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Abstract

A stationary Gaussian process is said to be long-range dependent (resp. anti-persistent)
if its spectral density f()\) can be written as f(A) = |A|72%g(]A|), where 0 < d < 1/2
(resp. —1/2 < d < 0), and g is continuous. We propose a novel Bayesian nonparametric
approach for the estimation of the spectral density of such processes. Within this approach,
we prove posterior consistency for both d and g, under appropriate conditions on the prior
distribution. We establish the rate of convergence for a general class of priors, and apply
our results to the family of fractionally exponential priors. Our approach is based on the
true likelihood function, and does not resort to Whittle’s approximation, which is not valid
in a long memory set-up.

Key-words: Bayesian nonparametric; consistency; FEXP priors; Gaussian long memory
processes; rates of convergence

1 Introduction

Let X = {X;,t = 1,2,...} be a real-valued stationary zero-mean Gaussian random process,
with spectral density f, and covariance function v;(7) = E(X;X4-), so that

v (1) = ! FON)E™ AN (1=0,+1,+2,...). (1.1)

-7

This process is long-range dependent (resp. anti-persistent) if there exist C' > 0 and a value
d, 0 <d< 1/2 (resp. —1/2 < d < 0), such that f(\)|A?*? — C when A — 0. This may be
conveniently rewritten as f(\) = A=24g(|\|), where g : [0, 7] — R* is a continuous function.
Interest in long-range dependent and anti-persistent time series has increased steadily in the
last fifteen years; see ([L994) for a comprehensive introduction and [Doukhan et al] (200d)
for a review of theoretical aspects and fields of applications, including telecommunications, eco-
nomics, finance, astrophysics, medicine and hydrology. Research in parametric inference for long
and intermediate memory processes have been pioneered by Mandelbrot and Van Nesq ([1968),
Mandelbrot and Wallig ([1969)), and continued by [Fox and Taqqu ({L986), [Dahlhaud (]L989),
and Taqqy ([1999), Geweke and Porter-Hudal ([1983)), and [Berar| ([1993), among others. Unfor-
tunately, parametric inference can be highly biased under mis-specification of the true model.

This limitation makes semiparametric approaches particularly appealing (, )
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For instance, under the representation f(\) = |A|=2%g(|\|), one would like to estimate d
as a measure of long-range dependence, without resorting to parametric assumptions on the
nuisance parameter g; see [Liseo et al|] (R001|) for a Bayesian approach to this problem, and
[Bardet et al] (R003) for an exhaustive review of classical approaches. However, practically all
the existing procedures either exploit the regression structure of the log-spectral density in a
small neighborhood of the origin (Robinson, 1995)), or use an approximate likelihood function
based on Whittle’s approximation (Whittld, 1962), where the original vector of observations X,, =
(X1, Xo,...,X,) gets transformed into the periodogram I () computed at the Fourier frequencies
Aj =2mj/n, j = 1,2,...,n, and the artificial observations I(A1),...,I(\,) are, under short
range dependence, approximately independent. Unfortunately, Whittle’s approximation is not
valid in in the presence of long range dependence, at least for the smallest Fourier frequencies.

We propose a Bayesian nonparametric approach to the estimation of the spectral density
of the stationary Gaussian process based on the true likelihood, without resorting to Whittle’s
approximation. We study the asymptotic properties of our procedure, including consistency and
rates of convergence. Our study is based on standard tools for an asymptotic analysis of Bayesian
approaches, e.g. [Ghosal et al] (R00(]), i.e. quantities of interest are the prior probability of a
small neighborhood around the true spectral density, and some kind of entropy measure for the
prior distribution. Most technical details differ however, as the observed process is long-range
dependent.

The paper is organised as follows. In Section E, we introduce the model and the notations.
In Section E, we provide a general theorem that states sufficient conditions to ensure consistency
of the posterior distribution, and of several Bayes estimators. We also introduce the class of
FEXP (Fractional Exponential) priors, based on the FEXP representation of (),
and show that such prior distributions fulfil these sufficient conditions for posterior consistency.
In Section E, we study the rate of convergence of the posterior in the general case, and specialise
our results for the FEXP class. Section E gives the proofs of the main theorems of the two
previous Sections. Section E discusses further research. The Appendix contains several technical
lemmas.

2 Model and notations

The model consists of an observed vector X,, = (X1,...,X,) of n consecutive realizations from
a zero-mean Gaussian stationary process, with spectral density f, which is either long-range
dependent, short-range dependent, or anti-persistent. The likelihood function is

oK f) = (2m) T, ()7 expl— X T ()X} (1)

where T, (f) is the Toeplitz matrix associated to vy, see ([L1)), i.e. To.(f) = [vs(j — k)1<jk<n-
This model is parametrised by the pair (d, g), which defines f = F(d, g) through the factori-
sation

F:(-1/2,1/2)xCc0,n] — F
(dg) — [ fO) = g(|A),

where C°[0, 7] is the set of continuous functions over [0, 7], and F denotes the set of spectral
densities, that is, the set of even functions f : [~ 7] — RT such that [*_|f())]d\ < +oc.
The model is completed with a nonparametric prior distribution = for (d, g) € (—1/2,1/2) x
C°[0,7]. (There should be no confusion whether 7 refers to either the constant or the prior
distribution in the rest of the paper.) All our results will assume that the model is valid for



some true’ parameter (dp, go), associated to some ‘true’ spectral density fo = F(dp, go), where
dop € (—1/2,1/2); conditions on gy are detailed in the next section.

We introduce several pseudo-distances on F. The Kullback-Leibler divergence for finite n is
defined as

KL, f) = % [ oK fo) logo(X, fo) — og lXoi N} X,
= o (o [Ta(o) T () — L] ~ logdet (T ()T (1)}

where I, represents the identity matrix of order n. Letting n — oo, we can define, when it exists,
1

the quantit
R Keatgsn) = & [ [B0 fo()
VO T ) LY FON

We also define a symmetrised version of KL, i.e.

ho(fo, f) = KLn(fo; f) + KLn(f; fo);

—1—log ]d/\.

and its limit as n — oo:

T N | fY) L [T fo(N) S0
h(fo’f)_ﬂ/,ﬁ [fO(A) +f0(/\) —2] A= i (;0\) —1) =00 da.

For technical reasons, we define also the pseudo-distance

bulor £) = b [(T () Tl fo — )]

and its limit as n — 400,

b(fo, f) = % /7; (J?((;\)) - 1)2 dA.

Finally, we consider the L? distance between the spectral log-densities (Moulines and Soulie,

Rood),

Wo) = [ flos o) ~log 71 (2.2)

—T

For the models considered in this paper, this distance always exists, whereas the L2 distance
may not.

3 Consistency

We first state and prove the strong consistency of the posterior distribution under very general
conditions on both 7 and fo = F(dy, go), i-e. as n — oo, and for £ > 0 small enough,

PT[A|X,] — 1, as.,
where P7[.|X,,] denotes posterior probabilities associated with the prior w, and
A ={(d,g) € (-1/2,1/2) x C°[0, 7] : h(fo, F(d, 9)) < }.

From this, we shall deduce the consistency of Bayes estimators of f and d. Finally, we shall
introduce the class of FEXP priors, and show that they allow for posterior consistency.



3.1 Main result

Consider the following sets:

Gm,M) = {geC’l0,n]:m<g< M}
g(vavap) = {g € g(maM) : |g(/\) *Q(A/” < L|/\* /\/|p}
Gt,m,M,L,p) = [-1/2+¢,1/2—1t]xG(m,M,L,p)

for p € (0,1], L >0, m < M, t € (0,1/2). Restricting the parameter space to such sets makes
the model identifiable (boundedness of g, provided m > 0), and ensures that normalized traces
of products of Toeplitz matrices that appear in the distances defined in the previous section
converge (Holder inequality).

We now state our main consistency result.

Theorem 3.1. For e > 0 small enough
PTA|X,] = 1, as.
provided the following conditions are fulfilled:

1. There exist t,m, M,L > 0, p € (0,1], such that the set G(t,m, M, L, p) contains both the
pair (do,go) that defines the true spectral density fo = F(do,go) and the support of the
prior distribution .

2. For alle >0, n(B:) > 0, where B is defined by
BE = {(dvg) € g(tvvavap) : h’(anF(dvg)) < g, 16|d0 - d| <p+ 1- t}

3. For € > 0 small enough, there exists a sequence F,, such that w(F,) > 1—e ™ r >0,
and a net (i.e. a finite collection)

such that, forn large enough, for all (d, g) € F,NAS, f = F(d,g), there exists (di,g;) € Hn,
fi=F(d;,g:), such that 8(d; —d) < p+1—t, f < f;, and:

(a) if 8ld; — do| < p+1—1t,

1T (fi-HW
27 -7 fO()‘)

(b) if 8(di —do) > p+1—1t,

b(fi, ) < b(fo, i) loge| "
(c) otherwise, if 8(do —d;) > p+1—1t,
1T (i HW
2 ). fi(N)
4. The cardinality C,, of the net H,, defined above is such that logC,, < ne/log(e).

