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HIGH SPEED EXCITED MULTI-SOLITONS IN NONLINEAR
SCHRODINGER EQUATIONS

RAPHAEL COTE AND STEFAN LE COZ

ABSTRACT. We consider the nonlinear Schrédinger equation in R%
0tu + Au + f(u) = 0.

For d > 2, this equation admits travelling wave solutions of the form e*“t®(z)
(up to a Galilean transformation), where ® is a fixed profile, solution to
—AD + wd = f(P), but not the ground state. This kind of profiles are called
excited states. In this paper, we construct solutions to NLS behaving like a
sum of N excited states which spread up quickly as time grows (which we
call multi-solitons). We also show that if the flow around one of these excited
states is linearly unstable, then the multi-soliton is not unique, and is unstable
(asymptotically and orbitally).

1. INTRODUCTION

Setting of the problem. We consider the nonlinear Schrodinger equation
(NLS) iug + Au+ f(u) =0
where 4 : R x RY — C and f : C — C is defined for any z € C by f(2) = g(|z|?)z
with g € C!([0, +00),R).

Equation () admits special travelling wave solutions called solitons: given a

frequency wo > 0, an initial phase vy € R, initial position and speed zq, vy € R
and a solution ®g € H*(R?) of

(1) — Adg +woPo — f(Po) =0,
a soliton solution of () travelling on the line x = xg + vot is given by
(2) R 00,70,v0,20 (t, ) 1= Po(z — vot — wO)ei(%Uow_%|v0‘2t+w0t+W)-

Among solutions of (m), it is common to distinguish between ground states,
and excited states. A ground state (or least energy solution) minimizes among all
solutions of (f]) the action Sp, defined for v € H'(R?) by

1 wo
0(0) = 5 Vol + Lol auay = [ Flodde,

where F(z) := O‘Z‘ g(s%)sds for all z € C. An excited state is a solution to ([]) which
is not a ground state. In general, we shall refer to any solution of (m) as bound state.
We also mention the existence of a particular type of excited states, the vortices.
A vortex is a special solution of (EI) which is non-trivially complex-valued, i.e. with
a non-zero angular momentum. Vortices can be constructed following the ansatz
described by Lions in [@] We shall sometimes abuse terminology and call ground
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2 RAPHAEL COTE AND STEFAN LE COZ

state (resp. excited state) a soliton build with a ground state (resp. an excited
state).

A multi-soliton is a solution of built with solitons. More precisely, let
N € N\ {0,1}, w1, ..,wny >0, 71, ..., yv € R, v1,...,vy € RY, 21,...,2xy € R? and
®q,...,n € H(R?) solutions of (with wg replaced by w1, ...,wn). Set

N
(3) Rj(t, ) := Ra, w; y;05.2, (L), R(t,z):= Z R;(t,x).
j=1

Due to the non-linearity, the function R is not a solution of (NLS) anymore. What
we call multi-soliton is a solution u of (NL3) defined on [Tp, +oc) for some Ty € R
and such that

. [lu(®) = B(®)| a1 ey = 0-

In this paper, we are concerned with existence, non-uniqueness and instability
of multi-solitons build on excited states, which we will refer to as excited multi-
solitons.

History and known results. Solitons and multi-solitons play a crucial role in
understanding the dynamics of nonlinear dispersive evolution equations such as
Korteweg-de Vries equations or nonlinear Schrédinger equations (see e.g. [@] for a
general overview).

To fix ideas, consider the pure-power nonlinearity f(u) = |u|P~'u. Equation
() is L%-critical (resp. subcritical, resp. supercritical) if p = 1 + % (resp.
p <1+ %, p>1+ %). The soliton resolution conjecture states that, at least in
the L2-subcritical case, a generic solution will eventually decompose into a sum
of ground state solitons and a small radiative term, in some sense we will not try
to make precise. However, this conjecture remains widely open, except when the
equation is completely integrable (like the classical Korteweg-de Vries equation
Ut + Ugzr + uu, = 0) and explicit solutions are known @, @]

Nevertheless, multi-solitons based on ground states are supposed to be generic
objects for large time; in contrast ezcited multi-solitons are believed to be singular
objects of the flow of () However, their existence shows that a global approach
of the large time dynamics must take care of them.

The first existence result of multi-solitons in a non-integrable setting was ob-
tained by Merle [@] for multi-solitons composed of ground states for the L2-critical
nonlinear Schrédinger equation. The L2-subcritical case was treated by Martel and
Merle [Rd] (see also Martel [Pg] for the generalized Korteweg-de Vries equation) and
the L2-supercritical case by Céte, Martel and Merle [@] No excited multi-solitons
were ever constructed and our result (Theorem []) is the first in that direction: we
construct excited multi-solitons based on excited states which move fast away from
one another.

Study of the dynamics around ground-states solitons and multi-solitons, in
particular stability properties, has attracted a lot of attention since the beginning of
the 80’s (see e.g. [E, E, , @, , @, @]) The main result states that ground-states
solitons are orbitally stable only in the L2?-subcritical case.

So far, little is known about the stability of excited state solitons. All excited
states are conjectured to be unstable, regardless of any assumption on the non-
linearity. For results on instability with a supercritical nonlinearity, see Grillakis
and Jones ] in the case of real and radial excited states and Mizumachi for
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vortices [B, BJ]. Partial results in the L?-subcritical case are available in the works
of Chang, Gustafson, Nakanishi and Tsai [L], Grillakis [2q] and Mizumachi [B4].

Here we show that under a very natural assumption of instability of the linearized
flow around one excited state, the excited multi-soliton is not unique, and unstable
in a strong sense.

Statement of the results. We make the following assumptions on the nonlinear-
ity (recall that f(z) = g(]z|?)z for 2z € C).
(A1) ¢g(0)=0.
(A2) There exist C > 0and 1 <p <1+ 4 ifd>3,1<p<+ooifd=1,2
such that |s%¢’(s?)| < CsP~! for s > 1.

(A3) There exists sg > 0 such that F(sg) > %

Assumptions (A1)-(A3) guarantee that, except in dimension d = 1 where all
bound states are ground states, there exist ground states and infinitely many
excited states (see e.g. [B, l, B, Bd, B4]). In particular, excited states can have
arbitrarily large energy and L (R%)-norm. Note that every solution of ([l) is
exponentially decaying (see e.g. [H]) More precisely, for all @y solution to (EI)
we have eV¥I#l(|®g| 4+ [V®o|) € L®(R?) for all w < w.

Assumptions (A1)-(A2) ensure well-posedness in H'(R?) of (NLI), see e.g. ([
(the equation is then H!'-subcritical). In particular, for any ug € H'(R?) there
exists a unique maximal solution u such that energy, mass and momentum are
conserved. Recall that energy, mass and momentum are defined in the following
way.

1
B i= 3 IVula, ~ [ Pl
Rd
M(u) == ||u||2L2(]Rd)’

P(u) := 4 uVudz.
Rd

Notice that (A3) makes the equation focusing.
Let wy and v, be given by

1
Wy 1= §min{wj,j =1,..,N},
1
vy 1= §min{|vj —vgls g k=1,...,N,j #k}.

VAl (45t)
N2D(g)
Our first result is the existence of multi-solitons composed of excited states as
soon as the relative speeds v; — vy of the solitons are sufficiently large.

Also introduce « := sin ) (this constant appears naturally in Claim ﬂ)

Theorem 1. Assume (A1)-(A3).
There exists vy = vﬁ(fl)l, ey @) > 0 such that if ve > a‘lvﬁ then the following
holds.

There exist Ty € R and a solution of (NLY) u € C([Ty, +o0), HY(RY)) such that for
all t € [Ty, +00) we have

1

[u(t) = R(t) || g1 (ray < gmaws vt
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We now turn to the non-uniqueness and instability of a multi-soliton.

Assume that the flow around one of the R; is linearly unstable, i.e. has an
eigenvalue off the imaginary axis. As the R; all play the same role, we can assume
it is R;.

(A4) L = —iA+iwy —idf (P1) has an eigenvalue A € C with p := % (\) > 0.
This assumption is very natural if one expects R; to be unstable. Actually, (A4)
holds for any real radial bound state in the L?-supercritical case. For excited states,
(A4) is believed to hold for a wide class of non-linearities.

