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This article presents an imaging technique to locate a weak perturbation in a multiple scattering environment. We derive a formula to predict the spatio-temporal decorrelation of diffuse coda waves induced by an extra-scatterer. Locating this new defect is formulated as an inverse problem which is solved by a maximum likelihood approach. Using elastic waves in the 50-400 kHz frequency band, we recover the position of a millimetric hole drilled in a concrete sample with a precision of a few cm. Note that the size of the defect is comparable to the size of the myriads of heterogeneities constituting the sample.

Waves constitute the primary tool to detect and locate temporal changes in natural or man-made structures. Numerous important applications can be found in every day life, including ultrasonic medical imaging, non-destructive testing, seismic exploration, radar aircraft location, sonar... The most common techniques rely on the emission of a controlled pulse (of central period T 0 ) into the medium, which is back-scattered by one or several targets, and recorded at one or several receivers. These pulse-echo approaches are based on the single scattering assumption and are operated in weakly heterogeneous media where the typical propagation time T R is much smaller than the scattering mean-free time τ . In a heterogeneous multiple-scattering medium, it is well understood that the waves lose memory of their initial direction of propagation beyond a time scale known as the transport mean free time τ ⋆ . This feature hampers the location or detection of new targets in a slowlyevolving medium (with time scale d), based on conventional pulse-echo techniques. When the following relation applies:

T 0 ≪ τ ⋆ ≪ T R ≪ d, (1) 
wave propagation is similar to a random walk and can be described by a diffusion equation.

The mesoscopic regime (1) prevails in many solid materials including iron polycrystals, concrete or multicomposite materials, for which non-destructive evaluation is required.

The problem of locating an isolated change in a multiple scattering sample has received some attention in the past. In optics, the most powerful techniques are based on the variation of intensity in a speckle pattern probed by one or more receivers [1][2][3][4] . In the case of collective changes in the medium, the diffusive wave spectroscopy and its variants have become standard tools. In the case of local changes, previous authors 5 have shown that a new defect -the perturbation-added to a collection of scatterers -the background-essentially acts as a dipole source of intensity. This has been confirmed by the numerical study 3 . These authors also find that the method has weak sensitivity and that a large amount of ensemble or frequency averaging (typically 100 realizations) is required to distinguish the intensity fluctuation caused by the defect from the background speckle pattern. This renders techniques based on intensity variations almost inapplicable to solid media. Other authors proposed to interpret the changes of waveforms in the coda in terms of traveltime variations or phase differences [6][7][8] . This approach was found to be very sensitive to detect small changes, but gives little information on the location of the change. Recently, Aubry and Derode 9 proposed an alternative technique based on the singular value decomposition of the propagator, but this technique is limited to a strong extra scatterer and is not sensitive to weak perturbations. In this article, we report on a different approach to locate a small isolated change.

Our LOCADIFF technique uses simultaneously the information carried by the phase and the amplitude of a wavefield. The imaging technique results in a three-dimensional (3D) map representing the likelihood of the change location.

The decorrelation of coda waves induced by the addition of a small defect is best illustrated by a laboratory experiment. We consider a block of concrete which is a common composite and heterogeneous material. The average elastic wave speeds in the sample are ≈4300 m/s, and ≈2500 m/s for compressional and shear waves, respectively. The corresponding wavelengths range from a few millimeters to a few centimeters in the 50-400 kHz frequency range. The 1m×1m×0.25m block consists in a mixture of cement, millimetric sand and centimetric gravel. These heterogeneities render the medium multiply scattering for ultrasound above 100 kHz 10 . Height ultrasonic transducers R are glued onto the sample (see Fig. 1), either operated as sources or receivers. The experiment consists in successive acquisitions of the impulse responses h d ij (t) for all available pairs of transducers at various dates d. Subscript i (resp. j) holds for transducer i(resp. j) located at r i (resp. r j ).

In Fig. 1 (bottom) we plot an example of an ultrasonic record between R 0 and R 3 . The broken gray line shows the theoretical envelope g ij (t) obtained from solutions of the 3D diffusion equation for a point source at r 0 and detection at r:

∂ t g(r, r 0 ) + 1 τ a g(r, r 0 ) -D∆ r g(r, r 0 )) = δ(r -r 0 )δ(t) (2) 
where g also includes reflections from the sides. The diffusion constant D = 25mm 2 /µs and the absorption time τ a = 200µs are derived from ref. 10 and are found to properly fit our experimental data.

In order to detect (and, subsequently, locate) an isolated change, we compare the coda waveforms obtained at different dates. In the first experiment, four sets of impulse responses 

K d ij (t) = 1 - h 0 ij (u)h d ij (u)du h 0 ij (u) 2 du h d ij (u) 2 du (3)
where the integration is performed from 500 to 1500 µs. This experimental decorrelation 2 versus the time in the experiment for three pairs of transducers. We observe that coda waves have decorrelated right after the hole was drilled. This feature is not new and forms the basis of original detection and characterization techniques 1,2,6,7,[11][12][13] .

