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Abstract

The aim of the paper is to establish a convergence theorem for multi-dimensional stochastic
approximation when the “innovations” satisfy some “light” averaging properties in the presence of
a pathwise Lyapunov function. These averaging assumptions allow us to unify apparently remote
frameworks where the innovations are simulated (possibly deterministic like in Quasi-Monte Carlo
simulation) or exogenous (like market data) with ergodic properties. We propose several fields of
applications and illustrate our results on five examples mainly motivated by Finance.

Keywords Stochastic Approximation, mizring processes, Gal-Koksma theorem, stationary processes,
quasi-Monte Carlo, sequence with low discrepancy, two-armed bandit algorithm, calibration, optimal
asset allocation, VaR-CVaR, ergodic control.

2010 AMS Classification: 62120, secondary: 37A25, 60G10, 93C40, 62P05, 91B32.

1 Introduction

This paper presents convergence results for stochastic approximation of Robbins-Monro type (see [30]
for the original paper), namely
Opy1 = 0p — ’7n+1H(9m Yn)a (1'1)

when the “innovation” sequence (Y;,)n>0 satisfies some “elementary” averaging assumptions. In fact,
we will consider a slightly more general setting which includes an extra noisy term

9n+1 =0, — Tn+1 (H(em Yn) + A]\4n+1) 5 (1'2)

when (AM,,),>1 is a sequence of martingale increments. Our aim is to unify several frameworks: the
first one is the case of generated (possibly non random) innovations to solve problems coming from
Numerical Probability, typically low discrepancy sequences. The second one deal with the case of
exogenous data satisfying some properties, light ergodic but sharing a priori no Markov property like
in the procedures extensively investigated in [3] and more recently in [7].

To establish the a.s. convergence of the sequence (6,,),>0 toward its “target” 6* (to be specified later
on), the idea is to make the assumption that the innovation sequence (Y},)n>0 satisfies an averaging
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property in a “linear” setting: typically that, for a wide enough class V of integrable functions (with
respect to a probability measure v),

n—1
Vfe, %Zf(Yk) N (1.3)
k=0

n—oo Ra

at a common rate of convergence to be specified further on. If V O Cp(R?,R?), this implies

n—1
1 (R9)
— 5yk — VU
n n—00

and the sequence (Y;,),>0 is often called “stable” in the literature, at least when it is a Markov chain. If
V = LY(v), the sequence (Y},),>0 may be called in short “ergodic” although no true ergodic framework
comes in the game stricto sensu. The target of our recursive procedure (1.2) is then, as expected, a
zero, if any, of the (asymptotic) mean function of the algorithm defined as

ho) = | H©p)w(dy).
Ra
The key assumption is the existence of pathwise Lyapunov function with respect to the innovation i.e.

a function L satisfying
(VL) | H(0,y) — H(0%,y)) = 0

for every 6 and y. This assumption may look very stringent. However such a setting embodies
standard framework of Stochastic Approximation with Markov representation of the form (1.1) when
the (Y;,)n>0 is i.i.d. since its canonical form reads

On+1 = On — Ynt1 (h(en) + AMn—i—l) )

where AM,; =E [H(0n,Yn) | FY_1] = h(6y) + AMy41. Then H(,-) = h(f) and the notion of path-
wise Lyapunov function reduces to the standard one. The above canonical form has been extensively
investigated (and extended) in many textbooks on Stochastic Approximation (see [3], [9], [13], [14]).

Our main theorem (Theorem 2.1) let us retrieve almost entirely the classical results about a.s.
(and LP)-boundedness and convergence of this procedure under usual Lyapunov assumption. Many
extensions have been developed when (Y,),>0 or even (6,,Y},)n,>0 have a Markovian dynamics (see
the seminal textbook [3] and more recent contributions like [7] and several reference therein). The
main constraint induced by such an approach is that we need to make assumptions on the solution of
the Poisson equation related to this chain.

Our aim is more modest from a theoretical point of view. Nevertheless, our main concern is to take
into account innovations with very light “ergodic” or even simply “averaging” properties and sharing
no kind of Markov property, in order to include as different types of innovation as real real market
data or deterministic Quasi-Monte Carlo sequences (also known as uniformly distributed sequences
see [26]). We provide various examples which illustrate that the price to be paid (mainly the pathwise
Lyapunov function) is not so high for practical applications. In the treated examples, we use the
convergence part of Theorem 2.1. However by slightly relaxing the pathwise Lyapunov equation, we
can also derive from Theorem 2.1 a boundedness result which could be the starting point of a pathwise
reasoning in the spirit of the ODE method.

As a first field of applications, we are interested in quasi-random numbers. The original idea
of replacing by uniformly distributed sequences (with low discrepancy) i.i.d. innovations in recursive



stochastic approximation procedures goes back to the early 1990’s in [19], leading to “Quasi-Stochastic
Approximation” (referring to QMC for Quasi-Monte Carlo). The framework in [19] was purely one-
dimensional and many numerical tests have proved the efficiency of QSA via multi-dimensional setting.
The aim is to establish a convergence theorem in this higher dimensional setting under natural reg-
ularity assumptions (i.e. based on Lipschitz regularity rather than finite variation in the Hardy &
Krause sense, often encountered in the QMC world). As concerns the low discrepancy sequences, our
framework is probably close to the most general one to get pointwise a.s. convergence of stochastic
approximation.

As a second setting, we consider the case when (Y},),,>0 is a functional of a-mixing process satisfying
a priori no Markov assumption. These processes are stationary and dependent, so more realistic to
model inputs made of real data. To describe the class of functions ¥V we need to prove the convergence
of the series of covariance coefficients of the innovations. To this end we use some results in [28]
and the covariance inequality for c-mixing process (see[8]). Next with the probabilistic version of
the theorem of Gal-Koksma (see [11] and [1]) we prove that this class is large enough (L%(v) C V).
Finally we examine the case of homogeneous Markov chain with invariant distribution v. Some results
on Stochastic Approximation in this setting have been proved in [3], but they need to establish the
convergence of the algorithm to assume the existence of a solution to Poisson equation with some
regularity properties. To describe V we add an ergodic assumption on the chain which allows us to
prove that this class does not depend on the initial value of the chain.

Finally we present several examples of applications illustrated with numerical experiment. First
we consider a simple case of calibration: the search of an implicit parameter in a financial model to fit
its value to the market. We implement the algorithm with an i.i.d. sequence and a quasi-random one
to compare their rate of convergence. The second example is devoted to the recursive computation of
risk measures commonly considered in energy portfolio management, namely the Value-at-Risk and
the Conditional-Value-at-Risk. We show that the recursive procedure introduced in [2] to compute
these quantities can be successfully implemented in a QSA framework. In the third example, we solve
numerically a long term investment “toy” problem leading to an ergodic control problem (see [24]). In
that problem, the innovation turns out to be the outputs of the Euler scheme with decreasing step of
a diffusion as introduced in [15, 22]. These three examples describe stochastic numerical procedures
based on simulated data. The fourth example is the so-called two-armed bandit introduced in learning
automata and mathematical psychology in the 1950’s (see [25]). Its a.s. behaviour in the i.i.d. setting
has been extensively investigated in [18] and [16]. These results have been partially extended in [32]
to a more general ergodic framework. We show that the starting point of this extension appears as
a consequence of our main result (in the multiplicative case). The last example describes a model
of asset allocation fully developed in [21] involving exogenous true market data, a priori sharing no
Markov property but on which an averaging assumption seems natural (at least within a medium laps
of time).

The paper is organized as follows : in Section 2 are stated and proved the two main results:
Theorem 2.1 and its counterpart Theorem 2.2, for multiplicative noise. Section 3 is devoted to quasi-
Stochastic Approximation, 7.e. the case where the innovation process is an uniformly distributed de-
terministic sequence over [0,1]7. Section 4 is devoted to applications to random innovations, namely
additive noise, mixing process (functionals of a-mixing process), ergodic homogeneous Markov chain.
Section 5 presents five examples of applications including numerical illustrations, mostly in connec-
tion with Finance: implicit correlation search, recursive computation of VaR and CVaR, long term
investment evaluation, two-armed bandit algorithm and optimal allocation problem (more developed
in [21]).



Notations (-|-) denote the Euclidean inner product and |-| its related norm. The almost sure

( q

R
convergence will be denoted =% and :2 will denote the weak convergence in RY.