Under assumption (A4), solitons are nonlinearly unstable, as described in the
following Theorem.

Theorem 2. Assume g is C™ and (A1)-(A4) are satisfied. There exists a one
parameter family of solutions to (@) converging to the excited soliton R as
t — 400. More precisely, let a € R. There exist Ty € R large enough, a solution u
to (NLY) defined on [Ty, +00), and a constant C' > 0 such that

vt =Ty, |lu(t) — Ri(t) — aY (t)| g2 ray < Ce™,

where Y (t) is a non-zero solution to the linearized flow around Ry (see (29)). In
particular, Ry1(t) is unstable (asymptotically and orbitally).

From Theorem E we infer the following result of non-uniqueness and instability
for high relative speeds multi-solitons.

Theorem 3. Assume g is C® and (A1)-(A4) are satisfied.  There ezists
vy = vy(®1,...,PN) > 0 such that if v, > vy then there exists a one parame-
ter family of multi-solitons. More precisely let a € R, there exist To € R large
enough, a solution u to (NLS) defined on [Ty, +00), and a constant C > 0 such
that

vt =Ty, |lu(t) — R(t) — aY (t)|| g (ray < Ce™ >,
where Y (t) is a solution to the linearized flow (see (RE)). In particular, a multi-
soliton is not unique and unstable (asymptotically and orbitally).

Scheme of proofs and comments. Our strategy for the proof of the existence
result (Theorem El) is inspired from the works [B, @, @]: we take a sequence of
time T, — 400 and a set of final data u,(T,) = R(T,). Our goal is to prove
that the solutions u, to (NLY) backwards in time ( which approximate a multi-
soliton) exist up to some time Ty independent of n, and enjoy uniform H*!(R%) decay
estimates on [Ty, T,,]. A compactness argument then shows that (u,) converges to
a multi-soliton solution to (NLJ) defined on [Ty, +00).

As in 13, Bd), the uniform backward H'(R%)-estimates rely on slow variation of
localized conservation laws as well as coercivity of the Hessian of the action around
each component of the multi-soliton. However, this Hessian has negative “bad
directions” on which it is not coercive. When dealing with ground states, these
were ruled out either by modulation and conservation of the mass (as in [R9]) or
with the help of explicit knowledge of eigenfunctions of the operator corresponding
to the linearization of (NLJ) around a soliton (as in [L3]). In both cases, this could
be done only because of the knowledge of precise spectral properties for ground
states; this does no longer hold when dealing with the more general case of excited
states.

Our remark is that the Hessian fails to be H!(R¢)-coercive only up to a L?(R%)-
scalar product with the bad directions. Hence the first step in our analysis is to
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find uniform L?(R¢)-backward estimates without the help of the Hessian. This
rules out the “bad directions” and we can now take advantage of the coercivity of
the Hessian to obtain the H'(R9)-estimates. The main drawback of our approach
is that the bootstrap of the L?(R?)-estimates requires that the soliton components
are well-separated. Thus we have to work with high-speed solitons.

To obtain the instability result (Theorem E), we rely on a fixed point argument
for smooth functions exponentially convergent (in time). This is possible because
we now assume smoothness on the non-linearity. The main difficulty is to construct
a very good approximate solution to the multi-soliton. Actually we build such a
profile at arbitrary exponential order. This method is inspired by , E, E, ] in
the case of a single ground state, for the nonlinear wave or Schrédinger equations.
It was also recently developed by Combet [@, @] for multi-solitons in the context
of the L2-supercritical generalized Korteweg-de Vries equation.

However, an important difference in our case is that we consider excited states,
and the linearized flow around them is much less understood than that around
a ground state soliton. For example, to our knowledge, the exponential decay of
eigenfunctions was not known in general (see [@] for a partial result). We prove it
in Appendix @, see Proposition E Also, the unstable eigenvalue has no reason to
be real, and this will make the construction of the profile much more intricate than
in the ground state soliton case. This is the purpose of Proposition E Once the
approximation profile is derived, the proofs of Theorem E and E follow from a fixed
point argument around the profile.

The paper is organized as follows. In Section 2 we prove Theorem EI Section 3 is
devoted to the proofs of Theorems E and E In Appendix we prove the exponential
decay of eigenfunctions for matrix Schrédinger operators.

2. EXISTENCE

2.1. Approximate solutions and convergence toward a multi-soliton. Let
(Th)n>1 C R be an increasing sequence of time such that 7,, — +oo and (uy)
be solutions to (NLY) such that u,(T,) = R(T,). We call u, an approzimate
multi-soliton.

The proof of Theorem El relies on the following proposition.

Proposition 1 (Uniform estimates). There exists vy := v4(®1,...,On) > 0 such
that if v, > a~lvy then the following holds. There exist ng € N, Ty > 0 such that
for all n = ng the solution uy, is defined on [Ty, Ty, and for all t € [Ty, T,) we have

1

(4> ||Un(t) — R(t)”Hl(]Rd) < e*awf ru*t.

In this section, assuming Proposition , we prove Theorem 1 by establishing the
convergence of the approximate multi-solitons u,, to a multi-soliton v existing on
[Ty, +00). Our proof follows the same line as in [L.3, d.

Since the approximate multi-solitons u, are constructed by solving () back-
ward in time, to prove Theorem EI we first need to make sure that the initial data
un(To) converge to some initial datum wg.

For notational simplicity we assume ng = 0.

Lemma 2. There erists ug € H'(R?) such that, possibly for subsequence only,
un(To) — ug strongly in H*(R?) as n — 400 for any s € [0,1).

Lemma E is a consequence of the following claim.
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Claim 3 (L?(R%)-compactness). Take § > 0. There exists rs > 0 such that for all
n large enough we have

(5) / lun (To)|2dz < 6.
|z|>rs

1
Proof. Let Ty be such that emowd v:Ts \/g. Then, by Proposition m, we have

5
(6) lun(Ts5) — R(Ts)|| gt (rey < 4/ -
4
Let ps be such that
5
(7) / |R(T)|?dz < .
jl>ps 4
From (f)-(f) we infer
)
(8) / lun (Ts)|?d < =.
jal>ps 2

We define a C! cut-off function 7 : R — R such that 7(s) = 0 if s < 0, 7(s) = 1 if
s>1,7(s) €[0,1] and |7'(s)| < 2if s € [0,1]. Let ks to be determined later and

consider
(1) ::/ ()2 (M) da.
Rd R§

To obtain () from (§) we need to establish a link between Y(Tp) and Y (Tj).
Differentiating in time, we obtain after simple calculations (see e.g. [RY, Claim 2])

1 _
T'(t) = — U Vity, - 7' (|5’3| pa) dr.
K§ Rd || K§
Since ||un (t)|| g1 (rey is bounded independently of n and ¢, there exists
Co:=sup sup |lun(t)[3 gay > 0
neNte[Ty,Ty]
such that c
()| < =2
)<
Choose kg such that g—ng < g. Then, by integrating between Ty and Ts we obtain

(9) Y(To) — Y (Ts) < g

From (f) we infer that
- )
T(T5) = / un(T5)*7 (M) dz < / | (Ty)2da < =.
Re Ks || >p5 -

Combining with (f]) we obtain
T(To) < 6.
Now set 5 := ks + ps. Then from the definition of 7 it is easy to see that

[ (e < 1) <6
|z|>7s

which proves the claim. (I
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Proof of Lemma [}. Since u,(Tp) is bounded in H'(R?), there exists ug € H'(R?)
such that up to a subsequence u,, (Ty) — ug weakly in H'(R%). Hence, u,,(Tp) — uo
strongly in L2 (R%) and actually strongly in L?(R?) by Claim | By interpolation
we get the desired conclusion. O

Proof of Theorem [l Let ug be given by Lemma [ and let u € C([Tp, T*), H'(R%))
be the corresponding maximal solution of ( ). By (Al1)-(A2), there exists
0 <o <1suchthat 1 <p<1+ 25 and

If(z1) — f(22)] K C(1 4 |21|P7 + |22P7Y) |21 — 22| for all 2y, 20 € C.