A proof is given in Section @ Note that, in the above definition of the net H,,, the |loge]
terms are here only to avoid writing inequalities in terms of awkward constants in the form m /M.
If need be, we can replace the |loge| by the correct constants as expressed in Appendix B. The
definition of the above entropy is non-standard. The interest in expressing it in this general but
non-standard form lies in the difficulty in dealing with spectral densities which diverge at 0. In
practise, the way one constructs the net H,, should vary according to the form of the prior on
the short memory part g.

dX\ < b(fi, fo)|loge|~".



3.2 Consistency of point estimates

As explained in §E, we focus on the quadratic loss function ¢ with respect to the logarithm of
the spectral density. The corresponding Bayes estimator is

d=E"[dX), §:X—exp{EloggNIXa]}, f = F(d.g).

Often, the real parameter of interest is d, and g is a nuisance parameter. Consistency for d can
be deduced from Theorem @

Corollary 1. Under the assumptions of Theorem @, for e > 0 small enough,
P™[{|d —do| > €}|X,] =0

and d — dg as n — oo.

Proof. Lemma E, see Appendix E, implies that
PTAX,] > PT[{|d—do| > €'} |X,] -0 as.
as n — 400, for some &' > 0 and, by Jensen’s inequality,

(d—do)* < E™[(d — do)*[X,] = 0, as.

Consistency results for a point estimate of f can also be deduced:

Corollary 2. Under the assumptions of Theorem @, one has, as n — 00,

fo,f) =0, a.s.

Proof. For f = F(d,g), fo = F(do,go), one has £(fo, f) < h(fo, f), since 2 < e* +e~% — 2 for
all z, and £(fo, f) < C for some well chosen constant C, provided g, go € G(m, M). Thus, by
Jensen inequality, and for all £ > 0,

((fo, ) < ET[E(fo, [)IXn] < &+ CPT[AZ[X,].

3.3 The FEXP prior

Following Hurvich et al] (R002), we consider the FEXP parameterisation of spectral densities,
ie. f=F(dk,0), where

F:T — F

k
(d,k,0) — f:f(\)=]1—-e?*exp ZHj cos(jA) ¢ . (3.1)

j=0
and T = (=1/2+4 ¢,1/2 — t) x {U;5{k} x R*'}  for some fixed ¢t € (0,1/2). This FEXP
representation is equivalent to our previous representation f = F(d,g), provided g = 1~ %e®,

w()) = {z?zo 0, cos(j)\)} and ¥(A) = |1 — e?|2/X% = 2(1 — cos\)/A2 for X # 0, 9(0) = 1.



The function 1 is bounded, infinitely differentiable and positive for A € [0, 7]. Thus g and w
share the same regularity properties, i.e. w is bounded and Holder with exponent p implies that
g is bounded and Holder with exponent p, and vice versa. Under this parameterisation, the
prior distribution 7 is expressed as a trans-dimensional prior distribution on the random vector
(d, k,0), which, for convenience, factorises as mq(d)mg (k)mo(0]k).

We assume that 7 puts mass one on the following Sobolev set:

k
S(B,L) =1 (dk0)eT:> 03(j+1)*! <L (3.2)
j=0

for some 8 > 1/2, L > 0. This ensures that the Fourier sum w, and thus the short-memory
component g of the spectral density f, as explained above, belong to some set G(m, M, L', p),
i.e., both w and ¢ are bounded and Hoélder, for p < 8 — 1/2. To see this, note that, for
(d,k,0) € S(B,L):

k k k
S0 < DG+ D Y1050 (16,157 = 635G+ 1)*°)
j=0 j=0 =0
+oo
< L4 (417 < oo, (3.3)
§=0

provided 2r — 28 < —1. By taking r = 0, one sees that w is bounded, and by taking r = p, for
any p, 0 < p < 8 —1/2, one sees that w is Holder, with coefficient p, since, for A\, X € [—, 7],

k
[w(A) —w\)| < 2101 x [{cos(Af) — cos(X')} /2|
j=0
k
< 21617 | A =X
j=0

Finally, we assume that 7 assigns positive prior probability to the intersection of S(8, L) with

any rectangle set of the form
k

(ad, ba) x {k} x [ [ (as,,bs,)-
j=1

Alternatively, one could assume that the support of 7 is included in a set of the form
{(d,k,0) € T : Z?:o 16157 < L@However Sobolev sets are more natural when dealing with
rates of convergence, see Section §.2, and are often considered in the non parametric literature,
so we restrict our attention to these sets.

In the same spirit, we assume that the true spectral density admits a FEXP representation
associated to an infinite Fourier series,

+oo
fo(N) =1 — e[ exp ¢ > 6o cos(jN) ¢,
j=0
i.e., fo = F(do, go) with go = ¥ ~%e®0 and wg()\) = {Z;;Og 6o; cos(j/\)}. In addition, we assume
that wy satisfies the same type of Sobolev inequality, namely

—+o0
Lo = Zegj(j +1)% < L < 4o, (3.4)
=0



which, as explained above, implies that go € G(m, M, L, p), for some well chosen constants
m, M, L, p. Note that it is essential to have a strict inequality in (@), ie. Lo < L.

Theorem 3.2. Let 7 be a prior distribution wq(d)m(k)m(0]k) which fulfils the above conditions,
and, in addition, such that m(k) < exp(—Cklogk) for some C > 0 and k large enough. Then
the conditions of Theorem Iﬂ are fulfilled, and the posterior distribution is consistent.

Proof. Condition 1 of Theorem B.1is a simple consequence of (B.4) and (B.9), as explained above.
For Condition 2, we noted, see (B.3), that j:og 02,(j+1)% < L implies that Zj:og 60| < L' <
+00. Let k such that 3222, . |0o;| < €/14, 0 = (0o, ..., 0)) such that Z?:o [6o; — 0] < /14,
d such that |d — dy| < ¢/7, and let f = F(d, k,0). Using Lemma @, see Appendix E, one has
h(f, fo) < e. Note that it is sufficient to prove that w(B.) > 0 for ¢ small enough, hence we

assume that £/7 < (p+ 1 —t)/16. Thus, Condition 2 is verified as soon as the intersection of
S8(B, L) and the rectangle set

[do —5/7,d0+5/7] X {k} X f[[@oj —6/14k/’,90j —5/14k]

j=1
is assigned positive prior probability. Now consider Condition 3. Let € > 0 and take
‘Fn = {(d,k,@) S S(ﬂvL) : k S kn},

where k, = [an/logn], for some o > 0, so that, for some r depending on «, w(Fy;) < mr(k >
kn) < e 7. Let f = F(d, k,8), fi = (2¢)<F(di, k,0;), such that k < kn, di — ce < d < d;, and
Z?:o |6; — 65| < ce, for some ¢ > 0, then

SO _ e e |
fz((/\)) - (26) [2(1 — Cos )‘)]d dexp ;(93 — eij) COS(])\) <1,
and
f(A) — CcOos ce 766672(;5
iV > (1 A)e2 )

If ¢ is small enough, f; — f verifies the three inequalities considered in Condition 3. The number
C,, of functions f; necessary to ensure that, for any f in the support of 7, at least one of them
verify the above inequalities, can be bounded by, for n large enough, and some well chosen
constant C,

Cn < kn(Cky Je)kn T2 E3kn

exp {3an [1 + (loga — loglogn) /logn]}

IAINCIA

exp {6an}

so Condition 4 is satisfied, provided one takes a = ¢/6loge.
O

A convenient default choice for = is as follows: 7y is uniform over (—1/2+¢,1/2 — t), 7y
is Poisson, and g, has the following structure: the sum S = Z?:o 0%(j + 1)* has a Gamma
distribution truncated to interval [0, L], independently of S, the vector (62,60222% ..., 6%(k +
1)28)/8 is Dirichlet with some coefficients aq g, ..., ok k, and the signs of y, ..., 0 have equal



probabilities. In particular one may take a;j = 1 for all 7 < k, or, if one needs to generate
more regular spectral densities, o, = j %, for some fixed or random x > 0. Another interesting
choice for the prior on 6 is the following truncated Gaussian process: for each k, and each j7 < k,
0; ~ N(0,73(1 + 7)~2#) independently apart from the constraint, for some fixed, large L > 0:

k
> (1+4)*60; < L.

j=1

Note that we can easily restrict ourselves to the important case d > 0, i.e. processes having
long or short memory but not intermediate memory.