2 Algorithm design and main theoretical result

In this paper, we consider the following general framework for recursive stochastic algorithms of the

following form
9n+1 = en — Tn+1 (H(eny Yn) + AMn-{—l) , n2 07 (24)

where 6 is an R%valued random variable, (¥;,),>0 is a R9-valued sequence of random variables
and AM,,41 is a martingale increment, all defined on a same probability space (2, F,P). Moreover
o € L' (P) and 6, is independent of (Y;,),>0. The step sequence (7,)n>1 is a non-increasing and H is
a Borel function from RY x R? to R?. We will denote F,, = o(fo, Yy, Y1,...,Yy), n > 0, the natural
filtration of the innovation process (Y;,)n>0. Note that no Markov assumption is made a priori on the
sequence (Yy,)n>0-

In the following, we adopt a kind of compromise by assuming that (Y},)n>0 is a process satisfying
some averaging properties and where the function H (9*,j belongs to a class of functions (which will
be specified further on) for which some rate of convergence (a.s. and in LP) holds in (1.3). Moreover
we need to reinforce the Lyapunov condition on the pseudo-mean function H which limits, at least
theoretically, the range of application of the method.

However, we will see in the examples that it provides some rather general (and now to our knowl-
edge) results about quasi-Stochastic Approximation which justifies the implementation of stochastic
approximation procedures with sequences with low discrepancy. This widely spread practice, espe-
cially in Financial Engineering, seemed to rely so far only in some heuristic rules derived from the
original stochastic approximation framework.

2.1 Framework and assumptions

Let (Yn)n>0 be an R%valued random variables sequence. We will say that the sequence (Y,)n>0
satisfies a v-stability assumption if

1 (R9)
P(dw)-a.s. - ];)(Syk(w) = v (2.5)

Ra
where 22 stands for the weak convergence of probability measures on (R?, Bor(RY)).
We will see that the stochastic approximation procedure defined by (2.4) is a recursive zero search
of the (asymptotic) mean function

h(0) = - H(0,y)v(dy). (2.6)

Let p € [1,00) and let (,,),>0 be a sequence of non-negative numbers such that e, — 0. We denote
- n o0
1

by Ve, p the class of functions which convergence rate in (1.3) in both a.s. and in LP(IP) sense is ¢, ",
namely

Voo, = {f € LP(v)] %Z F(Ye) — /fdu Pras. & L7(F) O(sn)} . (2.7)
k=1



2.2 Main result

Now we are in a position to state a first convergence theorem, which is a Robbins-Siegmund like
Lemma.

Theorem 2.1. (a) Boundedness: Let h : RY — R? satisfying (2.6), H : R x R? — R? a Borel func-
tion and let (Yy)n>0 be a sequence satisfying (2.5). Assume there exists a continuously differentiable
function L : R* — R satisfying

VL is Lipschitz continuous and |VL|> <C(1+L). (2.8)
and that the pseudo-mean function H satisfies the pathwise Lyapunov assumption
vo € RI\{6*}, vy e R%,  (VL(0)| H(0,y) — H(6*,y)) > 0. (2.9)

Let p € [1,00). Assume that
H(0%,") € Ve, p- (2.10)

Moreover, assume that H satisfies the following (quasi-)linear growth assumption
V9 e RY Wy € RY,  [H(0,y)| < Cuoly)(1+ L(0))? (2.11)

and that the martingale increments sequence (AMp41)n>0 satisfies

P

Vn>0, E (]AMnH\QVzH | J-"n> < Cud(Y) 27T (1+ L)V D  if p>1

(2.12)
Vn > 0, esssup E (|AM, 11| | Fo) < Card(Ya)(1+ L(6n))2 if p=1
where sup,,> Hqﬁ(Yn)szﬁ < +o0.
Let v = (n)n>1 be a non-negative non-increasing sequence of gain parameters satisfying
Z% = +00, nEpYn — 0, and an—:n max (7,%, |Ayp41]) < +oo. (2.13)

n>1 n>1

Then, the recursive procedure defined by (2.4) satisfies (L(0n))n>0 is L'-bounded , L(0,) — Loo <

n—oo

400 a.s., 0, —0,_1 — 0 a.s. and

n—oo

> AVL(0n) | H(On, Yn) — H(0", Vy)) < +00.

n>1

(b) A.s. convergence: Furthermore, if {0*} is a connected component of {L = L(6*)} and the pseudo-
mean function H satisfies the strong pathwise Lyapunov assumption

V6 >0, V0 € RA\{0*}, vy e RY, (VL(0)| H(0,y) — H(0",)) > x,(y)¥5(0) (2.14)
where v(x,) >0, U5 is L.s.c. and positive on R\{0*} and N;oq{¥s = 0} = {0*}, then

O, =5 0.

n—o0

Remark. The conditions on the sequence of gain parameters v = (7, ),>1 are satisfied for example
if we set c
f}/n:—a7 a>1—ﬁ, c> 0. (215)
n



Proof. We set for notational convenience A6,, = 0,, — 6,,_1.
First step: We introduce the function

A(0) :=/1+ L(0)

as a Lyapunov function instead of L(#) like in the classical case. It follows from the fundamental
formula of calculus that there exists &,+1 € (0, 0,+1) such that

AOni1) = AOn) +(VAOL) | Abny1) + (VA(Ent1) — VAOL) | Abpya)
< A(0) + (VA®B) | Abpi1) + (VA(Bni1) — VA(G,) | Abpyr) .

Lemma 2.1. The new Lyapunov function A satisfies the two following properties
(i) VA is bounded (so that A is Lipschitz).

(ii) ¥0,0' € RY,  [VA(#) — VA(9)| < CLw( R

Proof of Lemma 2.1.

(i) VA = is bounded by 2.8, consequently A is Lipschitz.

2\/1+
(ii) For 6,0" € R,

vaA®) - va@)| < MEO_TEO, VEE \‘¢1+L<9'>—¢1+L<9>

= 1+ L(0) V14 LO)v/1+ L)
< W LD gy [AlLip [0 = 0]
< 2¢1T wm b
16— 0]
< 3 ([VL]Lip + C[A]Lip) TA(0)
_ A lo=0
- @ O
Thus
y ) ] M0
1) < AOn) = Vg1 (VAOR) | H(0n, Y0)) — Yng1 (VA(OR) [AM41) + CL 1+ L(6,)

= A(On) — Yn+1 (VA(On) [ H(0n, Ys) — H(0,Y5)) — Ynt1 (VA(OR) [ H(07,Y5))
|H(6,,Y,) + AM, 41|
1+L(0,)

—In+1 <VA(9n) |AMn+1> + CL772L+1

We have for every n > 0,

st (VAOn) [ H(07,Yn))| < Carnr16(Ya) € L(P)

since VA is bounded. Besides E [(VA(6,,) | AM,+1) | Fn] =0, n > 0, since AM,, is a true martingale
increment and VA is bounded. Furthermore, owing to (2.11) and (2.12)

‘H(@n, Yn) + A]\4714-1 ’2
1+ L(6,)

| Fu| < CH*(Yn)A(6r)



where conditional expectation is defined in the sense of positive random variables. Consequently we
get

E [A(9n+1) |]:n] S A(en) (1 + 02/772L+1¢( n)2) Yn+1 <VA( n) | H(ena Yn) - H(H*, Yn)>

2.16
et (VAL [ H(0*,Y,)). (219)
Ap
We set V,, := B, where
n—1 n
Ap = A0n) + > o1 (VA(OR) | H(0r, Vi) — H(0",Y2)) H (1+ CLyie(Yi-1)?) .
k=0 b1

Using the mean-reverting assumption (2.14) implies that (A,),>0 is a non-negative process and
(Bp)n>0 is Fn—1-adapted. Elementary computations show that first

E[Ans1] Fo] < Ay "“ — a1 (VA(6,) | H(6%,Yy))

TL

which finally yields
Vn 2 0, ]E [Vn+1 |]:n] S Vn — AWn+1, (217)

where Wy, := 3070 Fps1 (VA(g) | H(6*,Yy,)) with 7, := 5> n>0.

Second step: Now our aim is to prove that the sequence (W,,),>1 is L'-bounded and a.s. converges.

