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Abstract

In this paper, we generalize the usual notions of waves, fronts and propagation
speeds in a very general setting. These new notions, which cover all classical situa-
tions, involve uniform limits, with respect to the geodesic distance, to a family of
hypersurfaces which are parametrized by time. We prove the existence of new such
waves for some time-dependent reaction-diffusion equations, as well as general intrin-
sic properties, some monotonicity properties and some uniqueness results for almost
planar fronts. The classification results, which are obtained under some appropriate

assumptions, show the robustness of our general definitions.
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1 Introduction and main results

We first introduce the general notions of transition waves and fronts. We then give some
standard and new examples of such waves. Lastly, we state some of their qualitative pro-
perties.

1.1 Definitions of generalized transition waves, global mean speed
and further specifications

Travelling fronts describing the transition between two different states are a special important
class of time-global solutions of evolution partial differential equations. One of the simplest
examples is concerned with the homogeneous scalar semilinear parabolic equation

up = Au+ f(u) in RY, (1.1)

where u = u(t, ) and A is the Laplace operator with respect to the spatial variables in RY.
In this case, assuming f(0) = f(1) = 0, a planar traveling front connecting the uniform
steady states 0 and 1 is a solution of the type

u(t,x) = ¢(x - e —ct)

such that ¢ : R — [0, 1] satisfies ¢(—o0) = 1 and ¢(+00) = 0. Such a solution propagates in
a given unit direction e with the speed c. Existence and possible uniqueness of such fronts,
formulee for the speed(s) of propagation are well-known [1, 12, 25| and depend upon the
profile of the function f on [0, 1].

In this paper, we generalize the standard notion of traveling fronts. That will allow us
to consider new situations, that is new geometries or more complex equations. We provide
explicit examples of new types of waves and we prove some qualitative properties. Although
the definitions given below hold for general evolution equations (see Section 1.4), we mainly



focus on parabolic problems, that is we consider reaction-diffusion-advection equations, or
systems of equations, of the type

{ e = Vo - (At 2)Vou) + q(t,x) - Vou+ f(t,z,u) in Q, (1.2)

glt,x,u] = 0 on 09,
where the unknown function u, defined in R x €, is in general a vector field
u= (U, -+, Uy) €R™

and Q) is a globally smooth non-empty open connected subset of RV with outward unit
normal vector field v. By globally smooth, we mean that there exists 5 > 0 such that Q
is globally of class C%?, that is there exist 7¢ > 0 and M > 0 such that, for all y € 99,

there is a rotation R, of RY and there is a C*® map ¢, : Fivm_l — R such that ¢,(0) =0,
H¢y”cg’g(§é\igl) é M and

an B(y,?”o): |:y+ Ry({l' € RN; (xh cee 7xN—1>€§gn;17¢y(xlv v 7$N_1)<$N}>] mB(yvr())a

where B(y,ro) = {z € RY; |z —y| < ro}, | | denotes the Euclidean norm in RY and, for

any s > 0, Eivjl is the closed Euclidean ball of R¥~! with center 0 and radius s (notice in
particular that R is globally smooth).

Let us now list the general assumptions on the coefficients of (1.2). The diffusion matrix
field

(t,2) = A(t, z) = (ai;(t, ©) hi<ijen
is assumed to be of class C*#(R x Q) and there exist 0 < a; < ay such that
a1|€]? < agi(t, 7)€ < aglé]? for all (¢,7) € R x Q and € € RY,
under the usual summation convention of repeated indices. The vector field
(t, ) = q(t, z)
ranges in R and is of class C%?(R x Q). The function f: R x Q x R™ — R™
(t,z,u) — f(t,z,u)

is assumed to be of class C%7 in (t,x) locally in v € R™, and locally Lipschitz-continuous
in u, uniformly with respect to (¢,z) € R x €. Lastly, the boundary conditions

glt,x,u] = 0 on 0N

may for instance be of the Dirichlet, Neumann, Robin or tangential types, or may be non-
linear or heterogeneous as well. The notation g[t,z,u] = 0 means that this condition may
involve not only u(t, z) itself but also other quantities depending on wu, like its derivatives
for instance.



Throughout the paper, do denotes the geodesic distance in Q, that is, for every
pair (z,y) € Q x Q, do(z,y) is the infimum of the arc lengths of all C* curves joining x

to y in 2. We assume that {2 has an infinite diameter with respect to the geodesic dis-
tance dg, that is diamg(§2) = +o00, where

diamq(E) = sup {do(z,y); (z,y) € E x E}
for any E C €. For any two subsets A and B of 2, we set
do(A, B) = inf {dq(z,y); (z,y) € A x B}.
For z € Q and r > 0, we set
Ba(z,7) = {y € Q; do(z,y) <r} and So(z,r) = {y € Q; do(z,y) =r}.

The following definition of a generalized transition wave involves two families (€, )ier
and (€ )ier of open nonempty and unbounded subsets of Q such that

([ Q; NQf =0,
o0 NQ =00 NQ =Ty,
O U, U =Q, (1.3)

sup {dg(m,f‘t); T € Qj} = 400,
sup {dg(x,Ft); x € Qt_} = 00,

\

for all t € R. In other words, I'; splits  into two parts, namely €, and ;" (see Figure 1.1
below). The unboundedness of the sets Qi means that these sets have infinite diameters
with respect to geodesic distance dg. Moreover, for each ¢t € R, these sets are assumed to
contain points which are as far as wanted from the interface I';. We further impose that,
in dimension N = 1, I'; is a singleton I'; = {z;} for each ¢ € R, and that, in dimensions
N > 2, the interfaces I'; are made of a finite number of graphs. Namely, when N > 2, we
require that there is an integer n > 1 such that, for each t € R, there are n open subsets
wiy C RY™1 n continuous maps ¥, : w;; — R and n rotations R;; of RY (for all 1 <i < n),
such that

Ft C U RZ‘J({ZL‘ € RN, (I’l, Ce ,ZEN_l) € Wit, TN = Q,Di,t(mla e ,I'N_l)}). (14)

1<i<n

Definition 1.1 (Generalized transition wave) Let p* : R x Q — R™ be two classical so-
lutions of (1.2). A (generalized) transition wave connecting p~ and p* is a time-global
classical' solution u of (1.2) such that u # p* and there exist some sets (0 )er and (I'y)ier
satisfying (1.3) and (1.4) with

u(t, z) — p*(t,x) — 0 uniformly in t € R as do(z,T}) — +oo and z € QF,
that is, for all € > 0, there exists M such that

VieR, Vo eQr, (do(x,T))>M) = (Ju(t,z) — p*(t,z)] <e).



Figure 1: A schematic picture of the sets QF and I,

In Definition 1.1, a central role is played by the uniformity of the limits
U’(ta 113') - pi(ta 113') — 0.

These limits hold far away from the hypersurfaces I'; inside 2. To make the definition
meaningful, the distance which is used is the distance geodesic dg. It is the right notion
to fit with the geometry of the underlying domain. Furthermore, it is necessary to describe
the propagation of transition waves in domains such as curved cylinders (like in Figure 1.1),
spiral-shaped domains, exterior domains, etc.

Notice that the sets (Q)er and (I'y)ser are not uniquely determined, given a generalized
transition wave. Nevertheless, in the scalar case, under some assumptions on p* and QF and
oblique Neumann boundary conditions on 0f2, the sets I'; somehow reflect the location of
the level sets of u. Namely, one has:

Theorem 1.2 Assume that m = 1 (scalar case), that p* are constant solutions of (1.2) such
that p~ < pt and let u be a time-global classical solution of (1.2) such that

{u(t,x); (t,z) € R x ﬁ} =(p~,p")

and
glt,x,u] = p(t,z) - Veu(t,z) =0 on R x 0Q,

for some unit vector field p € COP(R x 9Q) such that
inf {p(t,z) - v(z); (t,z) € R x 00} > 0.2

1. Assume that u is a generalized transition wave connecting p~ and p*, or p™ and p~,
that there exists T > 0 such that

sup {dg(x, [y ,); teR, xz € Ft} < 400, (1.5)

! Actually, from standard parabolic interior estimates, any classical solution of (1.2) is such that u, u, u,,
and Uy ., for all 1 <i,j < N, are locally Holder continuous in R x €.

2Therefore, u and its derivatives us, u,, and Uz, for all 1 < 4,5 < N, are bounded and globally Holder
continuous in R x €.



and that

sup {do(y,T1); y € QF N Sa(z,r)} — +00 asr — +oo uniformly int € R, x € T'y. (1.6)

Then
(i) for all X € (p~,p"),
sup {do(z,T4); u(t,z) = A} < 400 (1.7)
and
(ii) for all C' >0,
p~ <inf {u(t,z); do(z,Ty) < C} <sup{u(t,z); do(z,Ty) < C} < pt. (1.8)

2. Conversely, if (i) and (i) hold for some choices of sets (QF,Ty)er satisfying (1.3)
and (1.4), and if there is dy > 0 such that the sets

{(t.2) eRx T 2 €O, dale,T)) > d}

and

are connected for all d > dy, then u is a generalized transition wave connecting p~ and p™,
or pt and p~.

The assumption (1.5) means that the interfaces I'; and I';_, are in some sense not too
far from each other. For instance, if all I'; are parallel hyperplanes in Q = R" then the
assumption (1.5) means that the distance between I'; and I';_; is bounded independently
of t, for some 7 > 0. The exact meaning of property (1.6) is that

{ inf{ sup {dQ(y,Ft); y € Q_;r N Sg(x,r)}; teR, z e Ft} — 400
as r — 400

inf{ sup {dg(y,Ft); y € Q_t_ N Sg(m,r)}; teR, x € Ft} — 400

and it reflects the fact that the interfaces I'; are somehow not too curved, uniformly with
respect to t € R. As far as the connectedness assumptions made in part 2 of Theorem 1.2
are concerned, there are a technical tool in the proof, to guarantee the uniform convergence
of u to p* or pF far away from T, in QF.

One can now define more specific notions of fronts, pulses, invasions (or traveling waves)
and almost planar waves. These notions are related to some properties of the limiting
states p* or of the sets (QF),cr and (I'y)ier, and are listed in the following definitions,
where u denotes a transition wave connecting p~ and p*, associated to two families (Qti)teR
and (I'y)ser, in the sense of Definition 1.1.

Definition 1.3 (Fronts and spatially extended pulses) Let p* = (pF,--- ,pt). We say that

the transition wave u is a front if, for each 1 < k < m, either
inf {pﬁ(t,x) —pg (t,2); € ﬁ} >0 forallt € R
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or

inf {p; (t,z) — pj (t,x); x € Q} >0 for all t € R.
The transition wave u is a spatially extended pulse if p* depend only on t and p~(t) = p*(t)
for allt € R.

In the scalar case (m = 1), our definition of a front corresponds to the natural extension
of the usual notion of a front connecting two different constants. In the pure vector case
(m > 2), if a bounded C*?(R x Q) transition wave u = (uy, ..., uy,) is a front for problem

ur = V- (A(t,2)Veu) + q(t, ) - Vou + f(t, x,u)

in the sense of Definitions 1.1 and 1.3, if u; # pf for some 1 < k < m, then the function wuy
is a front connecting p; and p; for the problem

associated with the same sets (€2i°);er and (I';)ier as u, where

fk(t, x,8) = f(t,z,us(t,x), ..., up_1(t, ), s, ups1(t, ), ..., un(t,))
and f = (f1,..., fm). The same observation is valid for spatially extended pulses as well.

Definition 1.4 (Invasions) We say that p* invades p—, or that u is an invasion of p~ by p*
(resp. p~ invades p*, or u is an invasion of pT by p~) if

Q D Qf (resp. Q; D Q) forallt > s

and
do(T'y, T's) — 400 as |t — s| — +oc.

Therefore, if p* invades p~ (resp. p~ invades p*), then u(t,z) — p*(t,z) — 0 as t — +oo
(resp. as t — Foo) locally uniformly in Q with respect to the distance dg. One can then
say that, roughly speaking, invasions correspond to the usual idea of traveling waves. Notice
that a generalized transition wave can always be viewed as a spatial connection between p~
and p*, while an invasion wave can also be viewed as a temporal connection between the
limiting states p~ and p*.

Definition 1.5 (Almost planar waves in the direction e) We say that the generalized tran-
sition wave u is almost planar (in the direction e € SN=1) if, for all t € R, the sets QFf can
be chosen so that

Ft:{xeﬂ; x-ezft}
for some & € R.



By extension, we say that the generalized transition wave u is almost planar in a moving
direction e(t) € SN-1if, for all t € R, Qff can be chosen so that

Ft:{:reﬂ; :B-e(t)zft}

for some & € R.
As in the usual cases (see Section 1.2), an important notion which is attached to a
generalized transition wave is that of its global mean speed of propagation, if any.

Definition 1.6 (Global mean speed of propagation) We say that a generalized transition
wave u associated to the families (QF )er and (I'y);cr has global mean speed ¢ (> 0) if

dQ<Pt7 FS)

—c as|t—s| — +oo.
|t — s

We say that the transition wave u is almost-stationary if it has global mean speed ¢ = 0. We
say that u is quasi-stationary if

sup {do(T';,T,); (t,5) € R*} < +o0,
and we say that u s stationary if it does not depend on t.