This implies that the Cauchy problem for (NLS) is well-posed in H? (R%) (see [{, H]).
Combined with Lemma P this implies that u,(t) — u(t) strongly in H°(R%) for any
t € [Ty, T*). By boundedness of u,(t) in H'(R?), we also have u,,(t) — u(t) weakly
in H'(RY) for any t € [Ty, T*). By Proposition [l], for any ¢ € [Ty, T*) we have

(10)  llt) = RO s oy < i infllun (8) = R(1) sy < €7 "

In particular, since R(t) is bounded in H'(R?) there exists C' > 0 such that for any
t € [Ty, T*) we have

(11) lu(®) | 1.y < €704 %t + | R(O) 1 ety < C.

Recall that, by the blow up alternative (see e.g. @])7 either T* = 400 or T* < 400
and limy 7+ [|ul| g1 (ray = +oc0. Therefore () implies that 7* = 4o00. From )
we infer that for all ¢ € [Ty, +00) we have
1
[u(t) = R(8)]| g1 (ray < e "
This concludes the proof. (I

2.2. Uniform backward estimates. This section is devoted to the proof of
Proposition . This proof relies on a bootstrap argument. Indeed, from the
definition of the final datum u,(7},) and continuity of w, in time, it follows that
() holds on an interval [t+,T,] for ¢! close enough to T,,. Then the following
Propositiong shows that we can actually improve to a better estimate, hence leaving
enough room to extend the interval on which the original estimate holds.

Proposition 4. There exists vy := v4(P1, ..., ®n) > 0 such that if v, > o~ vy then
the following holds. There exist ng € N, Ty > 0 such that for all n > ng the solution
Uy, is defined on [Ty, Ty]. Let t' € [Ty, Ty] and n = ng. If for all t € [tT,T,,] we have

1

(12) [n(t) — R(E)| g1 (may < €707 ot
then fO’f’ all't € [tTv Tn] we have

1 7&0.)%1) t
(13) e (£) = R(O)l| 1 ray < e~ """,

Before proving Proposition , we indicate precisely how it is used to obtain
Proposition .

Proof of Proposition E Let T, ng be given by Proposition@ and let n > ng. Since
un(T,) = R(T,) and u, is continuous in H'(R?), for ¢ close enough to T}, we have

1
(14) [n(t) — R(E)|| 1 ray < e~ L,
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Let t' be the minimal time such that ([[4) holds:
th:= min{r € [Tp, T}.]; ) holds for all ¢ € [r, T3]}
We prove by contradiction that ¢! = Ty. Indeed, assume that t' > T. Then

1
n (¢7) = REN)| 1 (gay < ™% ot

and by Proposition @ we can improve this estimate in

1 —awév f
Jun(th) — B sy < 2= 1
Hence, by continuity of u,(t) in H'(R?), there exists Ty < t# < ¢ such that ([[4)
holds for all ¢+ € [t},¢!]. This contradicts the minimality of ¢/ and finishes the
proof. ([

The proof of Proposition E is done in two steps. First, assuming ) we prove
that we can control the L?(R%)-norm of (u, — R). To obtain the full control on
the H'(R%)-norm of (u, — R) as in ([.J) we use the linearization of an action-like
functional. This linearization is coercive (i.e. controls the H!(R?)-norm) up to
a finite number of non-positive directions that can all be controlled due to the
L?(R%)-estimate.

Let Ty > 0 large enough. Fix n € N. For notational convenience, the dependency
on n is understood for u and we drop the subscript n. Set v := u — R. Let
t' € [Ty, T,) and assume that for all ¢ € [tf,T},] we have

1
—awva

o)1 (ra) < € :
Step 1: L?(R%)-control.
Lemma 5. For all K > 0 and m € N\{0} there exists vy = vy(K, m, ®q,...,®n) > 0
such that if v, > a~tvy then for all t € [t7,T,] we have
1 7awévﬁ

v(t 2 < .
H ( )HL (R4) \/W

Proof. First note that by identifying C to R? and viewing f : R? — R? we can
consider

@

df (2).w = g(|2*)w + 2% (2w)g'(|2]*)2.
The function v satisfies
vy + Lo+ N(v) =0,
where
Lv:=Av+df(R).v

and the remaining nonlinear term N (v) verifies
| (GN'(0),v) 2@y | < 010l o) 10113 Ray.

where 7 is a decreasing function satisfying 7(s) — 0 when s — 0. Take any
t € [tt,T,]. We have

1d ) .
55”””%2(]@) = (Ut’U)LZ(]Rd) = (Z‘CU’U)LQ(]Rd) + (ZN(U)aU)Lz(Rd) :
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We have
(’l:E’U, U)LQ(]R,i)
= % i (Av + df (R).v)) vdx,
]Rd

= / i (Av+ g(|RP)o + 2'(|R[*)% (Ro)R)idz,
=it [ i1V + g(RPoP + 2 (RP) % (Ro) Ro)d.
=~ [ 20 (R (Ro) g (Royd

Therefore,

[00) sy | < [ 20 (REIRF oz,

Ce 1o
< 7||U||L2(Rd)a

where this last constant Cz depends only on g and || R|| e (ray. By the bootstrap
assumption on v, this implies

1

. C 2
| (iL0,v) p2pay | < ée’%“”f it

In addition, it is easy to see that

1 1
—aw?2 v*t)€72aw*2 Vit

| N (0),0) L2 gy | < 010l o)) [0]177 ey < (e

1
Cc

In short, if T} is large enough so that n(e*”“"? v+t) < 5£, we have obtained that

d - awlﬂ
il < 20ee e,

Therefore, by integration between ¢t and T,, we get

C 1 1
(15)  [o(®) 2 gty — 0(T) [Baqgy < —i (7207 2ot — g 20w wuThy,
QW vy
Now, we take vy such that
Cr 1
<5
2mK

T
w7 vy
Since v, > a~'vy and v(T},) = 0 we get from ([[§) that

(O] < e et
v 2(Rd) S *
L2®DSamEK

e b)
which is the desired conclusion. O
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Step 2: H'(R?)-control. The idea of the second step of the proof of Proposition [
is reminiscent of the technique used to prove stability for a single soliton in the
subcritical case (see e.g. [@, @, E, @, @]) Indeed, it is well-known that the
linearization of the action functional Sy, whose critical points are the solutions of
(), is coercive in H'(R?) on a space of finite codimension in L?(R%). At large
time, the components of the multi-soliton are well-separated and thus it is possible
to localize the analysis around each soliton to gain an H'(R%)-local control, up
to a space of finite codimension in L?(R?). But due to Lemma f| we are able to
control the remaining L?(R?)-directions, hence to close the proof. The idea of
looking at localized versions of the invariants of (NLY) was introduced in [BI] and
later developed in [@, @, @, ] We shall therefore be sketchy in the proofs,
highlighting only the main differences with the previous works.
We start with the case of a single soliton.

Lemma 6 (Coercivity for a soliton). Let wg > 0, 7o € R, zg,v9 € RY and a
solution ®y € H*(R?) of (II). Then there exist Ko = Ko(®o) > 0, 1o € N\ {0} and

Xol,...,Xg“ € L*(RY) such that for k = 1,...,1p we have ||X§||L2(Rd) =1 and for
any w € HY(R?) we have
vo

2
w3 gy < KoHo(t,w) + Ko Y (w, Xg(t))Lz(Rd) for all t € R,

k=1
where
X(])C(t) ::ei(%vo‘w—i|Uo|2t+wot+’yo)X§(x — vot — x0),
Vo2 _
Holt,0) = Ve + (w0 50 ) ol — o [ 0V
R

= [ Rl + 29/ (Fo ) (Row) Y

and Ro(t,x) is the soliton given by ().

Lemma E follows from standard arguments. We included a proof in Appendix E
for the reader’s convenience.

We introduce now the localization procedure around each component of the
multi-soliton.

We begin by the selection of a particular direction of propagation.

d—1
Claim 7. Let 0 < o < sin (1\;{_;{(7%) Then there exists an orthonormal basis

(€1,...,eq) of RY such that for all j,k =1,...,N, we have

|(vj — vk, e1)ra| = alvj — vg|.