To this end we set S := >_7"0 H(6*,Y},), then it follows
n—1 n—1
Wi = ka1 (VAOR) | ASE 1) =T (VABn-1) | S5) = D (Sk |1 VAOR) — T VA (k1)) -
k=0 k=1

First, since VA is bounded, note that

T [VAG-1)] 7] < VA i S < VA e 221

n

*

which a.s. goes to 0 as n goes to infinity since ne,vy, — 0 by (2.13) and < > remains a.s.
n— n>1

ney,
bounded. Moreover 5t

Nén

E [ [VA(Or-1)] [55]] < nenyn [[VAl ‘

1
which converges also in L! because ne,, —2 0 and H(#*,-) € V., p- On the other hand,

n—1 n—1 n—1
<S;; ’ik-i—lVA(ek) ’kaA Hk 1 Z Sk ‘ VA Qk A’yk_H + Z Yk Sk ‘ VA(@k) VA(@k_l» .

k=1 k=1 k=1
As VA VL is bounded by construction, we have

= , W v

NEw Y
D AT kt1 (S5 IVAG))] <D 18Tkl ISEIVA ]l < VAl stk \Amlr
k=1 k=1 k=1



Now, using that 13- < \/a, a >0,

Ok @M s Cutin (%)

AT 1] < 1Ag 1| + 7% 7 S < [AYk+1] + CL e i+19(Ya)-

Bt 1+ Ci2 10V
Hence
n N . S
D 1ATk41 (S5 [ VAOR))] < VAl <Z ke |A7k+1l + CLZk5k7k7k+l¢(Yk) T . ) :
k=1 k=1 &k
By Holder’s Inequality
Sk Sk
<
E (o)) < ol 2, |2

S
As <k€k > is bounded, ne, vy, — 0, g ke |Avyiy1| < +oo, g kepyi, < +ooand sup qu(Yk)H »
k/ >0 T = k>1

+00, then the series Y 7_; Ay (S; | VA(y)) is absolutely converging in L' (P).

We study now the series Z% (Sr | VA(Or) — VA(Or—1)). We have
k=1

|AG| < |H(0k—1,Yi—1)| + |AMk|‘

VA(Ok) — VA(Op—1)| < CL———m—
| ( k) ( k 1)| =YL 1—|—L(9k—1) = ZLk 1+L(0k—1)

Then we are interested in the L!-convergence of the series

n

o [ H(Op—1,Y5 " . AM
Zw%lskl‘ Gr1. Bii)l g Zw%lskl%-

2 T+ L(0e) T+ L0
For the first sum, as |H(19k_z(§k_1;| < Cy¢(Yy—1), we then come to Y 7_; CyvZE[|S;] |¢(Yi—1)|] and
+ L(Ok—1

by Holder’s inequality we obtain

E (IS¢ To(¥r-0)I] < 15[l ¢(Ya-1)l 2, < +o00

because |[Sg[l,, = O (kex) by (2.7) and suquﬁ( 2l 2 < oo Furthermore, as Zkak’yk < 400 by
k>1

converges in L.

H(0k_1,Y,_
(2.13), then the series 271% i [H (01, Yi1)|
k=1 1+ L(0-1)

For the second sum, we have by Hélder’s inequality

E||sy —A2Ml | < sp)
1+ L(0;_1) P

| A M|

Y <CuyllS Y <_|_
e e IS, 19V Ls, < +o0

_p
p—1

n
AM,
owing to the same arguments as for the previous series. This yields that g 7,% |SE #
1+ L(Ox—1)

k=1
converges in L' too. Finally we then obtain that W, <% Wy and sup,s; [|[Wyll; < +0c. Thus we
n—o0
have that
(Vo +W,)~ < W, < |W,| € LY(P) since sup ||W,|, < +oo.
n>1



As Vo = A(6p) < C(1+160]) € L', it follows by induction from (2.17) that, for every n > 0, EV,, < co.
Hence S, := V,, + W,,, n > 0, is a true supermartingale with an L'-bounded negative part. We then
deduce that

Sn =3 Sx € L'

Now W,, &5 W implies V,, L% Vo < 400 a.s.
n—o0 n—o0

Third step: Now we show that the product B,, converges a.s. to derive that A, converges a.s..
In fact

n
ZV%¢2(Yn—1) < +00 a.s.,

n>1

since sup [E [¢2(Yn)] < 400, which in turn implies that B, ﬁ) By < +00. As a consequence
n>1
A, —> Aso < +00. Therefore using the mean reverting property (2.14) of H with respect to VA, we

classwally derive that

> A (VABn1) | H(0p1, Y1) — H(E",Yn 1)) < +00  a.s. (2.18)
n>1
Consequently
A(6y) j> Aso < 400 a.s.
As lim L(#) =+oo, lim A(f)= +oo, then the sequence (6,),>0 is a.s.-bounded and
6] —+o00 |6]—+o0 =

L(0p) %% Lo < 400 a.s.

Now let us show that A6, — 0. In fact |Ab, | < Cv2., <|H((9n,Yn)|2 + |AMn+1|2), o
E [|A9n+1|2 | ]:n] < Cy2 (1+EL(6,)). Now (A(6,,))n>0 is bounded so that

S E [\AHHH]Q | ]—"n] < +00. a.s.

n>0

which classically implies that >, A0, 1] < +00 a.s.

Fourth step: To prove the convergence of 6,, toward 6*, we use Assumptions (2.14) and (4.32) to
deduce that

Z’YnXg(Yn—l)\I’cS(en—l) < +0oo  a.s. (2.19)
n>1
Now,
n—1
Z%HX(; Ys) 27k+1ASk = V15K — ZA%HS
k=0 k=0 k=1

where S = >"1'_, x,(Yx) and we set S =0 and ASY = 0.

SX
By Assumption (2.5), — — v(x,) > 0 as n — 00. Let ng be the smallest integer such that
n




Then, the usual discrete integration by part yields

n S% n—1 SX
Vn > no, kz Ve+1X; (Vi) = 417 =~ Chy + kz k‘(—A’YHz)f a.s.,
=ng =no

where Cy,, = ’yn0+1550_1. Therefore, using that the sequence (—A~;),>1 is non-negative,

n n—1 n—1
D weixs (Vi) = mynr160 = Cng + Y k(—=A%ki0)ér = €0 | m9mt1 + Y k(=Aykya) | = Cng
k=ng k=mno k=ng
n—1
= €0 | Yn+1 + N0Vne+1 t+ Z Ye+1 | — Cno
k=nop+1

by a reverse discrete integration by parts. Finally

n n—1
> s (Vo) Zeo [ v+ D 1| —Cnp =200 as n— oo
k=ng k=ngp+1

since Z Yn = +00. We have then shown that
n>1

> ri1xs (Vi) = 00 as.
k>0

Combining this fact with (2.19) classically implies that
lim inf ¥4(6,,) = 0.

Let Oy be the set of limiting points of the sequence (6,)n>0. O is a compact connected set since
(0r)n>0 is bounded and A6, n;)(} 0. So O, N{¥s = 0} is a family of non-empty compact sets
which decreases as § \ 0 since it is bounded because O is closed since {Us = 0} is because U5 < 0
and ls.c.. As a consequence, (55 (Oo N{¥s=0}) # 0. The other assumption on ¥s implies
Ns>0 (Ooo N{¥s =0}) C Ns0l¥s = 0} = {0*}, so that in fact it is reduced to 6*. Hence 0" is a
limiting point of (6,,),>0 which implies that L(6,) converges towards L(6*). By the assumption on
the Lyapunov function L, {#*} is a connected component of {L = L(0*)} and as O is connected,
O = {6*}. Therefore
0, L5 0% asn — oco. O

Remark i.i.d. innovation (Y},),>¢ with distribution v. We can apply Theorem 2.1 by setting

HO,y)=h0)= | K@O.yv(dy) and AM,i1 = K(On, Yos1) = E[K(0n, Yoy1) | Fnl
R4
and by assuming that for all § € RY E[K(6,Y])] < co. If we set p = 2, Assumption (2.12) (with
¢ = 1) implies classically that h satisfies (2.11) owing to Schwarz Inequality. Furthermore it follows

from the L2-law of large numbers (LLN) (at rate n_%) and the law of the iterated logarithm (LLI)

at rate O <\/ bgl%) that if one sets e, = \/logl%, then V., o = L*(v). As a consequence the

condition (2.13) on the step sequence (7yy)n>1 is clearly more restrictive than the step assumption in
the regular Robbins-Monro Theorem (namely Y, <, v, = +oc and > o, 72 < +00), however any
step of the form v, = -5, ¢ > 0, % < a < 1 satisfies (2.13).

ne?’
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2.3 The case of multiplicative noise

If we assume that the function H is of the following form
Vo e RY, vy e RY,  H(0,y) = x(y)h(0) + H(6",y), (2:20)

where x is a Borel function such that v(x) =1 and x € V., ,, h is Lipschitz bounded with h(6*) =0,
then we replace the growth assumption (2.11) on H by one on the mean function h, i.e.