4 Rates of convergence

In this section we first provide a general theorem relating rates of convergence of the posterior
distribution to conditions on the prior. These conditions are, in essence, similar to the conditions
obtained in the i.i.d. case (e.g. [Ghosal et all, PO00): i.e. a condition on the prior mass of Kullback-
Leibler neighborhoods of the true spectral density, and an entropy condition on the support of
the prior. We then present results specialised to the FEXP prior case.

4.1 Main result

Theorem 4.1. Let (un) be a sequence of positive numbers such that u, — 0, nu, — +o00, and
B, a sequence of balls belonging to G(t,m, M, L, p), and defined as

Bn = {(d,g) : KLn(fQ;F(d,g)) < un/4a bn(anF(dag)) < tp, do < d < dy +6}a

for some 6, L. > 0,0 <m < M, p € (0,1]. Let = be a prior which satisfies all the conditions of
Theorem @, and, in addition, such that:

1. For n large enough, m(B,) > exp(—nuy/2).

2. There exists € > 0 and a sequence of sets F,, C {(d,g) : h(F(d,g), fo) < €}, such that, for
n large enough,

7 (Fsn{(d, g) : h(F(d,g), fo) < e}) < exp(—2nuy).

3. There exists a positive sequence (£,), €2 > upn, €2 — 0, ne2 > Clogn, for some C > 0,
satisfying the following conditions. Let

Vn,l = {(d, g) S fn; Eil < hn(anF(dv g)) < Ei(l + 1)}a
with lo <1 < 1, with fized lo > 2 and I, = [e2/e2] — 1. For each I = lo,--- ,1n, there
exists a net (i.e. a finite collection) Hyp; C Vi1, with ct{rdinality Cn,1, such that for all
[ =F(d,g), (d,g) € Vn,, there exists f;1 = F(di1,gi1) € Hny such that f;; > f and
0 < gii(w) —g(z) <letgiy/32 0<di;—d<le2(logn)™*,

where -
logCp,; < nailo‘, with o < 1.



Then, there exist C,C" > 0 such that, for n large enough,
Eg [P (hu(fo, F(d, 9)) > loeh| Xp)] < O3 4 2670 e emmen/16, (4.1)

A proof is given in Section @

The conditions given in Theorem @ are similar in spirit to those considered for rates of
convergence of the posterior distribution in the i.i.d. case. The first condition is a condition on
the prior mass of Kullback-Leibler neighborhoods of the true spectral density, the second one is
necessary to allow for sets with infinite entropy (some kind of non compactness) and the third
one is an entropy condition. The inequality (@) obtained in Theorem @ is non asymptotic,
in the sense that it is valid for all n. However, the distances considered in Theorem @ heavily
depend on n and, although they express the impact of the differences between f and fy on the
observations, they are not of great practical use. For these reasons, the entropy condition is
awkward and cannot be directly transformed into some more common entropy conditions. To
state a result involving distances between spectral densities that might be more useful, we need
to consider some specific class of priors. In the next section, we obtain rates of convergence in
terms of the ¢ distance for the class of FEXP priors introduced in Section @ The rates obtained
are the optimal rates up to a (logn) term, at least on certain classes of spectral densities. It is
to be noted that the calculations used when working on these classes of priors are actually more
involved than those used to prove Theorem EI This is quite usual when dealing with rates of
convergence of posterior distributions, however this is emphasized here by the fact that distances
involved in Theorem EI are strongly dependent on n. The method used in the case of the FEXP
prior can be extended to other types of priors.

4.2 Rates of convergence for the FEXP prior

We apply Theorem EI to the class of FEXP priors introduced in Section B.3. Recall that under
such a prior a spectral density f is parametrised as f = F(d, k,0), see ). We make the same
assumptions as in Section B.3| In particular, the prior 7(d, k, 0) factorises as mq(d)my (k)mo (0]k),
the right tail of 7 is such that

exp{—Cklogk} < m(k) < exp{—C'klogk},

for some C, C" > 0, and for k large enough, and there exists 8 > 1/2 such that the Sobolev set
S(B, L) contains the support of . The last condition means that S = Z?:o 07(j + 1?8 ¢ o, 1)
with prior probability one. In addition, we assume that the support of mg is [-1/2+¢,1/2 — ¢,
and, for d € [-1/2+4t,1/2 —t], mq(d) > cq > 0. Similarly, we assume that 7y, is such that

the random variable S = Z?:o (9]2 (7 +1)%8 is independent of k, and admits a probability density
ms(s) with support [0, L], and such that wg(s) > ¢s > 0 for s € [0, L].

Theorem 4.2. For the FEXP prior described above, there exist C,C' > 0 such that, for n large

enough
x%}s%— (4.2)
n

§ _ Clogn
Er {p [e(f, fo) >~y

where f = ﬁ’(d,k,@) and

P C'(1
53 [0, )] < o) (4.3)

where log f(\) = E™ [log f(\)[Xa.].
A proof is given in Appendix @



5 Proofs of Theorems 3.1 and A.1]
5.1 Proof of Theorem [B.]]

For the sake of conciseness, we introduce the following notations: for any pair (f, fo) of spectral
densities,

Afo. f) = Tulf) 'Tu(fo),
B(vaf) = Tn(f0)1/2[Tn(f>7l *Tn(fO)il]Tn(fO)l/?
The proof borrows ideas from [Ghosal et al] (R00(). The main difficulty is to formulate

constraints on quantities such as h,(f, fo) or KL, (f, fo) in terms of distances between f, fo,
independent on n, and uniformly over f. One has

J Wae (F)p(Xn; £)/6(Xns fo)dm(f) A N

Let § € (0,¢) and P}’ be a generic notation for probabilities associated to the distribution of X,
under the true spectral density fo = F'(dp, go). One has

PTAIX,] =

Py {PT[ASX,) > e ™} < P [Dn < €] + P [Ny > e 2] (5.1)
The following Lemma bounds the first term.
Lemma 1. There exists C > 0 such that
Py [Dn<e ™| <Cn™2 (5.2)
Proof. Lemma E implies that, when n is large enough, B, D B;s /8, Where
B, ={(d.g) € [-1/2+t,1/2 =] x G(m, M, L, p) : KLy(fo, F(d. g)) < 6/4}.

and Condition 2 implies that, for n large enough, m(B,) > m(Bssg) > 2¢~"9/2_ Consider the
indicator function

Q=1 [-X,{T0(f)" = T(fo) "'} X + logdet A(fo, f) > —né] ,

with implicit arguments (f, X,,), then, following |Ghosal et al] (R000),

Py [Dn<e™] < B ( / Qnﬂén(f)%dw(f) < ené/z_”fn))
< B (E {Q s ( )} < n(B)/2)
< By (BT {(1- Q)15 (N} > 7(B)/2)
< w(Bn)/~ Ep {1 —Q,}dr(f).

by Markov inequality. Besides,

E§{1 -} = Py{XL{T.(f)"' = Tu(fo) '} Xy, — logdet A(fo, f) > né}
= Py {Y'B(fo, )Y — tr[B(fo, f)] > D(fo, )}

10



where Y ~ N,,(0,,1,,), and, for f € B,

D(fo, f) 2 nd +logdet A(fo, f) — tr [B(fo, f)] > nd/2

thus
BY =) < Py {Y'B(o. /)Y — ulB(fo, )] > n3/2}
< By [(Y'BUo. 1Y — (B (o, D]}
C
<

n3§4’

which concludes the proof.

(|
A bound for the second term in (f.1) is obtained as follows:
Py [N, > e < 2en(FS) +p
< e n(r=20) 4y (5.3)
using Condition 3, where
pE Py [ / 1(AS N ]?n)ijg;:; J{; >) dr(f) > e 22|

Assuming 2§ < r, we consider the following likelihood ratio tests for each f; € H,, and for
some arbitrary values p;,

¢i = W{XL [T, (fo) = T,, ' (fi)] X0 = pi} .

Lemmas ﬂ, and E given in Appendix [Bf prove that, for each of the three cases in Condition
3 of Theorem B.1|, and well-chosen values of p;, one has

Ef(¢i] <e ", Ef[1—¢i] <e ", (5.4)

for all f;, for f close to f; (in the sense defined in cases a,b, and ¢ in Condition 3), where C7 > 0
is a constant that does not depend on f;, and E¥ stands for the expectation with respect to
the likelihood ¢(X,,; f). Then one concludes easily as follows. Let ¢(™) = max; ¢;, then, using
Markov inequality, for n large enough,

p < E} [(z,(n)} + 262715/ E; {1 _ d,(n)} dr(f)
AcNFn
S CnefnCls + 262715771015
< e—n018/2’ (55)

provided § < Cye/4. Combining (5.9), (b.3) and (E.5), there exists § > 0 such that
Py [PT[ALX,] > e ™] < Cn?

for n large enough, which implies that P™[AS|X,,] — 0 a.s.