Proof. For j # k, set vj, := -2—2. The claim will be proved if we show that the

[vj —vg|
measure of the set

A= U {w (S Sd_1; |(Ujkaw)Rd| < CY}
Gok=1,...,N

ik

is smaller than the measure of the surface of the unit sphere S4~1.
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Take j,k = 1,...,.N; j # k. Without loss of generality, assume that
vjr = (1,0,...,0). Take w € S and let (1,...,04—1) be the spherical coordi-
nates of w. Then we have

(Vjk, W)Ra = cosbs.

Therefore, after easy calculations we get

p({w € ST |(vjk, w)ga| < a}) < 2arcsin(a)F7T

d—1

2
L(%74)
sphere. By subadditivity of the measure this leads to

where 1 is the Lebesgues measure on S¢~! and is the area of the (d — 2)-unit

w(A) <K N(N -1) arcsin(a)l_jzi

Now, remember that

T(4=1
0 < a <sin VrL( 2 )
N(N -1 F(%)
This implies
ﬂ% ﬂ'%
w(A) < N(N — 1) arcsin(a) ——— < —— = u(S%71).
I3 " T(9)

Therefore u(S?*~' \ A) > 0 and we can pick up e; € S*°" such that for all
j,k=1,...,N, we have

[(vj — vk, e1)re| = alv; — vgl.

Completing e; into an orthonormal basis (ey, ..., eq) of R? finishes the proof. O

By invariance of () with respect to orthonormal transformations we can
assume without loss of generality that the basis (eq, ..., e4) is the canonical basis of
R<. Up to a changes of indices, we can also assume that v} < ... < vk where the
exponent 1 in v} denote the first coordinate of v; = (v}, ...,v).

Let ¢ : R — R be a C*® cut-off function such that ¢(s) = 0 for s < —1,
P(s) €10,1]if s € [-1,1] and ¥ (s) = 1 for s > 1. We define

mj = %(v;;l +vj) for j =2,...,N,

Pt z) =1, Y,(t,z) = 1/1(%(901 —myt)) for j =2, ..., N.

Then we can define

¢] :1/]]_1/]]-‘1-1 fOI'_jzl,,N—l, ¢N :wN

We introduce localized versions of the energy, charge and momentum
1
Ej(t,w) = = / [Vw[*¢;dx — / F(w)¢;de,
2 R4 Rd

M (t,w) = /]R w26;dz, Py(t,w) = g1 | (Vw)de;dz.

R4
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We denote by S; a localized action defined for w € H'(R?) by

Jv; >

1 1
Sj(t,w) = Ej(f,’ll)) + 5 (wj + 4 > Mj(t,w) — 5’0]— . Pj(t,w)

and by H; a localized linearized defined for w € H*(R?) by
my(tw)i= [ VuPosde— [ (oUR Pl +20/(RyP)80 (y))osdo

2
+ <w] los % )/ |w|*¢;dx — vj - S wVwe;d.
Rd

We define an action-like functional for multi-solitons

w) = Z S;(t,w)

and a corresponding linearized
N
w) = Z H;(t,w
j=1
We have the following coercivity property on H.

Lemma 8 (Coercivity for the multi-soliton). There ezxists K = K(®q,...,2n) >0
such that for all t large enough and for all w € H*(RY) we have

2 1
Hw”Hl(Rd) = t w +KZZ w, X LZ(Rd)’
j=11=1
where (v}), (X]l) are given for each R; by Lemma [g.

Proof. Tt is a consequence of Lemma [ (see [BJ, Lemma 4.1]). O
Lemma 9. The following equality holds
1
—3aw? v,
Si(t,u(t)) = Sj(t, Ry) + H(t,v) + O(e7* ") + o[|vl 1 ay)-
The proof relies on the following claim.

Claim 10. For all x € R? and j,k =1,....N the followmg inequalities holds.

(|Rk(t, )| + |[VRg(t, x)|)¢; (t, z) < Ce—20w v,

1

(1R;(t, )| + [V R; (8, 2))(1 = 65(t,)) < Ce20wd vetemlavstma,

Proof. The claim follows immediately from the support properties of ¢;, the
definitions of w, and v, and exponential decay of ®;. O

Proof of Lemma [. The proof is done by writing u(t) = R(t) +v(t) and expanding
in the definition of S;. We start with the terms of order 0 in v. By Claim [L( we
have

(16) Sj(t’R) = S_j(t,Rj) + O(€*4aw*§u*t)-
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We now look at the terms of order 1 in v. Still by Claim E, taking in addition
1

into account that ||v|| g1 (ray = O(e’o“*’g v+t) and remembering the equation solved
by R; (see (1)) we obtain,

(17) (Si(t, R),v) = (S}(t, Rj),v) + O(e~32w7 vty = O(e 3w vut),

(18) (S} (t, Ryv,v) = Hy(t,v) + O(e™** %) o0 3 (gay)-

Gathering ([L6)-([L§) we obtain the following expansion

1

S;(t,ult) = S;(t, Ry) + H;(t,v) + O(e=2% 1) - o(|[v][ %1 oy,

which concludes the proof. (I

We can now write a Taylor-like expansion for S.

Lemma 11. We have

1

S(t,u) = S(t, R) = H(t,0) + o([[0]] 31 ) + Ofe= 27 1),

Proof. In view of Lemma E all we need to prove is

N

1
S(t,R) =Y 8;(t, R;) + O(e 31,
j=1
which follows immediately from Claim . (]

Lemma 12. The following estimate holds.

8S(t7u(t)) C —2040.)%11 t
— L — * Ux
‘ o | SVE

Proof. We remark that

S(t,w +Z( ( b )Mj(t,w)—%uj-Pj(t,w)).

Since the energy E is conserved by the flow of (NLJ), to estimate the variations of
S(t,u(t)) we only have to study the variations of the localized masses M;(t, u(t))
and momentums P; (¢, u(t)). Take any j = 2,..., N. We have

28t/ [u(t) P 1 )
(ﬁl (@) — Ww)w(i(xl — myt))de.

\/_ R 4t

Define I; := [m;t — /t, mjt +/t] x R9~L. From (@) and the support properties of

1) we obtain
/ lu(t)|? Y;(t,x)

/ |Vul? + |uldz.
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Similarly, for the first component of P; we have

10 _ B
(20) 25 /]Rd ad upjder =

1 .
7 | (100 = gt + Pl - ualu%tm”) V(e —myh)

-5

| 9" (

Combining () with the support properties of ¢ and (A1)-(A
0

C
= | w@dupdr| < — Vul? + 2d+/v2+ 2d
5 | o) < = /| oot ( 19+ e

Similar arguments lead for k > 2 to

0

T /]R'i uOputjdx

Now, we remark that

1
3 ]| (9uP Py de < [ [VRE + R+ u R g
J

J

(z' —m t)dz.
we obtain

7
2) w

pt1
2

c / 2 2
< Vul® + |u|*dz.
\/E I, | | | |

Recall that by hypothesis we have

1
—ozwf Vit

lu — Rl g1 (ray = V]| g1 (rey < €

In addition, the decay properties of each ®; and the definition of I; imply

1
/ (|VU|2 + |’U,|2) dzr < Ce—Qaw*Z'U*t.
j
Consequently,

0 5 ) ~
5 /]Rd lu(t)|“,; (¢, x)dx| + 5 /}RduVm/)]d:c <7

Note that the previous inequality is trivial for j = 1 since ¥; = 1 and the mass and
momentum are conserved. Plugging the previous into the expressions of M; and
P; gives

1
—2aw2 vt

‘_ t u +P (t u))‘ < Eef2aw*%v*t

Vit
and the desired conclusion readily follows. (I
Proof of Proposition . Let K = K(®q,...,ox) and m := Z;VZI
Lemma f. Since ||X]’-“(t)||L2(Rd) = 1 for any t,j,k, by Lemma [J, there exists
vy = vg(P1, ..., ®n) such that if v, > a~lvy we have for j = 1,...,N, k =1, ...,v;
that

v; be given by

1 - Ot(—d%’U
(21) (00), XE0) 2 gy < 003 ey < 5o 20

Using Lemma @ we obtain

(22) St ult)) — S(Tn, u(Th)) < /

t

C 3

’ds < €—2aw* U*t-

SV

Tn dS(s,u(s))
0s
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Note that since u,(T},) = R(T},) we have
(23) S(Tna U(Tn)) - S(Tna R(Tn)) =0
By Lemma [T, (22)-(3) imply

Cef2aw*§ Vit

(24) H(t,v) < — o([[vl 7 (gay)-

Combining (1)-(4) and Lemma ] we get
C 1 — aw%v
ol ey < (54 5 ) €7 + ol ol o)

and we easily obtain the desired conclusion if Ty is chosen large enough. (|

3. NON-UNIQUENESS AND INSTABILITY

3.1. Construction of approximation profiles. For notational brevity we drop
in this subsection the subscript 1 indicating that we work we the first excited state.
Hence we will write (in this subsection only) Ry (¢,2) = R(t, z), ®1 = P, etc.