The global mean speed ¢, if it exists, is unique. Moreover, under some reasonable as-
sumptions, the global mean speed is an intrinsic notion, in the sense that it does not depend
on the families (Qf)teR and (I';);er. This is indeed seen in the following result:

Theorem 1.7 In the general vectorial case m > 1, let p* be two solutions of (1.2) satisfying
inf {|p~(t,2) —p*(t,2)]; (t,z) eRxQ} >0.

Let u be a transition wave connecting p~ and p* with a choice of sets (0 )ier and (T'y)er
satisfying (1.3), (1.4) and (1.6). If u has global mean speed c, then, for any other choice of
sets (QF )ier and (T)ier satisfying (1.3), (1.4) and (1.6), u has a global mean speed and this
global mean speed is equal to c.

1.2 Classical cases and new examples

In this subsection, we list some basic examples of transition waves, which correspond to the
classical notions in the standard situations. We also state the existence of new examples of
transition fronts in a time-dependent medium.

For the homogeneous equation (1.1) in RY, a solution

u(t,z) = ¢z - e — ct),

with ¢(—o0) = 1 and ¢(+00) = 0 (assuming f(0) = f(1) = 0) is an (almost) planar invasion
front connecting p~ = 1 and p™ = 0, with (global mean) speed |c|. The uniform stationary



state p~ = 1 (resp. p™ = 0) invades the uniform stationary p™ =0 (resp. p~ =1)if ¢ > 0
(resp. ¢ < 0). The sets ;" can for instance be defined as

QF = {z eRY; £(z-e—ct) >0},

The general definitions that we just gave also generalize the classical notions of pulsating
traveling fronts in spatially periodic media (see [2, 5, 6, 8, 16, 19, 23, 39, 43, 44]), with
possible periodicity or almost-periodicity in time (see [14, 30, 32, 34, 35, 36, 37]) or in
spatially almost-periodic media (see [27]).

In the particular one-dimensional case, when equation (1.2) is scalar and when the limi-
ting states p* are ordered, say p* > p~, Definition 1.1 corresponds to that of “wave-like”
solutions given in [38]. However, Definition 1.1 also includes more general situations involving
complex heterogeneous geometries or media. FExistence, uniqueness and stability results
of generalized almost planar transition fronts in one-dimensional media or straight higher-
dimensional cylinders with combustion-type nonlinearities and arbitrary spatial dependence
have just been proved in [28, 29, 33, 45]. In general higher-dimensional domains, generalized
transition waves which are not almost planar can also be covered by Definition 1.1: such
transition waves are known to exist for the homogeneous equation (1.1) in R for usual types
of nonlinearities f (combustion, bistable, Kolmogorov-Petrovsky-Piskunov type), see [3, 10,
17, 18, 21, 22, 31, 40, 41] for details. Further on, other situations can also be investigated,
such as the case when some coefficients of (1.2) are locally perturbed and more complex
geometries, like exterior domains (the existence of almost planar fronts in exterior domains
with bistable nonlinearity f has just been proved in [4]), curved cylinders, spirals, etc can
be considered.

It is worth mentioning that, even in dimension 1, Definition 1.1 also includes a very
interesting class of transition wave solutions which are known to exist and which do not fall
within the usual notions, that is invasion fronts which have no specified global mean speed.
For instance, for (1.1) in dimension N = 1, if f = f(u) satisfies

f is C? concave in [0,1], positive in (0,1) and f(0) = f(1) =0, (1.9)

then there are invasion fronts connecting 0 and 1 for which Q; = (x;, +00), Qf = (—o0, z¢)
and

Lt Lt

?—>01 ast—>—ooand7—>c2 as t — 400

with 24/ f7(0) < ¢1 < ¢ (see [18]). There are also some fronts for which x;/t — ¢; > 24/ f(0)
as t — —oo and x;/t — +00 as t — +oo. For further details, we refer to [3, 18].

In this paper, in order to illustrate the interest of the above definitions, we also analyse
a specific example and we prove the existence of new generalized transition waves, which
in general do not have any global mean speed, for a time-dependent equation. Namely, we
consider one-dimensional reaction-diffusion equations of the type

Up = Uy + f(E, 1) (1.10)



where the function f : R x [0,1] — R is of class C' and satisfies:

(VieR, f(t,0)=f(t1)=0,
V(t,s) e Rx[0,1], f(t,s) >0,
dt; <ty €R, If1, fo € CY[0,1];R),
V(t,s) € (—oo,t1] x [0,1],  f(t,s) = fu(s), (1.11)
V(t,s) € [t2,+00) x [0,1],  f(t,5) = fals),
f1(0) >0, f3(0) >0,
Vse (0,1), fi(s) >0, fa(s)>0.

\

In other words, the function f is time-independent and non-degenerate at 0 for times less
than ¢; and larger than ty, and for the times t € (¢,t3), the functions f(t,-) are just
assumed to be nonnegative, but they may a priori vanish. If f; and f; are equal, then
the nonlinearity f(¢,s) can be viewed as a time-local perturbation of a time-independent
equation. But, it is worth noticing that the functions f; and f, are not assumed to be equal
nor even compared in general. When ¢ < ¢;, classical traveling fronts

(t,7) € R* = 1 (x — ct) € [0,1]

such that ¢ .(—00) = 1 and ¢y .(+00) = 0 are known to exist, for all and only all speeds
¢ > ¢f, where ¢ > 24/f(0) > 0 only depends on f; (see e.g. [1]). The open questions are
to know how these traveling fronts behave during the time interval [t1, t5] and whether they
can subsist and at which speed, if any, they travel after the time ¢5. Indeed, it is also known
that, when t > t,, there exist classical traveling fronts

(t,r) € R® > g (x — ct) € [0,1]

such that ¢y .(—00) = 1 and ¢9.(+00) = 0 for all and only all speeds ¢ > ¢}, where
cs > 24/ f4(0) > 0 only depends on f;. The following result provides an answer to these
questions and shows the existence of generalized transition waves connecting 0 and 1 for
equation (1.10), which fall within our general definitions and do not have any global mean
speed in general. To state the result, we need a few notations. For each ¢ > ¢}, we set

¢ —+/ci — 4£1(0)

3 k
if ¢ > ¢,

2
>\1,c - (].].2)
CT + C){2 - 4f{(0) if ¢ = c¢*
2 v
We also denote
)\*,* o C; Y 032 - 4'.]%(0)
2 - 2 N

Theorem 1.8 For equation (1.10) under the assumption (1.11), there exist transition in-
vasion fronts connecting p~ = 0 and p* = 1, for which QFf = {z € R, +(z — 2;) < 0},
[y = {x} forallt € R,

Tt
xy = cit fort <ty cmd?—wQ as t — +o0,

10



where ¢y 18 any given speed in [}, +00) and

M, + f3(0)

C2 = Al
* y *,—
62 Zf )\1,01 2 )\2 .

’Lf )\1701 < )\;’7, (1 13)

When f; = f5, then ¢ = ¢ and the transition fronts constructed in Theorem 1.8 are such
that ¢; = ¢o, whence they have a global mean speed ¢ = ¢; = ¢, in the sense of Definition 1.6.
When f; < fo (resp. f1 > f2), then ¢f < ¢ (resp. ¢ > ¢), the inequalities ¢; < ¢y (resp.
¢1 > ¢z) always hold and, for ¢; large enough so that A\ ., < Ay, the inequalities ¢; < ¢y
(resp. ¢1 > c9) are strict if f{(0) # f5(0) (hence, these transition fronts do not have any
global mean speed).

In the general case, acceleration and slow down may occur simultanously, for the same
equation (1.10) with the same function f, according to the starting speed ¢;: for instance,
there are examples of functions f; and fy for which

co > ¢ for all ¢; > ¢}, and ¢ < ¢q for ¢; = ¢f.

To do so, it is sufficient to choose f; of the Kolmogorov-Petrovsky-Piskunov type, that is
fa(s) < f5(0)s in (0,1) whence ¢ = 2+/f5(0) = 2)\;", and to choose f; in such a way that
f1(0) < f5(0) and ¢f > ¢ (for instance, if fy is chosen as above, if M > 0 is such that
VoM > ¢ and if

fl(s)zgx(l—\x—l—kd) on [1— 2, 1]

for € > 0 small enough, then ¢} > ¢ for € small enough, see [9]).

Lastly, it is worth noticing that, in Theorem 1.8, the speed ¢ of the position x; at large
time is determined only from ¢y, f; and f5, whatever the profile of f between times ¢, and t,
may be.

Remark 1.9 The solutions u constructed in Theorem 1.8 are by definition spatial transition
fronts connecting 1 and 0. Furthermore, it follows from the proof given in Section 3 that these
transition fronts can also be viewed as temporal connections between a classical traveling front
with speed c¢; for the nonlinearity f; and another classical traveling front, with speed ¢y, for
the nonlinearity fs.

1.3 Qualitative properties

We now proceed to some further qualitative properties of generalized transition waves.
Throughout this subsection, m = 1, i.e. we work in the scalar case, and u denotes transition
wave connecting p~ and pt, for equation (1.2), associated with families (0 )ier and (T'y)ier
satisfying properties (1.3), (1.4), (1.5) and (1.6). We also assume that u and p* are globally
bounded in R x © and that

w(z) - Vou(t,z) = p(x) - Vop=(t,z) =0 on R x 99, (1.14)

11



where p is a C%#(99Q) unit vector field such that
inf {pu(z) - v(z); v € 00} > 0.
First, we establish a general property of monotonicity with respect to time.

Theorem 1.10 Assume that A and q do not depend on t, that f and p* are nondecreasing
in t and that there is 0 > 0 such that

s+ f(t,x,s) is nonincreasing in (—oo,p” (t,z) + 0] and [p*(t,z) — 6, +00) (1.15)
for all (t,z) € R x Q. If u is an invasion of p~ by pT with
k=inf {p*(t,z) —p (t,x); (t,2) eRxQ} >0, (1.16)

then u satisfies
V(t,x) ERxQ, p (t,x)<u(t,z)<p(t ). (1.17)

and u is increasing in time t.

Notice that if (1.17) holds a priori and if f is assumed to be nonincreasing in s for s
in [p~(¢t,x),p” (t,x) + d] and [p*(¢t,x) — &, pT (¢, )] only, instead of (—oo,p™(t,z) + ] and
[pt(t,z) —J,+00), then the conclusion of Theorem 1.10 (strict monotonicity of u in ¢) holds.
The simplest case is when f = f(u) only depends on u and p* are constants and both stable,
that is f'(p*) < 0.

The monotonicity result stated in Theorem 1.10 plays an important role in the following
uniqueness and comparison properties for almost planar fronts:

Theorem 1.11 Under the same conditions as in Theorem 1.10, assume furthermore that f
and p* are independent of t, that u is almost planar in some direction e € SN~' and has
global mean speed ¢ > 0, with the stronger property that

sup {| do(Ty,T) — clt — s| |; (t,s) € R*} < 400, (1.18)

where
Ft:{er; x~e—§t:O} ande:{er; :I:(:v-e—ft)<0}.

Let w be another globally bounded invasion front of p~ by pt for equation (1.2) and (1.14),
associated with

I, = {z e x-e—gt:(]} and QF = {zeq; +(z-e—&) <0}
and having global mean speed ¢ > 0 such that
sup { | do(Ts, Ty) — 2t — sl |; (t,s) € R?} < +o0.

Then ¢ = ¢ and there is (the smallest) T € R such that

u(t +T,x) > u(t,z) for all (t,2) € R x Q.
Furthermore, there exists a sequence (t,, Tp)nen n R X Q such that

(do(xn, T't,))nen s bounded and u(t, + T, x,) — u(tn, z,) — 0 as n — +oo.

Lastly, either u(t + T,x) > u(t,x) for all (t,x) € R x Q or a(t + T,x) = u(t,z) for all
(t,z) € R x Q.
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This result shows the uniqueness of the global mean speed among a certain class of almost
planar invasion fronts. It also says that any two such fronts can be compared up to shifts.
In particular cases listed below, uniqueness holds up to shifts. However, this uniqueness
property may not hold in general.

Remark 1.12 Notice that property (1.18) and the fact that u is an invasion imply that the
speed c is necessarily (strictly) positive.

As a corollary of Theorem 1.11, we now state a result which is important in that it
shows that, at least under appropriate conditions on f, our definition does not introduce
new objects in some classical situations: it reduces to pulsating traveling fronts in periodic
media and to usual traveling fronts when there is translation invariance in the direction of
propagation.

Theorem 1.13 Under the conditions of Theorem 1.11, assume that Q, A, q, f, i and p*
are periodic in x, in that there are positive real numbers Ly, ..., Ly > 0 such that, for every
vector k = (ky,...,ky) € LWZ X --- X LNZ,

Ot k=0,
Alx + k) = A(), gz + k) = q(z), f(x+k,-) = f(z,"), pF(x + k) = p*(z) for all x € Q,
w(x + k) = p(x) for all x € 0N.

(i) Then u is a pulsating front, namely

k
u(t—i—7 ¢

where v = ~y(e) > 1 is given by

,x> =u(t,r —k) for all (t,7) ERx Q and k € [1Z x --- x LyZ, (1.19)

v(e) = lim —dg(x, v)

- . (1.20)
(2.9)€0XQ, (z—y) |, [s—y|—+oo |T — Y|

Furthermore, u is unique up to shifts in t.

(ii) Under the additional assumptions that e is one of the azxes of the frame, that Q is
invariant in the direction e and that A, q, f, ;1 and p™ are independent of x - e, then u
actually is a classical traveling front, that is:

u(t,z) = ¢(x - e — ct,z’)

for some function ¢, where &' denotes the variables of RN which are orthogonal to e. More-
over, ¢ is decreasing in its first variable.