11



5.2 Proof of Theorem H.7]

This proof uses the same notations as the previous Section, e.g. C, C’ denote generic constants, f,
dn(f) are short-hands for f = F(d, g), dn(d, g), respectively, A(f, fo) and B(f, fo) have the same
definition, and so on. In the proof of Theorem B.1, we showed that Eg [P™(h(f, fo) > &|X,)] <
Cn=3 for £ small enough, n large enough. Thanks to the uniform convergence Lemmas [ and
E in Appendix @, one sees that the same inequality holds if h is replaced by h,. Therefore,
to obtain inequality (@), it is sufficient to bound the expectation of the sum of the following
probabilities:

(Xnif)
b ) e - LD B _ o
97 & Pl fw(xn,f)d 3 ~ D,
gy 47 "

for lg <1 < I,,, where

Wn,l = {(d’g) : h(fa fO) S g, 5721[ S hn(anf) S E?z(l + 1)}a

and V,,; =Wy, N Fp,. Following the same lines as in Section , one has

In

an _
Ll < pr(D, <e g2
ZD] < B (DL <)

Ey

+Ey

n an _
> o 1(Dy, >e "“n/z)] : (5.6)

=l "
The first term is bounded as in Lemma , see Section @
—nuy /2 B
P(;n (Dn < e—nun,/2) < Pél (Dn < efﬂ-(n))

2[5 B¢ (1= Qn(f))]dn(f)
W(gn) ’

where (Q,, is the indicator function of

{(Xn, 1) X0 (T () — T (fo)) X — log det[A(fo, f)] < nun},

and, for f € B,, using Chernoff-type inequalities as in Lemma ﬁ, together with the fact that
there exists so > 0 fixed such that for all s < sg

L (14 25) = 25T (fo) /*Tu(f) ™ Tu(f0)"/? > 1,,/2,
for f=F(d,g), d>dy, g >0, we have for all 0 < s < sg
Ey[1-Q,]
< eXp{ — snuy, — slog | T, (fo)Tn(f) 7

(14 25) — 2sTn(fo)l/QTn(f)*lTn(fo)”Q‘ }

< eXp{fsnun+2SRKLn(anf)+4S2nbn(f07f>}
< exp{ sl u”(lf&s)}
< efc'nun

)
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where the second inequality comes from a Taylor expansion in s of log [I,,+25(L,— Ty (fo) 2T (f) =T (fo) /)],
the third from the definition of B,, and the last from choosing s = min(sg,1/16). Note that

so > m/(Mn) and that the constant C' in the above inequality can be chosen as C' = m/(32M).

The second term of (.6) equals

In
B[S 2l (D, > e 2) (6, 4+1- )

Dy,
I1=lp
ln _ ln _
< Y CEY (] +2em > EG [Naa(1 - )] (5.7)
I=lo I=lo

where ¢y = max;.; g, , Gils Giy is a test function defined as in Section b1,

Gin = W{XL (T, (fo) = Ty " (fi)) X > tr [Ln = Tu(fo) T M (fin)] + nbn(fo, fin)/4} -

Using inequality (@) in Lemma ﬁ, one obtains:

. hn(fO; fz)
log Ef [9i1] < —Cnhy(fo, fi) min (*,1 , 5.8
g By (6] (o foymin 2025 (538)
for some universal constant C', and n large enough. In addition, one has
bn(fo, fi) H 1/2 —1/2]]?
L o TR
ha(fo, f2) o) ()

2 do—d;),0
< O'n max(do ) ),

where the first inequality comes from Lemma [, see Appendix @, and the second inequality
comes from Lemma 3 in [Lieberman et al] (R009). Hence for all C' > 0, if 2|dy — d;| < C/logn,
b (fo, fi) < C'eChy(fo, fi). Moreover for all § > 0, there exists Cs > 0 such that if 2|dy —
di| > Cs(logn)~! then hy,(fo, f;) > n~°. Indeed, equation ([A.3) of Lemma [ implies that if
hn(fo, fi) > €2, then

Z Sno»

C _ _
hn(fo, fi) > Etr [T (fo VTu(fi = fo)Tu(f7 DTl fi — fo)]
and Lemma, E, see Appendix @, implies that, for all a > 0,

%tr [T (f5 VTl fi = fo)Tul £ )T fi — fo)] — (27)° L ! % d/\' < e,

Lemma , see Appendix , implies that there exists a > 0 such that if 2|dy — d;| >
Cs(logn) ™",

™ 2
/ (fzf_ffo) do > Ce—alogn/Cs > n=9
—7 iJ0

as soon as Cy is large enough. Choosing < p we finally obtain that
ha(fo, fi) > C'n ™",

This and the definition of 7-_17171 implies that | > C'n %2, and therefore In~ max(do—d;),0) >
21%/C", for all a < 1 as soon as |dg — d;| is small enough. (f-§) becomes

log EF [pi] < —cle?ntmax(do=di0) < _gpe2je

13



Condition E implies that

EY (o] < ZE{,‘ [pi1] < Cpiexp{—2ne2l*} < exp{—ne2l®}

so that >, Ef [¢1] < 2exp{—ne2l§} for n large enough.
For the second term of (@)7 since condition E on f, f;; implies that

a2di=d) 9 log |\
\ 2loshly,

0= fir = f < halfo. fin) fia ( 32 logn

when n is large enough, hence trA(f;; — f, fo) < nhn(fo, fi1)/4 and we obtain the first part of
equation @:

I . hn f afi, 2
g Bl - ol <~ gy min (5P o f).

We also have

2(f.
b (f, fo) < bu(fius fo) + w +24/bn(fo, fi))hn(fis fo),

hence log E7 [1 — ¢ 1] < —cnl®e;,, using the same arguments as before, and

In In
S [(1-@)Na] = / {Zuwn,xf)Ef(qul)}dw(f)

l:lg l:lo

< PT(feF,n{nlf, fo) <e})
ln
Y / Iy, ,(NE}( - b1) dr(f)
1=lo
In
< efnsfl + Zeansil"‘ < 26771831.

I=lp

6 Discussion

In this paper we have considered the theoretical properties of Bayesian non parametric estimates
of the spectral density for Gaussian long memory processes. Some general conditions on the
prior and on the true spectral density are provided to ensure consistency and to determine con-
centration rates of the posterior distributions in terms of the pseudo-metric h,,(fo, f). To derive
a posterior concentration rate in terms of a more common metric such as lo, we have considered
a specific family of priors based of the FEXP models and also used in the frequentist literature.
Gaussian long memory processes lead to complex behaviours, which makes the derivation of con-
centration rates a difficult task. This paper is thus a step in the direction of better understanding
the asymptotic behaviour of the posterior distribution in such models and could be applied to
various types of priors on the short memory part - other than the FEXP priors.

The rates we have derived are optimal (up to a logn term) in Sobolev balls but not adaptive
since the estimation procedure depends on the smoothness 5. Another constraint in the paper
is that the prior needs to be restricted to Sobolev balls with fixed though large radius, forbid-
ding the use of Gaussian distributions on the coefficients appearing in the FEXP representation.

14



However, it is to be noted that even in the parametric framework existing results on the asymp-
totic behaviour of likelihood approaches, whether maximum likelihood estimators or Bayesian
estimators are all assuming that the parameter space is compact, for the same reason that we
have had to constraint the prior on fixed Sobolev balls in the FEXP example. The reason is that
the short memory part of the spectral density needs to be uniformly bounded.

A related and fundamental problem is the practical implementation of the model described
in the paper. [Liseo and Rousseau (R00f) adopted a Population MC algorithm which easily
deals with the trans-dimensional parameter space issue. We are currently working on alternative
computational approaches.
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A Technical Lemmas on convergence rates of products of
Toeplitz matrices

We first give a set of inequalities on norms of matrices that are useful throughout the proofs. We
then give three technical lemmas on the uniform convergence of traces of products of Toeplitz
matrices, in the spirit of Lieberman et al] (200d) and [Lieberman et al] (R009), but extending
those previous results to functional classes instead of parametric classes.

A.1 Some matrix inequalities

Let A and B be n dimensional matrices. We consider the following two norms:

|A]? = tr [AA'], ||A|® = sup 2'AA'z.

|z|=1
We first recall that:
(tr[AB]| < |A[[B], |AB| < |A||BI, Al <|Al  |AB[ < |A[[|B].
Using these inequalities we prove the following basic Lemma:

Lemma 2. Let f1, fo be two spectral densities, then

2nbn(f1, f2) < nHTn(f2)_1/2Tn(fl)1/2Hth(fla f2)
Proof. One has

2nbn(f1, f2)
= tr [Tn(f1)1/2Tn(f2)—1Tn(fl)1/2 (Tn(fl)_l/QTn(fl B fQ)Tn(fQ)_1/2)2:|

= [T T )Y (Tl )T~ F)Ta(2)2) [

T (f2) 2T ()12 ’Tn(fQ)_1/2Tn(fl - f?)Tn(fQ)_1/2’2
0| T (fo) T2 T (f) Y22 hn(fr f2)-

IN
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A.2 Uniform convergence: Lemmas [ and {

We state two technical lemmas, which are extensions of [Lieberman et al| (R003) on uniform
convergence of traces of Toeplitz matrices, and which are repeatedly used in the paper.