Note first df (2).w = g(]z]*)w + 2% (2w)g’(|z]*)z is not C-linear. This is why we

b (a,b € R), so as to

consider operators with real entries. Given a vector v € C2?, we denote v and v~
its components (so that if v represents a complex number, v™ is the real part and
v~ the imaginary part). To avoid confusion, we will denote with a index whether
we consider the operator with C, R?, or C2-valued functions.
Thus, as we consider

Zev = —iAv —idf (R).w, Lcv = —iAv + iwv — idf (P).v,
and the non-linear operators

Ne(w) = if (R+v) — if (R) — idf (R).v,

Mc(v) = e N () =i f (D 4 v) —if(®) — idf (P).v,

then for instance

I vt _ J A—w+I™ vt
BAv=) T\ A+ w1t —J v ]

with ® and ®~ the real and imaginary parts of ® and
J=20707g(|9P), I* = g(j@]) +20%7¢/(|8).

Now Lg: is as an (unbounded) R-linear operator on H?(R?,R?) — L2(R% R?).
So as to have some eigenfunctions, we can complexify, and we are interested in
Le> : H?(R4,C?) — L?(R%,C?), which is a C-linear operator with real entries.

Let @ > 0 be the decay rate given by Proposition for eigenfunctions of L
with eigenvalue A (see (A4)). Possibly taking a smaller value of «, we can assume
a € (0,/w). For K =R,R? C or C?, denote

(25)  A(K) = {v e H*R? K)| e**!|D%| € L>®(RY) for all multi-index a}.

We have gathered in the following proposition some properties of L¢2 that shall be
needed for our analysis.

shall identify C with R? and use the notation a + ib = <“>

Proposition 13 (Properties of L¢z).
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(i) The eigenvalue A = p+i0 € C of Lc2 can be chosen with mazximal real part.
+
We denote Z(x) = (g_gg) € H%(R?,C?) an associated eigenfunction.
(i) ® € #(R?) and Z € 5 (C?).
(iii) Let u ¢ Sp(Lg2), and A € ' (C?). Then there exists a solution
X € #(R?) to (L —ul)X = A, and (L — pI)™' is a continuous oper-
ator on H#(C?).

Exponential decay of eigenvalues of L is a fact of independent interest. Hence
we have stated the result under general assumptions in the Appendix @ (see
Proposition E) Notice that we treat all possible eigenvalues (in particular without
assuming | \| < w, as it is the case for example in [2J)).

Proof. (i) It is well known that the spectrum of Lg¢2 is composed of essential
spectrum on {iy,y € R, |y| > w} and eigenvalues symmetric with respect to the real
and imaginary axes (see e.g. [E, @]) The set of eigenvalues with positive real part

is non-empty due to (A4). As Lz is a compact perturbation of (_AO+ w A 0_ w)
there exists an eigenvalue A with maximal real part.

(ii) Exponential decay of ®, V® is a well-known fact (see e.g. [[f]). Then using
the equation satisfied by ®, one deduces that ® € #(R?). The decay and regularity
of the eigenfunction Z rely essentially on the decay and regularity of ®. Therefore,
we leave the proof to Appendix @, Proposition @ and Proposition @

(iii) Regularity of X follows from a simple bootstrap argument. For the
exponential decay, we use the properties of fundamental solutions of Helmoltz

equations (see Proposition 4). O

To conclude with the notations, we define the decay class O(x(t)), which we will
use for functions decaying exponentially in time.

Definition 14. Let ¢ € C°(R*, H*(RY)) and x : Rt — (0, +00). Then we denote
£(t) = O(x(t)) ast — +oo,
if, for all s > 0, there exist C(s) > 0 such that
VE2 0, [IE(0)]mera) < C(s)x(D).

Let Vi = % (2) = (§§E§+

Y1,Ys € %(R2), and

) wd v = o 2) = (0 70). Then

L]Rz Yl = pY1 — 9}/2 5
LYy = 0Y; + pYs.

Denote

Y (t) = e "t (cos(0t)Y1 + sin(6¢)Ya).
Lemma 15. The function Y wverifies for all t € R the following equation.

(26) Y + Lg2Y = 0.
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Proof. Indeed, we compute
0y (e P (cos(0t) Y1 + sin(0t)Y2)),
=e "' ((—pcos(Ot) — Osin(0t))Y; + (—psin(0t) + 0 cos(0t))Ya),
Lg2(e " (cos(0t)Y; + sin(0)Yz)),
= e P (cos(0t)LY; + sin(0t)LY3)),
= e P (cos(6t)(pY1 — OYs) + sin(0t)(0Y1 + pYa),
=e " ((pcos(6t) + Osin(0t))Y; + (psin(0t) — O cos(0t))Ys
So that (8 + Lg2)(Y (t)) = 0. O

Proposition 16. Let Ng € N and a € R. Then there exists a profile
Who € C>(]0, +00), #(R?)), such that as t — +o0,

WM 4 Lo WO = e (W) + O(e™PNo DY),
and WNo(t) = aY (t) + O(e=2).

Remark 17. Notice that WNo(t,z) is a real valued vector. If we go back and
consider WNo as a function taking values in C, we then have, by definition of .,

with UNo () = R(t) + e WhNo(¢),
i UN + AUNo 4 f(UN0) = O(emPNotD)E),

For the proof of Proposition , we write W for Wo (for simplicity in notation)
and we look for W in the following form

(27) Wt z) = Z —pht ZAM cos(j0t) + Bj 1 (x) sin(j6t) |,
k=1

Af Bt
where A;, = (Aj’k) and Bjj = (Bf’k> are some functions of #(R?) to be
-k J:k
determined.
We start by the expansion of .# (W).

Claim 18. We have
Mp2(W Z e Pt Z ( ) cos(j0t) + Bj . (x )sin(j@t)) + O(e~WNotrty

where AJ o BJ « € H(R?) depend on Apn and By, only forl <n <k —1.

Proof. First we use a Taylor expansion. Due to smoothness of f and ® € 7 (R?),
and as /2 is at least quadratic in v, there exists a polynomial Py, € 7 (R?)[X,Y]
with coefficients in 7 (R?), and valuation at least 2, such that :

M2 (v) = Py, (vF,07) + O(Jo|Noth) = Z Z (Q ( ”+”m ]) + 0Ny,
J,m

m=2 j=0

where Pjn, Qjm € H(R).
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Consider now the term W2W™~" and use (7). It writes
No k "
(Z e PR (Z Alfk cos(l0t) + B;fk sin(l@t)))
k=1 1=0
No k m—n
X <Z e Pkt (Z Ay cos(l0t) + B, sin(l@t))) .

k=1 =0

Now, the multinomial development gives

Z n! (m —n)! o= Pt R0 k(ik+in)

ir! e ing! gl !

=0

No k ik
X <Z (A;k (w) cos(16t) + Bj, () sin(l@t)))

k Jk
X <Z (Afk (z) cos(10t) + By (x) sin(l@t)))
1=0

Fix some (ix)k, (jr)r and define the decay rate k = ZkN:01 k(ix + jr). Then

No
/ﬁ}Z(ik—i—jk):n—i—(m—n):m}Q.
k=1

The product factor is a trigonometric polynomial in ¢, it can be linearized into a

sum of sin and cos with frequency ¢0 and £ < ), k(ix + ji) = k.
Of course, as W € 7 (R?), the higher order terms (i.e. with k > Ny + 1) all fit
into O(e~Not1ipt),
It is now clear that 14~1j7,€ and Ej,,.i are polynomial in A, Bji, Pnm, and
Qn,m. It remains to see that the A;; or B, that intervene (i.e ix + jr > 0)

come with £k < k — 1. Let a be the maximal index such that i, + j, > 0. Recall

4 Fing i+ v, =m =2 Ifig+ jo > 2, we have 2a < a(iq + ja) < K
sothat (ask 2 m >2) a < k—1. If i, + j, = 1, there exist b > 1, b # a, such that
iy +Jp = 1 and

K= klix+ji) > alia + ja) + b(is +j») > a+ L.
k

Finally the product has the desired properties.