(iii) If Q = RY and A, q, f(-,s) (for each s € R), p* are constant, then u is a planar
(i.e. one-dimensional) traveling front, in the sense that

u(t,z) = ¢(x - e — ct),

where ¢ : R — (p~,p") is decreasing and ¢(Foo) = p*.
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Notice that properties (1.5) and (1.6) are automatically satisfied here —and property (1.5)
is actually satisfied for all 7 > 0— due to the periodicity of €, the definition of QF and
assumption (1.18).

The constant vy(e) in (1.20) is by definition larger than or equal to 1. It measures the
asymptotic ratio of the geodesic and Euclidean distances along the direction e. If the do-
main ) is invariant in the direction e, that is Q0 = 2 + se for all s € R, then v(e) = 1. For a
pulsating traveling front satisfying (1.19), the “FEuclidean speed” ¢/v(e) in the direction of
propagation e is then less than or equal to the global mean speed ¢ (the latter being indeed
defined through the geodesic distance in §2).

Part (ii) of Theorem 1.13 still holds if e is any direction of RY and if Q, A, ¢, f, u and p*
are invariant in the direction e and periodic in the variables z’. This result can actually be
extended to the case when the medium may not be periodic and u may not be an invasion
front:

Theorem 1.14 Assume that ) is invariant in a direction e € S¥71, that A, q, u and p*
depend only on the variables x’' which are orthogonal to e, that f = f(a’,u) and that (1.15)
and (1.16) hold.

If u is almost planar in the direction e, i.c. the sets Qi can be chosen as
QF ={ze€Q; £(z-e—&) <0},
and if u has global mean speed ¢ > 0 with the stronger property that
sup { [ |& — &| —clt — s

then there exists € € {—1,1} such that

; (t,s) € R?} < 400,

u(t,x) = ¢(x - e —ect,x)

for some function ¢. Moreover, ¢ is decreasing in its first variable.

If one further assumes that ¢ = 0, then the conclusion holds even if f and p* also depend
on x - e, provided that they are nonincreasing in x - e. In particular, if u is quasi-stationary
in the sense of Definition 1.6, then u is stationary.

In Theorems 1.13 and 1.14, we gave some conditions under which the fronts reduce to
usual pulsating or traveling fronts. The fronts were assumed to have a global mean speed.
Now, the following result generalizes part (iii) of Theorem 1.13 to the case of almost planar
fronts which may not have any global mean speed and which may not be invasion fronts. It
gives some conditions under which almost planar fronts actually reduce to one-dimensional
fronts.

Theorem 1.15 Assume that Q = RY, that A and q depend only on t, that the functions p*
depend only on t and x - e and are nonincreasing in x - e for some direction e € SN, that
f = f(t,xz - e,u) is nonincreasing in x - e, and that (1.15) and (1.16) hold. If u is almost
planar wn the direction e with

Qf ={z eRY; £(z-e—&) <0}
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such that
Jo >0, sup{|& —&; (t,s) ER?, |t —s| <o} < +o0, (1.21)

then u s planar, i.e. u only depends ont and x - e :
u(t,z) = o(t,x - e)
for some function ¢ : R?> — R. Furthermore,
V(tz) eERxRY, p(t,z-e) <u(t,z)<p(t,z-e) (1.22)
and u 18 decreasing with respect to x - e.

Notice that the assumption sup {|&1, — &|; t € R} < 400 for every o € R is clearly
stronger than property (1.5). But one does not need & to be monotone or |§ — &| — 400
as [t — s| — 400, namely u may not be an invasion front.

As for Theorem 1.10, if the inequalities (1.22) are assumed to hold a priori and if f is
assumed to be nonincreasing in s for s in [p~ (¢, x-e), p~ (¢, x-€)+0d] and [p* (¢, x-€)—0, pT (¢, z-€)]
only, instead of (—oo,p™(t,x-€) 4+ 0] and [pT (¢, 2 -€) — §, +00), then the strict monotonicity
of u in x - e still holds.

As a particular case of the result stated in Theorem 1.14 (with ¢ = 0), the following
property holds, which states that, under some assumptions, any quasi-stationary front is
actually stationary.

Corollary 1.16 Under the conditions of Theorem 1.15, if one further assumes that the
function t — & is bounded and that A, q, f and pT do not depend on t, then u depends
on x - e only, that is u is a stationary one-dimensional front.

1.4 Further extensions

In the previous sections, the waves were defined as spatial transitions connecting two limiting
states p~ and p™. Multiple transition waves can be defined similarly.

Definition 1.17 (Waves with multiple transitions) Let k > 1 be an integer and let p', . .., p*
be k time-global solutions of (1.2). A generalized transition wave connecting p',...,p" is a
time-global classical solution u of (1.2) such that u # p’ for all 1 < j < k, and there exist k

families ()er (1 < j < k) of open nonempty unbounded subsets of Q, a family (Ty)ier of
nonempty subsets of 0 and an integer n > 1 such that
(ViteR Vji#je{l,... .k}, &nq =0,

VieR, |J @no) =T, ru [Jo=0

1<5<k 1<5<k

VteR, Vje{l,... .k} sup{dg(x,Ft); x € Q{} = 400,

if N =1 then I'y is made of at most n points,
L if N > 2 then (1.4) is salisfied,
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and

u(t,z) —p’(t,x) — 0 wuniformly int € R as do(z,I't) — +o0 and x € Q_i
foralll <5 <k.

Triple or more general multiple transition waves are indeed known to exist in some
reaction-diffusion problems (see e.g. [11, 13]). The above definition also covers the case
of multiple wave trains.

On the other hand, the spatially extended pulses, as defined in Definition 1.3 with
p~(t) = p™(t), correspond to the special case k = 1, p! = p*(t) and Q! = Q; UQ/ in
the above definition. We say that they are extended since, for each time ¢, the set I'; is
unbounded in general. The usual notion of localized pulses can be viewed as a particular
case of Definition 1.17.

Definition 1.18 (Localized pulses) In Definition 1.17, if k = 1 and if
sup {diamq(I';); t € R} < 400,
then we say that u s a localized pulse.

In all definitions of this paper, the time interval R can be replaced with any interval
I C R. However, when I # R, the sets Qf or )} are not required to be unbounded, but one
only requires that

lim (sup {do(z,T}); z € Qf}) = +00 or tligrn (sup {do(z,Ty); z € Qi}) = +o00,

t——+o0

in the case of double or multiple transitions, if I O [a, +00) (resp.

tLimoo (sup {do(z,T}); z € Qf}) =400 or tEmoo (sup {do(z,Ty); = € Qi}) = +00
if I D (—o00,a]). The particular case I = [0,7) with 0 < T" < 400 is used to describe the
formation of waves and fronts for the solutions of Cauchy problems.

For instance, consider equation (1.1) for ¢ > 0, with a function f € C'([0,1]) such that
f(0) = f(1)=0, f>0in (0,1) and f'(0) > 0. If ug is in C.(RY) and satisfies 0 < ug < 1
with ug # 0 and if u(¢,z) denotes the solution of (1.1) with initial condition u(0,-) = wy,
then 0 < u(t,z) < 1 for allt > 0 and € RY and it follows easily from [1, 24] that there
exists a continuous increasing function [0, +00) 3 ¢ — r(t) > 0 such that r(¢)/t — ¢* > 0 as
t — +oo and

lim (inf{u(t,:c); t>0, r(t) > A, 0< |z| <r(t) — A}) =1,

A——+o00

lim (sup {ut,z); t >0, |z| >r()+ A}) =0,

A——~o00

where ¢* > 0 is the minimal speed of planar fronts ¢(x — ct) ranging in [0, 1] and connecting 0
and 1 for this equation (in other words, the minimal speed ¢* of planar fronts is also the
spreading speed of the solutions u in all directions). If we define

Q ={z eRY; [z| <rt)}, Qf ={z eRY; |z| >r(t)} and I, = {z e RY; |z| =r(t)}
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for all ¢ > 0, then the function u(t, z) can be viewed as a transition invasion wave connecting
p~ =1 and p™ = 0 in the time interval [0, +00). We also refer to [7] for further definitions
and properties of the spreading speeds of the solutions of the Cauchy problem u; = Au+ f(u)
with compactly supported initial conditions, in arbitrary domains {2 and no-flux boundary
conditions.

It is worth pointing out that, for the one-dimensional equation u; = g, + f(u) in R with
C(]0,1],R) functions f such that f(0) = f(1) =0, f(s) > 0 and f'(s) < f(s)/s on (0,1),
there are solutions u : [0,400) x R — [0, 1], (¢,2) — u(t,x) such that

u(t, —o0) =1, u(t,400) =0 for all £ > 0, and tginoo |ug(t, )| Loo@) = 0,

see [20]. At each time ¢, u(t,-) connects 1 to 0, but since the solutions become uniformly
flater and flater as time runs, they are examples of solutions which are not generalized fronts
connecting 1 and 0.

Time-dependent domains and other equations. We point out that all these general
definitions can be adapted to the case when the domain

Q:Qt

depends on time t.
Lastly, the general definitions of transition waves which are given in this paper also hold
for other types of evolution equations

F[t,z,u, Du, D*u,---] =0

which may not be of the parabolic type and which may be non local. Here Du stands for
the gradient of u with respect to all variables t and x.

Outline of the paper. The following sections are devoted to proving all the results we
have stated here. Section 2 is concerned with level set properties and the intrinsic character
of the global mean speed. In Section 3, we prove Theorem 1.8 on the existence of genera-
lized transition waves for the time-dependent equation (1.10). Section 4 deals with the
proof of the general time-monotonicity result (Theorem 1.10). Section 5 is concerned with
the proofs of Theorems 1.11 and 1.13 on comparison of almost planar invasion fronts and
reduction to pulsating fronts in periodic media. Lastly, in Section 6, we prove the remaining
Theorems 1.14 and 1.15 concerned with almost planar fronts in media which are invariant
or monotone in the direction of propagation.

2 Intrinsic character of the interface localization and
the global mean speed

Given a generalized transition wave u, we can view the set I'; as the continuous interface
of u at time ¢. Of course this set is not uniquely defined, however, as we shall prove here,
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its localization in terms of (1.7) and (1.8) is intrinsic. Thus, this gives a meaning to the
“Interface” in this continuous problem (even though it is not a free boundary). This section
is divided into two parts, the first one dealing with the properties of the level sets and the
second one with the intrinsic character of the global mean speed.

2.1 Localization of the level sets: proof of Theorem 1.2

Heuristically, the fact that u converges to two distinct constant states p* in Qi uniformly as
do(x,T';) — 400 will force any level set to stay at a finite distance from the “interfaces” I'y,
and the solution u to stay away from p* in tubular neighbourhoods of T}.

More precisely, let us first prove part 1 of Theorem 1.2. Assertion (i) is almost imme-
diate. Indeed, assume it does not hold for some A € (p~,p"). Then there exists a sequence
(tn, Tn)nen in R x Q such that

u(ty,x,) = A for alln € N and dg(x,,[;,) — +00 as n — +o0.

Up to extraction of some subsequence, two cases may occur: either x, € €, and then
u(tn,x,) — p~ as n — +oo, or z, € O and then u(t,,z,) — p" as n — +oo. In both
cases, one gets a contradiction with the fact that u(t,,z,) = X € (p~,p").

Assume now that assertion (ii) does not hold for some C' > 0. One may then assume
that there exists a sequence (t,, T, )nen of points in R x € such that

do(zn,Iy,) < Cforallm € N and u(t,,z,) — p asn — 400 (2.1)

(the case where u(t,,z,) — pt could be treated similarly). Since dg(z,,T,) < C for all n,
it follows from (1.5) that there exists a sequence (7, )nen such that

Ty €Ty, forallm € N and sup {dQ(:rn,fn); n e N} < +o0.

On the other hand, from Definition 1.1, there exists d > 0 such that

— P~ +p+
Vt€R> vyegt ) dQ(y7Ft) >d = U(t,y) > T
From (1.6), there exists 7 > 0 such that, for each n € N, there exists a point y, € Q;;_T
satisfying
do(Tn, yn) = 7 and do(Yn, [y, —r) > d.
Therefore,
— +
VneN, ult,—T,yn) > ]% (2.2)

But the sequence (dg(xy, Yn))nen is bounded and the function v = u—p~ is nonnegative and
is a classical global solution of an equation of the type

vy =V, (A(t, 2)V,0) + q(t,7) - Vv +b(t, 2)v in R x Q

for some bounded function b, with p(t, z)- V,v(t, ) = 0 on 9. Furthermore, the function v
has bounded derivatives, from standard parabolic estimates. Since v(t,,z,) — 0 asn — 400
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from (2.1), one concludes from the linear estimates that v(¢, — 7,y,) — 0 as n — +00.”> But
V(ty, —7,yn) > (pT—p7)/2 > 0 from (2.2). One has then reached a contradiction. This gives
assertion (ii).
To prove part 2, assume now that (i) and (ii) hold and that there is dy > 0 such that the
sets L
{(t,2) e RxQ; 2 €Qf, do(z,Ty) > d}

and

{(t,2) ERx QY € Qy, do(z,Ty) > d}
are connected for all d > dy. Denote

m~ = liminf u(t,z) and M~ = lim sup u(t, ).
z€Q, , do(z,I't)—+o0 IGE, dey (z,0¢)—+00

One has p~ <m~ < M~ <p™.
Call A = (m~ + M~)/2. Assume now that m~ < M~. Then X € (p~,p") and, from (i),
there exists Cy > 0 such that

do(z,T;) < Cy for all (t,x) € R x  such that u(t,x) = \.