K d ij is plotted in Fig.
Going from detection to location requires additional information: we will take into account the spatial dependence of the decorrelation (see Fig. 2). From previous theoretical works on multiple scattering, we can derive a theoretical prediction for the decorrelation due to an extra-scatterer in r:

K n ij (r, t) = cσ t 0 g(r j , r, t -u)g(r, r i , u)du g(r i , r j , t) (4) 
where σ denotes the extinction cross-section of the defect, and where only scalar waves are considered. Equation ( 4) is the theoretical model that forms the basis of our inversion procedure. (cσ) -1 K n ij (x, t)d 3 x can be interpreted as the probability that a random walk starting at r i and ending at r j after a time t passes at least once in the small volume d 3 x surrounding x. In our sample, we can approximate the propagator g with a causal version of the diffusion equation. This approximation also avoids divergence of the integrand at short and large u in equation ( 4).

Finding the location r of the defect from the set of experimental K d ij defines our inverse problem. To solve this inverse problem, we discretize the medium into a regular 3-D grid.

Each point x of the grid is considered as a candidate location for the apparition of the defect: for each point x and each couple of receivers {i, j} a numerical decorrelation K n ij (x) is evaluated after eq. ( 4). Following the maximum-likelihood approach [START_REF] Press | Numerical Recipes in C[END_REF] , we calculate the relative residual error χ 2 (x), also called the misfit function, between experimental K d and numerical K n data:

χ 2 (x) = i,j K d ij (t) -K n ij (x, t) 2 /ǫ 2 . ( 5 
)
The parameter ǫ accounts for measurement errors and uncertainties in the transport parameters. Using measurements of the decorrelation in different time windows around time t, we inferred a typical standard-deviation ǫ = 0.6%. Since the scattering cross-section of the defect is unknown, we also explored values of cσ ranging from 0.1 to 20 cm 3 /µs and selected the optimal results based on χ 2 minimization and stability with respect to small changes in σ. The result of the inversion procedure is the relative residual error (misfit function) normalized by the number of degree of freedom χ 2 n . In Fig. 3 we show a slice of χ 2 n at the top side of the sample (z=25cm) for exp. #1, and at the bottom side (z=0cm) for exp. #2. The crosses indicating the location of the defects coincides remarkably well with the minimum of the misfit function.

The crucial physical parameter in our inversion is the lapse time t in the coda for which the decorrelation is evaluated. In the late coda, the sensitivity to the defect is maximum, but the decorrelation depends only algebraically on the defect location and the decorrelation tends to spatially homogenize on the scale of our sample. On the other hand, the decorrelation at early times shows rapid spatial variations but its absolute value is very small and within the experimental error. Therefore, there exists a trade-off between lateral resolution and sensitivity which points towards the existence of an optimal lapse time, for which the best compromise is obtained 15 .

In this article, we have presented an imaging technique, named LOCADIF, to locate a small change in a multiple scattering medium. Our technique has the following prerequisites: 1) estimate of the transport properties; 2) reproducible experimental apparatus; 3) calculation of the transport intensity between any point in the probed medium; 4) geometry of the medium. The technique was proved to efficiently detect and locate a small hole in two different experimental configurations. In the first experiment, a 3 mm×12 mm is drilled on the same side than the transducers. In the second experiment, a 8 mm×22 mm hole is drilled on the other side. In both cases, the position of the defect is retrieved in 3D with a resolution of a few cm (including the vertical direction). Note that the size of the hole is comparable to the size of the heterogeneities constituting the sample, and that such a defect is hardly detected by conventional ultrasonic techniques because multiple scattering hampers the detection of ballistic echoes. Compared to previous works based on intensity fluctuations 1-4 , our method has much higher sensitivity and take advantage of broadband waveforms. The technique is applicable to any kind of classical waves propagating in highly heterogeneous media, provided that those waves are probed both in phase and amplitude. We suggest ap-plications to non-destructive testing and monitoring of multi-composite materials, including civil engineering structures 16 . Applications to monitoring dynamic geophysical media are also on the way. 

  h d ij , where d = 0..3, are acquired over the first 60 minutes of the experiment; then a small hole (3 mm in diameter and 12 mm in height) is drilled on the top of the block, and four additional sets of records (d = 4..7) are acquired over another 80 minutes. In the second experiment, we reproduce the same protocole but the hole is 8 mm×22 mm and drilled on the other side of the block. For each record h d ij , and at each date d, we evaluate the decorrelation coefficient K d ij (t) as follows:
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 1123 FIG. 1. Setup for experiment #1&2 (top) and typical ultrasonic waveform (bottom). The concrete block is equipped with height piezoelectric transducers. After starting the experiment, a hole is drilled on the top side (exp. #1) or on the bottom side (exp. #2) of the block.
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