Proof of Proposition @ By definition of W, we can compute:

No k
(W + Lg2W) = Z e Pkt Z(LRZAj,k + jOB; i — kpA, 1) cos(j6t)
k=1 §=0

+ (LRZBj,k — jeAng — k/‘ij,k) sin(j@t)) .
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From the computations of Claim , it suffices to solve for all 0 < j < k < Ny
{ Lg2Aj i+ jOBjk — kpAj ik = Ay,

L]RQBj,k 7‘]’914]'7]6 — kijyk == Bjﬁk.

Obviously, one starts to solve for k = 1, then from this k = 2 etc. so that at all
stages A, and B,y are well defined (remark that A;; = Bj1 = 0).

We initialized the induction process by setting A;; = aYi, Bi1 = aYs, and
Ap,1 = Bo1 = 0. Assume that A; and Bj ) are constructed up to k < kg — 1 and
belong to #(R?), we now construct A; k., Bjx, for all j < ko. By Claim g, an
Aj ko and Bj , are constructed for j < ko and belong to 7 (R?).

Consider now the operator L; y, = Le2—(kop+i70)1d, Lj , : 7 (C?) — H#(C?).
As e = p +if is an eigenvalue of L2 with maximal real part, for all ko > 2 and
all j, kop + ij0 ¢ Sp(L) so that L;y, is invertible. Let X = L. ¢ (Ajry + iBjky),

— _ (% (XT) — _ (s (X
and define C := % (X) = (%(XD, D = 4 (X) = S (X~ , so that
C,D € s (R?) and X = C +iD. Then we compute
Ajgy +iBj 1y = Ljx,(C +iD)

Hence Aj 1, = C and Bjx, = D are solutions to the system (g). O

(28)

We now switch back notation from vector valued functions to complex valued
functions and summarize what we have obtained. We use again the subscript 1.
Hence we can consider VlN ° UlN ° defined by

VNo(t,z) i= etWNo(t, ), UP°(t,x) := Ry(t,z) + V,No(t,z).
Then we define
Errdo(t, z) == ig, U + AUNe 4 f(UN0)
=0V + AV + f(Ri() + Vi) — f(R1(2))
= z'(atvao + 56V1N0 - %(V1NU))
=i (WMo + LW — (W),
By Proposition [Id, Err)o(t,z) = O(e~WotDrt) Also, from (R7) we deduce

Vo (t) = ae™tY (t) + O(e=2Pt), so that for all s > 0, there exists C(No,s) such
that

(29) vt >0, [Vt geray < C(No, s)e .
3.2. Proofs of Theorems [J and [.

Proof of Theorem E Let Ny to be determined later, we do a fixed point around
UNo(t). Suppose u = UV (t) + w(t) (with w(t) — 0 as t — +00) is a solution to
( ), then

10w + Aw + f(UN +w) — fF(UN) — Errio(t) =0

From this, Duhamel’s Formula gives, for ¢ < s,

wls) = 00w+ [ (£ 4 w)r) - FOR ) — Bred (),

t
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so that
e8u(s) = e u(ty i [ (H@ 4 w)n) - FU) - Bl (o) dr.

Letting s — 400, as w(s) — 0, we are looking for a solution to the fixed point
equation

+oo
wit) = —i / A (F(UN 4 w)(r)) — FUN(r)) — Brrd (r))dr.

Hence, we define the map
+oo
v U(v) = *i/ AT (F((RiA4 VN 40) (1) = (B4 V) (1) = Err® (7))dr.
t
Fix o > %, so that H°(RY) is an algebra, and let B, Ty to be determined later. For
w € C((Tp, +00), H (R?)) define

l[wl|x

_ (No+1)pt
C tS>up eI w ()| o may,

=10

to be the norm of the Banach space

X7, Ny = {w € C((Ty, +oo),H‘7(Rd))’Hw||Xa < +oo}.

To,No

Consider the ball of radius B of X%O, No

Xg, 3, (B) i= {w € X7,y |Iwllxz, ,, < B}.
By (R9), we can assume Tj is large enough so that

VY| o (may < 1 and also Be™ (NoteTo <,

Our problem is to find a fixed point for ¥, we will find it in X, v, (B) for adequate
parameters.

Notice that for ¢ > Tp, ||V ()| i- ¢y < 1. Hence, we will always work in the
H°(R%)-ball of radius 75 = ||®1]| o (ra) + 2. Due to C7*! smoothness of f, there
exists a constant K, such that

Va,b € Byora)(re), [f(a) = f(b)|me@a)y < Kolla — bl gro(ra)-
In particular, for all ¢,
1F (Ra(t) + Vi (1) + ) = f(R1(t) + Vi ()| 1o () < Kol|v] 1o (o)

Hence, as e"*(*=%) is an isometry in H°(R?), for any v € X7, N, (B) we have

19 (0) ()| o (e

+oo
< / (1F By + VY +0) = f(By+ Vi)l o ey + 1 By (7)o )
t

+oo
/ e AT F(Ry 4+ VYo +0) — f(Ry + V) — ETT{VO} (1)dr
¢

He (RY)

+oo
< / (Kollo 10 ey + C(No, 0)e= Mooy
t

KO-B + C(NO, U) 6_(N0+1)pt_
(No+1)p
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First choose Ny large enough so that Moty +1) < % Then choose B = 28&(?2‘_’&))

Finally choose Tp large enough so that ~ C(Ng, o )e *T0 < 1. Hence we get
19 (0) (8)|| o ety < Be™ Mot Dt
This shows that ¥ maps X7,  (B) toitself. Let us now show that ¥ is a contraction

in X n,(B). Let v,w € X7, v, (B) then we have

U (v)(t) — U(w)(t) = —z'/tm A=) (F(Ry + Vo +v) — f(Ry + V™ 4+ w))ds.

As previously, we have

N (0) (6) = () (1) 37 e

+oo
= et / A (F(Ry + VN 4 0) = F(Ry + VY + w))ds
t

He (R4)

+oo
< e<N0+1>Pt/ [F(R1 4+ Vi +0) = f(R1 + VY + w)| o (rayds
t

+oo
< e(No+1)pt/ Kollv(s) — w(s) || g (rayds
t

+oo
< Kae(NoJrl)pt/ e~ (Not+1) Pv —w|xe . ds
t

To,No
—(No+1)pt
e
< Koe M g S
K,

< ——T—|lv — wl|xz
EYEST

To,No

Taking the supremum over ¢t > Ty, we deduce that

K,
1) =¥, ., < gyl v, x < < gllo—wlx, .-

Hence, ¥ is a contraction on X¢, v, (B), and has a unique fixed point ©. Notice
that we have obtained a unique fixed point for any o > %: from this we deduce
that © does not depend on o, and hence, v € C®([Tp, +00), H®(R?)). Then

u= R+ VlN0 + v is the desired solution. O

Proof of Theorem E The proof is essentially a generalization of that of Theorem E
Let Ny to determined later and a € R, from this we dispose of a profile VlN0 (t),
UNo(t), an error term Errl¥(t) associated to Ry (t), and an eigenvalue X = p + i
of L. We look for a solution of the form u(t) = UN°(t) + > js2 B (t) +w(t). Then
w satisfies

10w + Aw + f(UN +ZR +w) — f(UN) Zf — Errlo = 0.
j=2 j=2
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Hence considering the map

+00
Vs B(v) = ﬂ'/ A (UM + 3 Ry +0)(s)) — FUN(s))
K 322
=Y [(Ri(s)) = Err®(s))ds,
Jj=2

we are looking for a fixed point for W, in the set X, y, (B) (defined in the proof
of Theorem E) for adequate parameters Ty, No, B, 0. Let 0 > %. As previously, let
Tp large enough so that ||V1N0(t)HHs(]Rd) < 1 for t > Ty, and Be~(NothrTo < 1 50
that we remain in a ball of radius 1 in H?(R?).