Furthermore, there exist some times t1,t; € R and some points z,x, with z; € Q_; such
that u(ty, 1) < A < u(te, z2) and do(x;, I'y,) > max(Cy, dy) for i = 1,2. Since the set

{(t,2) e Rx O 2 €Qy, dolz,T;) > max(Cy, dy) }

is connected and the function wu is continuous in R x Q, there would then exist ¢t € R and
x € Q, such that dg(z, ;) > max(Cy, dy) and u(t,z) = A. But this is in contradiction with
the choice of Cy.

Therefore, p~ <m~™ = M~ < p* and

u(t,z) — m~ uniformly as dq(z,T;) — 400 and = € €.

3We use here the fact that, since the domain €2 is assumed to be globally smooth, as well as all coefficients
A, q and p of (1.2) and (1.14), in the sense given in Section 1, then, for every positive real numbers
0, p, o, M, B and n > 0, there exists a positive real number ¢ = ¢(d,p,0, M, B,n) > 0 such that, for
any tog € R, for any C! path P : [0,1] — Q whose length is less than §, for any nonnegative classical
supersolution u of
Uy > Vg - (A(t, ) V1) + q(t, x) - Voa + b(t, )T

in the set
E = Ei pp.o = [to,to + p] ¥ {x € Q; do(x, P([0,1])) < p} U [to, to + o] x Bq(P(0), p),
satisfying (1.14) on OE N (R x 09Q), ||Vl g gy < M, [|b]| gy < B and
max{u(to, P(s)); s € [0,1]} >,

then u(to + o, P(0)) > e.
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Similarly,
u(t,z) — m* € [p~,pt] uniformly as dg(z,T;) — 400 and = € Q; .

If max(m~,m"%) < p*, then there is ¢ > 0 and C' > 0 such that u(t,z) < pt — e for all (¢, x)
with dg(z, ;) > C. But
sup {u(t, z); do(z,Ty) < C} <p*

because of (ii). Therefore, sup {u(t,z); (t,7) € R x Q} < p*, which contradicts the fact the
the range of u is the whole interval (p~,p*). As a consequence,

max(m~,m") =p".

Similarly, one can prove that min(m™, m*) p.

Eventually, either m~ = p~ and m™ = p*, or m~ = p* and m™ = p~, which means
that u is a transition wave connecting p~ and p™ ( * and p~). That completes the proof
of Theorem 1.2. O

2.2 Uniqueness of the global mean speed for a given transition
wave

This section is devoted to the proof of the intrinsic character of the global mean speed, when
it exists, of a generalized transition wave in the general vectorial case m > 1, when p* and p~
are separated from each other.

Proof of Theorem 1.7. We make here all the assumptions of Theorem 1.7 and we call
T, =00, NQ =00 NQ
for all ¢ € R. We first claim that there exists C > 0 such that
do(x,T,) < C forallt € R and z € T,
Assume not. Then there is a sequence (t,, T, )nen in R x © such that

x, €Ty forallm eN and dQ(q:n,ftn) — 400 as n — +o0.

Up to extraction of some subsequence, one can assume that x,, € ﬁi (the case where x,, € ﬁ;
could be handled similarly). Call

e=inf{|]p~(t,z) —p*(t,2)]; (t,.z) eRxQ} >0
and let A > 0 be such that
lu(t,z) — pt(t, 2)| < g for all (t,2) € R x Q with dg(z,T}) > A and z € Q.
Under the assumption (1.6), there exist 7 > 0 and a sequence (y,)nen such that

Un € Q_:;La dﬂ(xn)yn) =7 and dQ(yTwFtn) 2 A
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for all n € N. Therefore, B
do(yn,I'y,) — +00 as n — 400

and y, € ?2; for n large enough. As a consequence,
u(tn,yn) - Pf(tn,yn) — 0 asn — +oo.

On the other hand, do(y,,I,) > A and y, € Q_Z;, whence

DO | ™

for all n € N. It follows that

. _ €
lim sup ’p (tm yn) - p+(tn7 yn)’ < 5
n——+o0o
This contradicts the definition of .
Therefore, there exists C' > 0 such that
VteR, Vaely, do(z,T,) <C. (2.3)

Let now (t,s) € R? be any couple of real numbers and let n > 0 be any positive number.
There exists (z,y) € 'y x I's such that dg(z,y) < do(I',T's) + 7. From (2.3), there exists
(z,y) € I'y x Iy such that

dQ(.T,E) < C+T] and dQ(y,g) < C+77
Thus, do(Z,y) < do(Ty,Ts) + 2C + 3n and
do (T, T) < do(T'y, ) +2C + 31,

Since n > 0 was arbitrary, one gets that do(I'y,T) < do(I'y,T'y) + 2C for all (¢, s) € R2.
Hence,

do(Ty, Ty do(T;, Ty
[t—s|—+oc0 |t - S| [t—s|—+o00 |t - S|

With similar arguments, by permuting the roles of the sets QF and ﬁti, one can prove that
do(Ty,Ty) < do(Ty, T) +2C
for all (t,s) € R? and for some constant C' > 0. Thus,

¢ = liminf —dﬂ(rt’rs) < liminf —dQ(Ft’FS)
[t—s|—+o0 |t — S| [t—s|—4o00 |t — S|

As a conclusion, the ratio do (I, T'y) /|t — s| converges as |t — s| — +oo, and its limit is equal
to c. The proof of Theorem 1.7 is thereby complete. 0

21



3 Generalized transition waves for a time-dependent
equation

In this section, we construct explicit examples of generalized invasion transition fronts con-
necting 0 and 1 for the one-dimensional equation (1.10) under the assumption (1.11). Namely,
we do the

Proof of Theorem 1.8. The strategy consists in starting from a classical traveling front
with speed ¢; for the nonlinearity f;, that is for times t € (—o0,t;], and then in letting it
evolve and in proving that the solution eventually moves with speed ¢, at large times. The
key point is to control the exponential decay of the solution when it approches the state 0,
between times t; and t,.

For the nonlinearity f;, there exists a family of traveling fronts ¢y .(x —ct) of the equation

Ut = Ugy + fl(u);

where 1. @ R — (0,1) satisfies ¢1.(—00) = 1 and ¢y .(+00) = 0, for each speed ¢ €
(¢}, +00). The minimal speed ¢ satisfies ¢f > 24/ f1(0), see [1, 15]. Each ¢, . is decreasing and
unique up to shifts (one can normalize ¢; . is such a way that ¢; .(0) = 1/2). Furthermore,
if ¢ > ¢}, then

Qpl,c(s) ~ Al,ce_)\l’cs as s — 100,

where A; . is a positive constant and ;. > 0 has been defined in (1.12). If ¢ = ¢ and
¢t > 24/ f1(0), then the same property holds. If ¢ = ¢} and ¢ = 24/ f{(0), then
©1.6(8) ~ (A1 es + Bio) e ™ as s — +oo,

where A;. >0, and By, > 0if A; . =0, see [1].
Let any speed ¢; € [¢},+00) be given, let & be any real number (which is just a shift
parameter) and let u be the solution of (1.10) such that

u(t,x) = preo(x —at+&) forallt <t; and z € R.

Define
r, = it for all t < . (3.1)

The function w satisfies

u(t,z) — 1 asx—x; — —o0,
uniformly w.r.t. ¢t <t;. (3.2)

u(t,z) — 0 asx —xy — 400,
Let us now study the behavior of w on the time interval [¢1,¢5] and next on the inter-
val [tg, +00). From the strong parabolic maximum principle, there holds 0 < u(t,z) < 1 for
all (t,z) € R?. For each t > ¢, the function u(t, -) remains decreasing in R since f does not

depend on z. Furthermore, from standard parabolic estimates, the function v satisfies the
limiting conditions

u(t,—o00) =1 and wu(t,4+00) =0 locally in ¢t € R, (3.3)
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since f(t,0) = f(t,1) = 0. Therefore, setting
Ty = Ty = Cltl for all ¢t € (tl,tg], (34)

one gets that
(3.5)

u(t,z) — 1

u(t,z) — 0

Let ¢ be any positive real number in (0, A\;.,). From the definition of u and the above
results, it follows that there exists a constant C. > 0, which also depends on &, A ., and B .,

as T — Ty — —00, _
uniformly w.r.t. ¢t € (¢, ts].
as r — ry — +00,

such that
u(ty, z) < min (C. e~ Pre—oe 1) forallz € R.

Let M be the nonnegative real number defined by
f(t.s)

M = sup
(t,8)€[t1,t2]x(0,1] S

This quantity is finite since f is of class C' and f(¢,0) = 0 for all . Denote
M

a=MNgyg—+—>0
1,c1 )\1701—6

and

u(t, z) = min (C. e~ Per =) (@-alt=t)) 1) for all (t,z) € [t1,t2] x R.
The function u is positive and it satisfies u(ty,-) < u(ty,-) in R. Furthermore, for all (¢, x) €

[tl,tQ] x R, if ﬂ(t,l’) < 1, then

E1‘/(257‘7") - Emr(tu I) - f(t,ﬂ(t,l’)) > Ht<t7 l’) - ﬂlﬂ’b(twr) - Mﬂ(ta l’)
= CE [C( <)\1,01 - E) - ()\1,61 - 6)2 - M] 6_(>\1’C1 ) (z=alt=t))

=0
from the definitions of M and «. Thus, @ is a supersolution of (1.10) on the time interval

[t1,t2] and it is above u at time ¢;. Therefore,
u(t, ) <T(t,z) < C.e”Prea=a)@=alt=t)) for all (t, ) € [ty, 1] x R (3.6)

from the maximum principle.
On the other hand, from the behavior of ¢; ., at 400, there exists a constant C. > 0
such that .
u(ty, ) > min (C’é e~ Mrertele 5) for all z € R.
Let u the solution of the heat equation u, = u,, for all ¢ > t; and x € R, with value

1
u(ty, z) = min (C; e~ Prerte)e 5) for all z € R
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at time ¢;. Since f > 0, it follows from the maximum principle that
u(t,z) > u(t,x) for all (t,x) € [t1,+00) x R. (3.7)
But, for all x € R,

+00 Foo
u(ty, ) = / plty — ti,x — y)u(ty,y) dy > Cé/ plts — ty, o —y) etV gy

where z. is the unique real number such that C’e~Mta+9)?e — 1/2 and p(r,2) =

(4m7)~1/2¢72°/(47) ig the heat kernel. Thus, for all > . + /4(t, — t1), there holds
'’ /x+\/4(t2—t1) (2—1)?

e_ 4(tg—t1) _(Al’cl +€)ydy
4’/T(t2 - tl)

g(t% fE) Z
— 4(t2—t1)

(3.8)
2 C/ 6_]‘_()‘17‘31 +E) 4(t2—t1)
> 3
i ﬁ
It follows from (3.6), (3.7) and (3.8) that, for all ¢ € (0, A, ), there exist two positive
constants C* and a real number X, such that

7()\1’01 +e)x

X e

CremCertd® Cufty,x) < Coe”Ma™" for all x € [X., +00).

Remember also that 0 < wu(te,xz) < 1 for all z € R, and that u(ty, —00) = 1. Since
f(t,s) = fa(s) for all t > ty and s € [0,1], the classical front stability results (see e.g.
26, 42]) imply that

sup |u(t, ©) — @20, (¥ — cat + m(t))| — 0 as t — +oo, (3.9)
zeR
where m/(t) — 0 as t — 400, and ¢y > 0 is given by (1.13). Here, ¢o ., denotes the profile of
the front traveling with speed ¢, for the equation u; = ., + fo(u), such that ¢o ., (—00) =1
and ¢y, (+00) = 0. Therefore, there exists t3 > ¢, such that the map ¢ — cot — m(t) is
increasing in [t3, +00), and coty — m(t3) > city. Define

ot if t € (Lo, t3),
= (a2, t3) (3.10)
cot —m(t) if t € [ts, +00).
It follows from (3.3) and (3.9) that
u(t,z) —» 1 asxz—x; — —o0,
uniformly w.r.t. t € (t2, +00). (3.11)
u(t,z) - 0 asx— xy — 400,

Eventually, setting
Qf = {2z €R; £(z—=z) <0}
and Iy = {z;} for each ¢ € R, where the real numbers z;’s are defined in (3.1), (3.4)
and (3.10), one concludes from (3.2), (3.5) and (3.11) that the function u is a generalized
transition front connecting p~ = 0 and p™ = 1. Furthermore, since the map ¢ — x; is
nondecreasing and z; — x, — +00 as t — s — 400, this transition front v is an invasion of 0
by 1. The proof of Theorem 1.8 is thereby complete. U
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4 Monotonicity properties

This section is devoted to the proof of the time-monotonicity properties, that is Theorem 1.10.
This result has its own interest and it is also one of the key points in the subsequent unique-
ness and classification results. The proof uses several comparison lemmata and some versions
of the sliding method with respect to the time variable. Let us first show the following

Proposition 4.1 Under the assumptions of Theorem 1.10, one has
V(t,x) ERxQ, p (t,z) <ult,z) <p(t ).