Lemma 3. Lett >0, M,L >0 and p € (0,1], let p be a positive integer, we have, as n — +0o0:

T FOVA)
(2m)1-2

p

[T zn(rTa(s)

i=1

— 0.

1
sup —tr
fi=F(d1,g:), f{=F(d2,g})| "
2p(di+d2)<1—t
9:€G(—M,M,L,p)
9,€G(—M,M,L,p)

This lemma is a direct adaptation from [Lieberman et al] (R003); the only non obvious part
is the change from the condition of continuous differentiability in that paper to the Lipschitz
condition of order p. This different assumption affects only equation (30) of Lieberman et all
(), with 7, replaced by 7%, which does not change the convergence results.

Lemma 4. Let t > 0, M,L,m > 0 and p1,p2 € (0,1], let p be a positive integer, we have, as
n — 400!

1
—tr
n

sup
fi=F(d1,9:) fi=F(d2,g})
4p(di—d2)<pz2+1-t
9i€G(—M,M,L,p1)
9:€G(m,M,L,p>)

— 0,
=1

z n—1 1 T fl()‘)

Proof. This result is a direct consequence of Lemma E, as in [Lieberman et al] (2003). The only
difference is in the proof of Lemma 5.2. of [Dahlhaug (1989), i.e. in the study of terms in the

form

Ly = T ()2 T (47 ) 1) Tu($)2),
with f = F(da,g;) for any ¢ < p. For simplicity’s sake we write f = F(d,g) in the following
calculations. Following Dahlhaus’s ([L989) proof, we obtain an upper bound of

),
f(x2)
which is different from (1989). If g € G(m, M, L, ps), the Lipschitz condition in py
implies that
f(A) ( |)\1—)\2|1_5)
“1l < K (A = Mol +
‘f(Az) = Kl A=

Calculations as in Lemma 5.2 of ([[989) imply that
[T — T (f)YT, (472 )71 T (f)Y2)? = O(n* P2 log n®) + O(n®), V3 > 0.

From this we prove the Lemma following [Lieberman et al] (R009) Lemma 7, the bounds being
uniform over the considered class of functions. O

A.3 Order of approximation: Lemma

In this section we recall a result given in Kruijer and Rousseay| (R010)) which is a generalization
of Lieberman and Phillipg (R004)) concerning the convergence rate of

3 o [TT 7t Tatan | n= 7 [ TTHg 0.
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Lemma 5. Let1/2>a>0,L >0, M >0 and 0 < p <1, then for all § > 0 there exists C > 0
such that for all n € N*

p
sup dlag ang
Wy o0 ]:I ) Tn(F(dz, gj))
gjysi;eg(fMJVLL,p)
T P
—(2m)?P~! / [ Fdr,g;)F(da, g))| < Crnmrtot2res, (A1)
.

where dy,dy > —1/2 and ay = max(a,0).

A.4 Some other approximations: Lemma

Lemma 6. Let f;, j € {1,2} be such that f;(\) = F(d,,g;), where dj € (—=1/2,1/2), 0 <m <
g;i <M < 400 for some positive constant m, M and consider b a bounded function on [—m,x].
Assume that |dy — da| < &, with § € (0,1/4), then, provided di > da,

e [T (1) T T ()™ Ta(f18)] < Cllogm) (13 + dlbl2.] (A.2)

and, without assuming di > do,

[Ty Talhs = FTalF3 )T~ 2]
< C[hn(fl,fz)Jrné_l/Q hn(fhﬁ)}- (A.3)

Proof. Throughout the proof C' denotes a generic constant. We first prove @) To do so, we
first obtain an upper bound on the following quantity:

W) = e [T T ADTa (S T (D) (A1)

First note that b can be replaced by |b| so that we can assume that it is positive. Since the
functions g; are bounded from below and above, we can prove (@) by replacing f; by |A|72%.
Thus, without loss of generality, we assume that f; = |\ 72%. Let A, ()\) = > i1 exp(—iAj)
and L, be the 2m-periodic function defined by L,(\) = n if |A\| < 1/n and L,(\) = |M\~! if
1/n < |A| <& Then |A,(N)| < CL,(N),

An()\l — )\Q)An()\Q — )\3)d)\2 = 27TAn()\1 — )\3), (A5)
and we can express traces of products of Toeplitz matrices in the following way. Let the symbol
dX denote the quantity dA\1dA2dA3d)y4; the conditions on the g;’s imply

_ L ARDAR)
() = - /[_m4 b()\l)b(Ag)f2()\2)f1()\4) %
An(A = 22)An (A2 = A3)An (A3 — M) An(Ag — A )dA
2
- (22) /[ - b(A1)b(A3)[As| 72 An (A1 — A3)An (As — A1)dA1dAs
1 os A3 —2d2 A\ —2d;
+ﬁ/[_Wb(Al)b(As)lkgl [E 5 — 1| dA, (A.6)
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as d; — da < . We decompose the following factor in the integrand:
A1

—2d, A3 —2dso —2d;
= — —1 — -1 A.
—2ds —2d,
+ ( - 1) + ( - 1) +1

and treat each corresponding integral separately. Starting with the first term, replacing A,, by
L,,, we obtain:

—2d
A3 2

As

Al
A4

A
A4

1 _
5/ 4b(/\1)b(/\3)|>\3| DAL — A3)A, (A3 — Ap)dA1d)s
[—m,m]
1
< = )b(A3)[A3| TP L2 (A1 — A3)dA1d)s
n [ 7‘.71,]2

)b(A3)|A3| ™2 L (A1 — Ag)dA1dAs

IN
Q
ﬁ\
:\
a

b2(A1) Ly (A1 — As)dArdAs

IN
Q
——

/{b(A1)>b(/\3)/\3| 26}
()‘3)|)‘3|_46Ln()\1 - )\3)d)\1d)\3}

_|_

/{b()\l)<b(/\s)/\s| 20}
C{ b* (A1) Ln (A1 — Ag)dArdAs

IN

+/b2 As) [[As] ™4 = 1] LMy — )\3)d)\1d)\3}
< Clogn) { b3+ L2},
using calculations similar to (989, Lemma 5.2).

For the integral corresponding to the second term in (@), we note first that for 0 < a <

1—d; <17d2,
—2dq

_ 1—a
T [ o 71

M\ Ao
and the same inequality holds if A1, A4 and d; are replaced, respectively, by A3, A2 and ds2. Using

the same calculations as the proof of Lemma 5.2 in ([989), one has
—2ds
_ 1) < A

)\3 —2d1
b(ADA3)| N3 720 [ |22 -1
[ i (\A » )

L\ = A)Ln(ho — Ag) Ln(As — Aa) L (Aa — A1)dA
L, (A — X2)Ln(A2 — A3)®Lp (A3 — Ag) Lp (Mg — A1)
[T Ag|I-at 28

A

dA

IN

ClblZ
[77‘—77‘-]4

Clbl3n* (log n)?,

IN

provided a > 2§. Taking a = 36 < 1/2 and doing the same calculations for the integrals
corresponding to the two intermediate terms in (@), one eventually obtains, when n is large
enough

A(b) < Cllogn) { bl + 51612 } (A8)
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We now prove that, for large n and Va > 0,
1 _
~tr [T (1) T (D) T f2) T T (1)) < O {~(b) +n7 1}
Let

6 = tr [Tu(f10)T;, () Tu(A1D)T,  (f1)]
=t [Tu(fib)To(fy /4 T (f10)Tu(f1 /477)]

o [T (f10) T (o) T ()T 2 () BT 2 ()|
1 | Tu(A0)T(fo) ™2 RaT(fo) P T )T (£ /47%)
where R; = I, — Ty, (fi)Y/ 2T (f; /472) T, (f)'/?, i = 1,2. We bound the first term with ([A.§):
Lir [T (AT VT ADT ()] < Cllogm)® {bal3 +lbl}

Moreover

L) T () T (uD)T 2 () RAT, (1) ]|

< R (90) T (A1) T (f2) T (F10) T Y2 (f1))
< SIRNT, P (f)T, (flb)”QIIIIT (f1b) WT Y2 1)

Lemmas 5.2 and 5.3 in ([[989) lead to, Ya > 0,

tr [Tu ()T ()T ()T, 2R, ()| < onet @)ool

IN

A

Cn?|b|oo6/?