Vo € R, vy € R%,  |h(0)| < Cro(y)/1+ L(6) (2.21)
and the “local” mean-reverting assumption (2.14) is the classical
Vo € RE\ {0}, (VL|h) () > 0. (2.22)

Theorem 2.2. The recursive procedure (2.4) with the function H defined by (2.20) and the previous
assumptions on x and (2.21)-(2.22) on h satisfies

O, =5 0.

n—o0

Proof. This setting cannot be reduced to the general setting. We use the same notations as in the
proof of Theorem 2.1. With the new form of the function H, we obtain

A1) < A(On) = Ynt1 (VA(6R) | X(Yn)R(6n)) — Ynt1 (VA(6n) | H(67, 7))

|H(9m Yn) + A]\4n+1|2
1+L(,)

—TIn+1 (VA(en) |AMn+1> + OL772L+1
By the same arguments as before we get
E[A(On+1) | Fn] < A(6)) (1 + C/L’YZ+1¢(Yn)2)_’Yn+1 (VA(OR) [ X(Yn)h(0n))—vn+1 (VA(OL) | H (0%, Yy)) -

An n— n
We set V, := R where A, = A(6,)+ 3770 Yes1 (VA | h) (6;,) and By, == [[}_, (1+ C17Eo(Yio1)?).

Using the mean-reverting assumption (2.22) implies that (A,),>0 is a non-negative process whereas
(Bn)n>o0 is still F,,_1-adapted. Elementary computations show that

E [ Aust | Fal < An2 — 501 (VAQR) [H(8°,Y2)) = 30 X(YVa) (VA1) 00)

n

where X (Y;,) := x(Yn) — v(x), n > 0. Finally we have

Vn Z 0, E [Vn+1 ’fn] S Vn - AWn+1 - AZn+1, (223)
where W, := 020 Ari1 (VABR) | H(0%,Y)) and Z, = Y728 A X(Yi) (VA | h) (6) with 7, :=
I > 0.

B, ' Z

Second step: Following the lines of the proof of Theorem 2.1 we show that the sequence (W,,),>1 is
L'-bounded and a.s. converges. Now our aim is to prove the same results for the sequence (Zn)n>1-

To this end we set SY = zz;é X(Y%), then it follows

n—1 n—1
Zn =3 A1 ASK (VA B (k) = FnSE (VA B) (On1)=Y SY Grsr (VA [ B) (0) = T (VA | B) (05-1)) -
k=0 k=1

11



By the same methods as for the sequence (W), ),>1 (i.e. using assumptions on H, A and (y,)n>1), we
obtain that
Zn =% Zs and  sup || Zy|l, < +oo.
n>1

n—o0

Thus we have that

(Ve + W+ Z,)” < (Wo+ Z,)” < |Wy + Z,| € LYP) since sup||[W, + Znlly < 4o0.
n>1

As Vo = A(6p) < C(1+|6p|) € LY, it follows by induction from (2.17) that, for every n > 0, EV,, < oo.
Hence S,, := V,, + W,, + Z,,, n > 0, is a true supermartingale with a L'-bounded negative part. We
then deduce that

Sn =3 Sx € L

Now W,, &% W and Z,, =3 Z imply that V, 2% Vo < 400 a.s.
n—o0 n—oo

Third step : Like in the proof of Theorem 2.1, we have that B, ﬁ) By < 400 which implies that

A, —> Aso < +00. Therefore using the pseudo-mean reverting property (2.22) of h with respect to
VA We classwally derive that

> i) (VA 1) (0,) < +00  a.s. (2.24)
n>0

The end of the proof follows the lines of the one of Theorem 2.1. [

3 Application to quasi-stochastic approximation

This section is devoted to quasi-random innovations introduced in [19] and we generalize their result
to multi-dimensional setting when the function H is not bounded. We first recall some definitions and
properties of such sequences and apply Theorem 2.1 when H has bounded variation (in the sense of
Hardy & Krause see [26]) thanks to Koksma-Hlawka inequality and when H is Lipschitz with Proinov
Theorem (see [29]).

3.1 Definitions and characterizations

Definition 3.1. A [0, 1]?-valued sequence (&,)n>1 is uniformly distributed (u.d.) on [0,1]9 if

1 n
- Z(ka & U(0,1]7) asn — oo.

The proposition below provides a characterization of uniform distribution.

Proposition 3.1. Let (§,)n>1 be a [0,1)7-valued sequence. Then (&,)n>1 is uniformly distributed on
[0,1]7 if and only if

D; (&) == sup Z 10,27 (k) Haj — 0 asn — oo,
zef01) [T i=1

where D} () is called the discrepancy at the origin or star discrepancy.

12



3.2 Application of the convergence theorem

We set here Y,, = &, 41, Frn = {0,Q}, n > 0, and AM,, 11 = 0. We need the strong Lyapunov condition
on H and notice that the function ¢ becomes useless because we place in the case p = 1. To apply
the convergence theorem, we need to check the assumption of the class of functions V., 1. We then
use two main results which give us two cases of applications which depend on the regularity of the
quasi-mean function H.

>> The finite variation case Assume that u — H(6*,u) has finite variation (in the measure sense
or in the Hardy and Krause sense). The Koksma-Hlawka Inequality provides an error bound for the
empirical mean 1 30| H(0%, &) as estimator of E [H (6%, Uy)).

Proposition 3.2. (Koksma-Hlawka Inequality) Let £ = (&1,...,&,) be an n-tuple of [0,1]%-valued
vectors and let f be a function with finite variation. Then

n

S HE) - [ sl

k=1 [071]q

< V() Dr(E)-

Consequently, the class of functions for the ergodicity assumption becomes

(log n)?

V={f:00,17 = Rs.t. V(f) <+oc0} CV.,1 with g, = -

and assume that

Vo cRY H(O,) €V and £, := max k(Dj(€)) = O((logn)?).
The assumptions on the sequence of gain parameters then become

S = 00, Allogn)? =0, S max(|Avu ] ,12)(logn)? < +oc.
n>1 E>1

Remark. The choice of v, := 7, % < p <1 satisfies the assumptions (like in i.i.d. setting).

> The Lipschitz case If ¢ > 2 it is difficult to check that f € V and these functions become
“rare” as ¢ increases. If we assume the more natural regularity assumption u — H(0*,u) is Lipschitz
continuous, the following theorem due to Proinov (see [29]) provides another error bound depending
on the continuity modulus of the function.

Theorem 3.1. (Proinov) Assume RY is equipped with the {>*-norm (|z|, = maxi<i<q|zi|, * =
(x',...,29) € R9). Let (&,...,&) € ([0,1]0)%™. For every continuous function f :[0,1]9 — R,

IS FE) - [ ()
k=1

[0,1]2

< Cyuy (D3 €1, 60)7)

where

wy(d) == sup |f(@) = fy)l, d€(0,1),
z,y€[0,1]9,|z—y| <6

is the uniform continuity modulus of f (with respect to the £°°-norm) and C, € (0,00) is a universal
constant only depending on q. If =1, Cy =1 and if ¢ > 2, Cy € [1,4].

13



Then we have H(6*,-) € V., 1 with ¢, = logn 1y this case, ("n)n>1 be a non-increasing sequence of
nd
gain parameters satisfying

1 1
> =-+oo, ullogn)n' s =0, and Y max(|Avnia|,97)(logn)n' e < foc.
n>1 k>1

Remark. The choice of v, := < is always acceptable (v, = cn™, 1 — % <p<1).

4 Applications to different types of random innovations

This section is devoted to some first applications of the above theorem. By applications, we mean
here printing out some classes of random innovation processes (Y;,)n>0 for which the averaging rate
assumption (2.7) is naturally satisfied by “large” class V., .

First we present a simple framework of stochastic approximation where the noise is additive which
is studied in [5] with some mixing properties, but here we only need (2.5). We showed in [21] how easily
our result applies to real life stochastic optimization problem (as far as convergence is concerned).

Afterwards we focus on mixing innovations: we consider that the sequence (Y},)n>0 is a functional
of a stationary a-mixing process (satisfying condition on the summability of the mixing coefficients).

The last application is the case of an homogeneous Markov chain which can be seen as a possible
more elementary counterpart of some (convergence) result obtained e.g. [3]. Some (quasi-optimal) a.s.
rate of convergence can be obtained if H is smooth enough in 6, but to establish a regular CLT it is
most likely that we cannot avoid to deal with the Poisson equation.

4.1 Recursive procedure with additive noise

We consider here the case where the function H is the sum of the mean function h and a noise, namely
voeRY, VyeR?Y H(,y)=h0)+y, and AM,,; =0.

In this framework, the Lyapunov assumption (2.14) becomes classical involving only the mean function
h, namely

Vo e R4\ {6*}  (VL(9)| h()) > 0.