Proof. We only prove the inequality p~ (¢, z) < u(t, x), the proof of the second inequality is
similar. Remember that u and p~ are globally bounded. Assume now that

m = inf {u(t,z) — p~(t,2); (t,z) e RxQ} <0.
Let (t,, 7, )nen be a sequence in R x Q such that
U(tn, Tn) — 0 (tn,xn) — m < 0 as n — +o0.

Since pt(t,z) —p~(t,x) > Kk > 0 for all (t,r) € R x €, it follows from Definition 1.1 that
the sequence (dq(z,, [y, ))nen is bounded. From assumption (1.5), there exists a sequence of
points (Z,)nen such that the sequence (dg(zn, Tn))nen is bounded and z,, € I'y,_, for every
n € N. From Definition 1.1, there exists d > 0 such that

ViteR, VzeQ, (da(z,Ty) > d) = (u(t,2) > p*(t,z) — k).
From property (1.6), there exist 7 > 0 and a sequence (¥, )nen of points in Q such that

yn € QF do(Yn, Tn) = r and dq(yn, Ty, ) > d for all n € N.

n—T)

One then gets that
U(tn — Tn, yn> Z p+(tn -7, yn) — K (41)

for all n € N.
Call
o(t, ) = p~(t,2) +m

and
w(t,z) =u(t,z) —v(t,x) =ult,z) —p (t,z) —m >0

for every (t,z) € R x Q. Since p~ solves (1.2), since f(t,x,-) is nonincreasing in
(—o0,p~(t,x) + &) for each (¢,z) € R x Q,* and since m < 0, the function v solves

vy < V- (A(2)V,0) + q(x) - Vv + f(t,2,0) in R x Q

“Here, we actually just use the fact that f(t, z,-) is nonincreasing in (—oo, p~ (¢, z)] for each (¢,z) € Rx Q.
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(remember that A and f do not depend on ¢, but this property is actually not used here). In
other words, v is a subsolution for (1.2). But u solves (1.2) and f(¢,z, s) is locally Lipschitz-
continuous in s uniformly in (¢,2) € R x Q. There exists then a bounded function b such
that
w; > Vg - (A(2)Vv) + q(x) - Voo + bt 2)w in R x Q.

Lastly, w satisfies p - V,w = 0 on R x 0. Since the sequences (dq(z,,T,))nen and
(dq(Yn, Tn))nen are bounded, the sequence (dg(xy, Yn))nen is bounded as well. Thus, since
w > 0in R x Q and w(t,,z,) — 0 as n — 400, one gets, as in the proof of part 1 of
Theorem 1.2, that w(t, — 7,y,) — 0 as n — +o00. But w(t, — 7,y,) satisfies

w(tn - T, yn) - u<tn - T, yn) - p_(tn -7, yn) —m
> pttn =T Yn) =6 =D (ta — Tyyn) —m > —m >0

for all n € N because of (4.1). One has then reached a contradiction.
As a conclusion, m > 0, whence

u(t,x) > p~(t,x) for all (t,2) € R x Q.

If u(to, z0) = p~(to, zo) for some (tg,79) € R x Q, then the strong parabolic maximum
principle and Hopf lemma imply that u(t,z) = p~(t,z) for all z € Q and t < t;, and
then for all £ € R by uniqueness of the Cauchy problem for (1.2). But this is impossible
since p© —p~ > k > 0in R x Q and u(t,z) — p*(¢t,z) — 0 uniformly as x € € and
dao(z,T;) — +oo (notice actually that for each ¢ € R, there are some points z, € € such
that dg(z,, 1) — +00 as n — +oo, from (1.3)).

As already underlined, the proof of the inequality u < p* is similar. 0

Let us now turn to the

Proof of Theorem 1.10. In the hypotheses (1.15) and (1.16), one can assume without loss
of generality that 0 < 20 < &, even if it means decreasing 0. In what follows, for any s € R,
we define v* in R x € by

V(t,r) ERxQ, u'(t,x)=u(t+s,x).

The general strategy is to prove that v* > « in R x Q for all s > 0 large enough, and then
for all s > 0 by sliding w with respect to the time variable.
First, from Definition 1.1, there exists A > 0 such that

V (t,r) € R x Q,

Since p™ invades p~, there exists sg > 0 such that

VieR, Vs>sg, Qf,DQf and do(Tyys, T) > 2A.
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Fix any t € R, s > sg and x € Q. Ifz e Q_zr, then = € Q;er and dqo(z,T'y1s) > 2A since
any continuous path from z to 'y, in Q meets I';. On the other hand, if z € Q, and
do(z,Ty) < A, then do(x,Tyys) > A and x € Q. In both cases, one then has that

)
w(t,z) = ult+s,2) 2 p*(t+s,0) =5 >p"(tz) =0
since p* is nondecreasing in time. To sum up,

Vs >sy, V(t,z) R xQ, (JJEQ_;F) or (xGQ_;and do(z,Ty) < A)

= (u*(t,z) = u(t + s,z) > pT(t,z) — §). (43)

Lemma 4.2 Call
wy={tz)eRxQ; z€ Q; and do(z,T,) > A},

For all s > sy, one has

ut > U Imwy.
Proof. Fix s > sy and define

5*:inf{5>0; u® Zu—sinwz}.
Since u is bounded, £* is a well-defined nonnegative real number and one has
u' > u—e"in wy. (4.4)

One only has to prove that ¢* = 0.
Assume by contradiction that e* > 0. There exist then a sequence (e,),en of positive
real numbers and a sequence of points (¢, Z,)nen in w, such that

en — e asn — +oo and u’(t,,x,) < u(t,,x,) —&, for all n € N. (4.5)

We first note that, when z € Q; and do(z, ;) = A, then u(t, z) < p~(t,x)+6 from (4.2),
while u*(¢t,x2) > p*(t,x) — J from (4.3). Hence
us(t7x) - U(t,[E) > p+(t,l‘) - pi(twr) —20
> k—20>0 whenx EQ_t_and do(z,Ty) = A.

(4.6)
Since V,u is globally bounded in R x Q, it follows from (4.5) and the positivity of £* that
there exists p > 0 such that

liminf dg(z,,T,) > A+ 2p.

n—-+00

Even if it means decreasing p, one can also assume without loss of generality that

O<p<rm,

27



where 7 is given in (1.5), and that

8*
px (1w =P ill o ey + 1Vt = P o) < 5 (4.7)

since u and p* have bounded derivatives.
Next, we claim that the sequence (dg(zn,'t,))nen is bounded. Otherwise, up to extrac-
tion of some subsequence, one has

do(zn,Ty,) — +oo and then u(t,,z,) — p~ (tn, z,) — 0 as n — +oc.
But, from Proposition 4.1 and the fact that p~ is nondecreasing in time, one has

> eptulty+s,x,) —p (tn, )
Z En +p_(tn + S, xn) - p_(tna xn)
>

en, — €">0asn— +oo,

U(tn, mn) - p_ (trm $n>

which gives a contradiction. Therefore, the sequence (dg(x,, 'y, ))nen is bounded.
Since z,, € Q, and dq(z,,I',) > A+ p for n large enough (say, for n > ng), and since p*
invades p~, it follows that

T, € Q_t_ and dg(z,,Iy) > A+ p foralln >ngand t <t,
and even that
z € Q and do(z,Ty) > A for all n > ng, x € Bq(zn,p) and t < t,,. (4.8)

As a consequence, since p < 7, there exists a sequence of points (yy, )nen, n>n, i Q such that
Yn € Qz;—rﬂ) and A + p = do(Yn, Ftn—T—l-p) = dq(wy, Ftn—7+p) — do(Tn, Yn) (4.9)

for all n > ng. Thus, for each n € N with n > ny, there exists a C' path P, : [0,1] — Q—rip
such that P,(0) = x,, P,(1) = y,, the length of P, is equal to dg(x,,y,) and

do(P,(0),T,—r1p) = A+ pfor all 0 € [0,1].
Once again, since p* invades p~, it follows that

Vn > ng, Vo €0,1], Vo € Bo(Po(o),p), Vt < tn—7+p, v € Q and do(z,T;) > A.
(4.10)
Together with (4.8), one gets that, for each n > ng, the set

Ey = [ty — 7, ta] X Ba(2n, p) U [ty — 7, — 7+ p]x {z € Q; da(z, P,([0,1])) < p}

is included in wj.
As a consequence, for all n > ny,

vi=u'—(u—e")>0 in E,
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from (4.4), and
u(t,z) —e* <u(t,x) <p (t,x)+ 0 forall (t,x) € E,
from (4.2). Thus,

(u—e*)y = Vi (A@)Ve(u—e*))+q(x) - Vo(u—e*)+ f(t,z,u)
< Vi (A@)Ve(u—e%) +q(z) Vi(u—e*) + f(t,z,u — &%)

in £, for all n > ng, because f(t,z,-) is nonincreasing in (—oo, p~ (¢, ) +J]. In other words,
the function u — £* is a subsolution of (1.2) in E, for all n > ny. As far as the function
u®(t,z) = u(t + s, x) is concerned, it satisfies

u; = Vi (A(2)Vu®) 4+ q(x) - Vou® + f(t+ s, z,u°)
> V.- (A(x)V,u®) + q(x) - Vou® + f(t, z,u’)

for all (t,2) € R x Q because f(-,z,&) is nondecreasing for all (z,&) € Q x R. Notice that
we here use the fact that A and ¢ are independent from the variable ¢. Furthermore, u*® still

satisfies
p(z) - Veu'(t,z) = 0 on R x 02

because p is independent of t. In other words, u® is a supersolution of (1.2). Consequently,
since the functions f(¢, z, -) are locally Lipschitz-continuous uniformly with respect to (¢, z) €
R x €, the function v satisfies inequations of the type

v >V, (A2)V,0) +¢(x) - Vyuo+b(t x)v in B,

for all n > ng, where the sequence (||b|| 2 (£, ))nen, n>no is bounded.
On the other hand, since the sequence (dg(zn,t,))nen is bounded, it follows from as-
sumption (1.5) that there exists then a sequence of points (7, )en in €2 such that

T, €1y, _, for all n € N, and sup {dg(xmin); n e N} < 400.
Thus, for all n > ny,
dQ<xmyn) = dQ(xm Ftn*T+p> - (A + IO) S dﬂ(wm FtnfT) - (A + p) S dQ(-Tn’ i:n) - (A + p)

since x, € €); and the sets (2, are non-increasing with respect to ¢ in the sense of the inclu-
sion (because p* invades p~). The sequence (dq(@n,Yn))neN,n>n, is then bounded. Lastly,
remember that the function V,v is bounded in R x . As a conclusion, since v(t,, x,) — 0 as
n — 400 (because of (4.5) and v(t,, z,) > 0), it follows from the linear parabolic estimates
that

v(t, — T,yn) — 0 as n — +oo. (4.11)

But, because of (4.9), there exists a sequence (2, )nen, n>n, Such that

Zn € Qt_n,.,_er, dQ(y’m Z’n) =p and dQ(Zn7 Ftn—T+P> =A
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for all n > ng. Thus, for all n > ny,

Us(tn - T, yn> _p+(tn - T, yn> 2 us(tn -7+ P, Zn) _p+(tn -7 +P7 Zn) - % Z _5 - %

from (4.3) and (4.7). Moreover,
ultn = 7.9n) S P (tn — Toyn) +0 foralln > mng
from (4.2) and (4.10). Eventually, for all n > ny, there holds

v(ty, — T, yn) = u(tn — T,yn) —u(ty — T,yn) + €
= us(tn - T, yn) - p+(tn -7, yn) +p+(tn -7, yn) - u<tn - T, yn) +e

*

g*
2 _5_ 5 +p+(tn _T:yn) _pi(tn _T?yn) _6+€*

€ e
> K=20+—= > —>0
= RTETy =
from (1.16) and the inequality 26 < k.
One has then reached a contradiction with (4.11). Hence ¢* = 0 and the proof of
Lemma 4.2 is thereby complete. U

Similarly, using now that f (¢, z, -) is nonincreasing in [p* (¢, )=, +00) and that u®(¢, z) >
pt(t,x)—3/2 > p*(t,2)—0 provided that (t,z) & w, and s > s¢, we shall prove the following:

Lemma 4.3 For all s > sg, one has
ut>u inw] =RxQ\ wy,.

Proof. The proof uses some of the tools of that of Lemma 4.2, but it is not just identical,
because the time-sections of w}, namely the sets Qf U {z € Q;; do(z,T}) < A}, are now
nondecreasing with respect to time ¢ in the sense of the inclusion.

Fix s > sg and define

Ex :inf{€>0; u5+€2uinwjg}.
This nonnegative real number is well-defined since u is globally bounded, and one has
wi=u"+¢e, —u>0 inwh.

Furthermore, Lemma 4.2 implies that

w > g, inwjy. (4.12)

In particular, w is nonnegative in R x Q.