Similarly,

SO Ta(£2) 2R T (£2) AT (D) T (7 (4 |

< IR 163/ 21T (f2) ™ 2T (f16) 212
S a+26|b|0051/2

for all @ > 0. Finally we obtain, when n is large enough
Gn < Cn®[blocdy/® + Clogn)? { b3 + 8lbloc }

which ends the proof of (A.9).
We now prove (A.d). Since f; > mh; := m|A|72%, T-1(f;) < T (hy), ie. T (hy) =T (f;)
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is positive semidefinite, and
hn(f1, f2) (A.9)

= %tr[ w(fi = F)T (f2)Th(fr — f2)T,, (fl)}

> QLU[ w(fr = £2)T7  (h) T (f1 — f2)T7 ()]

> oot [T = BT ()Tl = f2) T 2 () Ra T 20|
+%tr {Tn(fl — f2)T, () To(f1 — f2) T (Z;)}

= g tr [Ta(f — )T () BT ()T — )T ()]

n(8m2)
+ %tr [Tn(flffg)Tgl(hg)Tn(fl f)T: 1/2(h1)RT 1/2(h1)}
1 ) »
e Tl = RIT b Ta(f = )T ()] (A10)

where R; =1, — T1/2(h )T (h; 1/ (AT)T, 1/2(h ). We first bound the second term of the r.h.s.
of (@) Let 6 > 0 and € < g¢ Such that |d — do| < § (Corollary [[] implies that there exists such
a value £0). Then using Lemmas 5.2 and 5.3 of [Dahlhaug m -

[T = LT (ha)To(f2 = )T 2 () BT, 2 ()|

< 2ARIT P () Tu(frfo) T2 (ho) T frfal) V2T 2 (ho))
x IIT (|f1=f2) 2T 2 ()|

< O ()T (fi=fo) Ty (ha) .

Since h; < C'f;,

T2 (ha) T (fr—f2) T 2 (fo) tr [T, (1) Tn(fr—f2) Ty (f2) T (f1—f2)]
Ctr [T, (1) Tn(fr=f2) T, (f2)Tu(f1—12)]

Cnh (flan)a

Al

and

t [ Tu (A=) T () Ta(=f) T 20 BT P90 | < en® 2 (e o).
We now bound the first term of the r.h.s. of (A.9).

b [T o T2 (2) BT 2 o T i ) T

< R A ) Tl fi ) Tahs) ™ 2T () 2T YT i £ T2 )
cu n"(fQ’fl)||Tn<h1>”2Tn<h1) To(lfi=FDT 2(£)

<
< Cn5+1/2 hn(anfl)HTn( )1/2T (h )1/2”2

|| T (ha) ™ 2T (| fr=F2 )P T (| fr=F2) V2T 2 (f)
< Cn®* Y2/ h(f1, o),
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Where the latter inequality comes from Lemma 5.3 of ([[989) and from the fact that
T (ha) P T (R )21 = 47| T () 2T (B (47°) T (B2) 2] < [ Ra| + 1

Therefore,

%tr [Tn(fl*f2)Tn(hz_l)Tn(flffz)Tn(hfl)] <C [hn(flva) + L/ hn(flvf?)] )

and, using the fact that C'g; > f;, for j = 1,2 this proves (A.9).

B Construction of tests: Lemmas [, § and §

Lemma 7. If8|dy —d;| < p+1—t (case a of Condition 1), the inequalities in (5.4) are verified
provided p; = tr (L, — T,,(fo)T,, ' (fi)] /n+ ha(fo, fi), [ < fi and

- /OF W A\ < h(fo, £,)/4. (B.1)
Proof. For all s € (0, 1/4), using Markov inequality,
Efl¢d < exp{—snp;} EY [exp {—sX}, {T;'(f;) = T,, ' (fo)} Xu}]
— exp {snpi - %log det [L, + 25B(fo, fi)]}

exp {fsnpi — str[B(fo, fi)] + s*tr [((In + 2s7B(fo, fi)) "2 B(fo, fz))ﬂ }

<
S exp {75np’b — str [B(an f’L)] + 4S2tr [B(an f’b)2} } 5

where 7 € (0, 1), using a Taylor expansion of the log-determinant around s = 0, and the following
inequality:

I, + 2s7B(fo, f;) = (1 — 2s7)L, 4+ 2571, (fo)/* T (f) " T (fo) > =1,

N~

since sT < 1/4. Substituting p; with its expression, the polynomial above is minimal for
Smin = hn(fo, fi)/8bn(fo, fi). According to smin € (0,1/4) or not, that is, whether h,(fo, fi) <
2b,,(fo, fi) or not, one has:

16

N2
slosEglo] < gl (o £) < 2o 1)
7hn(f05 fz) ; b"(fo’fz)]l{hn(fo, fz) > 2bn(f07fz)},
< _lwlo.fi) min{hn(foafi) 2}_ (B.2)

bn(an fz) ’

Since 8|dy — d;| < p+ 1 —t, the convergences by, (fo, fi) = b(fo, fi) and h,(fo, fi) = h(fo, fi) are
unifom on the support of the prior 7, see Lemma 2. One deduces that, for any a > 0 and n large

enough,
{ h(f07 fz)2 —a

1 n
2 log B [¢i] < — % mi
p 0B Fo [0 < =g min G T

a2h(f03f7,) - a/} .
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Since f; € AS, h(fo, fi) > €, and one may take a = £2/2 to obtain

nh(fo, fi) min{ h(fo, fi) 2}
32 b(fo, fz) + f:‘2/27 '

Since |dy —d;| < (p+1—1)/8 < 1/4, Lemma [I3, see Appendix [D], implies that there exists
C1 > 0 such that

1
—log Bl ;] < —
nOg o lei] <

Eg[¢:] < exp (—nChe)

for € small enough.
If f is in the support of 7 and satisfies f < f;, and 8(d; — d) < p+ 1 — ¢, using the same kind
of calculations and the fact that

L, — 28Ty 2(f) {T M (fi) — Tt (fo) } Ta/?(f) > L + 28B(f, fo).

as Tn,(f) < Tn(fi), we obtain for s € (0,1/4),

Ef[L—¢i] < exp{nspi —str[B(f, fo)] + 4s°tr [B(f, f0)*] }
< exp {—nshy(fo, fi) + str[A(f; — £, fo)] + 4s’tr [B(f, f0)*]}
< exp{fnshn(fo,fi)/2+452tr [B(f, fo)ﬂ}

where the last inequality comes from (@), which implies tr [A(f; — f, fo)] /n < hn(fo, fi)/2 for
n large enough, uniformly in f, using Lemma 2. Doing the same calculations as above, for n
large enough

L [ ha(fo, fi)?

_6_4m1n {m,4hn(f05 fz)}

_;min{M
b(f, fo) +2/2’

<
- 64
To conclude, note that f < f; and (m) implies that

b(f, fo) ! W{f—z+1—2i} d\

% - 0 0
b(fi, fo) + h(fo, fi)/2
(C + 1/2)h(fo, fi)

according to Lemma @ One concludes that there exists C7 > 0 such that EY [1— ] < e mCre,
|

1
—logE?[1—¢;] <
nOg f[ ¢:i] <

2h(fo. f»} | (B.3)

ININ

Lemma 8. If8(d; —dy) > p+1—t (case b of Condition 3), the inequalities (5.4) are verified
provided p; = tr [L, — T,,(fo)T ' (fi)] /n+ 2K Ly (fo; f3), for any f such that f < f; and

T i M\*b s
% . (f?_l) A < (ﬁzm) %, b(fi, [) < b(fo, fi) (B.4)

Note that for ¢ small enough, if b(f;, f) < b(fo, fi)|loge| ™1, (B-A) is satisfied.
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Proof. The upper bound of Ef[¢;] is computed similarly to (@) so that

KLn(an fz)Q
bn(an fz)

According to Lemma [L1] and since 8(d;—dg) > p+1—t, there exists C' > 0, such that b(fo, f;) > C.
Using the uniform convergence results of Appendiﬁ, this means that b, (fo, fi) > C/2, for n
large enough, independently of f;. Using Lemma [L3, there exists a constant C; < 1 such that
KL, (fo, f:) > C1bn(fo, fi).- Thus, there exists Cy > 0 such that

Hog Effod < - min { KLulio 1)}

"log B§lon] < ~nCab(fo. £,
and, for & small enough, and some Cs > 0,
E§ (6] < exp{—nCie).