Likewise, the growth control assumption (2.11) amounts to

Vo e R, |h(0)] < Ch/1+ L(0),

provided the moment assumption sup,, ||Vl »_ < oo, for some p € (1, 00], is satisfied (take ¢(y) :=
o

ly| V 1). The martingale is vanishing in this example. Finally the step assumption (2.13) is ruled by
the averaging rate of the sequence (Y;,)n>0-

4.2 Functional of a stationary a-mixing process

Here we provide a short background on a-mixing processes and their functionals. Our motivation here
is to relax as much as possible our assumption on (Y;,),>0 in order to apply stochastic approximation
methods to exogenous data (e.g. from financial markets).

We aim now at applying our convergence theorem to input sequences (Y;,),>0 which are (causal)
functionals of an a-mixing process. Consider a stationary R%-valued process X = (X )kez with the

14



associated filtration F,, = FX = o(Xz;k < n) and G, = GX := o(Xp;k > n). The a-mixing
coefficients are defined as follows

ap, =sup{|P(UNV)-PO)P(V)||U € Fi,V € Ggin,k > 0}. (4.25)

Let f be a measurable mapping from (R?)% to RY. Let (Y})rez be a causal functional of the process
X, i.e.
YneZ, Ypi=f( -, Xn1,Xn)

Then (Y},)n>0 is a stationary process with marginal distribution v = £(Yp). For notational convenience,
we also set Vn € Z, Z, :== H(0*,Y,).

Proposition 4.1. Assume that H(0*,-) € L**°(v),6 > 0 and one of the following assumption

1. foralln € Z, Y, = f(--,Xn-1,Xpn) and X is a stationary a-mizing process satisfying the

following condition

|, 7

> < +oc. (4.26)
k=1

EIN]

2. Y, =X, for alln >0 and X is a stationary a-mizing process satisfying the condition

B

Za,ﬁ” < +o00. (4.27)
k>0
Then )
H(0*,") € V.o withe, =n"" for every B € [O, 5) . (4.28)

Remark. Condition (4.27) is clearly satisfied as soon as the underlying process X is geometrically
a-mixing.

The proof of Proposition 4.1 relies on the Gal-Koksma Theorem (see [11]) stated and proved in a
probabilistic setting in [1].

Theorem 4.1. (Gal-Koksma’s Theorem) Let (Q, F,P) be a probability space and let (Z,)n>1 be a
sequence of random variables belonging to LP, p > 1, satisfying

E|Zys1 + Zygo + -+ Zygn? = O(¥(N))

uniformly in M where %, N > 1, is a non-decreasing sequence. Then for every e > 0,

1
Z1(@) + Zp(w) + -+ + Zn(w) = 0 (B(N)(log(N)"H5)5 ) P(dw)-a.s.
Remark. The conditions on X and Z come from a result established by Dedecker, Merlevede and
Volny in [6] : by setting Py(Z) := E[Z | Fo] — E[Zk | F-1], if

> 1Py (Zi)lly < +oo  then Y |Cov(Zo, Zi)| < +oc. (4.29)
kEZ kEZ

Moreover Peligrad and Utev show in [28] that condition (4.29) is satisfied as soon as

=1
— E[Zo | Gllly < +o0. (4.30)
;\/E 0 klll2
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Proof of Proposition 4.1. 1. By the ergodic theorem, we have

n—oo R4

n—1
%ZH(@*,Yk) — [ H(0"y)v(dy) =0. (4.31)
k=0

We simply wish to obtain an estimation of the a.s. convergence rate in (4.31). To this end, we
rely on Gal-Koksma’s Theorem (see Theorem 4.1). We are going to evaluate B, |Zo+ - - + Zn_1|*.
Elementary computations lead to

n—1 k n—1 n—1
2
2
E, |Zo+ -+ Zn_1|* =nE,Z2 +2k§ 1 § 1IE,, (Z;Z] = nE, Z§ +2k§ 15,5 =n <IE,,Z§ + E; 155)
= ]: = =

where S7 = Z?:l E, [Z;Zy).

To establish that SZ converges, we must establish that (4.30) holds. Set By (Gy) := {W € Gy : |[W]|, < 1}.
Then

1
IE(Zo[ Gn)ll = sup  E(WZo) < 8ay [[H(6%, Yo)]|

WeBs(Gr) P

owing to the classical covariance inequality for a-mixing process (see [8]) with % + % = %, r,p>2. As

H(9*,-) € L*>T(v), 6 > 0, we may set p =2+ 6, and r = @. As a consequence

— 1
—1E(Zo| G < 400,
,;\/EH (Zo| i)l
which implies (through (4.29)) that SZ converges.

Now, by Cesaro’s Lemma we have
E, |Zo+ -+ Zn-1]* = O(n).
Thus, by Gal-Koksma’s Theorem, for all € > 0,
Zo+- -+ Zp1=0 (ﬁ (In n)%+e> P,-a.s.,

and as a result,

n—1
n? sze*,m— / H(e*,y>v<dy>> o550, forevery fe [o,1>.

n—o0 2
k=0

So we obtain

2

2. If we assume that Y,, = X,, for all n > 0, then we can directly use the covariance inequality for
Q-mixing process

H(0*,") € V., 9, withe,=n""forage [O, 1) . (4.32)

1
[, [H(6%,Y;)H (0", Yo)l| = [Cov, (H(07,Y;), H(0",Y0))| < 8aj [H(0",Yo)l, [|1H(67,Yo)ll,,

where % + % + % = 1. By symmetry, we take p = ¢ > 2 and we get

2

1—2
[, [H(67, Y;)H (07, Y0)]| < 8y " [[H(6%, Y0)ll,-

"N

2

1—-2_
As H(#*,-) € L**°, § > 0, we set p = 2 + § and we obtain a 0 = ;. Then the condition (4.26)
can be replace by the less stringent (4.27) called Ibragimov’s condition. The rest of the proof is the
same asin 1. [

|-
il
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4.3 Homogeneous Markov chain

Assume that the innovation process (Y;,),>0 is an R%valued homogeneous Markov chain which tran-
sition is (P(y, dz)),cpa. Let FY =0(Yy,...,Y,), n >0, the natural filtration of the chain.

4.3.1 Application of the convergence theorem

The associated recursive procedure reads
0n+1 =0, — ’7n+1K(9n7 Yn—l—l)a n >0,

where K (6,y) :=E[K(6,Y1)| Yo = y] and AM, 41 := K(0n, Ynt1)—E [K(0n, Yot1) | Fn] = K(0n, Ynt+1)—
H(0,,Y,).
The growth assumption is required here on the function K, namely

vo R, VyeR? |K(0,y)| < Cxoly)y/1+ L(0)

with sup,,>q H%(Yn) < 400 and the Lyapunov assumption (2.14) is on H.

Remark. In this setting, the function ¢ of the convergence theorem is then ‘(75‘ \% ‘PQNS ‘ or ‘(75‘ VP ‘QNS‘

or ‘(E ‘ + P ‘5‘ and we only need the above assumption on 5

4.3.2 Ergodic framework description

We will say it is v-ergodic if for every bounded Borel function f : R? — R,

n—1
P,-a.s. %Z ) — [ fdv. (4.33)

n—oo
k=0 Ra

Remark. As soon as the transition (P(y,dx))ycra of (Yy), is Feller, v is an invariant distribution
of the chain, i.e. vP = v.

If this property holds, v is necessarily invariant for P. As a consequence the whole sequence
(Yy,)n>0 is stationary under P,. Furthermore if (4.33) holds, the chain is ergodic under [P, for the shift
operator O, i.e., for every functional F : (RN, Bor(RY)) = R, f € L"(v),

! ZF 00" — E,(F) P,-a.s. andin L"(v).
n

n— o0
k=1

Typically, if v is an extremal invariant distribution for P then the chain is ergodic under P, so it is
of course the case if v is unique. Birkhoff’s theorem shows that

Vor () = LP(1).

Proposition 4.2. If (Y,)n>0 is Py-ergodic and v(dy) ~ P(x,dy) for every x € R, then for every

sequence (€,)n>0 such that e, — 0,
- n—-+o0o

vy S qu VE';L,P(PZ/) = VE7L7P(PV)’

See [20] for the proof of this Proposition.
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COMMENTS. By contrast with the approach of [3], we do not need to solve the Poisson equation
related to the pseudo-transition

H@n(x7dy) = P(Yn-i-l €dy ’ Fn)
of the algorithm. Indeed, they assume there exists a function vy := v(#, -) solution to
Id — Hg?)g = H(@, ) — h(@) (4.34)

(Assumption (Hy) in [3] page 220). The target 6* is then a zero of the mean function h (not canonically
defined at this stage in [3]). In our setting, Ily(z,dy) = P(x,dy) since the dynamics of Y;, does not
depend upon 6, so that Condition (4.34) reads

v(0,2) - / 0(6,9)P(z,dy) = H(6,x) — h(6),

where the mean function is naturally defined in our setting by

h(o) = / HO, 2)v(dz),

v is the unique invariant probability measure for P. Then the family of Poisson’s equations (indexed
by the parameter ) reads
v(0,z) — Pv(0,x) = H(f,x) — h(0).