To get the conclusion of Lemma 4.3, it is sufficient to prove that e, = 0. Assume by
contradiction that £, > 0. There exists then a sequence (g, )en of positive real numbers and
a sequence of points (¢, T, )nen in W} such that

En — € a8 N — 400, and u’(t,, x,) + €, < u(ty,,x,) for all n € N.
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If the sequence (dg(z,, T, ))neny Were not bounded, then, up to extraction of a subse-
quence, it would converge to +oo, whence

T, € Q_:; C Qf ., and do(zy, Ty, 4s) > do(z,,Ty,) for large n.
Therefore, dg(x,, 'y, +s) — +oo and u®(t,, z,) — p* (t, + s,2,) — 0 as n — +oo. But
us(tm xn) - p+(tn + s, mn) < u(tna $n) —&n — p+(tn + S, xn)

p+(tn7 xn) - p+(tn + S, xn) —&n

<
< —&, — —€.,<0 asn— 4o

from Proposition 4.1 and since p* is nondecreasing in time. This gives a contradiction.
Thus, the sequence (dg(x,,T,))nen is bounded. From (1.5), there exists then a se-
quence (Z,)nen in €2 such that

Ty €Ty, , for all n € N, and sup {dg(xn,fn); n e N} < 400.

Because of (1.6), there exist r > 0 and a sequence (, )nen in 2 such that

Yn € Q. ., do(Tn, yn) =1 and do(yn, 'y, —-) > A for all n € N.

There exists then a sequence (2, )ney in € such that

2y € Qp _and A = do(2n, T, —7) = do(Yn, Tt —+) — do(Yn, 2,) for all n € N. (4.13)

Since dQ(yna Zn) < dQ(Qna Ftn_‘f') < dQ(Qna %n) = r and since the sequence (dQ(xnvgn))neN 18
bounded, one gets finally that the sequence (dg(z,, 2,))nen is bounded.
Choose now p > 0 so that

Pl = will oo xq) + 22 IVa (0 = 0)l o i) < (4.14)
and K € N\{0} so that

K p > max <7', sup {dg(xn, Zn); M E N}) (4.15)

For each n € N, there exists then a sequence of points (X, 0, Xy 1,..., Xpx) in Q such that
Xno = Tn, Xnx = 2, and do(Xyi, Xnit1) < pforeach 0 <i < K — 1.

Foreachn e Nand 0 <: < K — 1, set

1+ 1 i

& T E

Since w(ty,,x,) — 0 as n — +oo, it follows from (4.14) and (4.15) that w < &, in E, ¢
for large n, whence E, o C w} from (4.12). Consequently,

Eni = [tn - T] x Ba(Xni,2p).

u®(t,x) + &, > u’(t,r) > pt(t,z) — 6 in E, ¢ for large n
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from (4.3). Since f(t,z,-) is nonincreasing in [p*(t,z) — 6, +-00) for all (t,z2) € R x Q and
since u® is a supersolution of (1.2), it follows then as in the proof of Lemma 4.2 that the
nonnegative function w satisfies inequations of the type

wy > Vi (A(z)V,w) + q(x) - Vow + b(t, 2)w in B,

for n large enough, where the sequence (|[b]|z (g, ))nen is bounded. Remember also that
p(z) - Vow(t,x) = 0 for all (t,7) € R x 98, and that V,w is bounded in R x Q. Since
w(ty, Xno) = w(ty,x,) — 0 as n — 400, one concludes from the linear parabolic estimates
that -

w(tn — ?,Xm) — 0 as n — 4o0.

An immediate induction yields w(t, —i7/K, X,,;) — 0asn — oo foreachi=1,... K.
In particular, for i = K,
w(t, —7,2,) — 0 as n — +o0.

But z, € Q, _, and dg(z,,[y,_;) = A for all n € N. As a consequence, for all n € N,

tn—T
(tn — 7, 2n) € wy and w(t, — 7, z,) > &, from (4.12).
One has then reached a contradiction, which means that €, = 0. That completes the
proof of Lemma 4.3. U

End of the proof of Theorem 1.10. It follows from Lemmata 4.2 and 4.3 that
w > wuin R x Q for all s > .

Now call B
s*=inf {s > 0; v > wuin R x Q for all 0 > s}.

One has 0 < s* < sy and one shall prove that s* = 0. Assume that s* > 0. Since
v >wuin R x Q, two cases may occur: either inf {u*" (¢, 2) — u(t, z); do(z,I;) < A} > 0or
inf {u*" (t,2) — u(t, z); do(z,T;) < A} =0.

Case 1: assume that

inf {u® (t,2) — u(t, 2); do(z,Ty) < A} >0.
Since w; is globally bounded, there exists 79 € (0, s*) such that
Vne0,m], V(t,z) e RxQ, (d(z,I}) <A) = (" "(t,x) > u(t,z)). (4.16)

For each 1 € [0, 7], one then has u* ~"(t,z) > u(t,z) for all (t,z) € R x Q such that z € Q;

and do(z,Ty) = A, while u(t,z) < p~(t,z) +6 if z € Q and dg(z,T,) > A (ie. (t,2) € wy)
from (4.2). Therefore, the same arguments as in Lemma 4.2 imply that
vV e0,m], ut 7" > uin wy. (4.17)

On the other hand,

(z € Q/ and do(z,T;) > A) = (us*(t, x) > ult,z) > pt(t,x) — g)
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from (4.2). Hence, even if it means decreasing 7y > 0, one can assume without loss of
generality that

vn € 0,m), (z€ QF and do(z,T}) > A) = (vt z) > pt(t,x) —9).

Notice that this is the place where we use the choice of §/2 (< 4) in the second property
of (4.2). Furthermore, remember from (4.16) and (4.17) that, for all n € [0, no], u® ~"(¢, z) >
u(t,z) for all (t,r) € R x Q such that x € Q;, or z € Qf and do(x,T;) < A. As in
Lemma 4.3, one then gets that

vn e [0,m], (z¢€ QF and do(z,T}) > A) = (v "(t,z) > ul(t, 7).

One concludes that u* =" > win R x Q for all € [0,70]. That contradicts the minimality
of s* and case 1 is then ruled out.
Case 2: assume that

inf {u® (t,2) — u(t,z); do(z,Ty) < A} =0.
There exists then a sequence (t,, T, )nen in R x Q such that
do(x,,Ty,) < A and u® (t,, 2,) — u(ty, z,) — 0 as n — +oo0.

Since u*" is a supersolution of (1.2) in R x Q (as already noticed in the proof of Lemma 4.2)
and since ©® > w in R x Q, it follows from the linear parabolic estimates that

W(tn, 7)) — uty, — 8%, 2,) = u* (t, — 8%, 2,) — u(t, — %, 2,) — 0 as n — +o00.
By immediate induction, one has that

u(ty, xn) — u(t, — ks*,z,) — 0 as n — 400 (4.18)

for each k € N.
Fix any € > 0. Let B. > 0 be such that

V(t,z) eRxQ, (z¢€ Q; and do(z,Ty) > B.) = (u(t,z) <p (t,z) +¢).

On the other hand, since p™ invades p~ and since the sequence (dg(x,, T, ))nen is bounded,
there exists m € N such that

Ty € Qg and do (2, L'y, —ps-) > B. for all n € N.

Hence,
u(t, —ms*,x,) <p (t, —ms*,x,) +€ <p (tn,z,) + ¢ foralln € N

since p~ is nondecreasing in time. Together with (4.18) applied to k& = m, one concludes
that
lim sup (u(tn, zn) —p (L, xn)) <e.

n—-+00
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But v > p~ from Proposition 4.1, and € > 0 was arbitrary. One obtains that
U(tn, xn) — p (tn,x,) — 0 as n — +oo. (4.19)
Let now B > 0 be such that

where £ > 0 has been defined in (1.16). From assumption (1.5), and since the sequence
(do(xn, Ty,))nen is bounded, there exists a sequence (T, )nen in € such that

T, €'y, _; foralln € N, and sup {dg(xn,fn); n e N} < +00.
From (1.6), there exist 7 > 0 and a sequence (Y, )ney in Q such that

yn € Qf da(Yn, Tn) = r and dq(yn, Ty, ) > B for all n € N.

tn—T)

Thus,
Wty —7,yn) = pt(tn — 7, yp) — g for all n € N.

Remember now that both u > p~ are two bounded solutions of (1.2) and that f(¢,z,¢)
is locally Lipschitz-continuous in ¢, uniformly with respect to (t,2) € R x €. Notice also
that the sequence (do(Zn, Yn))nen is bounded. Since u(t,, z,) — p~ (tn, xn) — 0 as n — +00
because of (4.19), one concludes that

u(tn - T, yn) _p_(tn -7, yn) — 0 as n — +o0.

But
K

_ K _
u(tn_Tvyn)_p (tn_Tvyn) 2p+(tn_7—7y7L)_§_p (tn—Tvyn) Z >0

\)

owing to the definition of k. One has then reached a contradiction and case 2 is then ruled
out too.
As a consequence, s* = 0 and

w*>wuin R x Q for all s > 0.
Let us now prove that the inequality is strict if s > 0. Choose any s > 0 and assume that
u®(tg, 20) = u(to, zo) for some (to, z0) € R x Q.
Since u® (> u) is a supersolution of (1.2), one gets that
uf(t,z) = u(t,z) for all t <ty and v € Q

from the strong parabolic maximum principle and Hopf lemma. Fix any ¢t < t, and z € Q.
For all k € N, one then has

0<u(t,z)—p (t,x) =u(t —ks) —p (t,x) <u(t—ks,z) —p (t — ks, x)

because p~ is nondecreasing in time. But the right-hand side converges to 0 as k& — 400,
because s > 0 and because of Definition 1.4 (here, p™ invades p~). It follows that u(t,z) =
p~(t,x) for all t < t, and x € Q, which is impossible because of Proposition 4.1.

As a conclusion, u®(t,x) > u(t,x) for all (t,2) € R x Q and s > 0. That completes the
proof of Theorem 1.10. ([l
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5 Uniqueness of the mean speed, comparison of almost
planar fronts and reduction to pulsating fronts

In this section, we prove, under some appropriate assumptions, the uniqueness of the speed
among all almost-planar invasion fronts, and that the transition fronts reduce in some stan-
dard situations to the usual planar or pulsating fronts. Let us first process with the

Proof of Theorem 1.11. Notice first that ¢ and ¢ are (strictly) positive. Indeed,
do(Ty,Ty), do(T,Ty) — 400 as |t — s| — 400,

and the quantities dq (I, Ty) — ¢|t — s| and dq (T, T'y) — @]t — s| are assumed to be bounded
uniformly with respect to (¢, s) € R

One shall prove that ¢ = ¢ and that u is above u up to shift in time. Assume that ¢ < ¢
(the other case can be treated similarly by permuting the roles of w and w). Define

v(t,x) =u (%t, x)

and notice that

v(t, z) = gﬂt (%t,x) > Uy <%t,:c) =V, (A(z)V,u(t,x)) + q(x) - Vyu(t,x) + f(z,v(t, x))

Cc

because ¢/¢ > 1 and u; > 0 from Theorem 1.10. We also use the fact that both A, ¢ and f
are independent of t. Furthermore, p(z)-V,v(t,z) = 0 on R x 9. Therefore, the function v,
as well as all its time-shifts, is a supersolution for (1.2). It also follows from Definition 1.1
that

v(t,x) — p*(z) — 0 uniformly as x € (Nl(jft/g and do(x, 'y /) — 400, (5.1)

where N N N .
Qcit/z ={z€Q, £(z-e—&ur) <0} and Fcit/g ={recQ, v -e=¢Eus}

Remember that the quantities

~|C C ~ ~
dﬂ(rct/Ea ch/E) —C ‘ét - 53‘ - dQ(FCt/E, ch/E) — C|t — $|

are bounded independently of (¢, s) € R?. As a consequence, the map
t— do(I'y,Iy) — dn(fct/a 1Njo)

is bounded in R. Furthermore, both v and @ are almost planar invasion fronts (p* invades p~)
in the same direction e, whence the maps t — &; and t — & are nondecreasing. Eventually,
one gets that

sup {dg(fct/g, Iy); te R} < 400 and sup {\{ct/g— &l te R} < +o0. (5.2)
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On the other hand, Definition 1.1 applied to w implies that there exists A > 0 such that

(z € Q; and do(z,T}) > A) = (u(t,z) < p~(x) +0)

V(t,z) €R x Q, (5.3)

(z € QOF and do(z,T}) > A) = (u(t,x) > pt(z) — g)

Since v and u are almost planar in the same direction e and since u is an invasion of p~
by p*, properties (5.1) and (5.2) yield the existence of sy > 0 such that, for all s > s and
for all (¢,z) € R x

(z € Q_z“) or (z € Q; and dg(z,T)) < A) = (v(t,z) = v(t+s,2) > pT(z) — 9).
Choose any s > sg. Since p~ < u, v < p™ (from Proposition 4.1) and
0<25 <k:=inf{p*(t,z) —p (t,x); (t,z) e Rx Q}

(even if it means decreasing § without loss of generality), the arguments used in Lemma 4.2
imply that

u(t,z) < v*(t,x) in wy, ie. forall z € Q; such that dq(z,T;) > A.
Therefore, the arguments used in the proof of Lemma 4.3 similarly imply that
u(t,r) < vi(t,x) for all (t,7) ER x Q\ wj.

Thus, B
uw<v®in R x € for all s > sg.

Call now B
s*=inf {s e R; u <v®in R x Q}.

One has s* < s and s* > —oc because p~(z) < u(t,z) < p*(x) for all (t,z) € R x Q (from
Theorem 1.10) and

v¥(0,z0) = ﬂ(%s,x()) —p (zg) as s — —o0
for all 2y € Q (see Definition 1.4). There holds
u<v" inRx Q.
In particular,
(€ O and do(z,Ty) > A) = <us* (t,2) > u(t, ) > p*(z) — -). (5.4)
Assume now that

inf {vs* (t,z) —u(t,z); do(z,Ty) < A} > 0. (5.5)
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The same property then holds when s* is replaced with s* —n for any n € [0,70] and 1y > 0
small enough, since v; (like u;) is globally bounded. From (5.4), one can assume that 7y > 0
is small enough so that

(z € QF and do(z,T}) > A) = (v"7(t,x) > pt(z) — )
for all n € [0,m]. The first property of (5.3) implies, as in Lemma 4.2, that
vt ) > u(t,x) for all n € [0,m0] and (¢, x) € R x Q with € Q; and dg(z,T,) > A.