As in the previous Lemma, let h € (0, 1):

og B3 [1- 6] < (1 hnpy/2
~5logdet [Ty — (1= T ()2 {1 (f) = T (o)} Tul )]
(1~ Rnpi/2 — 3 logdet L, + (1~ W), fo)]
= (1= h)npi/2 —logdet[A(f, fo)]/2

—% logdet |1 (1 — ) + T, /()T (fo) T, V2(f)]

IN

Substituting p; with its expression, i.e. np; — logdet A(f, fo) = logdet A(f;, f) and using the
same kind of expansions as in the previous lemma, one obtains

Clog B [1 -6 <~ logdetlA(f; f)] + (h/2)tx [Tu(fo) {T5 () — T (1))

—hn LKy (fo fi) + b2 [{L = T, () Ta(fo)}]

< %logdet[A(fi, H
—hnLE(fo; £2) + 0 [{T— T (F)Ta(fo) )]
< —% log det[A(fi, f)] +

—nmin( KLy (fo, fi)? KLn(anfi))
4trB(fo, f)?/n’ 4 -

Note that we use the fact f < f; in the second line.
Since log det A(f;, f) = logdet {I, + T, (f; — f)Tn(f) ™'}, using a Taylor expansion of log det
around I,,, we obtain that for n large enough

d\ +a

1 L[S
E]()gdetA(fivf) < o f

where a can be chosen as small as necessary. In addition, we use Lemma E and the uniform
convergence results of Lemmas H, E to obtain that:
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(nK Ly (fo, fi))? S nm*(b(fo, fi)? — a)?

tr[B(fo, f)?] — 1678M(b(fo, f) +a)
and, since d > dy and (B4),
2
i) = 5 [ (B-1) o
24
< 2 <b(f0,fi) D).

IN

2.4
2b(fos ) 1+ MmZ )

hence, under the constraint (@), there exists C7 > 0 such that, for n large enough, € small
enough,
Ey[1—¢i < exp{-nCib(fo, fi)} <e "

O
Lemma 9. If8(dy —d;) > p+1—t (case ¢ of Condition 3), the inequalities (5.4) are verified
provided p; = log det[T,,(f;)Tn(fo)~']/n if
T fi—f m?
— AdA < ———
w ) fo WA <

Note that for € > 0 small enough if [(f; — f)f; d\ < b(f;, fo)|loge|~, (B.3) is satisfied.

b(fi, fo), b(f, fi) <0(fi, fo) (B.5)

Proof. For 0 < h < 1, following the same calculations as in the two previous lemmas, we obtain

%ngg 6] < —(1— h)nps/2 + log det[A(fo, £:)]/2

—%logdet L.(1 = B) + BT Y2(fo) T (£) T 2 (fo)

< —nhKLy(fi, fo) + h*tr[B(fi, fo)’] < —e.

Moreover, for all f < f;, satisfying 8(d; — d) < p+ 1 — ¢, using the same calculations as in the
proof of Lemma ﬂ, we bound log £ [1 — ¢;] by the maximum of

_{nKLu(fi, fo) = t[A(fi — £, f0))/2}
an{b(f. fo) + a}

and
n
_4 (flaf0)+ tI’[ (fl fafo)]a
where a is any positive constant and n is large enough Using Lemma , one has
nK Ly, (fzafO) = or 4M2 (fzafO)

and the constraints @) we finally obtain that there exists constant ¢y, C; > 0 such that

EF[1—¢] < exp{—2n(KLu(fi, fo) — tr[A(fi — f, [)]/2n) + 45’nbn(f, fo)}
< efnclb(fi,fo) < e~ nCie

for € small enough. |
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C Proof of Theorem

We re-use some of the notations of Section ; in particular, C, C’ denote generic constants.
The proof of the theorem is divided in two parts. First, we show that

n | o logn C
Eq [P {f ha(f, fo) 2 —a5em XnH < 5 (C.1)
Second, we show that, for f € F,,, and n large enough,
ha(f, fo) < Cn™ %5 logn = h(f, fo) < C'n™ 77 logn. (C.2)

Since £(f, fo) < h(f, fo), see the proof of Corollary E in Section E, the right-hand side in-
equality of (@) implies that

S logn
Ey {E [E(fafO)|Xn]} < Cn2ﬁ/(2ﬁ+1)

. _ logn
+0ET {P (hn(f, fo) > W'X”)}

s
< Cn =251 logn 4+ C'n~2,

for large n, where £ < +o0 is an upper bound for £(f, fo) which is easily deduced from the fact
that f, fo belongs to some Sobolev class of functions. This implies Theorem .
To prove ([C.1)), we show that Conditions fi] and P of Theorem [£.1] are fulfilled for

Uy = n~ 28/ A+ (log n).

In order to establish Condition |l I we show that, for n large enough, B, D B,, the set
containing all the f = F(d, k, ) such that k > k,, for kn = kon'/CPHD d —y,m= < dy < d
and, for j =0,...,k,

10; = 00;] < (G + 1) P upn, (C.3)

where a > 0 is some small constant. Then it is easy to see that (B,,) > 7(B,) > exp{—nu,/2},
provided kg is small enough, since 7 (k > k) > exp{—Ckylogk,}, and ([C.3) for all j implies
that

k k
SOG+1D)* = (00— 0o; +0,)°( + 1)*
=0 =0
k k
< Lo+uin ™Y (1+5)7% 4+ 2u,n™ [ > [00;]
Jj=0 j=1
< L

for n large enough, since Lo = 3, 00;(j + 1)?% < L, and Z?Zl |6o;] is bounded according to

B3 _ .

Let f = F(d, k,0), with (d,k,0) € B,,. To prove that (d, k,0) € B,, it is sufficient to prove
tha't hn(fa fO) S Un/4a since hn(fa fO — KLn fO; f)+KLn(f7 fO)a a'nd KLn(f7 fO) Z Cbn(an f)a
using the same calculation as in (11989, p. 17?5) and the fact that d < dj.

Since fo € S(B, L), and for the particular choice of k,, above,

—+o0
> 05 < L(kn + 1) (C.4)

J=kn

25



and

1/2 1/2
—+oo —+oo +oo
STl < | Y 636+ G+
j:];'n j:];'n j:];n
< CkY*5, (C.5)
Let
En
fon(N) = [1—e? P exp [ Y 6o cos(jA) |
§=0
bp(A\) = exp|-— Z oj cos(GN) | — 1,

JZkn+1

and g, =1 — fon/f. Then f — fo = fobn + fgn, where b, and g,, are bounded as follows. From
(CH), one gets that, for n large enough, |b, | < Ckv/*™" and

s [T 2 - 2 7.—28 —26 _Un
1|2 = / bu(A)?dA <2 kzﬂooj < 2Lk, < 2Lky
J=Fkn

—T
according to (@) In addition since 1 — z < —logz, for x > 0,

gn(A) < (do —d)log(1 —cosA) + » _ |0o; — 0]

i<kn

IN

Crunn™ (|log M| + 1)
Moreover, since tr { (A 4+ B)?} < 2trA? + 2trB? for square matrices A and B, one has
1 _ _
hn(fo, f) < Etr [T (fobn )Ty ()T fobn) T, (fo)]

+%tf [Tu(f90) T, (F)T(f9u) T (fo)]

< Clogn{|bn|§+unn*a|bn|§o}
+CuZn 120 [(Tu(f (llog A + )T, (1)’
< cCup (C.6)

where ¢ may be chosen as small as necessary, since kg is arbritrarily large. Note that the first
two terms above come from ([A.3) in Lemma [}, and the third term comes from Lemma [

To establish Condition E is straightforward, since the prior has the same form as in Section
E, and we can use the same reasoning as in the proof of Theorem E, that is, take, for some
well chosen 9,

Fo={(dk,0) € S(B,L) : |d—do| <6, k <}
where k, = kyn'/(2#+1) 5o that, using Lemma [[d,

7 (FSO{L, (], fo) < €}) < mi(k > k) < e Chnloskn
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for n large enough. Choosing k; large enough leads to Condition 2.

We now verify Condition B of Theorem @ Let 531 > u, and lg < [ < [,, and consider
f = F(d,k,0), (d,k,0) € Vo, as defined in Theorem [L1, and fi; = (2¢)'" F(d;, k, 6;), where
dependencies on [ in d; and 6; are dropped for convenience. If for some positive ¢ > 0 to be
chosen accordingly |0; — 0;;| < cle?/(k + 1), for j =0,...,k, one obtains

gi1(N) = (2e)l6iexp zk:(a—ei»)cos(j)\)
g\ j=0 ’ ’

< (262)(}[831

and f;;/f > 1 so that the constraints of Conditionﬁ of Theorem are verified by choosing ¢
small enough. The cardinal of the smallest possible net under these constraints needed to cover

Vp,1 is bounded by
. 1\ (k!
Cniy <kn|—= i
b= (cls%) (cls% )

since for all [ |0;| < L. This implies that

log C_ml < Cnuyg,

and Condition B is verified with 2 = e2u,,. This achieves the proof of (C.1|), which provides a
rate of convergence in terms of the distance hy (-, -).