Using exponential localization of the solitons R; and of the pro-
file UlN ° we deduce as in the proof of Theorem E that for some
Ky = K (£ 0N oty + 3 1B 110ty + 1), we have

PR+ 37 Ry +0)) = O = FR) o
22 j=2
< KUHUHHCI(Rd) —+ O(eiQQ\/W_*U*t%

possibly by taking a smaller value of w, such that w, < a1, where «; is the
(exponential) decay rate of UlN °. Notice that a; is independent of Ny, due to
the construction of UM, Hence we have as in Theorem [J:

19 (0) ()| o (e

+oo
- / AN (FUN £ 3 Ry 0) — FUN) =3 F(Ry) — Brri)ds,

i>2 i>2 Ho (RY)

“+o0
< /t 1f (U + ZRJ +v) — f(U]") Zf )| o (ray + | Erri© | 7o (meyds

j=2 j=2
—+o0
< / (KUHUHHU(Rd) + C(No, O-)e*(NoJrl)PS + C(O.)ef?a\/mv*s)ds
t

< Ka'B + C(NOa J) ef(NoJrl)pt + C(J) 672(1\/w_*v*t.

(No+1)p 200, /00, V4
First choose Ny large enough so that W < % and set B := i?vgﬁof)(; ) Recall
that v, > v;. We chose vy large enough so that from the choice of w,,v,, we have
C(o) B

—F— < 5, and 2 «Ux = (No +1)p.
200, /w, vy 3 Ane Saviay (No+1)p

Finally choose Ty large enough so that
Be~WotDeTo < 1 and  C(Ny,0)e P70 < 1.

From this, [|W(v)(t)| go@ey < Be™ (NotD)pt for ¢t > Ty, ie. ¥ maps X7, 5o (B)
to itself. Similar computations show that W is a contracting map, so that it has
a unique fixed point w. Again as in Theorem E, w does not depend on o and
w € C>®([Ty, +o0), H*(R?)). Then u = UlN0 + Zj22 R;(t) + w(t) fulfills the

requirements. (I



HIGH SPEED EXCITED MULTI-SOLITONS IN NLS 23

APPENDIX A. EXPONENTIAL DECAY OF EIGENFUNCTIONS TO MATRIX
SCHRODINGER OPERATORS

We consider an operator L : H2(R4,C?) C L?(R4,C?) — L%(R%, C?) of the form

I — Wi -A+w+WV;
T\ A—w+ T, Wa

where w > 0 and Vi, Vo, W7, Wy are complex-valued potentials satisfying the
following assumptions.
(VW1) There exists ¢ € (max{2, 4}, +o0] such that Vi, Wy, € L9(R?) for k = 1,2.
(VWQ) lim|m|ﬁ+oo Vk(x) = ]jm‘z‘A)Jroo Wk(x) =0 for k = 1, 2.
Assumptions (VW1)-(VW2) are probably not optimal, but they are sufficient in
the context in which we want to apply the following Proposition E

Our goal is to prove that if L has an eigenvalue which does not belong to the set
{iy,y € R,|y| > w} (which is the essential spectrum of L, see e.g. [RJ) then the
corresponding eigenvectors are exponentially decaying at infinity. Note that it was
previously known only for eigenfunctions corresponding to eigenvalues lying in the
strip {z € C, | (2)| < w} and with a restricted class of potentials (see [23]).

Proposition 19. Assume that (VW1)-(VW2) hold. Take u,v € H?R% C),
A e C\ {iy,y € R, |y| > w}, and suppose that for U : (Z) we have LU = \U.
Then there exist C > 0 and o > 0 such that for all x € R* we have

[u(@)] + |v(@)| < Cemell,

Our proof consists in obtaining estimates on fundamental solutions to Helmholtz
equations and considering the eigenvalue problem LU = AU as an inhomogeneous
problem.

A.1. Fundamental solutions. For a given y € C, a fundamental solution of the
Helmholtz equation in R? is a solution of

(—A — p)gl = do.
Setting v := % fundamental solutions of the Helmholtz equation are given by
it
2la]” (2m)

where H} is the first Hankel function (see e.g. [[]). For u = pe? with p > 0 and
0 € [0,2m) we defined (/i by /1 := pzei. Defining /- in this way ensures in
particular that gz is square integrable for ;4 ¢ RT. The fundamental solutions gl‘f
verify the recurrence relation

H,(Vla)),

gi(x) =

9 .d
gd+2( ): 7Egp(z>
" 27| x|

We deduce the following formula for the fundamental solution. For d = 542! where
j=1,2and ! € N\ {0}, we have

(30) g+2l Za’l (k)|1,| 2l+k



24 RAPHAEL COTE AND STEFAN LE COZ

where the coefficients (af) are positive and the exponent (k) denotes the k'!
derivative.

Lemma 20 (Estimates on fundamental solutions). Let € C\ RT. Then there
exists T > 0 and C > 0 such that

lgi(z)| < Cg®.(x) for all x € R\ {0}.
In particular, gz is exponentially decaying at infinity with decay rate \/T, i.e.
FHEIRS Ce=VTI=l for || large enough.

We separated the proof of Lemma @ into two proofs depending on the oddness
of d.

Proof for odd d. We have /i = p%eig. Choose 7 > 0 such that /7 = p% sin g. It
is well-known that g}t(:c) = Q\i/_ei\/m””'. It follows from easy computations that

m

1
1 —pZ sin ¢ |z|

1
’gu(x)‘ S 2\/56 '
Since
1 1.0
1 _ —p?2 sin §|z|
r)=—"—¢ 2
9--(@) 2 /psin L

this readily implies that for all x € R? we have

l9,(2)] < Cgl,(2),

which proves the lemma for d = 1.
Similar calculations lead to

(31) (g4 < C(=1)*(g~,)® for all k € N.

Assume now that d > 3 and take [ € N\ {0} such that d = 1+ 2[. Combining (30])
and (B1)) gives
9472 ()] < Cgl(a) for all 2 € RY\ {0},

which is the desired conclusion. O

Proof for even d. Let v € N and z € C. We have the following asymptotic
expansions on the Hankel functions (see [[l]).

2
iH} (2) = —=Z1n(z) for |z| close to 0,
7r
|, —v
iH,(z)~ e for |z| close to 0,v # 0,

2=vx

2 s, vm_ =
HY(z) = (| —e*=F 9 for |z| close to + oo.
Tz

Therefore, we can infer the following estimates on the fundamental solutions. Recall
that d = 2+ 2v and pu = pe®d.

(32) g7 (z)] < C| In(p? |z|)| for |z| close to 0,
(33) |gz(z)| < Clz|™ for |z| close to 0,v # 0,

1
(34) |gZ(:I:)| < Cla|~WHDer? sin(lel - for || close to + oc.
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For 7 > 0, the function g? _ verifies g¢¢_ > 0 and

(35) 9>, (z) = C| 111(7% |x])] for |z| close to 0,

(36) g% (z) =~ C|z|™ for |x| close to 0, # 0
1

(37) g% (x) ~ Cla|~ Ve 212l for || close to + co.

Choose 7 > 0 such that 72 = v/psing. Then we infer from (B2)-(BA) and the

continuity of fundamental solutions that there exists C' > 0 such that

lg1(2)] < Cg (2) for all z € R\ {0},
which finishes the proof. (I
A.2. Exponential decay. We start with a regularity result on eigenfunctions.
Lemma 21. Assume that (VW1) is satisfied. Take A € C\ {iy,y € R, |y| > w},
u,v € H?*RYC) and assume that for U = (Z) we have LU = MNU.

Then u,v € W2T(R?) for any r € [2,q]. In particular, u,v € C°(R?) and
]jm‘z‘A)Jroo u(ac) = ]im‘z‘A)Jroo ’U(.T) =0.