The above inequality then holds for all (¢,2) € R x Q such that = € Q_t_, or x € Q_;r and
do(z,T;) < A. As in Lemma 4.3, one then gets that

v Tt @) > u(t, x) for all p € [0,70] and (t,2) € R x Q with z € QF and dg(z,T;) > A.
Eventually,
v >uin R xQ

for all n € [0,7n0]. That contradicts the minimality of s* and assumption (5.5) is false.
Therefore,
inf {v*" (t,2) — u(t, z); do(z,Iy) <A} =0.

Then, there exists a sequence (t,,z,) € R x Q such that dq(z,,T;,) < A for all n € N and
0% (tn, ) — u(ty, ,) — 0 as n — +oo.
Because of (1.5), there exists a sequence (Z,),en in § such that
Ty €Ty, , for all n € N, and sup {dg(a:n,in); n e N} < 400.

Since v*" is a supersolution of (1.2) and v*" > u in R x €, it follows from the linear parabolic
estimates that

max {v* (t,z) —u(t,x); t, —7—1<t<t,—7, do(z,7,) <1} — 0asn — +oo

. . * * * .. .
and, since the functions vy, vj , Vgiays Uty U, and ., are globally Holder continuous

in RxQ forall 1 <i,j <N, one gets that

}vf* (tn — 7, %n) — w(tn — 7, fn)‘ + ’vi (tn — T, Tp) — Uy, (t, — T, fn)’

—|—|f08* (tn - T, an) — uxix].(tn — T, :fn)‘ — Qasn — 400

ZTiTj

forall 1 <7¢,5 < N. But

S0 = Ve (A@)Var®) + qlx) - Vo' + flz,0%),

C

w = Vi (A(x)Vau) +q(x) - Vou+ fz,u).
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Therefore, (¢/c — 1) u(t, — 7,7,) — 0 as n — +o0, whence
w(tp — 7,2,) — 0 as n — +o0,

because 0 < ¢ < c.
On the other hand, there exists A’ > 0 such that

(3: € Q_f and dq(z,Ty) > A') SN (u(t,x) >pt(x) — g),

where k was defined in (1.16). From (1.5), there exists a sequence (4, )nen in € such that
Yn € Iy, _9, for all n € N, and sup {dg(fn,yn); n € N} < 400.

From (1.6), there exist » > 0 and a sequence (z,)ney in  such that

20 € ory do(zn,yn) =1 and do(zn, Ty, —2r) > A’

for all n € N. Thus,
u(ty, — 27, 2,) > 0 (2,) — g for all n € N. (5.6)

Since the sequence (dQ(zn,_fn))neN is bounded, since u(t, — 7,%,) — 0 as n — +oo and
since the globally C!'(R x ) nonnegative function u; satisfies

(up); = Vg - (A(2)Vouy) + q(x) - Vaus + fi(t, z,u)uy in R x Q

with [[fi(-, - u(c, )|l g @xm < +00 and p(z) - Vyu, = 0 on R x 992, the linear parabolic
estimates imply that
u(ty, — 27, 2,) — 0 as n — +o00.

Let now € be any positive real number. Since the function u; is globally C*(R x ), there
exist 0 > 0 and ng € N such that

0 < max{ut(t,zn); te [tn—QT—a,tn—QT]} < ¢ for all n > ny.

Remember that y,, € I'y, o, and dg(z,, s, —2,) < da(zn,yn) = r. Since u is an invasion front
of p~ by pT, there exists ¢/ > 0 (¢’ is independent of n and ¢) such that

u(t, — 27 — o', 2,) <p (2) + g for all n € N. (5.7)
Since wuy(t, — 27, z,) — 0 as n — +o0o and u; > 0 in R x Q, it follows that, if o’ > o, then
0 < maX{ut(t, 2n); t € [ty — 21 — 0 t, — 27 — U]} — 0 asn — +oo,

and then is less than ¢ for n > n; (for some n; € N). Therefore, in both cases ¢’ > o or
o' < o, one has

0 < max {u(t,2,); t € [t, — 27 — o', 1, —27]} < e for all n > max(ng,n1).

38



Hence
u(t, — 27 — o', z,) < wult, —27,2,) <ult, — 27 —0',2,) +0'c

for n large enough, and then
u(ty, — 27, 2,) —u(t, — 27 — o', 2,) — 0 as n — +o00

because € > 0 was arbitrary and ¢’ was independent of . But

u(ty — 27, 2,) —u(ty, — 27 — o', 2,) > pt(zn) — g —p (2n) — g
because of (5.6), (5.7) and of the definition of £ in (1.16). One has then reached a contra-
diction.

As a consequence,

2§>0forallnEN

c>c.

The other inequality follows by reversing the roles of v and u. Thus, ¢ = ¢.

The above arguments also imply that, for v and @ as in Theorem 1.11, there exists (the
smallest) 7" € R such that u(t + T, ) > u(t,z) for all (¢,z) € R x Q. The strong parabolic
maximum principle and Hopf lemma imply that either the inequality is strict everywhere, or
the two functions u and %! are identically equal. That completes the proof of Theorem 1.11.0]

Let us now turn to the proof of the reduction of almost planar invasion fronts to pulsating
fronts in periodic media.

Proof of Theorem 1.13. To prove part (i), fix k € [417Z X --- x LyZ. By periodicity, the
function
u(t,z) = u(t,z + k)

is a solution of (1.2). Furthermore, u, like u, satisfies all assumptions of Theorem 1.11. Thus,
there exists (the smallest) 7' € R such that
u(t +T,2) =u(t+ T,z + k) > u(t,z) for all (t,2) €Rx Q (5.8)
and there exists a sequence of points (¢, Z,)ney in R x Q such that
(do(xpn, 'y,)))nen is bounded and u(t, + T, z, + k) — u(t,, z,) — 0 as n — +oc. (5.9)

It shall then follow that
liminf |u(t,,z,) — p=(z,)| > 0. (5.10)

n—-+4o0o

Indeed, assume for instance that, up to extraction of some subsequence, u(t,, z,) —p~ (z,) —
0 as n — oo (the case u(t,,x,) — pT(z,) — 0 as n — +oo could be handled similarly).
Then

max {u(t, — 7,y) —p~(y); da(y,z,) < C} — 0asn — +oo

for any €' > 0, from the linear parabolic estimates applied to the nonnegative function u—p~
(remember that 7 > 0 is given in (1.5)). But there is a sequence (y,)nen in €2 such that

(do(Yn, Tn) )nen is bounded |y, € QF _ and u(t, — 7,y5) > p* (yn) — g for alln € N
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(one uses the facts that the sequence (dg(x,, ['t,))nen is bounded and that (1.6) is automati-
cally satisfied by periodicity of 2). One then gets a contradiction as n — +o0o. Thus, (5.10)
holds.

Write

/ "
T, =, +T,

for all n € N, where 2/, € L1Z x --- x LyZ and 2/ € [0, Ly] x --- x [0, Ly] N Q. Set
up(t,x) =u(t +t,,x + )

for all n € N and (t,7) € R x Q. The functions u, satisfy the same equation (1.2) with the
same boundary conditions (1.14) as u, since the domain (2 is periodic and the coefficients
A, q, f and p are periodic and independent of ¢. Up to extraction of a subsequence one
can assume that 2/ — z,, € Q as n — +oo and that, from standard parabolic estimates,
Un(t, ) — Uso(t, ) locally uniformly in R x Q, where u, solves (1.2) and (1.14). Furthermore,

Uoo(t + T, 2+ k) > uso(t,x) for all (t,2) ER x Q

from (5.8), and
Uoo (T, Too + k) = 100 (0, Zoo)

from (5.9). It follows then from the strong maximum principle, Hopf lemma and the unique-
ness of the solution of the Cauchy problem for (1.2) and (1.14), that

Uso(t + T, 7 + k) = un(t, ) for all (t,7) € R x Q. (5.11)

Furthermore,
Uoo (0, Zoo) 7 pF(700) (5.12)

from (5.10).

On the other hand, as already noticed in the proof of Theorem 1.11, the global mean
speed ¢ is positive. Since the quantities do(Ty,T's) — ¢|t — s| are bounded independently of
(t,s) € R?, since

QF ={zeQ, £(r-e—&) <0}

and since ¢ — & is nondecreasing (because pt invades p~), it follows from the definition of
v =7(e) in (1.20) that there exists M > 0 such that

& — ey ' t| < M for all t € R. (5.13)

But, from Definition 1.1, since the geodesic distance is not smaller than the Euclidean
distance, one has that

un(t, @) = p*(2) = ult +to, o+ a7) —pH(z+a7) = 0 as (z+a7) € — e, — FOO,
uniformly with respect to n and (¢, x). Write

(x4al) e—&u, =v-e—&+an-e—&, —xn-e+&+ &, — Etit,-
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The sequence (x,, - € — &, )nen is bounded because (dg(x,, ', ))nen is bounded. The quan-
tities & + &, — &, are bounded independently of ¢t and n because of (5.13). Lastly, the
sequence (2 - €),en is also bounded. Finally, one gets that

uoo(twr)_pi(x) —0 asz-e—§ — Foo

uniformly with respect to (¢, z).
Assume now, by contradiction, that 7 > ~(k - €)/c (one shall actually prove that T' =
v(k-€)/c). Since

(oo +mk) - € — Enr — Foo as m € Z and m — o0
because of our assumption and because of (5.13), it follows that
Uoo (MT, Tog + mk) — p* (2o +mk) — 0 as m € Z and m — +oo.
But p* (2o + mk) = p*(z4,) for all m € Z by periodicity of p*, and ue(mT, ro + mk) =

Uso (0, Zoo) for all m € Z because of (5.11). One finally gets a contradiction with (5.12).
Therefore, the inequality 7" > ~(k - €)/c was impossible, whence T' < ~(k - €)/c and

k - _
u(t+7 . e,:n+k> > u(t,z) for all (t,x) € R x Q.

Similarly, by fixing the function u(t, x 4+ k) and sliding u(¢, ) with respect to ¢, one can
prove that

k - _
u(t—7 . e,x) > u(t,z+ k) for all (t,2) € R x Q.

As a consequence,

u (t+ Y ’“+’€) = u(t,z) for all (t,7) R x O, (5.14)
&

namely u is a pulsating traveling front in the sense of (1.19). Its global mean speed is equal
to ¢y~ ! in the sense of (1.19), but it is equal to ¢ in the more intrinsic sense of Definition 1.6.

Let now u and v be two fronts satisfying all assumptions of part (i) of Theorem 1.13.
One shall prove that v and v are equal up to shift in time. From Theorem 1.11, there exists
(the smallest) T" € R such that

v(t+ T, 1) > u(t,z) for all (t,z) € R x Q
and there exists a sequence (£, T, )ney in R x Q such that
(da(xpn, I'y,))nen is bounded, and v(t, + T, x,) — u(tn, z,) — 0 as n — +o0.

Since both u and v satisfy (5.14) for all k € L1Z X - - - X LyZ, one can assume without loss of
generality that the sequence (z,,),en is bounded. But since the sequence (dg(x,, 'y, ))nen 18
itself bounded and since u is an invasion front, the sequence (¢, ),en is then bounded as well.
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Up to extraction of some subsequence, one can then assume that (¢,,2,) — (£,7) € R x ,
whence
v(t+T,7) = u(t,T).

The strong parabolic maximum principle and Hopf lemma then yield
v(t+T,2) =u(t,x) for all (t,2) € R x Q,
which completes the proof of part (i) of Theorem 1.13.

To prove part (ii), assume, without loss of generality, that e = e; = (1,0,...,0). Fix any
o € R\{0}. The data Q, A, q, f, u and p* are then periodic with respect to the positive
vector (|o|, Ly, ..., Ly). Part (i) applied to k = (0,0, ...,0) then implies that
u (t—I— ﬂ,x) =u(t,xy — 0,x9,...,2N)
c
for all (t,z) € R x Q, where v = v(e) = 1 since (2 is invariant in the direction e. Since this
property holds for any o € R\{0} (and also for o = 0 obviously), it follows that

u(t,x) = ¢(x; — ct,2’) for all (t,2) € R x Q,

where 2’ = (29,...,7y) and the function ¢ : Q — R is defined by

o, x)=u (—%,O,x') for all (¢,2') € Q.

The function ¢ is then decreasing in ( since u is increasing in ¢t and ¢ > 0.