Finally, we prove (C.9) to obtain a rate of convergence in terms of the distance h(-, -). Consider
f such that

halforf) = 5ot [T (o) TulF — Fo) T (NTu(T — fo)] < &%

Equation ([A.J) of Lemma [ implies that

L [ YT — VT )T (F — fo)]

< Cenlen + 0712
2n
< Cel. (C.7)
We now prove that
tr [Ta(fo VTn(f = fo)Tu(FH)Tn(f — fo)]
C(logn)?

—tr [To(fg ' (F = f)Tu(F T = fo)] < =55

for some small @ > 0. By symmetry we consider only the case d > dy. Let hg = (1 — cos \)9,
h = (1 —cos\)?, then fh < C, foho < C and |f — folh < C for some C > 0, and it is sufficient
to study the difference below. Note that the calculations below follow the same lines and the
same notations as the treatment of v(b) in Lemma E, see Appendix @
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Lk [Tlholf — F)Tulh(] — fo))

—%tr [T (ho)Tu(f = fo)Tu(R)Tu(f = fo)]

1

_ ! _ - o)
= o[ U= 0 - o (G555 1)

XAn()\l — )\Q)An()\Q — )\4)An()\4 — Al)dA
21 _ _ h(As)
S U= a0 = ) am) (565 1)

XAn()\l — )\Q)An()\Q — )\3)An()\3 — )\4)An()\4 — Al)dA
O(logn) / |)\2|_2(d_d°)|)\1|_1+aLn()\1 _ )\2)1+ad)\
[_7717"]2

IN

n

O e
NS ms A2 2 As [t e

XLn()\l — )\Q)Ln()\g — )\3)[1”()\3 — )\4)aLn()\4 — Al)d)\
C(logn)?

nl—a

IN

/ [Ag| 72 Ny [T L (Mg — Ap)dA
[—7,7]2

C(logn) / A
+ —————Ln(A1 — A2)Ln(A2 — A3)dA
W g Talpipge - Tl =)

C(logn)?

nl—2a ’

<

provided d — dy < a/4, using standard calculations and inequality (@) Combined with @),
this result implies that

Lir [T (holf — fo)) T (0(J — fo)] < O3
Finally, to obtain (IC.d), we bound
o1 (T (ho(F — Fo))Tu(h (S — fo))] — tr [Zu(hoh(f — fo)?)]
of [ oty

X [{R(S = fo)} O2) = (B = fo)} O)] An(hr = A2)An (A2 = A )dA

IN

C

/[_ - {h(f = fo)} Q)(f = fo)(A2)[R(A2) = h(A1)]An (A1 — A2)An (A2 — Ar)dA

+C

/[_ - {hho(f = fo)} (A1) [fo(A2) = fo(A1)] An(A1 — A2)Ap (A2 — A1)dA

+C

ST = 00} )10 = FO] B~ )00~ M)A

The first term is of order O(n?*logn), from the same calculations as above. We consider the
last term, but the calculations for the second term follow exactly the same lines. Recall that
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f = he”, where w(\) = Z?:o 6; cos(jA) is not necessarily continuously differentiable, e.g. when
B < 1. Thus

FO2) = FO) = [(A2) ™1 = h(A) 1] €202 4+ a(Ay) {ew@ﬂ . ew()‘l)} :

The first term is dealt with using (A.G), leading to a bound of order (logn)2n?*. For the second
term, and k < k,,

[ el FO0ls0e) g1 s = Aa) 80— M)

k

< C / holf = fol(A) | 05 (cos(jA2) — cos(jA1))| Ln(A1 — A2) L (A2 — A1)dA
[—m,m]? J=0
< C(logn) Zwm - {holf = fol} )dh
s 1/2
< Cllogn) Zw i) ([ (oot = 2y ovan)

where the latter inequality holds because [™ {ho/h} (A\)dX is bounded when |d — dp| is small
enough. The same computations can be made on fj so that for all @ > 4|d — dy| we finally obtain
that

|tr [T (ho(f — fo))Tn(h(f — fo))] — tr [Tn(hoh(f — f0)?)]]

k 1/2
< Cllogmn® +(logn) Y~ 31651 + 60, ) (/[ ]gog(f—fo)Q()\)dA> .

Jj=0

Splitting the indices of the sum above into into {j : j|6;] < j Qﬁ”@?} and its complementary, for
some r, we get that

k k k
Dodleil < YTy
j=0 §j=0 =0

< C(K +k72P77) < Ch,

provided we take r = 3/2 — 8. Using the same computation for fy, one obtains eventually that,
provided 8 > 1/2,

/ hoh(fo — f)%d < C22,
[_ﬂ'vﬂ']

which achieves the proof.

D Technical lemmas

The three following lemmas provide inequalities involving

1 2 fo
b/, fo) = / (F/fo— 1%\, h(f, fo) = / i~ 0720

for f = F(dvg)v fO = (d()ng); dadO € (071/2>5 g,90 € g(maM)v for 0 <m < M.

1
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Lemma 10. For any e > 0,

—1/2¢
(d—do| > & = h(f, fo) > = (ﬂ) .

s m

Proof. Without loss of generality, take d > dp, then, since (x — 1)?/x > x/2 for x > 4,

m g
> —2(d—do) > —2(d—do)
h(f. fo) = —47TM/0 1{x > 4M/m} A )
1

AM —1/2¢
™ <W) '

Lemma 11. There exists C' > 0 such that, for any e > 0,
|d—do| > = b(f, fo) > C~V/%.

Proof. If d > dg, then, since (z — 1)? > 22/2 for x > 4,

2

m i
> — —2(d—do) ~ —4(d—do)
o(f, fo) = 4WMQ/O 11{/\ > 4M/m})\ dX

4 (4M\ VE
E<W) '

Otherwise, if d < dg, one has (z —1)2 > 1/4 for 0 < x < 1/2, so

V

1 iy
o o) > o /0 1{x20-) < m/anr} ax
1 /oM V%=
8t \ m ’

Lemma 12. For any 7 € (0,1/4), there exists C > 0 such that

Y

d—do < i — 7= b(f, fo) < Ch({, fo).

Proof. If d < dy, the bound is trivial, since f/fo < M/mm*@~=%  Assume d > do, and let
A > 1/2 some arbitrary large constant. Since (x — 1)? < 22 for x > 1/2, one has

2

2mm?

2 71']1 /\72(d7d0)>Am/M /\74(d7do)d/\
2tm? Jo -

C/(Am/M>271/2(d7do)
1—4¢ ’

b(f, fo) < Ah(f, fo)+

[ 10/ R0) > Ay ey

< Ah(f, fo) + (D.1)
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provided A > M/m and C' = M?/2rm?. In turn, since (z — 1)? > 2%/2 for z > 4, and
assuming A > 4M?/m?, then \=2(4=d0) > Am/M implies that f/fo > Am?/M? > 4, and
(f/fo—1)2%fo/f > f/2fo > Am?/2M?. Therefore
1 s
Mg = = [ A s ) (5 50— 1070 an (D.2)
2T 0 f
> (Am/M)>7HED) A (D.3)
One concludes the proof by combining (D.]) with (D-3) and taking A = 4M?/m?.
O

The lemma below makes the same assumptions with respect to f and fy, but it involves finite
n distances.

Lemma 13. One has:

m2

Proof. Dahlhaus ([L989, p. 1755) proves that K L, (fo; f) > C~2b,(fo, f) where C is the largest
eigenvalue of T, (fo)T,; '(f). In our case, fo/f < Mr?*@=%) /m_ hence C~2 = m?/M?r3(d=do),
([l

d>do = KLy(fo; f)

The last lemma in this section applies to the FEXP formulation of Section B.3.

Lemma 14. Let

fo(N) = (2= 2cosA) ™ exp{wo(N)}, F(N) = (2—2cosA) Yexp{w(\)},

then, for e € (0,1/4),
|d —do| <&, |w—wo| < &= h(f, fo) <Te.

Proof. Without loss of generality, take d —dp > 0. Then fy/f —1 < 2% —1 < (141log2)e, since
e” <1+ 2z for x € [0,1]. Moreover, since 2(1 — cos ) > A\?/3 for A € (0, 7), one has

/ﬂ J(N) d\ — e<3(d—do) /ﬂ \~2d—do) gy < 7Te€3€’
o fo(N) 0 T 1-2

and, to conclude, as again e® < 14 2z for = € [0,1], and es(**+1983)(1 — 2¢)=1 — 1 < 10g, for

e <1/4,
LT fo(N) o
h(f, fo) = 27T/0 (fo(A) + o 2> d\ < (6 4 log2)e.
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