Proof. The result follows from a classical bootstrap argument. Let the sequence
(rn,) be defined by
ro = 2,
1 o 1 d—2r;
el K

where ¢ is given by (VW1). An elementary analysis of (r;) shows that there exists
>0 and T2 < 0.

drjg

d727“]‘
d’!‘j
By induction, it is easy to see that for all j = 0, ..., jo we have u,v € W2 (R9).
For j = 0 it is by definition of u,v. Take any 0 < j < jo and assume that

u,v € W2 (R?) . Since d;fj” > 0, by Sobolev embeddings we infer that

Jo such that for all 0 < j < jo we have rj;1 > 7j,

dr;
d—2r;

u,v € L7%75 (R?). Then, (VW1) and Hélder inequality imply
Wiu, Viv, Vou, Wiv € L”“(Rd).
Combined with U = (u,v)T satisfying LU = AU, this leads to u,v € W27i+1 (R?),
In particular, we have u,v € W27 (R%). Since % < 0, from Sobolev
embeddings we infer u,v € L>(R?). Then by (VW1) we get
Whu, Viv, Vau, Wiv € LI(RY).

As before, combined with LU = AU, this leads to u,v € W29(R%). The conclusion
follows by interpolation. (I

For the rest of the proof, it is easier to work with the operator

“Atw+V/ wy >

I, -1 _
L' :=iPLP ( Wy Ay

1 4
1 —
spectrum of L’ is Sp(L') = Sp(iPLP~1) = i Sp(L). Hence if A € C is an eigenvalue

where P = ( ) The potentials V{, V3, W{, W3 verify also (VW1)-VW2). The
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of L with eigenvector U then ) := i) is an eigenvalue of L’ with eigenvector

UI

U = <v') := PU.
Write L' — NI = H + K where

(At w—=N 0 A vrw
H.—( 0 Aw)\') andK.—(Wz, vi )

(A , (Viu+W]v
F.(h.KU W .

It is well known that we can represent v’ and v’ in the following way

Take

! d ! d
w=g%  v*frand v =—g% i * fo

Let p1 := —w+ X and ps := —w—X. From the assumptions on A" we infer that
11, wo satisfy the hypothesis of Lemma @ Let 7, 7 be given by Lemma E and

set 7 := min{7y, 72 }. Take
= (F _ |f1|)
P () = (1)

U= gd_T « fi and 0 := gd_T % fo.
Claim 22. There exists C' > 0 such that
[v/| < Ca and 0| < Co.
Proof. This readily follows from Lemma @ ([
Lemma 23. Set w:= 4+ 0. There exists C > 0 and a > 0 such that
w(z) < Ce ! for all z € RY,
The proof of Lemma @ follows closely the proof of Theorem 1.1 in [@]

Proof. Set f := f1 + fo. We first note that w € C°(R%). Indeed, by definition w
satisfies
(38) —Aw + Tw = f.

Since, by (VW1) and Lemma R1|, f € L9(R?) this implies w € W24(R%) and in
particular w € CO(R9).

Now, we claim that there exists R > 0 such that for all x € R? verifying |2| > R
we have

(39)

g
—

8
~—~

NI

Indeed, setting T'(z) := (|V{| + V3| + |[W{| + |[W3|), by Claim P we have
fFL<T(@)(Ju'|+[V]) < CT(z)(@+ ) = CT(z)w.
Therefore

GO (G )

By (VW2), we can take R large enough so that CT'(z) < % for [z| > R, which
proves (B9).
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Note that w > 0 by definition. Since w € CO(R%) N W24(R?), there exists Cr
such that for all z € R? with |z| < R we have
0 < w(z) < Ckg.
Define ¢(z) := Cre V3= 1t i easy to see that
(40) —Ag+ ¢ > 0 on BY\ {0},
w(z) —p(z) <0on {z € R |z| < R}.
Therefore we only have to prove that w(xz) < ¢(z) for |z| > R. We proceed
by contradiction. Assume that there exists o € R? with |zg| > R such that
w(xg) > P(xo). Define the set
Q= {z e R, w(z) > ¢(z)}.
Then {2 is a non-empty open set, for all z € 2 we have |z| > R and for all x € 92
we have w(z) — ¢ (z) = 0. On Q, by (Bg), (B9 and (fid) we have
Alw—¢) =Aw — AYp =1w— f — Ay

Tw — f

w—A¢>%(w—¢)>0.

By the maximum principle, this implies that w — 1 < 0 on , a contradiction.
Thus, for all z € R? we have

w(z) < (x) = Cre VI = Crevifiem Vil = cem Vil
This ends the proof. .

Proof of Proposition |19. The statement is an immediate consequence of Lemma ,
Claim @ and Lemma P3. O

A.3. Higher regularity and decay. Upon assuming more regularity and decay,
we can obtain more regularity and decay on the solutions to (L — AI) = A.
The new assumption is the following.

(VW3) Vi, Vo, W1, W € 52(C).
Recall that 2 was defined in (R).

Proposition 24. Assume that (VW1)-(VW3) hold.

(i) Let \,u and v be as in Proposition [19. Then u,v € 3#(C).
(ii) Let X\ ¢ Sp(L) and take A € H#(C?). Then there exists X € 3 (C?) such
that (L — A1) X = A.

Proof. (i) The assertion follows from similar arguments to those used in the
proof of Proposition E, provided we remark that (using the same notations)
D/ = gd_w+/\/ x Df1, D' = —gd_w_)\, x D fy and D®fy, D® fy satisfy the same
properties as f; and fs.

(ii) Since A ¢ Sp(L) the operator L — AId is invertible, hence the existence
of X € H%(R?,C?) such that (L — AId)X = A. Regularity of X follows from a
standard bootstrap argument as explained in the proof of Proposition E (i1). We
now recall that L = —iP~'L'P. Hence, if we define X’ = PX, X = i)\, and
A’ = iPA then

(I = NId)X' = A,
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Recall that L — N1 = H+ K. Set Y = <zl> = KX'and A’ = <Zl) Then we
2 2
can represent X' = <i1) in the following way
2

z1=g% v x (W1 +a1) and wp = —g%_\ x (y2 + a2).

The terms g‘fw 4y *ap and giw7 w * a2 are clearly exponentially decaying, with
decay rate «. Since Vi, Vo, W1, Ws € I ((CQ), it follows that each component of
Y is also exponentially decaying with rate a. Hence g‘fWrX x 11 and gd,w,x * Yo
are exponentially decaying with decay rate a. The decay rate of the derivatives
of X' is follows immediately if we remark that for any multiindex a we have
Doxy, :gd_w+/\,*Da(yk+ak) for k=1,2. O

APPENDIX B. COERCIVITY FOR A SOLITON
This section is devoted to the proof of Lemma E

Proof of Lemma @ We first remark that Ry is solution of

(41) — ARy + (wo + %) Ry — f(Ro) +1w9VRg = 0.

Therefore it is a critical point of the functional Sy defined for w € H*(R%) by

- 1 1 |vol?
So(’w) = ivaH%Z(Rd) + 5 (WO + 4 > ||w||%2(]Rd)

1
- / F(w)dz — v - 4 wVwdz.
R 2 R

The quadratic form Hy is precisely
Ho(t, w) = <§3’(Ro)w,w> .

Consider z such that w = ei(%”‘)‘m_i|”°‘2t+w°t+7")z(m —vot — x0). Then it is easy to
see that

Ho(t,w) = Ho(2) 1= 92 3y + wollo e
= [ (90 429/l 80 (02

It is well-known that up to a finite number of non-positive directions Hy(z)
controls the H'(R%)-norm of z. Indeed, the self-adjoint operator corresponding
to the quadratic form Hy (viewed on H'(R? R?)) is a compact perturbation of
—-A + wo 0
( 0 —A + wy
spectrum is [wo, +00). Since in addition the quadratic form Hy is bounded from
below on the unit L?(R%)-sphere, the corresponding operator admits only a finite
number of eigenvalues in (—oo,w() for any w( < wo. In particular, there exist
Ko >0, v € Nand X§,..., X° € L*(R?%) such that ||X§||L2(Rd) =1 for any k and

||Z||H1 Rd) f{ )+ KO Z ( )L2 (R9)

>, hence its spectrum lies on the real line and its essential
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Since

3 3|’U0|2
Vw72 @y = §||VZ||%2(R<1) +t— 121172 ray

there exists Ky > 0 such that

vo
2
HwH%{l(Rd) < KOHO(ta ’LU) + Ko Z (wa Xéc(t))L%Rd) )
k=1
where Xk(t) := ei(%”‘”“%‘”“‘thr“’Ot*'V“)Xé“(z — vot — x9). O
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