Lastly, part (iii) is a consequence of part (ii) and of Theorem 1.15. Namely, part (ii)
implies that u depends only on z - e — ¢t and on the variables 2/ which are orthogonal to e,
and Theorem 1.15 (its proof will be done in Section 6) implies that u does not depend on z’.°
Therefore,

u(t,r) = ¢(x-e—ct) for all (t,r) € R x RY,

where the function ¢ : R — R is defined by ¢(¢) = u(—(/c,0,...,0) for all { € R, is
decreasing in R and satisfies ¢(Foo) = p*. The proof of Theorem 1.13 is now complete. [

6 The case of media which are invariant or monotone
in the direction of propagation

In this section, we assume that the domain is invariant in a direction e and we prove that,
under appropriate conditions on the coefficients of (1.2), the almost planar fronts, which may
not be invasions, do not depend on the transverse variables or have a constant profile in the

®Notice that, in this part (iii), one can assume without loss of generality that & = ct for all t € R, because
of Definition 1.1.
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direction e. We start with the

Proof of Theorem 1.15. Up to rotation of the frame, one can assume without loss of
generality that e = e; = (1,0,...,0). We shall then prove that u is decreasing in z; and
that it does not depend on the variable 2’ = (z,...,2y).

First, notice that the same arguments as in Proposition 4.1 yield the inequalities (1.22).
The proof is even simpler here due to the facts that I'y = {z; = &} and that assumption (1.21)
is made.

Actually, because of (1.21) and Definition 1.1, one can assume without loss of generality
in the sequel that the map ¢ +— & is uniformly continuous in R.

Fix any vector § € RV~! and call

v(t,z) = u(t,zy, 2" +0).

Since the coefficients of (1.2) are assumed to be independent of 2/, the function v is a solution
of the same equation (1.2) as u, with the same choice of sets (i) and (I'y);er. Let A >0
be such that

(11 —&>A4A) = (ult,z) <p (t,z1)+9)
)

(11 -&<-A) = (u(t,:c) > pt(t,m) — 5)

V(t,r) € R x RY, (6.1)

For all £ > 2A and z; — & < A, one has
0
v (t,x) = vtz — & 2)) > pT(t,xy — &) — 3 >pt(t,o) =8 >p (t,z) +0 (6.2)

because p' is nonincreasing in x; and one can assume, without loss of generality, that
0 < 20 < kK, under the notation used in (1.15) and (1.16).

Lemma 6.1 For all £ > 2A, there holds
v (t,x) > u(t,x) for all (t,r) € R x RY such that x; — & > A (6.3)

and
v (t, ) > u(t,x) for all (t,z) € R x RN such that x; — & < A. (6.4)

Proof. Fix any £ > 2A. We will just prove property (6.3), the proof of the second one being
similar. Since u is bounded, the nonnegative real number

et =inf {e > 0; v*(t,x) > u(t,z) — e for all (t,x) € R x RY with z; — & > A}
is well-defined. Observe that
v (t,x) > u(t,z) —&* for all (t,2) € R x RY with 2, — & > A. (6.5)

Assume by contradiction that €* > 0. Then there exist a sequence (&,),en of positive real
numbers and a sequence (t,,, Tp)neny = (tn, T1.n, T )nen in R x RY such that

£, — ¥ asn — +oo, and w1, — &, > A, v¥(t,, xn) < u(tn,v,) — e, for alln € N.  (6.6)
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Since v¢(t,z) > wu(t,z) when z; — & = A from (6.1) and (6.2), and since u is globally
CL(R x RY), there exists x > 0 such that

*

E(t,x) > ult,z) — % for all (£,2) € R x RY such that |z; — & — A| < . (6.7)
In particular, there holds
1, — &, > A+ K for large n.

Furthermore, we claim that the sequence (x1, — &, )nen is bounded. Otherwise, up to
extraction of a subsequence, it would converge to +o0o. Thus,

V (o, ) — P (b T1m — &) = ultn, 210 — &2, +0) — p~ (tn, 210 — &) — 0 as 0 — 400

and
u(tn, xn) — 0 (tn,z1,) — 0 as n — 4o0.

Since £ > 0 and p~ (¢, x1) is nonincreasing with respect to z1, it would then follow that

liminf v (t,, 2,,) — u(tn, n) > 0,

n—-+00

which contradicts (6.6). Thus, the sequence (x1, — &, )nen is bounded.

Remember now that, because of (1.21) and Definition 1.1, the function ¢ — & can be
assumed to be uniformly continuous. In particular, the sequence (&, — &, —1)nen is bounded,
whence the sequence (1, — &, —1)nen is bounded as well. Moreover, there exists a real
number p such that

0<p< g and [¢, — &4 < g for all (s, s') € R? such that |s — '| < p. (6.8)
Choose now K € N\{0} such that
K p > max (1, sup { |21, — &,-1— A]; n € N}> (6.9)
For each n e Nand i =0,..., K, set
~ 1
Tni=Tiy+ It (&1 + A—x1,)
and
v+ 1 7

En,i: tn_—atn_E

K X [Tng — 2P, Tng +2p] X {ﬁl eRY o' — 2] <1}

Observe that [Z,41 — Tpi| < p forall 0 < ¢ < K — 1, from (6.9). Furthermore, since
1 — &, > A+ k for large n, say for n > nyg, it follows from (6.8) and (6.9) that

~ 1
Tno—2p=T1,—2p>&§+ A foralltn—?gtgtn
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and for all n > ny. Consequently,
Eno C{(t,z) e Rx RY; 21 — & > A} for all n > ny. (6.10)
Thus,
w=1v"— (u—¢e*) >0in B,

and
u(t,z) —e* <u(t,z) <p (t,z1)+din E,

for all n > ng from (6.1) and (6.5). Since f(t,z1,-) is nonincreasing in (—oo, p~ (¢, 1) + 4], it
follows that u — ¢* is a subsolution of (1.2) in E,, o for all n > ng, while v* is a supersolution
of (1.2) in R x RY, because A and ¢ only depend on ¢, and f(t,x,,s) is nonincreasing in ;.

Finally, for all n > ny, the globally C'(R x RY) function w is nonnegative in F, g, it
satisfies inequations of the type

wy > V- (A{t)Vew) + q(t) - Vow +b(t, v)w in B, o

where the sequence (||b]|z (g, ))nen is bounded. Since w(ty,, Tno,x,) = w(t,,x,) — 0 as
n — 400, one finally concludes from the linear parabolic estimates that

1
w<tn_?7xn,17$;) — 0 asn — +oo. (6.11)

But since
Tni —&—1/k = Tno — P — &1/ = A

from (6.10) for all n > ny, it follows from (6.7) and (6.11) that 1 — &, —1/xk > A+ & for n
large enough. By repeating the arguments inductively, one concludes that

Tpi—&—ijk = A+ rforalli=1,..., K and for n large enough.

One gets a contradiction at ¢ = K, since ,, g = &,—1 + A.
As a conclusion, the assumption ¢* > 0 was false. Hence, the claim (6.3) is proved, and,
as already emphasized, the proof of (6.4) follows the same scheme. O

End of the proof of Theorem 1.15. Lemma 6.1 yields
v® > wuin R x RY for all ¢ > 2A.

Now define
¢ = inf{£>0, v¥ >uinRxRY for all ¢ > ¢}.

One has 0 < &* < 24, and v* (t,2) > u(t,z) for all (t,z) € R x RY. Assume now that
&* > 0. Two cases may occur:
Case 1: assume here that

inf {o* (t,2) —u(t,z); |z, — &| < A} > 0.
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From the boundedness of u,,, there exists then 7y € (0,£*) such that
v () > u(t, x) for all n € [0,1] and |z, — &] < A. (6.12)

Since 5
8 (tx) > u(t, ) > pt(t, ) — 3 for all z; — & < —A,

one can assume that 79 > 0 is small enough so that
v () > pt(t ) — 6 for all 2 — & < —A.

Applying again the arguments used in Lemma 6.1, one then concludes that, for all n € [0, ],
there holds v&" ~"(¢,x) > u(t,z) for all (t,x) € RxRY such that z; —& < —Aor x;, —& > A.
Eventually, together with (6.12),

8>y in R x RY

for all n € [0, 1], which contradicts the minimality of £*. Thus, case 1 is ruled out.
Case 2: one then has

inf {o*" (t,2) — u(t,z); |21 — &| < A} =0.
There exists then a sequence (t,, T )nen = (tn, T1.n, Th)nen in R x RY such that

{ |21, — &,| < A foralln €N,

W(tn, 10 — &0 +0) — u(tn, ) =05 (tn, ) — u(tn, z,) — 0 as n — +oo.

Fix now any o > 0 and m € N\{0}. Since v*" > u and v*" is a supersolution of (1.2)
in R x RY, the linear parabolic estimates then imply that

o o
u (tn — —,ry, — 285, 2, + 29) —u (tn — —x, — &2+ 9)
m m
= (tn—i,xlm—g*,x;—k@) —u(tn—i,xlvn—g*,x;—k@) — 0 asn — +oo.
m m
By immediate induction, one gets that

4 * / Z _ * /
u(tn—ka,xm—(ls—i—l)f ,xn—l—(k;—i—l)Q) —u(tn—km,xm k& ,:(:n—i-k@) — 0,

n—-+00

for each k = 1,...,m. Therefore,

lim sup }u(tn — 0,21, — (M4 1)E 2, + (m+1)0) — u(tn,xn)} < 0| we]| oo (mxRNY.-

n—-+00
Similarly, by considering the points (¢, — ko /m, z1, + k&*, z), + k), one gets that

lim sup ‘u(tn — 0,21, + (m—1)& 2, + (m —1)0) — u(ty, xn)| < 0 ||wg]| poe R xRNY-
n—-4o00
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Hence,

limsup |u(t, — 0,21, — (m+ 1), @, + (m + 1)6)
—u(t, —o,x1, + (m— 1) 20, + (m — 1)9)| < 20| w]| Lo (mxrNY.-

Choose now o > 0 such that

K
20 ||t oo rxrvy < 1 (6.14)

But |21, —&,| < A for all n € N and the sequence (&, — &, —o)nen is bounded from the
assumption made in Theorem 1.15. Therefore, the sequence (x1, — &, —o)nen is bounded.
Let C > 0 be such that
K
(m26+C) = (ut)<p(to)+7)
K

(11 <&-0) = <u(t,:c) >pt(t,x) — Z)

Since £* is assumed to be positive, there exists m € N\{0} such that
Tin+(m—18>&, o+Candxy, — (m+ 1) <&, - — C foralneN,

Thus,

KR
p_(tn — 0, xl,n + (m - 1)6*) +

u(t, — 0,21, + (m— 1) 2, + (m — 1)0) 1

IA

K
< p(th—0,210) + 5

4
and
K
u(t, — o, 21, — (m+ 1) 2, + (m+1)0) > pt(t, —o,x1, — (m+ 1)) — 1
2 p+(tn — 0, xl,n) - g

for all n € N, because p* are nonincreasing in ;. Hence,
u(t, — o, 21, — (m+ 1) 2, + (m+1)0) —u(t, — 0,21, + (m — 1) 2, + (m — 1)0)
>pt(tn —0,210) —p (ty — 0, 15) — g > g for all n € N,
by definition of k. Therefore,
liszrup|u(tn — 0,81, — (Mm+1)E% 2, + (m+ 1))
—u(t, — 0,21, + (m — 1), 2}, + (m — 1)0)| > g,

while it is less than or equal to x/4 from (6.13) and (6.14).
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One has then reached a contradiction, which means that £¢* = 0. Then,
v(t,ry — &2 +0) > u(t,zy,2') for all (t,z1,2") ERxRY, ¢ >0and § € RV

As a consequence, u is nonincreasing in x; and it does not depend on z’. Furthermore, the
strong parabolic maximum principle, together with the same arguments as above, implies
that u is actually decreasing in z;. That completes the proof of Theorem 1.15. 0

Proof of Theorem 1.14. Assume that all assumptions made in Theorem 1.14 are satisfied.

Up to rotation of the frame, one can assume without loss of generality that e = e; =
(1,0,...,0). Consider first the case where ¢ > 0. There exists € € {—1, 1} such that
gt - gs .
S, —E&¢ ast —s — £oo and Sup{|§t—éct|, tE]R} < +o00.
—s

The function
v(t,z) =u(t,x +ecte) =u(t,z; +ect,a’)

is well-defined for all (t, ) € R x Q (because €2 is invariant in the direction e) and it satisfies

vy = Vi (A(@)Vev)+q(a)) - Vv +ecu,, + f(2',v) in R x Q,
u(@') - Vo = 0on R x0Q,

because A, ¢, u and f are independent of x; (and of t). Furthermore, since p* only depend
on 2/, v is a transition front connecting p~ and p*, with the sets

ﬁf:{xeﬂ, :l:a:1<0}andft:{x€§2, xle}.

With the same type of arguments as in the proof of Theorem 1.15 above, one can then fix
any ¢ € R and slide v(t 4 ¢, ) with respect to v in the z;-direction. It follows then that

vt + ¢ r —&2) >t x,2)) forall () ER xQ, € >0and ¢ €R.

Therefore, v is independent of ¢ and it is nonincreasing in z;. As above, v is then decreasing
in 1. That gives the required conclusion in the case where ¢ > 0.

In the case where ¢ = 0, the function t — &; is then bounded. Because of Definition 1.1,
one can then assume, without loss of generality, that & = 0 for all t € R. The functions p*
and f may depend on x;, but are assumed to be nonincreasing in x;. For any ( € R and
¢ > 0, the function u(t + ,x; — &, 2’) is then a supersolution of the equation (1.2) which
is satisfied by u. One can then slide u(t + (,z1,2’) with respect to u in the (positive)
x1-direction, and it follows as in the proof of Theorem 1.15 that

u(t + ¢z — &) > u(t,r,2) for all (t,z) ERxQ, € >0and ¢ €R.

As usual, one concludes that u does not depend on ¢ and is decreasing in z;. 0
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