ag, (a;;(s)) Let us examinate
separately the convergence of the two factors A; and Ay in (A.1). From Step 2, we
have

lim a;l(s) = a;ol(s),

A—0 A
hence
. 1 1
im%) A(N) = ——— = T (A.2)
- A (g, (3))  4r\/2 R3(aq_501(s) — ¢o(x))Y2dx
Now, (3.4) and Step 2 imply:
lim Ap(A) = 47v2 | (az(s) = po(2))y *h(z)da. (A.3)
A—0 R3 0

Therefore, (A.1), (A.2) and (A.3) give (3.5). This concludes the proof of Lemma
3.2. (]
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