A formal solution is given by

v(0,2) =Y PF(H(O,") - 1(0)) ().

k>0

5 Numerical examples

This section is devoted to several examples (notably in Finance) of application of convergence theorems
in the different framework developed Section 3 and 4. They are divided in two parts: the first one
concerns the generated innovations and the second one the applications on real data. Primarily
we present an implicit parameter search, i.e. a procedure to look for the value that reaches some
threshold of the mean function with i.i.d. and uniformly distributed sequences. Then we develop
some stochastic gradient procedures with a companion procedure to compute risk measures (see [2])
and minimization of potential associated to a diffusion by using some result on the computation of
the invariant distribution (see [15] and [22]). Next we consider an example introduced in learning
automata, the so-called two-armed bandit, which recursive procedure was studied in [18] and [32].
Finally we examine a problem of optimal allocation (see [21]) which is implemented on real data.

5.1 Application to implicit correlation search

Consider a 2-dimensional Black-Scholes model i.e. X} = €™ (riskless asset) and

2
; i (r=21 Wi ; .
X = :EZOG(T 3o xy >0, i=1,2,

for the two risky assets where <W1, W2> . = pt, p € [=1,1]. Consider a best-of call option characterized
by its payoff
(max (X:lp, X%) - K)+ .
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We will use a stochastic recursive procedure to solve the inverse problem in p

1 .2 ket
PBOC(x07x07K7017027T7P7T) = Pgnm“ ¢

market
PO

where is the quoted premium of the option (mark-to-market) with

PBOC($(1]7$%7K70-170-27T7p7T) = e_TTE [(maX(XYI“7Xﬂ2")_K)+]

_ 1 2
= ¢ TR [(max <x(1)e“1T+01‘/TZ ,x%e“QTJrU”/TZ > —K) ]
+

2
9

where i =1 — ,i=1,2, Z = (71, 7?) 4 N(0, I). We assume from now on that this equation (in
p) has at least one solution, say p*. The most convenient way to prevent edge effects due to the fact
that p € [—1,1] is to use a trigonometric parametrization of the correlation by setting p = cos 6,60 € R.
This introduces an over-parametrization (inside [0, 27]) since 6 and 7 — 6 yield the same solution, but
this is not at all a significant problem for practical implementation (a careful examination shows that
in fact one equilibrium is repulsive and one is attractive). From now on, for convenience, we will just
mention the dependence of the premium function in the variable 8,, namely

0 — P(0):= PBoc(x(l),x%,K, o1,09,1,c08(0),T).

The function P is a 2mw-periodic continuous function. Extracting the implicit correlation from the
market amounts to solving

P(0) = Prarket  (with p = cos 6).

We need the following additional assumption

prarket ¢ (H19in P, max P)

i.e. that Pom‘”"ket is not an extremal value of P. It is natural to set for every # € R and every
z=(z1,2%) e R?

_ 1 1 2 a3
H(@,Z) —e rT <max (x(l)eulT-‘rJl\/Tz ,£36M2T+02ﬁ(z cos 0+z sm0)> - K> - Pomarket
+

and to define the recursive procedure

9n+1 = en - ’Yn-i—lH(ena Zn-i—l) where (Zn)n21 £, N(07[2)

and the gain parameter sequence satisfies (2.13). For every z € R2?, § — H(f,z) is continuous
and 2m-periodic which implies that the mean function h() := EH(#,Z') = P(#) — Py"@*e and
9 — E [H?(0,Z")] are both continuous and 27-periodic as well (hence bounded).

The main difficulty to apply Theorem 2.1 is to find out the appropriate Lyapunov function. The
quoted value Pg@kel is not an extremum of the function P, hence f027r h*(0)d6 > 0 where h* :=
max(=+h,0). We consider 6y any (fixed) solution to the equation h(f) = 0 and two real numbers G4
such that or
0< gy <0 h(0)do

o ho(0)do <A

and we set '
9(0) == { Lips0y(0) + Bilpaoy (@) if 0 2>6
Tihs01(0) + BTy (0) if 6 <o
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The function
0 — g(0)h(0) = hy — Brh—

is continuous and 27-periodic on (g, 00) and 27-periodic (sic) on (—o0,6y). Furthermore gh(f) = 0
iff h(0) = 0 so that gh(6y) = gh(6p—) = 0 which ensures on the way the continuity of gh on the whole
real line. Furthermore ) 0
/ gh(0)d >0 et / gh(0)d0 < 0
0 —27

so that, on the one hand,
0

011)1;100 ; gh(u)du = 400

and, on the other hand, there exists a real constant C' > 0 such that the function

0
L(9) = /0 gh(u)du + C

is nonnegative. Its derivative is given by L' = gh so that L'h = gh? > 0 and {L'h =0} = {h = 0}. It
remains to prove that L’ is Lipschitz continuous. Calling upon the usual arguments, one shows that

the function op
%(9) = JQ\/T]E (ﬂ{X?F>max(X:1F,K)}X:2F(COS(G)Z2 — Sln(e)Zl))

is a continuous 2m-periodic function, hence bounded. Consequently A and h4 are Lipschitz continuous
which implies in turn that L’ = gh is Lipschitz as well.

Moreover, one can show that the equation P() = Pg""**! market has finitely many solutions on
every interval of length 27. One may apply Theorem 2.1 to derive that 6,, will converge toward a
solution #* of the equation P(§) = Prarket,

NUMERICAL EXPERIMENT. We set the model parameters to the following values
xy = 22 =100, 7 = 0.10, 01 = 09 = 0.30, p = —0.50

and the payoff parameters
T=1, K =100.

The implicit correlation search recursive procedure is implemented with a sequence of some quasi-
random normal numbers, namely

(Gh¢2) = (V=210 (€1) sin (2€2) , v/~ 2Tog (€] cos (27€2) ),

where &, = (&},€2), n > 1, is simply a regular 2-dimensional Halton sequence.
The reference Black-Scholes price 30.75 is used as a market price so that the target of the stochastic
algorithm is 8* € arccos(—0.5). The stochastic approximation procedure parameters are

0y =0, n=10°.

The choice of 6 is blind on purpose. Finally we set 7, = 2. No re-scaling of the procedure has been

n
made in the below example.
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0 values Correlation p=cos(6)

; ;
——p=-05
- = MC

QmC ||

-3

0 1‘0 2‘0 3‘0 4‘0 5;0 éﬂ 76 8‘0 9‘0 100 0 1‘0 2‘0 3‘0 4‘0 5‘0 G‘O 7‘0 86 E;U 100
Nb of Simulations x10° Nb of Simulations x10°

Figure 1: B-S Best-of-Call option. 7' = 1, r = 0.10, 0 = 02 = 0.30, 2} = 23 = 100, K = 100. Left:

convergence of 6, toward a 6*. (up to n = 10000). Right: convergence of p, := cos(6,) toward -0.5

5.2 Computation of the VaR-CVaR

Another example of application is the recursive computation of financial risk measure which are
the best known and the most common: the Value-at-Risk (VaR) and the Conditional Value-at-Risk
(CVaR). This risk measures evaluate the extreme losses of a portfolio potentially faced by traders.
The recursive computation of the VaR and the CVaR was introduced in [2] based on the formulation
as an optimization problem (see [31]) with unconstrained importance sampling developed in [23]. We
only present in this section the companion recursive procedure to compute these risk measures without
any variance reduction techniques.

5.2.1 Definitions and formulation

Let Y : (2, A,P) — R be a random variable representative of a loss (i.e. Y > 0 stands for a loss equal
to Y).

Definition 5.1. The Value at Risk (at level o € (0,1)) of a given portfolio is the (lowest) a-quantile
of the distribution Y i.e.
VaR,(Y):=inf {0|P(Y <0) > a}.

As soon as the distribution function of Y has no atom, the value at risk satisfies P(Y < VaR,(Y)) =
a and if the distribution function Fy of Y is also increasing (strictly) then, it is the unique solution.
As this risk measure is not consistent (see [10]), another consistent risk measure is provided by the
Conditional value at Risk when Y € L!(IP) with a continuous distribution (no atom).

Definition 5.2. Let Y € L*(P) with an atomless distribution. The Conditional value at Risk (at level
a) is the conditional expectation of the portfolio losses Y above the VaR,(Y), i.e.

CVaR,(Y) =E[Y|Y > VaR,(Y)].

The following formulation of the VaR,(Y ) and CVaR,(Y") as solutions to an optimization problem
is due to Rockafellar and Uryasev in [31].

Proposition 5.1. (Rockafellar and Uryasev) Let Y € LY(IP) with an atomless distribution. The
function L: 0+ 0+ E (Y — 0), is convez, and

— —

1 1
CVaR,(Y) = mgin <0 + 1—E (Y — 9)+> with VaR,(Y) = inf arg H10in <9 + 1—E(Y - 0)+> .
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5.2.2 Stochastic gradient for the computation of the VaR,(Y)

This suggests to implement a stochastic gradient descent derived from the above Lyapunov function
L(0) = 0 + 2=E(Y — 0),. Assume that Y € L*(P) and that the distribution of ¥ has a bounded
density function fy. Then, we set

H(0,y) :=1- ﬁﬂ{yze}
so that L'(0) = E[H(6,Y)] and devise the stochastic gradient descent
Ont1 = On — Y1 H(On,Yoi1), n >0, 6o L'(P).
The function L to be minimized satisfies
L(6) L(-0) e

lim —= =1 and lim = hence  lim L(6) = +oc.
0—+o00 0 0—+o00 0 l-a 0—o0

Now, the derivative L'(f) = 1 — ——IP(Y > ) satisfies a Lipschitz property, namely

-«

g _ ! 1 / / ”fYHoo I
|L'(6") L(6)|§1_QP(9/\9 <Y <ove)< - |6 — 9.

Finally it is clear that
«@

|H(0,y)| <1V 1

-«
So one may apply Theorem 2.1 to conclude that

0, 2% 0% = VaR(Y).

n—oo

5.2.3 Computation of the CVaR,(Y)

The idea to compute the CVaR,(Y) is to devise a companion procedure of the above stochastic
gradient by setting

1
Cn-i—l :Cn_ n—_i_l(gn_K(eTLvYn—l-l))v nZOv CO =0

where ( )
y—V)+
K@,y) =0+ ———.
By rewriting this procedure, one shows that, for every n > 0, (n + 1)(41 = nén + K(0p, Ynt1)-
Martingale argument and Kronecker Lemma imply that
(o 25 CVaRL(Y).

n—oo

VaR and CVaR are linked to rare events when a@ — 1, in practice one must add an eventually adaptive
importance sampling procedure which is detailed in [2].

5.3 Long term investment evaluation

This example present the case of Markov innovations. To describe the class of functions V,, ,, we
use some results on computation of invariant measure of a diffusion developed in [15] and [22] which
lead to assumptions on the coefficients of the diffusion and on the regularity of the solution of Poisson
equation.
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5.3.1 Computation of the invariant distribution of a diffusion

We consider a stochastic recursive algorithm for the computation of the invariant distribution v in-
troduced in [15] of a Brownian diffusion process

dY; = b(Yy)dt + o(Y;)dW, (5.35)

where b : R? — RY is a continuous vector field, o is continuous on RY with values in the set M, 4 of
matrices with ¢ rows and d columns, and W is a d-dimensional Brownian motion. We denote by A
the infinitesimal generator associated to this diffusion.

First, we compute the Euler discretization of (5.35) with a step =, vanishing to 0, i.e.

Vn € N, Yn+1 = Yn + ’7n+1b(Y ) + vV ’7n+10( ) n+1, (5'36)

where Yy € L%,(Q,F,P) and (Un)n>1 is R¢valued normalized white noise defined on a probability
space (€2, A,P), independent of Y. The step sequence 7 := (7,,)n>1 satisfies the conditions

Yn>1, ~,>0, lim~,=0 and lim I, = hm Z’Yk = +o00. (5.37)
n—oo

n—00
=1

Let 0, denote the Dirac mass at y. For every n > 1 and every w € €2, set

(w, dy) : Z 0%, (w) (5.38)

and use v, (w, f) to approximate v(f) which can be compute recursively.

Definition 5.3. (Strong condition of stability) A diffusion with generator A satisfies a strong condition
of stability if it exists a function V € C*(RY,[1, +oc[) such that

1. lim|y‘_>_,_oo V(y) = 400,
2. da>0,8>0 st AV < —aV + 8.

Remark. We will denote that the generator A satisfies a strong condition of stability of type (V, a).

We assume that b and ¢ are continuous and the diffusion (Y;):>o satisfies a strong condition of
stability of type (V,a) with V' sub-quadratic et that it exists a unique invariant measure v. Besides
the coefficients b and o satisfy [b|? + Tr(co’) = O(V). Then the Euler scheme (Y;,),>0 defined by
(5.36) satisfies a strong condition of stability of type (W, no) where W is a function depending on V'
and on the moments of Uj.

Assume that the function f defined on R? admits a solution ¢ to the the Poisson equation

A¢p = —(f —v(f)), (5.39)

sufficiently regular, i.e. belonging to the set

Epw = {¢ € CP(RY,R), Vj € {0,...,p}, Vy € RY, | Dig(y)|" = o <W(y) >}

and satisfying DP¢ Lipschitz.
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Proposition 5.2. Let p > 2 such that Uy € L*P*D and ¢ € Ep.w solution to Poisson equation
(5.39) with compact support such that DP¢ is Lipschitz. If (vn)n>1 is a positive real sequence such
that (%)nzl decreases to 0 and that

>
n

n>1

2 1 " op-1
< +00, Z (U—n> — < 400, and limv—" Z’ykz =0,
w1t In )

AL

Tn

then f € Voot o
Remark. This proposition is based on the Proposition V.4 in [22].

5.3.2 Application to the minimization of a potential

We consider the following sequence of gain parameters
Yn>1, ~v,:= cn_%, with ¢ >0,

then (see [15])

n—1 n—1
a.s. — Zéyk &Y, and n3 (% Zf(Yk) - V(f)) i>/\/’(m, »?),

k=0
where . € G/(d,R) N §*(d,R). Assume that
1. Vy e RY, 6 — K(6,y) is convex,
2. Vo e R4 K(0,-) € L(v),
3. V0 € RY VoK (0,y) exists v(dy)-a.s.,
4.v0,0' e RY, |K(0,y) — K(0',y)| < go(y).

Then

min | K(0,y)v(dy) <= | VK(0,y)v(dy) =0,
0cRd JRa Ra

consequently we devise the following recursive zero search procedure, also called stochastic gradient,
Vn > 0, en-i—l =0n — in-i-lV@K(em Yn)a

and we can apply Theorem 2.1 to prove its convergence towards the target 6*.

NUMERICAL EXAMPLE. We consider a long-term investment project (see the example in [24]) which
yields payoff at a rate that depends on the installed capacity level an on the value of an underlying state
process modeled with an ergodic diffusion. The state process Y can represent an economic indicator
such the asset demand or its discounted price. The aim is to determine the capacity expansion strategy
that maximizes the long-term average payoff resulting from the project operation. So it is an ergodic
control problem applying in a microeconomic framework. In [24] the authors show that this dynamical
optimization problem is asymptotically equivalent to a static optimization problem only involving the
stationary distribution v of ¥ and the running payoff function K. We refer to [24] for further details.
We consider the following running payoff function

Vo e R, VyeR, K(0,y)=y*0° —ch,
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where a, 8 € (0,1) and ¢ € (0,00). The term y®6° can be identified with the so-called Cobb-Douglas
production function, while the term cf provides a measure for the cost of capital use. The mean
function of the associated recursive procedure then reads

Vo e R, k() := Bsign(6) |0]° / y*v(dy) — b,
R

where we have extended the function on the whole-real line and we have chosen this form to avoid the
explosion at zero. Consequently the associated stochastic gradient procedure to maximize the payoff
is given by

V>0, ot = On+Fngs (ﬂsign(@n) 16,7 VO — c@n) .

The choice and the extension of the functions k introduces two more equilibrium points: 0 and —6*.
The literature on traps in Stochastic Approximation does not apply straightforwardly in our setting,
but 0 is a repulsive point (because the derivative is infinite at this point) and one checks on simulations
that it is never a target for the procedure. On the other hand —6* is a possible target but induces no
difficulty.

In [24] the dynamic of the underlying state process is modeled by the one-dimensional CIR diffusion,

namely
dY; = k(9 = Y;) dt + o+/Y;dW, (5.40)

where k,9,0 > 0 are constants satisfying 2k9 > ¢2. The invariant distribution of Y is a Gamma law
which density is given by

1 269 2K 2K
v(dy) = WTﬁ)y o2 1 exp <§ [19 In <§ — y)]) Le>0ys

o2

where I is the gamma function. Thus we can compute the previous integral, namely

[ vrvta) = % (%)

so we have a closed form for 6* given by

g _ (PLEF+a) (" ™7
(T &)

Optimal Strategy

14

12

10

sl

6l

4

2 —

0

‘
0 1 2 3 4 5 6 7 8 9 10
x 10"

Figure 2: Convergence towards the optimal capacity level of the investment project : x = 1, ¥ = 1,
c=15 a=08,3=0.7 ¢c=05n=10°.
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If one considers a basket of assets modeled by a Wishart process (see [4] and [12]), a similar
long-term ergodic control process can be devised. Closed forms are no longer available for the static
optimization problem. However, our numerical approach can be extended straightforwardly (provided
one has at hand an efficient method of simulation for Wishart process, see [12]).

5.4 The ergodic two-armed bandit

An application of the case of multiplicative function is the so-called two-armed bandit algorithm
introduced in mathematical psychology and learning automata (see [27] and [25]). The criteria on a.s.
convergence under i.i.d. assumptions was obtained in [18] and under ergodic assumptions in [32]. A
penalized version of this algorithm is also studied in [17]. This algorithm is defined as follows: at each
step n > 0, one plays arm A (resp. arm B) with probability 6, (resp. 1 —6,,), where 6,, is updated
according the following rule, for all n > 0,

6"""1 =0n + Tn+1 ((1 - 9")]1{Un+1§9n}ﬂAn+1 - Hn]]'{Un+1>9n}ﬂBn+l) (5 41)
Oy =0 ¢ (0, 1) ’

where (Up)n>1 is a sequence of uniform random variables, (A, ),>1 and (By,),>1 are two sequences of
events evaluating the performances of the arms A and B.
This stochastic procedure can be rewrite as follows

{ Ons1=0n + Ynr1 (La, — 1B,sy) On(1 = 6n) + Vg1 AMpiy (5.42)
6p=06¢€(0,1)
where M, := Y €, My := 0, with
e =14, (1= 0k—1) (Lqu, 1 1<00) — Ok—1) + 1,01 (1= k1) — Lju,,150,1) -
Then applying Theorem 2.2 with h(f) = 6(1 —0), Y}, :=14,,, —1p,,,, ¥ >0, and x(y) = m

where v(A) > v(B), we show that
O, “j> 0* € {0,1}.

In fact 0 is a trap and 1 is target. Further investigations on 6* are carried in [32] in the ergodic
framework (see also [18] in the purely i.i.d. setting).

5.5 Optimal split of orders across liquidity pools

This example is an application to real data in Finance. It is an optimal allocation problem which
leads to a stochastic gradient by using Lagrangian approach developed in [21]. We present numerical
results with (pseudo-)real data but simulations with a-mixing innovations are also presented in the
reference paper.

5.5.1 Modeling description

The principle of a Dark pool is to propose a price with no guarantee of executed quantity at the
occasion of an OTC transaction. Usually this price is lower than the one offered on the regular
market. So one can model the impact of the existence of N dark pools (N > 2) on a given transaction
as follows: let V' > 0 be the random volume to be executed, let 6; € (0,1) be the discount factor
proposed by the dark pool i. Let r; denote the percentage of V' sent to the dark pool i for execution.
Let D; > 0 be the quantity of securities that can be delivered (or made available) by the dark pool i
at price 6;S.
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The rest of the order is to be executed on the regular market, at price S. Then the cost C of the
whole executed order is given by

N N N
C = SZ 0; min (r;V, D;) + S (V — Z min (r;V, D2)> =5 <V — Z pi min (r;V, DZ)>
i=1 i=1 i=1

where p; = 1—6; € (0,1),s = 1,..., N. Minimizing the mean execution cost, given the price S,
amounts to solving the following maximization problem

max {Z pilE (Smin (r;V, D;)) ,r € PN} (5.43)

where Py = {r = (1i)1<i<N € Rf| Zf\il r; = 1}. It is then convenient to include the price S into

both random wvariables V' and D; by considering V :=V S and D; := D;S instead of V and D;.
Let Zy ={1,...,N}. We set for all r = (ry,...,7n) € Py, ®(r1,...,rN) = zg\il ©i(r;), where

Vie Iy, ¢i(u):=pE(min(uV,D;)), u e |0,1].
We assume that for all ¢ € Ty,
V>0P-a.s., P(D; >0) > 0and the distribution function of % is continuous on Ry,  (5.44)
then ¢;, i € Iy, are everywhere differentiable on the unit interval [0, 1] with
¢i(u) = pE (Luv<pyV) , w e (0,1], (5.45)

and one extends ;, ¢ € Zyn, on the whole real line into a concave non-decreasing function with
limyo ; = £00. So we can formally extend ® on the whole affine hyperplan spanned by Py i.e.

Hy = {r:(rl,...,rN)ERN| Zi]\ilmzl}.

5.5.2 Description of the recursive procedure

We aim at solving the following maximization problem max,cp, ®(r). The Lagrangian associated to
the sole affine constraint suggests that any r* € argmaxp, ® iff ¢}(rF) is constant when 7 runs over

Iy or equivalently if ¢/ (r Z) N ZJ 195(r), i € Iy.

We set Y := (V",DV,..., D), > Then using the representation of the derivatives ¢/ yields

* . 1
r Gargrl%ix@@Vze{l,...,N},E |4 pi]l{r;‘V<Dz—}_N;pj]l{r;v<Dj} =0.

Consequently, this leads to the following recursive zero search procedure
P = G H (e YY) 0 € Py, i € Ty, (5.46)

)

where for i € Iy, every r € Py, every V > 0 and every Dq,..., Dy >0,

Hi(r,Y) =V | pil,v<p;y — N Zﬂj]l{rjv«:)]}
7=1
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where (Y),>1 is a sequence of random vectors with non negative components such that, for every
n>1,(V?,Dri=1,...,N)Z(V,D;,i=1,...,N).

The underlying idea of the algorithm is to reward the dark pools which outperform the mean of
the N dark pools by increasing the allocated volume sent at the next step (and conversely). For sake
of simplicity that argmaxp ¢ = {r*} C int(P,). Our “averaging” assumption is to assume that
there exists an exponent «; € (0, 1] such that for every ue Ry,

1 Z VRl o —E(WV1, »p,,)=0(Mn"%) a.s. and in L*(P). (5.47)
n = {u<v—}€} {u<3}

Under additional assumption on the support of £(Y™) (see [21]), we can apply Theorem 2.1. Then
if the sequence (v,)n>1 satisfies (2.13), we get that the algorithm defined by (5.46) a.s. converges
towards r* = argmaxp ®.

5.5.3 Numerical Tests

We consider the shortage setting, i.e. EV > Zf\i 1 ED; because it is the most interesting case and
the most common in the market. Now, we introduce an index to measure the performances of our
recursive allocation procedure.

>> Relative cost reduction (w.r.t. the regular market): it is defined as the ratios between
the cost reduction of the execution using dark pools and the cost resulting from an execution on the
regular market, i.e., for every n > 1,

CReloe 52N, pymin (rV", DI
vn - vn

We have considered for V the traded volumes of a very liquid security — namely the asset BNP —
during an 11 day period. Then we selected the N most correlated assets (in terms of traded volumes)
with the original asset. These assets are denoted S;, ¢ = 1,..., N and we considered their traded
volumes during the same 11 day period. Finally, the available volumes of each dark pool i have been
modeled as follows using the mixing function

VlSiSN, Di = 52 ((1—Oéi)v+OéiSiE—v>
ES;
where «;, ¢ = 1,..., N are the recombining coefficients, 3;, ¢ = 1,..., N some scaling factors and
EV and ES; stand for the empirical mean of the data sets of V' and S;. The simulations presented
here have been made with four dark pools (IV = 4). Since the data used here covers 11 days and it is
clear that unlike the simulated data, these pseudo-real data are not stationary: in particular they are
subject to daily changes of trend and volatility (at least). To highlight this resulting changes in the

response of the algorithms, we have specified the days by drawing vertical doted lines. The dark pool
pseudo-data parameters are set to 5 = (0.1 0.2 0.3 0.2)t, a = (0.4 0.6 0.8 0.2)t and the dark

pool trading (rebate) parameters are set to p = (0.01 0.02 0.04 0.06)t.

We benchmarked the algorithm on the whole data set (11 days) as though it were stationary. In
particular, the running means of the performances are computed from the very beginning for the first
1500 data, and by a moving average on a window of 1500 data.
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Figure 3: Case N =4, Zﬁilﬁi<1, 02<a;<08andr)=1/N,1<i<N.
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